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POLYANALYTIC FUNCTIONS WITH EXCEPTIONAL VALUES
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P. KRAJKIEWICZ

ABSTRACT. Let f(2)= Zzo?kjk(z) where the functions fo,f,,++«, [,
are analytic on some annular neighborhood A of the point oo and fn =lon4
and Z denotes the complex conjugate of z. If f does not vanish on 4 it is
shown that the functions fo, fl’ cesy, fn-l have a nonessential isolated singu-
larity at the point infinity.

1. Introduction. If I denotes the finite complex plane, a function f: ' = T°
is said to be polyentire or (n + 1) entire if and only if there exist (n+ 1) > 1 en-

tire functions f, fis*+* [, such that f(z) = IO(Z) + E/l(z) + Ezfz(z) +oeeet
E"/n(z) for all z€I", where Z denotes the complex conjugate of z. A function
{ is said to be bientire if and only if f is (7 + 1) entire with n = 1. More gen-
erally if A is any nonempty subset of I', a function f: A — I" is said to be
polyanalytic on A or (7 + 1) analytic on A if and only if there exist (zn+ 1) > 1
functions fy, f,,+++, f, analytic on A such that

n
(1.1) 1) = ¥ z*,(2),
k=0
for all z € A, where Z denotes the complex conjugate of 2. A function { is said
to be bianalytic on A if and only if f is (n+ 1) analytic on A with n=1.

Now let { be polyanalytic on some nonempty subset A of I" and let z, be
an arbitrary complex number, finite or infinite. Then the point z; is said to be an
isolated singularity of f if and only if there is some neighborhood N of z; so
that N - {z,} CA.

We now need the following uniqueness result.

Lemma (L.1). If { is polyanalytic on a nonempty open subset G of I" and if
[ is represented on G by equation (1.1), then the functions for [ypeees f, in
equation (1.1) are uniquely determined on G by f.

Proof. It suffices to show that if f=0 on G, then f, =0 on G for k=
0,1,...,n If we introduce the operator 9/9z = %(9/dx+ id/dy), it is easy to see that
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I ()= 5 pzk-1

—\z)= Z kz / k.(z)’

Jz £0
for z€G. If {=0 on G, it then follows that akf/GEk =0 on G for k=0,1,++, 7
From these (7 + 1) > 1 equations we deduce that f,=0on G for k=0,1,e++,m
This proves the result.

In view of the above uniqueness result, the following definitions are not
ambiguous. Let f be a polyanalytic function with an isolated singularity at point
z. Then there is some neighborhood N of 2, so that f is represented on N -~
{Zo§ by (1.1). This representation is unique and the functions [y fs+++, f, in
(1.1) all have an isolated singularity at the point z,. The point 7 is said to be
an essential isolated singularity of [ if and only if the point z, is an essential
isolated singularity of at least one of the functions [y, f;s+++, f,. The point z,
is said to be a nonessential isolated singularity of [ if and only if the point 2,
is a nonessential isolated singularity of every one of the functions fg, fs++<, [

Next let f be a polyanalytic function with an isolated singularity at a point
z, and let a be a finite complex number. Then a is said to be an exceptional
value for f and z if and only if there is some neighborhood N of 2z so that
f - @ never vanishes on N - {z }

In [1], M. B. Balk undertook the study of polyentire functions which admit an
exceptional value at the point infinity. The author, by utilizing H. Cartan’s theory
of meromorphic curves [3], succeeded, in a long and complicated argument, in
establishing the following elegant result.

If f is a polyentire function which admits the exceptional value zeto at the
point infinity, then there exists an entire function » and a polynomial P(z, %)

in z and Z such that
[(2) = e?®P(2, %), forall zeT.

Subsequently in [6], the author, by a rather elementary argument utilizing the
theory of quasinormal families of analytic functions, obtained a similar charac-
terization of bianalytic functions which admit the exceptional value zero at an
isolated singularity, finite or infinite.

The results cited above in [1] and [6] suggest a study of polyanalytic func-
tions which admit an exceptional value at an isolated singularity.

Before stating our main result, it will be convenient to introduce the following
notation. Let 0 <R <+ c and let z, be an arbitrary complex number, finite or
infinite. We now define A(zo, R) as follows. If E is finite, we define A(zo, R)
to be the set of all finite complex numbers z such that 0 < |z — 2z OI SR.If z,

is infinite, we define A(zo. R) to be the set of all finite complex numbers z such
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that 1/R <|z| <+, Note that Alz, +0) =T - {z }. Also A(zp, R) =T if and
only if 2 =00 and R= +co.
With the aid of the above notation we can now state our main result in the

following form.

Theorem (1.1). Let [ be polyanalytic on Alw, R) and represented on
Aleo, R) by means of equation (1.1) where [ =1 on Ale, R). If [ admits the
exceptional value zero at the point infinity, then the functions fos 15 +++s [, _,

have a nonessential isolated singularity at the point infinity.

First we mention some immediate consequences of Theorem (1.1).

We now need the following result [6].

Lemma (1.2). Let { be polyanalytic on Aleo, R) and represented on
Also, R) by means of equation (1.1) where [ #0 on Aleo, R). If [ admits the
exceptional value zero at the point infinity, then the function [, also admits the

exceptional value zero at the point infinity.
From Theorem (1.1) and Lemma (1.2) we have the following result.

Corollary (1.1). Let f be polyanalytic on Alw, R) and represented on
Aleo, R) by means of equation (1.1) where [ #0 on Ale, R). If [ admits the
exceptional value zero at the point infinity, then f, admits the exceptional value
zero at the point infinity and the functions /[ s f1/f sy f,_ 1//11 have a non-
essential isolated singularity at the point infinity.

We next make a preliminary observation. Let [ be polyanalytic on A(zo, R)
with an essential isolated singularity at the point z, and suppose that f is
represented on A(z, R) by means of equation (1.1) where f, # 0 on Az, R). ¥
the point z is finite, then glz) =flz + zo) is polyanalytic on A(0, R) with an
essential singularity at the point zero. If the point 2z is zero, then glz) =
z"(1/2) is polyanalytic on A(w, R) with an essential singularity at the point
infinity.

From Corollary (1.1) and the above observation we obtain the following result.
Corollary (1.2). Let { be polyanalytic on Az, R) and represented on
A(zo, R) by means of equation (1.1) and suppose that { admits the exceptional
value zero at the point z If j=0, 1,+++, n is such that f, £0 on Alz, R)
then the function /']. admits the exceptional value zero at the point z, and for
i=0,1,00+, n the functions {i//". have a nonessential isolated singularity at

the point 2,

Next from Corollary (1.2) we obtain the following representation for poly=
analytic functions which admit an exceptional value at an isolated singularity.
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Corollary (1.3). Let [ be polyanalytic on Az, R) and admit the exceptional

value zero at the point z.. Then there exists a function b analytic and never

o
zero on Alz, R) and there exists a function g polyanalytic on Alz, R) with a

such that {(z) = Wz)g(2), for all

nonessential singularity at the point z
ZE€ A(zo9 R)-

0

It should be noted, in view of Lemmas (1.1) and (1.2), that Theorem (1.1)
and Corollaries (1.1), (1.2), and (1.3) are actually equivalent statements.

At this point we give a brief indication of how we propose to establish our
main result, Theorem (1.1). In [1], M. B. Balk established his result by applying
H. Cartan’s theory of meromorphic curves [3] to certain linear combinations of
entire functions. If we attempted to establish a proof of Theorem (1.1) by follow-
ing the procedures utilized by M. B. Balk in [1], we would be dealing with certain
linear combinations of functions analytic on an annular neighborhood of a point,
for which H. Cartan’s theory of meromorphic curves does not apply. However this
difficulty can be overcome. In §2 we discuss some results concerning functions
meromorphic on an annulus. In particular we provide enough details to indicate
how the Nevanlinna theory of meromorphic functions can be extended to a similar
theory of functions meromorphic on an annulus or, and this-is the case of par-
ticular interest to us, on an annular neighborhood of a point. On the basis of the
results in §2, it is easy to see how H. Cartan’s theory of meromorphic curves
{3] can be extended to an analogous theory concerning linear combinations of
functions meromorphic on an annulus or an annuylar neighborhood of a point. In
$3 we develop enough of this theory for a certain special case so as to lead to a
proof of our main result, Theorem (1.1). Our proof then follows in broad outline
the argument utilized by M. B. Balk in[1].

In $4 we offer some simple applications of Theorem (1.1). In particular we
offer a new proof of the big Picard theorem for polyanalytic functions, a result

which was derived by other means in [2].

2. Functions meromorphic on an annulus. In this section we will consider
some results concerning functions meromorphic on an annulus. In particular we
will briefly indicate how the Nevanlinna theory of meromorphic functions can be
extended to a similar theory for functions meromorphic on an annulus and for
functions meromorphic on an annular neighborhood of a point.

It will be convenient to introduce the following definitions. First if { is any
finite complex valued function which is continuous and never zero on the circum-
ference |z| = p> 0, we define Aparg [ to be the change in the argument of f
along the positively oriented circumference |z| = p.

We also introduce the so-called log plus function log+x defined for 0 <
x < +0o by the condition that iog* x=0 if 0 <x<1andlog”x=logx if 1 <x<+oa
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Now let 0 <R <R, <+ be fixed and let / be meromorphic on R < |z| <R,
such that [(z) £ 0, e for |z| = R. In the discussion to follow we shall frequently
be considering integrals of the form

1 (2m i0
(2.1) 50 o G(|f(Re')]) 6,

for Ry <R <R,, where G(x) is some real finite valued function defined and con-
tinuous on 0 < x <+oo. If Ry <R< R, is such that / has zeros or poles on

|z| = R, then the question arises as to whether the integral in (2.1) exists as an
improper integral. If we grant that this integral exists for all RySR<R, asa
proper or an improper integral, then the further question arises as to whether this
integral is a continuous function of R on Ry <R <R,. In this regard, the follow-

ing observation will prove to be quite useful.
Lemma (2. 1). Suppose there is some positive constant K so that
|G(x) = G(y)| < K |log x = log y| for 0 < x, y < +o0,

Then for each Ry < R <R such that { has zeros or poles on |z| = R, the integral in
(2.1) exists as an improper integral. Also the integral in (2.1) is a continuous
function of R on Ry <R <R,.

We omit the proof of the above result since it is straightforward and involves
only routine estimates.

We now need the following result.

Theorem (2.1). Let 0 < Ry <R <+ be fixed and let  be meromorphic on
Ry <l|z| <R and suppose further that {(2) £0, = for |z| =R Let a,, a,,+--
be the zeros and let b, b,,+ -+ be the poles of f on R < | z| <R, with due
regard for multiplicities. Then for all Ry < R <R, we have that

1?

711-7 f;” log|/(Re'?)| 46 = > log* R _ Z log* R_
(2 .2) H=1 Iaﬂ" M=1 Ibﬂ'l

1 (2 i6 1 R
+§1—rfo log|/(R e’ )|d0+2—”—AR0 arg f log R—o,
where the integral on the left-hand side of (2.2) is understood to be improper in

case { has zeros or poles on |z| = R.

Proof. It suffices to consider the case when R, is finite and { is mero-
morphic on Ry < |z| <R,. Let a,, ay,..., a_ be the zeros and let b,, by teosb
be the poles of / on R < |2| < R, counting multiplicities. Now the Maclaurin
series for log(l ~ z) has radius of convergence one, and by Abel’s theorem this
series is uniformly convergent on every closed subset of the circumference |z| =1
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which does not contain the point one [8, pp. 134—136]. Hence it is easy to see
that

1 (27 0 0 et
777,[0 log|l - re*?|df = log™ 1,

for all 0 <7< +0o, the above integral being understood to be improper when
r = 1. Consequently,

(2.3) .211; J.;” log|a - be'®| d0 = log|al| + log* |b/al,

for all finite complex numbers @ and b with a £ 0. Now there is a function g
meromorphic on R, < |z} < R, with g(z) £ 0, = for R, < || < R, such that

 (z-a)

(2.4) {(z) = ———('z——;;—) g(2),

for all Ry < |z| <R 1+ From (2.3), (2.4) we deduce that

2 i 2 i
o [T 10g | (R B - oL [*7 log|f(Re™®)] 4B

n

_ R Rl 2w i6
@.5) - Ellog o] zlog Ibl+ L [ 1oglg(Re™®)| d

2w .
‘2—; 0 log|g(R0e'9)d0,

forall Ry <R<R,;. Now for Ry <R<R,, it is easy to see that

] 6) 40 = L _ <L
RaRZfrI loglg(Re™®)| df =5k Ag argg=5- A argg = 5: Ap arg /.

It therefore follows that

(2.6) -2-11; JZ” loglg(Reie) |46 - -217-7 f(z)" log lg(Roele)ldO = 517—7 ARO arg f log .l%)’
for Ry<R< R, From (25), (2.6) we obtain (2.2). This proves the result.

The above proof although somewhat long has the merit of being elementary. If
we take for granted the fact that the integral on the left-hand side of (2.2) always
exists as a proper or an improper integral and that this integral is a continuous
function of R on R;< R <R,, and this can be established directly by elementary
estimates or from Lemma (2.1), then a short proof of Theorem (2.1) can be achieved
by utilizing Green’s theorem as in [7, pp. 164-165].

It should be noted in passing that from (2.2) or (2.5) it follows that the inte-
gral on the left-hand side of (2.2) is a continuous function of R on Ry < R< R,
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The identity in (2.2) is of course an analogue of Jensen’s integral formula
for functions meromorphic on a disk. The identity in (2.2) will be referred to as
Jensen’s integral formula for functions meromorphic on an annulus or more simply
as Jensen’s integral formula for an annulus.

Note that if we let R approach zero in (2.2) we then obtain Jensen’s inte-
gral formula for a disk.

Following Nevanlinna we proceed to rewrite Jensen’s integral formula for an
annulus. From Lemma (2.1) and the inequality |log*x - log*y| < |log x - log y]|
which is valid for 0 <x, y <+o0 we see that the integral l/zn'lf(f”log+[/(Rei9)| 0
exists as an improper integral in case [ has poles on |z| = R and we also see
that this integral is a continuous function of R on Ry <R <R,. From the identity
log x = log tx- log*(l/x), we see that (2.2) can be written in the more sym-
metrical form

17
35 f log*|f(Re®®) |40 + z log* E:[

d0+zlo I_R-l

1 (27w i
+ 50 IO logl/(Roele)I d0+§l; ARo arg f log I—QR(;’

2.7 .
2.7) 277]0 log f(R 7

for Ry<SR<R,.

In order to make the symmetry of (2.7) more evident still we make the fol-
lowing definitions. Assume the hypothesis of Theorem (2.1). Then for Ry <R <
R 1 we let

m(R, [) = m(R, [, ) = 2_57 02” log*|7(Re')| 46,
(2.8)
m(R, 1/) = m(R, 1, 0) =L | f,” log*

1
(R | -

The expression m(R, () is called the proximity function of { and is evidently
a continuous function of R on R <R< R Also for Ry, <R< R, we define
N(R, Ry, /) = N(R, /) = N(R, R o /, ®) = N(R f» %) and N(R Ry, 1/ =

N(R, 1/f) = N(R, Ry /s 0) = N(R, £, 0) by the condition that

(2.9) NR,N=Y log+-§—-|, NR,1/)= ¥ log* R

M=1 I M m=1 lal.Ll
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The expression N(R, f) is called the counting function for f. Also for

Ry<R <R, welet n(R, R, /) =n(R, ) = n(R, R, [, ) = n(R, f, ®) denote
the number of poles of f in R0 <|z| <R, counting multiplicities, and we let
n(R, R 1/) = n(R, 1//) = n(R, Ry, f, 0) = n(R, f, 0) denote the number of zeros
of f in R, <|z| <R, counting multiplicities. Note that

(2.10) N(R, f) fR "D N, 1)) = J‘R n(t, VD g4

From the above definitions we see that (2.7) can be written as

m(R, ) + N(R, /) = m(R ,1//) + N(R ,1//)

(2.11) .

1 (27 i6 1 R
*50 fo log |f(Rye*®)| 46 + 5 ARo arg f log Ro’
for Ry<R<R,.

Again, assuming the hypothesis of Theorem (2.1), we define T(R, R =
T(R, /) by the condition that

(2.12) T(R, /) = m(R, {) + N(R, [),

for Ry <R <R,. The expression T(R, {) is called the characteristic function of
f and is evidently a continuous function of R on Ry <R<R,.

From (2.11), (2.12) we obtain the following formulation of Jensen’s integral
formula for an annulus.

Theorem (2.2). Assume the hypothesis of Theorem (2.1). Then for Ry< R<R,

we have that
1 (7 17 R
2.13) T(R, )= T(R, 1/f) + 5 Io log |/(Rye’™)| df + 511-7 ARO arg { log R,
Note that if we let R approach zero in (2.13), we obtain Nevanlinna’s form

of Jensen’s integral formula for functions meromorphic on a disk.
From the inequalities

p 4 14 14
(2.14) log* I1 a,lsy log* laul, log* > a,l<y log+|a#| + log p,
M=1 m=1 M=1 M=1

we easily deduce that

4 p p 14 p
(2.15) m(R, I1 /u> <Y mR, 1) mQ?, > /”_> < 2 mR, f) +logp.

u=1 p=1 Mu=1
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Also

) ) p 5
@16)  N(R, /)< Z MR 1), N(R, T /ﬂ) < T NR, 1)

p=1 p=1 wu=1 u=1
It therefore follows that
b b b b

@17 T1(R, I] fb <Y TR ), TR, X fﬂ> < 3 TR, [,) + logp.

p=1 y p=1 M=1 M=1

In particular we see that

IT(R, ) = T(R, { - a)| <log*la| + log 2,

for any finite complex number a.
Now from Theorem (2.2) and the above inequality we deduce the first

fundamental theorem for functions meromorphic on an annulus.

Theorem (2.8). Assume the hypothesis of Theorem (2.1). Let a be any finite
complex number such that [(2) £ a for |z| = R. Then forall Ry <R<R, we
have that

T(R, f—};) = TR, ) = 5k [27 1og|/(Rye)i® - ol a0
(2.18)
- 2—17 ARO arg(f - a) log §0+ da, R, ),
where |la, R, /)| < log*|a| + log 2.

As a simple consequence of Theorem (2.3) we mention the following result
which we shall utilize later.

Corollary (2.1). Let { be meromorphic on 0 <R <|z| <+oco. Suppose there
is an increasing sequence {RJ.}, j=1, 2,+++, of real numbers greater than R,
and diverging to +oo so that T(R]., f) <A log Ri’ for j=1,2,++., where A is
some positive constant. Then [ has only a finite number of poles on R < |z| <

+o00 and [ has a nonessential isolated singularity at the point infinity.

Again let 0 <R <R, <+ o0 to be fixed and let { be a function meromorphic
on Rj <|z| <+eo with f(2) £0, e for |2z| = R. Our next goal in this section is
to obtain a suitable estimate for m(R, {'/f) in terms of log* T(R, /). We shall con-
sider only the case when R, = +o. To achieve this goal we shall use a method
similiar to the differential geometric method utilized in [7, pp. 258-260].

Now let g(x) be a real finite valued function defined and continuous on
0 < x < +o0 and suppose that g'(x) exists and is continuous on 0 < x < +e0, We
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now define G(x) for 0 < x < +e0 by the condition that G'(x) = glx)/x.
We now need the following result.

Lemma (2.2). Let D be a domain in I" which is bounded by a finite system
of closed analytic curves y. Next suppose that [ is a function meromorphic on D +
y such that f(z) £ 0, 0 for z on y. Let n and m denote the number of zeros
and poles, respectively, of f in D, counting multiplicities. Then

@190 2 [ QG s L [Fir 17171712 + mglo) - mglo),
D

where we integrate along y in such a manner that the domain D remains at the
left as we traverse y, where s denotes arc length along y, and where 9/dn de-
notes differentiation along the normal to y out of D.

Proof. 'Let Zyy 2y 2, be the distinct points of D at which
f has a zero or a pole. For k=1,2,+¢¢,p let z, be a zero of
[ of multiplicity m, >1 or a pole of f of multiplicity (-~m,)> 1. There
is some 0,>0 so that for 0 <0 < 0, and for k=1, 2, ..., p
the disks D, = D(zk, 0) with center 2z, and radius o are disjoint and contained
in D. For k=1,2,:++,p let y, = ¥z, 0) be the boundary of D(z,, o)
oriented in the positive sense. For 0 <o <o, let D_=D -~ EDk, k=1,2.ae,p
Hence the boundary y_ of D_ is givenby y =y + 2 Ypr k=1,2,+++, p. From
Green’s theorem we see that

rl,,fyaaGéLm =7%_£{AG(I/I),

for 0 <0 <0, where A= 3%/3x% + 3*/3y? is the Laplacian. It is easy to verify
that AG(|/]) =g' (|7 DIf17 /'] % Consequently,

e 5, %G e- 3 > L[ i, 1 : [ e,

for 0 <o <0 On the other hand, for 0 <o <o, and for k=1,2,+04, p we see

that
109U 1 7 1w R LY 4
£ f, s =g g sl km(kl( )

whete w, =2, + 0¢'%, From the above identity we deduce that

tim L) SGUID. 4 - myllr iz,
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for k=1, 2,+++, p. From the above result and from (2.20) we obtain (2.19). This
establishes the result.

Note that the double integral in (2.19) is understood to be improper in the
sense indicated in the above proof.

For identities quite similar to the identity in (2.19) see [4] and [5, p. 10].

The identity in (2,19) leads to a variety of interesting and useful formulas
concerning meromorphic functions by suitably choosing D and g(x). We are
particularly interested in the case where D is an annulus,

Now let 0 <R, <R, <+ be fixed and let. { be meromorphic on R < 2| < R,
such that f(2) # 0, o for |z| = R,. As an immediate consequence of Lemma (2.2)
we have the following result.

Corollary (2.2). Forall Rjy<R <R, suchthat {(2)# 0,  for |z| =R we
have that

1 (27 9G(|f(Re'9)))
7)o R dR 40

R . . ,
=3 RS2 £ UIGEODI G~ /ei) 2 dr
(2.21)
+ g(0)n(R, £, 0) = gleo)n(R, f, o)

i _ f(R.et?
+§l;7.[;" g(l/(Roete)l)Jq(Roelef( 0¢ )>d0.

f(Roeie)

Before we can utilize the identity in (2.21) we need some preliminary obser-
vations which we state as lemmas.

Lemma (2.3). If Ry <R <R, is such that { has zeros or poles on |z| =R,
then the integral in (2.1) exists as an improper integral. Moreover this integral is
a continuous function of R on Ry <R<R,

Proof. There is some positive constant K so that |g(x)| < K for all 0 <
x < +00, Now for 0 < %, y <+ we have that G(x) - G(y) = 55 (g(¢)/t)y dt. Hence
we see that |G(x) = G(y)| < K |log x = log y| for 0 < x, y <+, The result now
follows from Lemma (2.1).

We also need the following result.

Lemma (2.4). Suppose that g'(x) >0 for all 0 < x <+, Then the double
integral in (2.21) is a continuous function of R on Ry <R <R,.

Proof. Denote this double integral by V(R) and let I denote the set of all
Ry, SR<R, suchthat f(z) #0, e for |z| = R. Evidently V(R) is well defined,
continuous, and increasing on I. Let Ry <R, < R, be such that [ has zeros or
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poles on |z| = R,. Now in order to show that V(R) may be defined at R = R,

in such a way that V(R) is continuous at R = R , it suffices to show that if

Ry <R<R,<S <R, then V(§)-V(R) —» 0 as R, S— R,. In order to establish
thxs fact we proceed as follows. First there is some 0 <0, <R, -R,, R, =R
so that the only zeros or poles of f on R, -0 < lz| < R, + o are on the cir-
cumference |z| = R,. Let 2, z,, +++, z, be the distinct points on |z| =R, at
which f has a zero or a pole. For k=1, 2,++, p let z, be a zero of [ of mul-
tiplicity m, > 1 or a pole of [ of multiplicity (- '"k) > 1. Next there is some 0 <
0,<0, sothat for 0 <0 <o, andfor k=1, 2,-+-, p the disks D, = D(zk, 0)
with center z, and radius 0, which are contained in the annulus R, -~ ¢, <

|z| <R, + 0, are disjoint. For k=1,2,:++,p let Ve = y(zk, 0) denote the
boundary of D = D(z R o) oriented in the positive sense. From Lemma (2.2) we
see that for 0 <o <o, and k=1, 2,+-+, p that

aG(|/|)

sk f f UMD =5 f, S5t ds = mygl/ 2D
[ ()

=__ 0 g(l/(w,&l)?(wk[( ))d@ mkg(U(zk)l)

where w, =z, + 08{9, For 0 <o <o, and k=1,2,000,p let e(zk, 0) denote
the double integral on D, in the above equation. Clearly ((Zk, 0) »0as 0—0
for k=1,2,+++, p. Let €>0 be given. There is some fixed 0 <o, <0, so that
ez,,0,)<€/2p for k=1,2,+++, p. There is some positive constant M so that
g (/@D /)]~ (2] 2< M for all R,-0,<|2z| <R, +0, such that z¢
D(z,, 0,) for k=1,2,+++, p. Thus if R, -0, <R<R,<S<R,+0; wededuce
that 0 < V(S) = V(R) <¢/2 + (5% = R)M/2. The result now follows from this
estimate.

We are now interested in using the identity in (2.21) when G(x) 1+ log x)l/z
sothat g(x) = log x/(1+log? Y2 and g'(x) = x/(1 + log? % ¥ 2,

Now let 0 <R <+ be fixed and let / be meromorphic on R < |2| <+ with
f(2) #0, % for |2z| = R). For R > R we define U(R) = U(R, f) by the condition
that

UR) = 5= [T (1 + 10g? |/ (ReDD/ 24 + N(R, Ry, f, O

(2.22) - NR, Ry, f, =) - 5= 20" (1 + log? |/ (R e'®)V/ 240

log |[(R0ei9)| 6 /'(Roeie)
-1 B .
og 55— R 2” _"0 (1 N lOg l/(R e19)|)1/2 “R Roe /(Roeze) do
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In view of Lemma (2.3), the function U(R) is well defined and continuous on
R > R,. Now let t=log R so that d/dt = Rd/dR. From Corollary (2.2) we see
that if R > R is such that [(z) £ 0, for |z| = R, then

/,(reie) : rdrdf .
[(rei®) | (1 + log?|f(ref®)))}/2

27
(2.23) dt = IRO 0

From Lemma (2.4) we see that dU(R)/d!is continuous on R > R Further for all
R > R, such that [(2) #0, « for |z| =R we see that

df___ .
(1+ logZI/(Re'e)l)W2

JU(R) _R? (27 [(ReO) [
dr? 2m Jo | f(Re?)

(2.24)

We note that dU(R)/dt? exists and is continuous on R > R, except possibly
for an isolated set of points.

We now wish to obtain an upper estimate for U(R) in terms of T(R, f). From
(2.8), (2.12), (2.13), (2.22) and the inequality (1 + log? /2 <1+ log*x +
log* (1/x) which is valid for 0 <x < += we see that

1 R
UR) <1+ 2T(R, ) - In ARo arg [ log R,

i i@
log|(Rye %) ( oe /'(Roe )>d0

R
-1 :
w7 fo T+ 10g7[/ (RN 72 (R

—21 logl[(Roe’9)|d0——-fo (1+ log? I/ (R, e'e)l)l/zde

R 1 log |f(R e
51+2T(R,/)—log§—§;f <(1+log |/(Roe'5)1)1/2 +1

, i6 ['(Rye'®)
R(Ro R ez@)) do

(R 9)
<1+ 2T(R, f) + 2R, l°3R 2 fm /(R Oe
I(R ei9)
2R, 1) + 20 L (27| R0 o
<1+2T(R,[) + 2R /(Rye™®) ?

for all R > Ro.
Hence we see that
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/’(Roeie)
/(Roeie)

2m

2.25) log *U(R) < log *T(R, ) + log *R + 51; d0 + 4 log 2,

forall R>R.

We next wish to obtain a suitable upper estimate for m(R, f'/f) in terms of
d?U(R)/dt?. To do this it will be convenient to introduce the plus function x*
defined for 0 < x < +oo by the condition that x* = 1 if0<x<1and x*=x if
1 < x <+oo. Equivalently we could have defined x* by the condition that xt=

l°5 *for 0 < x < +o0. The plus function x* enjoys many pleasant propemes just
as the log plus function log x does. From (2.24) and the inequality x < x 5
x + 1 which is valid for 0 < x <+ we see that

dZU(R)> R? (27 (| (Rei®)/f(Rei®)|?)* - 1
dt? “22mJo (14 logzll"(Rei‘g)l)y2
for all R > R such that f(2) £ 0, 0 for |z| = R. Hence we see that

2 '(Reif)|2
14 L dUR), L or |1'(Re’®)
R? at 2m | /(Re®)

do,

do ,
(1 + log?|f(Re®®)])3/ 2

for all R > R, such that | (2) £0, = so for |z| = R. If we now take the logarithm
of both sides of the above inequality and if we apply the theorem on the arithmetic
and geometric mean [ 7, p. 251] we deduce that

1 42UR) a7 R\
log<l+R2 dtz )__2" 0 10g<7(?;1—.9-)— do

2 ,
- 51—7 Ioﬂ log(1 + log"’I/(Rele)I)s/2 d0,

for all R > R, such that f (2) £ 0, o for |z| R. Now from the above estimate
and from (2. 8) and from the identities log xt =log*x and log x2=2 log x which
are valid for 0 < x <+ we deduce that

(226) 2mR, ///><log(1+ 25 4 d‘j“‘? 2 [o7 1081 + log?l/(ReO)) Y 2 a8,

for all R > R, such that f (2) £ 0, = for |z| = R. If we again apply the theorem on
the anthrnenc and geometric mean [7, p. 251] we see that

'21,‘7 f(z)ﬂ log(1 + 1082‘/(Rei e)l)l/zde <log -2—17—7 Ié” (1+ Iogzlf(Reié’)') 1/2 40

<log5- j? (1 +log*|/(Re®®)| + log* |/(R - )l) do
= log *(1 + m(R, P+ m(R, 1/)),
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for all R > R,. From the above estimate and from (2.12), (2.13) we see that

g ﬁ" log(1 + log2|/(Re'))/240

<log*(L+2T(R, ) = 5L [27 1og |/(Rqe™®)| @6 - log K- 5L Ay arg /)
0
(Rye™®)
_/:_.__O_e__ 40

Slog+<2T(R,/)+_1. M ___1___g9+RL (7 o
oe

2w Jo |1(Re0) 2n)o

L +1 (27 V’(Roeie)| +1 d
< log <2T(R, N +R 77 )0 ————-—-—V(Roe%ﬂ-— 61,

for all R > R,. Hence we obtain that
1 (7 2 6|1/ 2
2nfo log (1 + log?2|f(ReO))/ 2 a0

(R,e9)| + 1
<log'T(R, )+ log* R +55 7 l-/;-/-(-gf:i-%—l-- 40+ 2 log 2,
0

for all R > RO’ Now ftom the above estimate and from (2.26) we deduce that

2
2R, (/)< log(l . ;;7%1%82) 3 108" TR,
(2.27) (R
3 27 Roel + 1 de
3 - —df+6log2,
T2r)o TR 8
for all R > R such that [(2) #0, o for |2| = R.

Now in order to obtain a suitable upper estimate for m(R, f'/{) in terms of
log *T(R, /) by means of (2.25), (2.27) we need to obtain an appropriate upper
estimate for d°U(R)/dt? in terms of U(R). For this purpose the following lemma
will suffice.

Lemma (2.5). Let f(x) be continuous and increasing for 0 < x < +o0 with
f(0) = 0. Also let f'(x) exist and be continuous on 0 < x <+oo except possibly
for an isolated set of points. If a> 0 then ['(x) <(/(x)+ @)? for all 0< x <+
except possibly for a set of measure at most 1/a.

For a proof of a more general result see [7, p. 253].

If a> 0 a double application of the above lemma leads immediately to the
estimate d?U(R)/dt?> < R|R(U(R) + 2/a)* + 2/a|? which is valid for all R > R,
except possibly for a set of measure at most @ From the above estimate and
from (2.14) we see that if @ > 0 then
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a

idZU(R) + + +1 +1
log(l+R2-7!2—— < 4log” U(R)+ 21log™ R + log R+6log + 11 log 2,

for all R > R except possibly for a set of measure at most 4. Now from the
above estimate and from (2.25) we see that, for all a > 0,

2
log(l + 1—21_2 d_ditj.g_R)> <410g'T(R, ) + 6log*R + log+}%
(Rye™®)
o b /—;Uzﬂ%i d6+6log" 1271082,
oe

for all R > R, except possibly for a set of measure at most 4. Now from the
above estimate and from (2.27) we obtain the following result.

Theorem (2.4). Let [ be meromorphic on 0 <R < |2| <+ such that
[(2) £ 0, for |z| = R Then forall a>0 we have that

m(R, /1) < 41og* T(R, /) + 3 log*R + log*

Pl

(2.28) V'(R ie)l 1
1 (27 0€ + + l
+ -2—7—7 0 Wl_ d0+3 lOg a+1710g 2,

for all R > R ) except possibly for a set I = Ka, [) of measure at most a.

It should be noted on the basis of the above result that Nevanlinna’s second
fundamental in the theory of meromorphic functions can be readily extended to
functions meromorphic on 0 <R, < |z| < 400 by arguing no differently than in
[7, pp. 31-34]. Note further that by virtue of the above result that H. Cartan’s
theory of meromorphic curves can be easily extended to an analogous theory of
meromorphic curves on 0 <R < |2z| <+eo by reasoning similar to that utilized
by H. Cartan in [3].

3. Proof of main theorem. In this section we will offer a proof of our main
result, Theorem (1.1).

Ve first give some definitions. Let 0 <R, <R, <+oo be fixed and suppose
that f,+«+, [ ~are m2 2 functions which are analytic and have no common zeros
on R) < |2] < Rl' Then F = Ul’“ o /m} is called an analytic curve on R <
|2] <R, or simply an analytic curve. For R <|z| <R, we define U(z, F) =
Ulz; f NIREY /m) by the condition that

(3.1) U(Z, F) = max”fl(Z)l, M ] l/m(Z)“‘



POLYANALYTIC FUNCTIONS WITH EXCEPTIONAL VALUES 197

Next for Ry <R <R, we define TO(R’ F) = TO(R; frreees /m) by the condition
that

1 (27 i
(3.2) To(R, F) = 5 (7 log U(Re™®, F)df,

The expression TO(R’ F) is called the characteristic function of the analytic
curve F. This expression is not necessarily different from the characteristic
introduced for meromorphic curves by H. Cartan in [3].

For a> 0 and b > 0 we note that max{a, b} = a(b/a)* so that log max{a, b} =
log @ + log*(b/a). From this identity and from Theorem (2.1), the Jensen integral
formula for an annulus, the following identity is easily verified.

Lemma (3.1). Let f and g be analytic and have no common zeros on 0 <
R, < |zl <R | <+oo and suppose that gz) £ 0 for |z| = Ry. Then
1 (27 i 1 R
T(R, 1/g) = To(R; f, 8) = 5= [, 1og |g(Roe™| 6 - 5L A arg g log R
for RySR<R,.
As an immediate corollary we obtain the following result.

Corollary (8.1). Let F=1{f,,+++, [ } be an analytic curve on 0 <R <
|zl <R, <400 and suppose that {2 £0 for |z| =R Then

1 (27 i6 1 R
T(R, /k//m) < TR, F) - -2—””‘0 log I/'m(Roe )| 46 - 35 ARO arg f, log E;,

for R,;SR<R and k=1,++-,m~ 1.

Ve are particularly interested in the above result when f  is a polynomial.
The following result is readily verified.

Corollary (3.2). Let F={f,+++, [ } be an analytic curve on 1 <R;<
|z| <R, < +co and suppose that |_ is a polynomial such that |f ()| >1 for
|z =Ry Then T(R, F)>0 for Ry<R<R,. Also there is some positive con-
stant A so that

T(R, /k)<A log R+ Ty(R, F), for RySR<R, and k=1,2,-++,m

We now have the following result which will be of service in the discussion
to follow.

Lemma (3.2). Let F=1f,+++, { _} be an analytic curve on 1 <R <
|z| <+co and let [ be a polynomial such that |f (2)| 2 1 for |z| = R. Suppose
there are positive constants B and C and suppose there is an increasing sequence
{R].}, i=1,2,--+, of real numbers greater than R, and diverging to + such that
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+
TO(R]., F)<B log R,. +C log TO(R]., F),

for j=1,2,++e. Then the (m-1)> 1 functions fipee2sf,_, do not have an
essential isolated singularity at the point infinity.

Proof. Since (log x)/x — 0 as x — +oo there is some x> 0 so that
C log*x < x/2 whenever x> x,. Hence

TO(R," F)<(2B + xo/log Ro) log Rj for j=1,2,---.

From the above estimate and from Corollary (3.2) we see that there is some posi-
tive constant D so that T(Rj, /k) <D log Rj for j=1,2,0¢¢, and k=1, 2,05,

m - 1. From Corollary (2.1) it follows that the functions /1,- ooy do not

m-1
have an essential isolated singularity at the point infinity. This proves the
result.

We next need the following preliminary result.

Lemma (3.3). Let f be polyanalytic on some nonempty subset A of I" and
suppose that f is represented on A by means of the equation f(z) =
22 (z’z?)k/k(z), where {5 +++s [ are analytic on A, and where [, #0 on A.
Then { may be represented on A by means of the equation

f(z) = Z Pk(zi)gk(z),
k=1

where for k=1y+++y m the P, are monic polynomials of degree d, such that
0< d1 < d2 <see < dm, where g 12t 8, are anulytic and linearly independent
on A, where each one of the functions g y+++, 8,, is one of the functions
fore+s [, and where g = for

A proof of the above result can readily be established by induction on
n>0 [1l.

Now let 0 < |z} <+ be fixed and let / be polyanalytic on R, < |2| <+eo,
that is on A(w, 1/R l)’ and admit the exceptional value zero at the point infinity.
Suppose further that { is represented on A(eo, 1/R 1) by means of equation (1.1)
where f, =1 on Alx, 1/R ). From Lemma (3.3) it is easy to see that { may be
represented on R, < |z| <+ by means of the equation

(3.3) () = blz)g(2),

where b is analytic and never zero on R, < |z| <+, and where g is poly-
analytic on R < |z| < +00 and represented on R, < |z| <+ by means of the
equation
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(3.4) g2) = z Pk(ZE)gk(z),
k=1

where for k=1,+++, m the P, are monic polynomials of degree d, such that
0<d <d,<...<d , where g ,+++, g, are analytic and lidearly independent
on R, < |z| <+eo, and where g is a nonidentically zero polynomial.

Note that g admits the exceptional value zero at the point infinity. Now in
order to establish Theorem (1.1) it is only necessary to show that g does not
have an essential isolated singularity at the point infinity, that is it is only
necessary to show that the functions g,s+++, g, _, do not have an essential
isolated singularity at the point infinity,

Now if m =1 in (3.4), then Theorem (1.1) follows trivally. Hence in the dis-
cussion to follow we shall assume that m > 2,

There is some R, with R;> R, so that g never vanishes on R < |z| < +eo,
It therefore follows that the m > 2 functions g,s+++, g, are analytic, linearly
independent, and have no common zeros on R, < |2| < + oo,

At this point it will be convenient to impose several further conditions on
R. First note that g _ is a nonidentically zero polynomial. From (3.3), (3.4) we
see that we may assume that g is a polynomial of degree at least m. We may
now assume that R, with Ry > R is so chosen that lgm(z)| >1 for |z| =R

and |g$’(z)| #0 for |2 =R and k=1,-++, m = 1. Second note that gl,--?, &
are analytic and linearly independent on R, < |2] <+o0. Hence the Wronskian
Wgysee+sg,) of gyr+++s g, does not vanish identically on R, < 2| < +c0. We
may now assume that R j with R, > R, is so chosen that W(g 1P gm) does
not vanish on |z| = R . Finally we shall assume that R, > 1. Such a value of
R, once determined will remain fixed for the remainder of this section.

Now for each p > R we define g(z, p) on R < |z| <+eo by the condition

that

m
(3.5) 8z, p)= X Pk(pz)gk(z)-

k=1
Observe for each p > R that glz, p) is analytic on R < |z| <+eo and that
g(z, p) = g(2) for |2| = p. Note also that for each p > R, that g(z, p) is a cer-
tain linear combination of the m > 2 functions 82 ***s 8§, Which are analytic,
linearly independent, and with no common zeros on R < |z| < +eo.

Let aj,aye00,a o be (m+ 1) >3 distinct real numbers such that

(3.6) 2<a;<a;<+e-<a, <3

These (m + 1) real numbers @y, @y ccvyd, | once chosen will remain fixed
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throughout the remainder of this section.

In order to keep our notation reasonably compact we let
(3‘7) Py.:a'u,p (ﬂ=1,2,°--,m+l),
for p> R,. We also let

(3‘8) Gp,=g(z’ p/_L) (#: 1,2,"',”1-}-1),

for p> R and R |z| <+eo
From (3.5), (3.8) we obtain

(3.9) G,= X Plpdg,(2)  (u=1,2,--,m+ ),
k=1

for p> R, and R < |z| <+eo.
Next let B, B, +++, B,, be a sequence of m distinct integers selected in
any manner from the (m + 1) integers 1, 2, «++, m+ 1. Such a sequence of m
integers B, B,» +++» B,, formed in this manner will be termed admissible.
From (3.9) we see that

(3-10) G,B“= Z Pk(p;gﬂ)gk(z) (ll, = 1, 2,. ey, m)’
k=1

for p> R, and R < |z| <+eo and for all admissible 8, B, +++s B, -

We now assume that 0, with 0 > R, is so chosen that P (p?) £0 for
p20, and k=1,2,¢c0,m

Hence (3.10) can be written as

m [P (p2)
kT8 2
(3.11) Gﬁ#= kzzl [—E;(T)—z-%-] Pk(p )gk(z) (# =1,2,¢¢-, m),

for p>0, and R <|2| <+ and for all admissible 8, B, +++s B
For all p> o, and for all admissible B, B, +++, B,, let

(3.12) CBys--+5 B, p)

denote the determinant of order m of the matrix with Pk(pé ) as the entry in the
kth column and the pth row for &, p =1, 2,-+-, m. Again for p > 0, and admissible

Bl,Bzy"‘, Bm let .

(.13) . DBy, Bip)

denote the determinant of order m of the matrix with P k(p% )/ P k(pz) as the
”w

entry in the kth column and the pth row for &, p=1, 2, -+, m. Finally for all
admissible Bl’ Bzo eeey, Bm let
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Zdl 2d2 2d
a0 4y ’ 131
G241 242 224m

,32 apy s 132
(3.14) oBy, . B) =

2d1 2d; 2d,,
B B )

2d
be the determinant of order m of the matrix with a 8, k

as the entry in the kth
column and the pth row for ky p=1,2, 00, m Here @y, ay, o0, a, . satisfy
(3.6) and dle is the degree of the polynomxal P, for k= l 2,000, m

It is not difficult to be persuaded that o(B8,, +++, B, ) #0 for all admissible
By» Bys+++s B, To see this fix a g ttsdp . Then a(ﬁl, s B, ) can be
regarded as a polynomial in ag . Ev:dently aB s, ap are (m - l) distinct
positive real roots of O(Bl, «++y B,) If we now expand the determinant in (3. 14)
by means of the first row we deduce from Descarte’s rule of signs that
G(ﬁl, s++y B,) can have at most (m ~ 1) positive real roots. Consequently
0By +++5 B,) #0 as asserted.

Now for k£ =1,2,+++, m the polynomials P, are monic and of degree
d, > 0. From (3.7) we deduce that Pk(p )/P,(p?) — a, 24k o5 p— +oo for k=
1,2,¢ee,mand p=1,2,+++, m+ 1. From the above observation and from
(3.13), (3.14) we see that DB, +++, B, 5p) = 0(B,+++, B, ) #0 as p — +oo
for all admissible 8, By eees Bm. Hence we may assume that 0, with o> R

is chosen so large that
(3.15) ‘D(Bp'”7 3,,,;P)| > D,
for all p> o and for all admissible B, B,,++, B, , where D is some positive
constant. From (3.12), (3.13) we see that
CBysas B, p) =D(Bs ey B s PP (pDP () +-. P,_(p)

for all p > o and for all admissible B, 8,5 +++» B, . From this identity and
from (3.15) we see that o, with 0,2 R0 can be chosen so large that

(3.16) 1CBe-+, Bip] > 1,

for all p > o and for all admissible B, B,s ==y B, .
In view of (3.10), (3.16) we see that for p > o, that any m of the (m+1)
functions G, Gy +++, G, are analytic linearly independent, and have no

common zeros on R < |z] < +o0.
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Now let G denote the analytic curve.
(3.17) G={gp s 8,h
and for p> 0, let G(p) denote the analytic curve

(3.18) G =165 G, b

m+l

From (3.1), (3.11), (3.15), (3.18) we see that there is some positive constant
A so that |P,(p?)g,(2)| < AU(z, G(p)) for p> 0o, and Ry < |2| <+e and k=
1,2, «++, m. We may now assume that o, with 0> R, is chosen so large that
|Pk(p2)l >A forp>0, and k=1,2, -+, m. Hence |g(2)] < Uz, G(p)) for
p>0, and Ry<|z| <+e and k=1, 2, -+, m From the above estimate and
from (3.1), (3.17) we see that U(z, G) < U(z, G(p)) for p >0, and R, < |2| <+oo
From the above estimate and from (3.2) we see that

(3.19) To(R, G) < T (R, G(p)),

for p>0, and R>R.
Next from (3.7), (3.9) we see that
(k)

uniformly with respect to z on |z| =R for k=0,1,+++,m~1 and p=1,

2, +++5 m+ 1. From the above equation we see that g, with o, > R, may be
chosen so large that G,(f') £0, 0 for |2| = Ryand k=0,1,+++,m~1and p=
1,2,+++,m+ 1, whenever p2>0,. Also we see that o, with 002 R0 may be
chosen so large that there is some positive constant A so that

(k)
(320 B <4,
G

for |z| =R, and k=1,2,¢es,m~1and p=1,2,+++,m+1, wheneverp 20
Next for p >0 define H(z, p) on R < |z] <+oo by the condition that

GG,.+ G
(3.21) Hiz, p) = 51927 Cmar
W(gl,...,gm)

Evidently H(z, p) is meromorphic on R, < |z| < +e and H(z, p) #0, o for
|zl = R, whenever p2> o

Since g never vanishes on R < |z] < +00 there is some integer p so that
Ap arg g = 2mp for all p > R . Hence from (3.5) we see that Ap arg glz, p) = 2mp
for all p> R. Since gm(z) #0 for |z| = R, there is some integer ¢ so that
ARO arg g = 2ng. From (3.5) we see that g(z, p)/P_(pH) > g (2) as p— +o
uniformly with respect to z on |2| = R,. Hence we may assume that o with
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0,2 R, is chosen so large that ARO arg gz, p) = 2nq for p> o,- Consequently
A, arg gz, p) - ARO arg gz, p) = 2n{p — ) for p > o (. Thus for p > 0 we see
that g(z, p) has exactly s =(p - 4) zeros, counting multiplicities, on R;<|2| <p.
Thus for p=1,2,+++, m+1 we see that if p,>0, then G, =glz, p ) has s
zeros on R <|z| < py- From (3.6), (3.7) we see that 2p<p, for p>0 and p=
1,2,+++,m+ 1. Thus for p>0, and p=1,2,+++, m+ 1 we see that GM has at
most s zeros on R, < |z]| <R forall R>R o Provided that R < 2p. Hence there
is some positive constant A so that N(R, Ry, I/G”_) <AlogR, for p>0, and
Ro SR<2p and for p=1,2,+++, m+ 1. From (3.21) we see that

m+1

1
N(R, R, —L_Y< > NR, R, 1/G ),
( % H(z, p) El 0 w

for p> o, and R > R . From the above two inequalities we see that there is
some positive constant A so that

(3.22) N(R, Ry, 1/H(z, p)) < A log R,

for p>o0, and R0 < R < 2p. Next from (3.7), (3.9), (3.21) we see that

i H(z, p) gat!
m = ’
- too Pm(pl)"' Pm(Pm+1) W(gly"'y gm)

uniformly with respect to z on |z| = R o- Hence we may assume that 0 with
0,2 R is chosen so large that there is some positive constant A and some
integer p so that

(3.23) log|H(z, p)| < A log p, ARO arg H(z, p) = 2np,

for |z| = R, and p>o

In the foregoing discussion we have chosen 0, with 0, > R;>1 so as to
satisfy a number of conditions. This ¢, will now remain fixed for the remainder
of this section.

Now from Theorem (1.2), the Jensen integral formula for an annulus, we see
that

1 (27 i6 _ 1 -
—2'7—7 j‘o long(Re 'y p)‘ d@ = N(R, Ro, H(z’p)) N(R, Ro’ H(z’ P))

1 (27 i0 1 R
* o Io log |[H(R,e'?)| 6 + T AROarg Hl(z, p) log %

for p > %, and R > Ro. From the above identity and from (3.22), (3.23) we see
that there are positive constants A and B so that
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(3.24) 5% ;” log |H(Rei9, P d0< A logR + B log p,

for p>0, and Ry <R < 2p.
Next for all admissible B, B, +++» B, let W(Gﬁl' *++5Gp ) denote the
Wronskian of GB;’ 632’ . .,GBm. For p>0, and R;<|z| <+ let V(z, p)

denote the maximum of the absolute value of the expression

1, 1, e, 1

[ 1 1
WGpy-rGp) |SBL SBa . CPm

3.25) — =1G.’ G y ' G
( G:Bl. Gﬁm By B2 Bm
1) 1) (m-D)
B B ... Chn
G.Bl 6,32 Gﬁm

for all admissible S,y By 25 B,
It is easy to see that there are positive constants A and B so that

m+lm=-1

1 (27 i6 (k)

3= |5 log V(Re™, p)df <A+ B > kz mR, G,/ G),
M=1 k=1

for p>0, and R>R,. However m(R, Gﬂ‘)/G‘) 52;;1 m(R, Gg’/G}j’l)), for
p20,and R2R, and k=1,2,+++,m=1and p=1,2, +++, m+ 1. From the
two previous inequalities we see that there are positive constants A and B such that

m+l m-1
3.26) 5 [ log VRS, db<A+B Y T mR, GR/GED),
H=1 k=1

for p>0, and R2R,.
From Theorem (2.4) we see that for k=1,2,+++, m=1 and p=1,2, ¢+,
m+1 and for a>0 and p >0, that

m(R, GB/GE-1) < 410g* T(R, G*~1) + 3 log R

L4l 2m |GPUR ™0 + 1
2rJo lef-l)(Roeia)l

8 +3log* 2+ 1710g 2,
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for all R > R, except perhaps for a set I=1Ia, py ky pt) of measure at most a.

It is important to note that I depends not only on a but also on the function

Gg‘“ D _ gle-1)g, a#p). Thus we see that I depends on the parameters a, p, ky g
From the above estimate and from (3.20) we see that there is some positive con-
stant A so that for k=1,2,+e¢ , m-1and p=1,2,«¢e,m+1 and for a>0
and p 20 that

m(R, G®/G*=D) < 4 10g* T(R, G¥~1) + A log R + 3 log* L,

for all R> R, except perhaps for a set I = Ka, p, ky ) of measures at most a.

However

G

j=1 pt

(k 1) k-1 G(])

- M

TR, G, ") <Y m|R, —=17) + TR, G,

for p>o, and R>R, and for k=1,2,-++,m=1and p=1,2,+++,m+ 1.
From the above two estimates we see that there is some positive constant A so
that for k=1,2,¢¢e,m-=1and p=1,2, +++, m+ 1 and for a> 0 and p20,

(k) k-1 (i)
m<R, GTI%TY) < 41og* T(R, G)+AlogR+3 log+%+4 > m(R, Gj'l>’
H© i=1 K

for all R > R, except perhaps for a set I = Ka, p, ky ) of measure at most a.
From the above recursive inequality we deduce that for k=1, 2,+++, m =1 and
p=1,2,+++,m+ 1andfor a>0 and p >0, that

k-1

G
m (R, )> <5k=1[4 1og"T(R, G,) + Alog R + 3 log* 1/a)
G
"

for all R > R, except perhaps for a set I = I(a, p, k, p) of measure at most ka.
Consequently for p=1,2,++-,m+ 1 and for a>0 and p 20, we see that

m-1 (k) -1

T (R S0 N« 410g" T(R, G,) + A log R+ 3 log* 1/d)
' GR=D 4 M

k=1 M

for all R> R except perhaps for a set I =I(a, p, p) of measure at most
m(m - 1)a/2. Hence for a> 0 and p > 0, we see that
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m+l m~-1 G(k) lm«r-l .
/L -
> X m|R, i < 5™ Zl log"T(R, G,)
M M=

-1
" (_7&%2"'_. [A log R +3 log* 1/4],

for all R > R, except perhaps for a set I = I(a, p) of measure at most
(m + 1)m(m - 1)a/2. Hence there exist positive constants A, B and C so that for
a>0 and p> o, we have that

m+l m-1 G(k) .1 m+l .
Y =R, =t <AlogR+Blog"z+C 3 log T(R, G)
p=1 k=1 G# H=1

forall R > R, except pethaps for a set I = I(a, p) of measure at most a. From
the above inequality and from (3.26) we see that there are positive constants 4,
B, and C so that for >0 and p > g, we have that
m+l
517-7[(2)” log V(Re'®, p)df < A log R+ B log" 3+ C El log* T(R, G)

for all R > R, except perhaps for a set I = Ka, p) of measure at most & Now from
(2.17), (3.7), (3.9) we see that there is some positive constant A so that
T(R, G/_L) <Alogp+ 2;:':1 T(R, gk) for p> 0y and R> R and for p=1,2, .-+,
m + 1. On the other hand we see from Corollary (3.2) that there is some positive
constant A so that T(R, g,) <A log R+ T(R, G) for R> Ry and k=1,2,++,m

From the three previous inequalities we see that there are positive constants
A, B, C, and D so that for 2> 0 and p > o, we have that

2w ;
717-;-[0 log V(Re™?, p)ad

(.27 + +
<AlogR+Blogp+Clog’ 1/a+ D log” TR, G),

for all R > R except perhaps for a set [ = I(a, p) of measure at most a
Now from (3.10), (3.12) we see that

W(GBI,“ *y Gﬁm) = C(Bl’. *y Bm; p)w(gla"'y gm)’

for p> 0, and R, < |z| <+ and for all admissible B, By +++s B, Now from
the above identity and from (3.21) we deduce that
Gﬁ 1 W(Gﬁl’“.’Gﬂ)

o

Hz p) CBpeerBriP  Gp oo Gg

b4
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for p> 0 and R < |z| <+ and for all admissible B, B,s+++, B, Where B is
that unique integer from the (m + 1) integers 1,2, +++, m+ 1 which is not among
the integers 1, B,y +++» B,,. From the above identity and from (3.16), (3.25) we
see that |G g <|H(z, p)|V(z, p) for p> 0 and Ry <|z| <+ and for B=1,
2,+++, m+ 1, From the above estimate and from (3.1), (3.18) we see that

U(z, Gp)) < |H(z, p)|V(z, p) for p2 o, and R < |2| <+ From the above
estimate and from (3.2) we deduce that

2 ; 2 -
(3.28) To(R, Glp) < zinfoﬂ log |H(R€®, p)| 46 + 51; Io" log V(Re®®, p) 4o,

for p>0, and R>R .
From (3.19), (3.24), (3.27), (3.28) we see that there are positive constants
A, B, C,and D so that for a>0 and p >0, we have that

To(R,G)<AlogR+Blogp+C log+ 1/a +D log+T0(R, G),

for all Ry <R < 2p except perhaps for a set I = Ia, p) of measure at most a.
Hence there are positive constants A, B, and C so that for 2> 0 and p > 9,
we have that

To(R,G) <A log R + B log" 1/a + C log* T (R, G)

for all p <R < 2p except perhaps for a set I = I(a, p) of measure at most a. Now
let a> 0 be fixed. Let 0, = 2”'00 and @, = a/ZkJ'l for k=0, 1, +++. Hence we
see that

TR, G) <A log R + B log* 1/a, + C log" T((R, G)
for o, <R< O),1 €xcept perhaps for a set I, of measure at most @, for k =
0,1,+++. Now for k=0, 1, we see that if 6, <R<0, | then 1/a, =
2k+1/q = 20,/0 ja <2R/oa. Thus for k=0, 1, +++ we see that if 0, SR<o,

then log+(1/ak) <log R + log 2+ log*(1/4). Hence we see that there are positive
constants A, B, and C so that

To(R, G)< A log R + B log* 1/a + C log* T (R, G)

for all 2”'00 <RX<L 2'“100 except perhaps for a set I, of measure at most
a/2%+! for k=0, 1,++-. Hence we see that for all a>0

Ty(R, G) <A log R + B log* 1/a + C log* T (R, G)

for all R > 0, except perhaps for a set I = (@) of measure at most a. Hence
there are positive constants A and B so that

(3.29) T,(R,G)< A log R + B log* T (R, G)
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for all R > R except perhaps for a set of finite measure.

From Lemma (3.2) and from (3.17), (3.29) we see that the functions gy <**y
8,1 do not have an essential isolated singularity at the point infinity. From
(3.3) and (3.4) we see that the functions f, f;»+++» f,_, do not have an
essential isolated singularity at the point infinity. This completes the proof of
Theorem (1.2).

4. Applications. In this section we will give some simple applications of
Theorem (1.1) and of the equivalent formulations of Theorem (1.1) given in
Corollaries (1.1), (1.2), and (1.3).

First if in Corollary (1.2) we let A(zo, R) =T, that is if we let Z) =00 and

R = 4+ 00, we obtain the following result.

Corollary (4.1). Let { be polyentire and given by equation (1.1) and suppose
that [ admits the exceptional value zero at the point infinity. If j=0,1,++¢,n
is such that /i # 0 then the function /’. admits the exceptional value zero at the

point infinity and for i =0, 1, -+, n the functions f; //]. are rational functions,

Next if in Corollary (1.3) we let A(z(, R) #I" we obtain the following repre-
sentation due to M. B. Balk [1] for polyentire functions which admit an excep~

tional value at the point infinity.

Corollary (4.2). If { is a polyentire function which admits the exceptional
value zero at the point infinity, then there exists an entire function h and a
polynomial Pz, %) in z and Z such that {(z) = e?@p(z, 2), forall z€T\

First a comment concerning the representation of the polyanalytic function f
in Corollary (1.3) seems to be in order. If A(zo, R) =T then from Corollary (4.1)
we see that the polyanalytic function g in Corollary (1.3) may be assumed to be
a polynomial in z and Z. However if A(zy, R) #I" then g need not in general be
a polynomial in z and Z. Suppose that { is represented on A(ZO, R) by (1.1)
where /,. #0 on A(zo, R) for some j=0,1,+++, n Then it is easy to see that g
may be assumed to be a polynomial in z and Z if and only if for i =0, 1, ¢+, 7
the functions f,/ f; are rational functions.

As a further application of Theorem (1.1) we deduce the big Picard theorem
for polyanalytic functions.

Corollary (4.3). Let f be polyanalytic with an isolated singularity at the
point z . If [ admits the exceptional values zero and one at the point z, then f
has a nonessential singularity at the point z .

Proof. Let f be polyanalytic on A(z,, R) and represented on A(z,, R) by
poly Y/ 0 P 0
(1.1) where |, #0 on A(zo, R). We need only consider the case when 7> 1.
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Since [ admits the exceptional value zero at the point z, then from Corollary
(1.2) we see that the function f, admits the exceptional value zero at the point
z, and the functions fo/f , [\/f,s > [,_1/l, have a nonessential singularity
at the point z,,. Now f -1 is polyanalytic on A(zo, R) and admits the excep-
tional value zero at the point z,. Hence the function (f, - 1)//, has a nonessen-
tial singularity at the point z. It now follows that the functions f(, f,, +++, fn
have a nonessential singularity at the point z,. Consequently the polyanalytic
function f has a nonessential singularity at the point z,. This proves the result.

The above result can be extended if we introduce a more general notion of
exceptional value. Let [ be polyanalytic with an isolated singularity at the point
z,. Now let g be polyanalytic with a nonessential isolated singularity at the
point z,. Then g is said to be an exceptional value for { at z if andonly if
f- g has the exceptional value zero at the point z,. If g and b are two excep-
tional values for f at z these two exceptional values g and 5 are said to be
distinct if and only if g — b does not vanish identically on some annular neigh-
borhood of the point z,.

We now have the following general version of the big Picard theorem for
polyanalytic functions.

Corollary (4.4). Let { be polyanalytic with an isolated singularity at the
point z. If [ admits two distinct exceptional values at the point z then [ has
a nonessential singularity at the point z,.

Proof. Let g and 5 be the two distinct exceptional values for { at the
point z,. There is some 0 <R < +o so that f, g, and b are polyanalytic on
A(z(, R). Assume that [, g,and b are represented on A(z(, R) by means of the
equations

) =3 E"[k(z), g2) =3 E"gk(z), and h(z) =3 Ekbk(z),

k=0,1, ..., n, where for k=0, 1, ..., n the functions f,, g,, and b, are
analytic on A(z(, R). Since the polyanalytic functions g and b are not identical
there is some j =0, 1, -+., n so that g, £ h;. Hence f; £ g; or f; £ h;. Assume
that /]. # g Since the polyanalytic function f — g admits the exceptional value
zero at the point z, we see that fl. -8 admits the exceptional value zero at the
point z,. Alsofor i =0, 1, -+, n the functions (f, -g‘.)/([,. - g,.) have a non-
essential singularity at the point z,. Now /]. = hi or /]. £ b].. If /’. = bi we see
that for i =0, 1, ..., n that the functions /i have a nonessential singularity at
the point z. In this case the polyanalytic function { has a nonessential singu-
larity at the point z,. Suppose next that /,. = h’.. Since the polyanalytic function
f — b admits the exceptional value zero at the point z, we see that f,. - h’.
admits the exceptional value zero at the point 2. In this case we see that /j
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admits the two distinct exceptional values 8; and b,. at the point z,. Hence /].
has a nonessential singularity at the point. Thus for i =0, 1, +++, n we see that
the functions f; have a nonessential singularity at the point z,. In this case the
polyanalytic function has a nonessential singularity at the point z,. This proves
the result.

The above general version of Picard’s big theorem for polyanalytic functions
was originally established in [2] by utilizing the theory of quasinormal families
of analytic functions and the Poisson-Jensen integral formula.

Note that on the basis of Theorem (1.1) or one of its equivalent formulations
in Corollaries (1.1), (1.2), and (1.3), we can obtain a number of results which are
similar in character to the result of Corollary (4.4). As one example let f be
polyanalytic on A(z, R) and represented on A(z,, R) by means of equation (1.1).
Suppose further that there is some j =0, 1, --+, n such that []. £0 on A(zo, R)
and such that /]. has a nonessential isolated singularity at the point z,. Then if
f admits the exceptional value zero at the point z, it is easy to see that f has
a nanessential isolated singularity at the point z,. As a further example let f be
analytic with an isolated singularity at a point z; and let P(z, Z) be a poly-
nomial in z and Z of positive degree in z. Then if { admits the exceptional
value P(z, %) at the point z, it is easy to see that the analytic function f has a
nonessential isolated singularity at the point z,.
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