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ON THE ASYMPTOTIC DISTRIBUTION OF
EIGENVALUES FOR SEMI-ELLIPTIC OPERATORS

BY

AKIRA TSUTSUMI AND CHUNG-LIE WANG(1)

ABSTRACT. This paper is focused on the asymptotic distribution of
eigenvalues for semielliptic operators under weaker smoothness assumptions on
coefficients of operators than those of F. E. Browder [3] and Y. Kannai [8]
by applying the method of Maruo-Tanabe [9].

1. Introduction and main theorem. The asymptotic behaviour of resolvent
kernels and-the distribution of eigenvalues for semielliptic operators have been
studied by several authors, for example, F. E. Browder [3] and Y. Kannai [8].
In these works, the authors treated those operators with C* coefficients. In
this note, we shall study operators having weaker smoothness conditions on their
coefficients.

Let m = (my,*+-,m,) and a = (a;,***,q,) be multiindices of posi-
tive and nonnegative integers respectively. We set

a =1/l (where ! indicates the least common multiple of m,),

b = min 1/m;, ¢ = E,-=1 l/2mi, and Ja:m| = Zih, ai/mj.

For simplicity, the following notations will be used throughout:

@) D; = —\/—108/ox;, where D = (D;,***, D,);

(i) for a multi-index a = (@;,***,@,) and a point x = (x;,***,x,,)
in a domain  of R~,

@ — % ,..4%n — n%l.,.. non.
x%* =x, x,", D=D; D,";
and

2@ = Ziaimi<s 2'0) = Zig:imi=n
G

z:(s,t) = EIat:m|<s 2:l¢3:m|<t’
’ —
z(s,t) - 2|oz:m|=s z:lﬂ:ml=t‘
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A domain © of R" will be called an »-box with its sides of lengths
r,(1 <i<n),if Q istheset {x ER"|0 <x; <r;, 1 <i<n} orits trans-
lation. Further, we denote by H,,(§2) the space of functions u in L*(Q) for
which the distribution derivatives D%u are also in L2(2) for |a:m| <1; the
space has the usual norm

Netlly = lldll o = ( [ znmu|2dx> .

1)

Finally, ﬁm(ﬂ) shall denote the completion of Cg(R) in H,,(S2), where
Co(S2) is the set of all complex valued C® functions with compact support.
Now, consider the sesquilinear form

a(u, v) = fn (12;') a,5(x)D*uDPy dx

of (multi)order m and a closed subspace ¥ for which I-}m(ﬂ) CVCH,(Q
under the following assumptions:

a.1 a(u, v) is symmetric:  @,4(x) = a,5(x)
and
(1.2) a(u, v) = 8llul> forany u € ¥,

where § is some positive constant. Studies on estimates of type (1.2) have been
done by E. Giusti [6], T. Matsuzawa [10] and L. P. Volevich [15]. Associated
with the sesquilinear form a(u, v) is the operator A on D(4) C V to V*
defined by a(u, v) = (4u, v), for u € D(A) and for any v € V. Asis well
known A is a positive and selfadjoint operator in L2(2). Further, the paren-
thesis (,) on the right-hand side is the duality between V* and V. Identify-
ing L%(Q) with its antidual we may consider ¥V C L2(Q) C V* algebraically
and topologically. Then V is a dense subspace of V*. The following various
assumptions of smoothness for the coefficients a,4(x) appearing in the form
a(u, v) are now considered: The a,4(x) are

s-(1)  uniformly continuous for |a + B:m| = 2;
s-(2)  uniformly Hélder continuous of order 4 for
la + B:m| = 2;
s-3) in Cl"'h(Ql) for |a + B:m| = 2 and uniformly
Holder continuous of order 4 for 2 —2a<|a + B:m| <2 —a;
s<(4) in C?*R(Q,) for |a + B:m|l =2,in C'*H(Q,) for
2-2a<|a+ f:m <2 -a and uniformly Hélder continuous
oforder h for 2 - 3a <|a + B:m| <2 - 2a;
s<(5) constantsin Q for |a + f:m| =2 and in C*(Q,)
for |la + B:m| <2;
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where Q, isa domain containing & and 4 isa number satisfying 0 < 4 <a/b.
We shall now be able to state the main theorem as follows:

THEOREM. Let S bean n-boxand ¢ <1. Let N(t) be the number of
eigenvalues of the operator- A which do not exceed t for t > 0. Then the
following asymptotic formulas for N(t) hold as t —> oo:

N(t) = cot€ + o(t%) under s-(1);
N(t) = Col‘c + O(tc—-a0/2)
for any number 0 satisfying

bh
0<0< -(2);
o+ a under s-(2)
0<6 <—L+h)— under s-(3);
b3 +h) +a
0<0<—2C2*H e s@)
b4 +h) +a
0<6K<1 under s-(5);
where h is such that 0 < h <a/b,

Co = Sir:‘(:ﬂ) j;'z co(x)d x,

co(x) = @m™" Ln{(f 2,5(x)E*+E + 1%” d.

1,1)
2. Certain properties for operators on H, (2). Let Q be the set of
rational numbers, and let
J(m) ={j € Qlla:m| =j for some multi-index a},
J*¥(m) = {h € J(m)lh <k}, and
lullg,, = 2. 1ID%ll, for s € J(m).

lx:mi=s
A number of lemmas given on pp. 571—-576 of [8] are used later; they are
listed here as Lemmas 2.1-2.3.

LEMMA 2.1. If u € H,, () for any n-box Q or Q = R",orif
ueE I;Ism(ﬂ) for any open set Q of R™, then D°u € L*(Q) for any multi-
index a satisfying la:m| = s < 1. Furthermore if the lengths of edges of an
n-box S are ry,*c°,ry,, then (for s <1)

n \)s
llullgyy, < Cr—® Elullo + uuuz,'*{uuum(;;l r;";)§ ]

where the constant C depends only on m,
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LEMMA 2.2 (SOBOLEV TYPE). If u € H, () for any n-box Q or
Q=R",orif u€ H,(Q) forany open set Q,then u is (equal almost
everywhere to) a continuous function satisfying

lux)| < Clull </ Slhulic!s

for a positive number s > ¢, where C is a constant depending only on m and
on s.

LEMMA 2.3. Let Q bean n-box or R"™ and let T be a bounded linear
operator in L*(SY) such that the range, R(T),of T is contained in Hg,,.(Q)
for s € J(m) with s > c. Then there exists a kernel K(x,y) of T such that
(TF)x) = o K(x, )f(»)dy forevery f in L*(S). Moreover

() K(xq, ») € L%(Q) for each fixed Xy € Q;

(i) for each fixed x, K(x,*) isa uniformly continuous function of y
from Q to L*(Q);

(iii) the following estimate holds:

(fa IK(x, y)I’dy) < CITIGHITIIg™"*,
where C is a constant depending only on m and on s.

In the following setting of a bounded operator S from V* to V we
use the notations

st s IS (N

L2-12° L2-V? VEsy? Ve>L2

to denote the norms of S as an operator on L2(R) to L%(RQ),on L%(RQ)
to V, etc.

From Lemmas 2.2 and 2.3, with s = 1, we can establish the following
lemma, which is similar to Lemma 3.2 given on p. 328 of [9] (we omit its proof
which is nearly identical to that of [9]).

LEMMA 24. Let Q bean n-box or R™. Suppose that S is a bounded
linear operator on V* to V and that ¢ < 1. Then there exists a function
Mx,y) in CQ x Q) such that (Sf)(x) = fq M(x, y)f(»)dy for every
f € L*(Q). Furthermore, this kernel M(x, y) of S has the estimate

Mk, )1 < CISIE,  ISIES T, ISIES NI
for some constant C depending only on m.

Let A be the operator associated with the symmetric sesquilinear form
a(u, v) and let A be a complex number which is not on the positive real axis.
Then by use of the Lax-Milgram theorem, we can show that the inverse,
(4 =N, of 4 - isa bounded operator on V™. We now quote Lemma 3.1
given on pp. 326—327 of [9] as follows.
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LEMMA 2.5. There exists a constant C (depending on §,supa,g,m and n)
such that the following estimates hold

@ 4 =N7H 5, < 1/d),

(i) 4 =27, <IN,
(iif) 4 -n7", |, < CINE®,
(i) 4 =N, < CIPEQ.

Here and in what follows d()) is defined to be the distance from the point
A\ to the positive real axis.

We state, without proofs, Lemmas 2.6 and 2.7, which are similar to Lemmas
3.3 and 3.4 given on pp. 328-329 of [9].

LEMMA 26. Let 2 be an n-box or R"™. Then there exists a constant C
(depending only on m and on s) such that for any s € J(m) with 0 <s <1,
the following estimates hold:

A = N7 fllg,, < CINEA+DAQ)IfNlye, forany fE V*, and

(4 = N7l < CIN%SdQ)IIflly, forany f € L*(Q).

LEMMA 2.7. Let Q bean n-box or R™. Then there exists a constant C
(depending only on m and on s) such that for any s € J(m) with 0 <s <1
the estimate

llully,, < CINT2=(lull,, + IAlluly)
holds for any u € V.

3. Estimates of the difference between resolvent kernels on f}m(ﬂ) and V.

An operator A: V — V* is defined by a(u, v) = (4u, v) for any u, vEV
while an operator A: ﬁm(ﬂ) — H_, () is defined by a(u, v) = (444, v)
forany u, v € ﬁm(ﬂ). Although both operators A and A, are associated
with the symmetric sesquilinear form a(u, v), the parenthesis (Au, v) denotes
the duality between V* and V in the former and the parenthesis (4qu, v),
the duality between H_, (§2) (the anti-dual of I-im (2)) and Iim (2) in the
latter. Evidently, for the operator A, the analogues of Lemmas 2.5-2.7 hold.
Let

A = {g € G()g0) = 1},

where U ={x € R"|Ix; <1,1 <i<n}. Let x° be a fixed point in Q.
For simplicity, we put € = §(x°) and
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i, = x9 x, —x? — 0
N (x) = Ny » " " dimy, ) = M m)
for n € A. Note that Sup,cq 1D (x)| < Ce™*:™! holds, where C isa

constant depending only on m and on 7. Forany f € V* we denote

f Iﬁm(ﬁ) by rf. Note also that (7f, ¢) = (f, ¢) for ¢ € H, () C V. Using
the mappings

A-N"1:V*>V and (4, - N7 H_(Q) — H,(Q),
the operator S, : V*— H_(Q) can be defined by

S\ S =14 =N = (4, - N}
for any f € V™. Obviously, S, is a bounded operator on v* to H,(Q)

and hence a fortiori to V.

LemMMA 3.1. If € YIN™% <1 and |\ =1, then for any positive integer
j there exists a positive constant Kj such that

) ISx vy < KiF(e, A, DINAQ) ™
(ii), (iﬁ) "S)\euyt_>L2’L2->V < KI-F(G, )\, ])IM% d(7\ _l’
@iv) I8 lp2z2 < KiFGe, X, A,

where F(e, A, /) = (€~IAI12/2 aQ)~1)/.

PROOF. Let u = (A =N)7'f = (4o —N7'(¢f) andv = nu = S\ fE
H,(S,(x% €) C H,(Q) C V,where S,(x%; €) = {x ER"||x; —x]| < e'/mi,
1 <i < n}. Then it is readily verified that

a(v, v) = N, v) = a(v, v) — au, nv) + a(, n.v) = Nnu, v)
3.1
@D = a(v, v) — a(u, n).
Recalling the law of sine and noting that a(v, v) =0 and that

Q) _ sin(arg A), if Re A >0,
IAl 1, if Re A <O,

we have, for some constant C,
(3-2) la(v, ¥) = N, V)l > max {8llvl2,, INILIZ}AQY/IN > CB(v)* dQV/INI,

where B@) = [ivll,, + IN%lvll,.
From (3.1) and (3.2) it follows that



DISTRIBUTION OF EIGENVALUES 301

CB(v)? dQ)/INl < la(v, v) — a(u, nv)|
=1f. Y 4, (D% u)DPo — D*uDP(n v)dx
2 1)

3.3)

)y

la:mi<1-a,lB:ml=1

<|

(1,1)

+

2

la:mi=1,|:m|<1-a

+ +

2

(1—a,1—a)

=L +1, +13 +1,.
We now carry out I, as follows:

' _ ——
(lzl:) fn 8,5(x)(neD*uDPv — D*u(n DPv))dx

2 ' f q % ﬁ(x)< > <a>D°‘—7neD7uF—%
1

+

a1,1) —2b<ly:mi<1-b\7,

- D% > <B>Dl’—5nE D%v)dx
1-2b<|6: mI<1-D &

Z' fﬂ aaB(x)( ) (a>D°“7neD7u57’T)
|

(3.4)

+
(1,1) vy:m|<1-2b\7Y

-D%u X (@) Dﬁ“sneDTv> dx

16 :mi<1-2b

=1, +1j; + 1.
Clearly I;, = 0. Since Sup,cq ID¥n (x)| < Celaiml

I, <c( > N l, + 2 e‘<1“)||u||mllv||,,,,>,
1

—2b<s<1-b 1-2b<t<1-D

and, because |Irfll_,, < IIflly«, it follows from Lemmas 2.6 and 2.7 that for
fev*

I, gc(z eUINEA+I Q) ol
s

+ 3 eIt d(x)“B(v)nfllw>-
t

(Note that [lull,, <2l(4 - N1, < CINdQ)MIflys.) Substituting
s =t =1 —b in the above and noting that |jvll,, < B(v), we have

I, < Ce P IN22dQ) I 1y +B).
Similarly, for f € L2(2) we have

I,, < Ce ?\%722dQ)~ I fllgB()-
Similar to the bounds for I;, we find
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< {Ce-“’lxl'-bdm-‘ Iflly+B(), for f€ V*,
13

Ce 22 N%2d)MIfll,BR), for fE€ L3(Q).
Since €™'|N™% <1 implies elA[% >1, (elN*%)™2% < (elN*)72. Thus
I;3 < I;,. Consequently, we get

(3.5) I, < Ce ’IN22aQ) 7 If Il +B(v), for f € V*
and
(359 I, < Ce®N%2124)7IflyB), for f € L2(Q).

For I, we have

a—y N
lae: mlz<l—a j;z aB(x)< < )D e Db

1B:m|=1
-D% 2, <ﬁ>D’3‘5neDTv>dx .
8<p
(Note that the term for v = a and § = B is zero.)
Since la —y:m| = la:m| — |y:m| <1 -a -5 for y<a and |8 —6:m|
= B:m|—16:m <1—1¢ for § <P imply that s <1 — (a + b) and
t <1 —b respectively, it follows from Lemmas 2.6 and 2.7 that for f € V*

L<c X e, l,
s<1—(a+d)

12=

(3.6) + 2 e ONully vl
t<1-b

Ce PN~ +D)2 gyt £l «B).
Similarly, we find
(3.6) I, < Ce 2 |IN%-@+2)2q0) 71| f1,B), for f € L*().

It is evident that the bound of I, is the same as that of I,. For I, we have

L<c{ X e uly,lvllg_gm
s<1—(a+b)

(3.7 + 2 e‘("""‘)ﬂull(l —aym IIvll,m>
t<1—(a+d)

Ce 2 I\=@*+DI2|N~22 g1 £l «B(), for f € V*
And again
GB7) I S CePINAT@HR2 N2 Q)| fllyB), for f € L*(R).

If IN>1, A™%/2 <1 and
e—b Illl_(“”’)/z IM—a/2 <é—bl)\|l-—(a+b)/2 <€_b lMl-b/2;
thus, from (3.5), (3.6) and (3.7), we get
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L +L +1; +1,
S CePINITP/2 4 2e B \|1=(a+D)/2 4 ¢=b)|1-(a+D)/2|)ma/2)
.d()\)_l"f“VtB(U)

< Ce?INB2aQ) M I£ Nl B(v),
for f € V*. Similarly, it follows from (3.5"), (3.6") and (3.7') that

(3.9)

(38" I, +1, + I + I, < Ce ?IN*2/2aQ)7 I f1l,B(v),
for f € L?(Q). From (3.3), (3.8) and (3.8") we have
By ".%’ < {Ce-bn\l‘-"/’ AN~ Iy +BE),
Ce P IN%~212 dQ) 7 I £ llgBW),
which implies that
B < {CF(e, A DINAQ) IS Ny

CF(e, \, DIN%EdQ)If lly.
Consequently, we obtain

@) loll,, <KyFe, N, DINAQ) T If NIy e,
(ii) lvlly, <K, F(e, A, DINEAQ) IS llyas
(iif) Wil < K, Fe, A, DIN%AQ) LIS Ny,
@) lvlly < K, F(e, A, 1)dQ) " If llg-

Hence the lemma is proved for j = 1. We proceed inductively. Assuming now
that the lemma has been proved for j = k, we then pick another function

¢ € A suchthat {(x) =1 forany x € supp(n) and write . (x) =
§((x — x)/e(t/m)). Letting ¢.u= (4 -N"'f - A, —~N'¢f) and v =

Ne Sl = S,\ f, we have (similar to (3.1), (3.2), (3.3))

B2 < 1w, v) - a1, 1)l

1Al
= fo Z a0 X < >D°"7neD7(§eu)Dﬂv
(1,1) y<a
- Do) X ( ) DB‘aneDTv>dx
6<p
z +| X |+ | X
(1,1) le:m|<1~a, le:ml=1, (1—a,1—a)
1B:ml|=1 1B: mI<1—a

=L+ +1;+1,
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As in the proof of the case j = 1, we find that

I} < Ce®|N™2/2B(v)B(S u),

Ly I < CePINT@D2Bw)B(t u),

I, < Ce™P|\@*+2)/2|)|=2/2 By)B(¢ u).
In the same way as for the case j = 1, we conclude from the above results that
39) B@v)? ‘i%) < Ce®INT22B)B( u).
But, from the induction hypothesis with ¢ in place of 7 it follows that
Bt < {KkF(e, A BN Ny e

K, F(e, \, ©INEAQ) IS Nl
From (3.9) and (3.10) it follows that

(3.10)

5y a _ Ce 2 |N"212K F(e, A, ©)INAQ) " Iflly s,
N Ce~?IN2 12K, Fie, N, ©)IN% Q)11 £ll,
which implies that
K -1
By < { k1 FlE Nk + DINAQ) IS,
Kir1Fle, N, k + DIN%EAQ) LIS,

where K, ,, = CK,. The completion of the induction step follows immediately
from (3.11), and the lemma is proved.

As in Lemma 2.4 let © be an n-box or R™. Set ¢ <1. Moreover, let
Mx (x, »), Kj(x,y) and K °(x, ») be the kernels of the operators Sx R
(A N7! and (4, = N)7! respectively. Then clearly we have the relation

MAe(x’ y) = ne(x){KA(x’ y) - Kg(xa y)}’

A lemma which is similar to Lemma 4.2 given on p. 332 of [9] is now
stated below.

(3.11)

LEMMA 3.2. Corresponding to any p > 0 there exists a constant C = C(p)
so that for any N with |\| =1 and for any x° in Q the following inequality

holds: ?
RN A
X o ’ AN

IK %, x%) - K3(°, x%)I < Cd()\)<5(x°)d(7\)>

where ¢ <1 and 8(x°) = min{l, dist(x°, 9Q)}.

4. Approximation of coefficients by smooth functions. We shall approxi-
mate the coefficients a,5 by functions in C*(R") so that we can apply
Kannai’s results of [8]. Let p denote the real-valued even function in C(‘;"(Rl)
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for which supp(%) is contained in the set {x;E€ R!|lx| <1/n}, 1 <i<n.
We write for x = (x;,***,x,) €R"

—ejz B f %
petx) =" 17 1/mj |

=1 \e

Set [on Pe(x)dx = C. (We may consider C =1 for convenience of calculation.)
We now state, without proofs, Lemmas 4.1—4.4, which are similar to
Lemmas 5.1-5.4 given on pp. 333—-336 of [9].

LEMMA 4.1. Let Q bean n-box or R". For f€ C*(Q), x° € Q,and
for any positive numbers €, 6 < 1, we set

T Se-x0NG0), i by - xf <8,

lal<2 &
@41) fo) = ) y
— ! =x9)%2rx%), if Ix, - x%> 8™
|a|<2 a! xf( ) f i i
where x' is the point of intersection of the right parallelepiped {x € R"|

Ix; — x?l = st/ "™i 1 < i < n} with the line segment connecting x° and x.
Then

@) p. * fy isa functionin C*R");

(ii) when € <8, we have p, * fo(x) = fo(x) + C.(x®) in the set
x €R"|lx; - x?| < §Hmi_ M | < i < n}, where C.(x®) is independent
of x:
@4.2) C.(x%) = Izl:z L6 fon 20 @)dz,

ez @

and satisfies
e <er T Lparnoy
lal=2 a!
(iii) for any x € R™ we have

lo* () - F(xO) <28° X 10ef (%) +28%% X PIf&O).

lal=1 lal=2
LEMMA 42. Let Q, x°, x!, €, 5 be the same as in Lemma 4.1. For
fECYQ) we set

2 (x-x0%2f (%), for Ix, - x0 < 8'/™,

lel=1

43) fox) =
2 (! - x%)%2f(x%), for Ix; —x0 > 8'mi
lal=1

Then

() p.*f isa functionin C*R"),
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(i) when € <8,p *fy(x) = fo(x) in the set {x € R"||x; — x?l <
61/"” - el/mi, 1 <i<n}

(iii) for any x € R™ we have

loe * )~ fo&xI < 28 HZI LSOl
al=

We would like to modify the coefficients of a(u, v), but leave semielliptic-
ity of a(u, v) invariant.

Suppose that the coefficients of a(u, v) satisfy the smoothness condition
s-(4). Select ¢ and & sothat 0 < e’ <& <1, then pick any fixed point x°
of €. We shall apply Lemma 4.1 to a4 for |a + B:m| =2 and Lemma 4.2
to a,5 for Ja + 8:m| =2 —a. For |la + B:m| =2, let agﬁ and C‘;‘,B(xo)
be the function and the constant defined by (4.1) and (4.2) respectively with f
and € replaced by a,; and €,and set a}y(x®) = pg* 05°) — C2Px0).
For la + B:m| =2 —a,let adg be the function defined by (4.3) with f
replaced by a,, and set ayg(x®) = py*aQ(x°). For la + fim| =2 -2a
and lo + B:m| =2 — 3a, we put aly(x) = a,5(x°) and al(x) = 0 respec-
tively. We shall consider the following symmetric sesquilinear form

a,(u, v) = (E) fn aéﬁ(x)DauD—ﬁ_vdx,

LEMMA 4.3. Let Q be an n-box or R™. Then there exist two positive

constants Cy and C such that

ay(u, u) > Cyllull?, — Cllull}

forany u € 1.{m (2) provided that, as stated above, 8 and €' are sufficiently
small and independent of x° (an arbitrary point in Q) with 0 <¢& <& <1.

Next, consider the case when the coefficients a, 8 satisfy the condition
5(3). For |a + B:m] = 2, letting agﬁ be defined by (4.3) with @, in place
of f, we put agp(x)=pe,*agﬁ(x). For |la +8:m| =2 —a and |a+B:m|=
2 - 2a, we put a24(x) = a,5(x®) and a24(x) =0 respectively. After the
coefficients agp are so defined we construct the sesquilinear form as follows:

G, v) = 2 fn a2 4(x)D*uDPydx
(1,1)

for any u, v € H,,(S2). In the case when the coefficients a,, satisfy the con-
dition s-(2), we put agﬂ(x) = aaﬁ(xo) for la + B:m| = 2. Thenlet a;(u, v)
be the sesquilinear form on H,, () x H,, () defined by

’ —
a3, v) = (E o 2.50)D*uDPpd x
. 1,1)
for any u, v € H,,().

LEMMA 44. Let Q be an n-box or R™. Then there exist two positive
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constants Cy and C such that for i =2,3
aju, u) > Collul, = Clully

forany u € ﬁm(ﬂ), provided that & and €' are sufficiently small and inde-
pendent of x° with 0 <¢e <8 <1.

With a minor change of notations a method given on pp. 87—89 of [1] can
be readily adopted to prove the following lemma.

LEMMA 4.5. Let a,g be bounded and measurable in any open region S
for la:m| <1, |8:m| <1. Let Cy >0 and C' >0 be given constants. If
forall ¢ €C5(RQ)

Re a(¢, ¢) = Cyllpli2, — C'll9lIg,
then for almost all x in QU and for any real vector £,
Re X a,q006°*8 > Gout), where p®) = 3 Ig;P™.
a,1) j=1

5. Effect of smoothing coefficients of the kernels on H m(§2). Suppose
that € and & are given sufficiently small with 0 <€' < § <1, as above. In
the previous section the semielliptic sesquilinear forms a,(u, v) have been defined
by means of the smooth coefficients a;;p, i =1,2,3. According to the
Lax-Milgram theorem, there exist operators A; associated with the forms
a;(u, v) restricted to flm(ﬂ) x I:Im(Q), that is, a;(u, v) = (4;u, v) for any
u, v E Hm(ﬂ), i = 1,2, 3. Consequently, for sufficiently large |A| the opera-
tors

A, -\ H, () — H_,(Q)
defined by
a(u, v) — Mu, v) = (4; — Nu, v)

for u,v e ﬁm(ﬂ), possess bounded inverses (4; — N7 respectively, i=1,2,3.
In order to estimate the difference between the resolvent kernels of 4, and
those of A4, we set

S2 =1l - N -, -V

for f € H_,,(R), where € is an arbitrary positive number and 7.(x) =
((x — x°)/et/™)) for n € A asbefore. For an operator S on H_,,(Q)
to H,(S2) we denote by

IS my  ISU—moyr  USllco,my and [ISlio o)

the norms of So considered as an operator on H_,, () to I:Im(Q), on H_,(Q)
to L*(Q),to H, () and on L*(Q) to L*(R) respectively.
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LEMMA 5.1. If € PIN'212400)™ <1 with 0<e <1, [\ =1, then
for any positive integer j there exists a positive constant K i which is indepen-
dent of x°, € and M\, such that

1 .
”S;\e"(_m ,m) < KiRl(e; A7),
1S3 N=m 0y 15X N0 m) < KRy (e, X, DINTA,

llS{eu(o,o) <K;Ry(e, \, DINT!
where

Ry N i) = @201 + 6"""“-alz)<&%>z ' Cz'!;(:)i% '

Since the proof of the lemma is similar to that of Lemma 6.1 given on
pp. 336338 of [9], we merely state the changes of bounds of la,(x) -
a;ﬁ(x)l which are necessary in the semielliptic case. First consider a,g for
la + B:m| = 2. Let € be such that 0 < e < min{e,, § — €'} where ¢, =
dist(R2, 082,). Then in view of Lemma 4.1, we get, for lx,—x?l <el/'"",
1<i<n,

1 () = 20 (x) = 1 0 0
a,(x) = ans(x) = z —(x —x°)70Ya_,(x°)..
26®) = a3 = &G = x0)700a,(x°)
Hence it follows from the Taylor expansion of a,z at x = x° that
(5.1 layg(x) — alg(x)l < Ce?2+hd,

Replacing C by another constant if necessary we find that (5.1) is true without
any restriction on € > 0. Similarly, for la + B:m| =2 —a and |a + B:m| =
2 — 2a, we have

lagg®) = 256001 < CEP*HP and  la,4(x) - ahg)| < Cer®

respectively, if Ix, —x0| <e€'/™i, 1 <i<n.

Now the proof of the lemma follows immediately from similar arguments of
1.

Let A; be the operator associated with the sesquilinear form a;(u, v)
and denote by K{(x, ») the resolvent kernel of 4, i =1, 2, 3.

LEMMA 5.2. Let Q bean n-box or R". Set ¢ <1. For any positive
integer j, there exists a positive constant C = C(j) so that, for any selected
x° € Q, e and \ forwhich 0 <e<1,|]Al =1 and e’ A\'72/24Q)7! <1,
it is the case that
(5.1); 1K, x%) - Ki(x®, x%)| < CIA°™'R (e, N, j) under s-(5-i),

where
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. i _ _ 2 1-b/2\j |
Rye, \, j) = €2b+ho=(—1)(1 4 ¢hb|\[a/2 ALY, (IM >
i€ N J) 1+ eI ) ebaey ) )’

i=1,2,3.
ProOF. The inequality (5.1); follows from Lemmas 2.4 and 5.1. The
inequalities (5.1), and (5.1); can be proved analogously and we omit the proof.
For a compact subset of £, Y. Kannai’s result and ours agree. In the main
theorem we assume that © isan n-box and Q, isa domain containing Q.
Letting € bea domain containing £, as the assumption of the previous section,
we set
’
2 abg)Eett > cu)
1,1)
for any x € €, where C is a constant independent of x° € Q, i=1,2,3.

Let A, be the operator associated with a,(u, v), the sesquilinear form defined
on H (S'Z) X Hm(ﬂ) by

’ S
au, v) = Z fﬂ at(x)D*uDPudx

forany u, v € H (Q) and denote by K}\(x ) the resolvent kernel of A,,
i=4,56. For u € H (Q), we set U(x) = u(x) for x € Q and U(x) =
for x € S\Q. Then & H, () and by this correspondence 24 [, (2) may be
considered as a closed subspace of H (?2) Recall that €? = 6(x°) =

minl, dist(x°, 3Q)} for x° € Q. Let S,\ be the operator on H_,,($) to
H (Q) defined by

SrS = 1ellAimy =N - 4, - N7

for any f € H. . (€0), where ne(x) = n(x - x%)/e1/™)) for n € A and
rf = flH,,(Q). Of course, S,\ is a bounded linear operator, i = 4, 5, 6.

LEmMMA 53. If € 'IAI™% <1 with 0 <e <1 and |\l > 1, then for
any positive integer j there exists a positive constant Ki so that for any selected

x%, € and X\ the following estimates hold:
1S5 Nem.my < KiFe, N, DINEQ)™?,

IS5 o m> 18K Nl(=m,0) < K;F(e, X, DINE )™,
IS5 llco,0) < K;F(e, A, A)™,
where F(e, \, j) = (e 2IN'™224Q)™1)/, i = 4,5, 6.

PrROOF. Noting that v = n u = S{e f with supp(v) C Q and

€
a(v, v) = \v, v) = a;(v, v) — a,u, n.v) the proof of the lemma will follow
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the same approach as that of Lemma 3.1. We shall omit the detail.

LEMMA 54. Forany p >0 and any N with |\l =1 there exists a con-
stant C = C(p), which is independent of x° € Q and \, such that

i— — K M’ M ’
K60, 20) = K6, 01 < € 48 <S(X°)d0)> '

i=4,5,6,where ¢c <1.

ProOOF. Using the same method as in the proof of Lemma 3.2, the inequal-
ities follow from Lemmas 2.4 and 5.3.

For-the resolvent kernels of the operators with smooth coefficients Kannai
has established very general results in [8]. In order to adopt his result for our
purpose, we first quote from [8] the following. Let @ = {q € R'lq >b, q/a
is a natural number}. The function u € C*(Q) has a zero of type g with
respect to m at a point x° of Q where ¢ € QU {+ o} if u and all its
derivatives D% with |a:m| <q vanish at x°. If u(x®) # 0 we say that u
has a zero of type ¢ =0 at x©.

Further, we denote by g, = qo(xo) the maximal element of g in
Q U {+ }; all the coefficients of a4(x) - aaﬂ(xo) for | + B:m| = 2, have
a zero of type q, at x°,and by q; = q;(x%) (j > 0) denote the maximal
element of ¢ in Q U {0} U {+ o9}; all the coefficients of aaB(x) for |a+B:m|
= 2 - ja, have a zero of type g; at x%. We associate with the sesquilinear form
a(u, v) a number 6(x°) defined by

0% = mn LT
0<j<2/a 4; T b
where we agree that (q; +ja)/(q; +b) =1 if g; = . With the 6(x°) so
defined, we restate his Theorem 5.1, in somewhat restricted form, as follows (see
pp. 590-591 of [8]).

LEMMA 5.5 (KANNAI). Let  be an open subset of R"™. For any posi-
tive number &, there exists a positive constant C = C(&), which is independent
of x° in Q,such that

IKE(O, x0) = cb(:O) (=N < CINe1e2, i=4,5,6,
0
for ¢ <1, Al =1, dQ) > \0GbI2+e ypepe

cd(x®) = ¢o(x°) = @m™ fR,, <( 121; a,5(:0)+E + 1)—1 dt

’

where 0(x®) is the number stated above.

We repeat the assertion of [8] that in the elliptic case, or in similar cases
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where a = b, it is possible to replace 6(x,) by % in general, and by 1 if the coeffi-

cients of the semiprincipal part of the kernel are constants (see [8] for more detailed accounts).
In the following we shall prove a theorem under the conditions s-(2), s-(3)

or s-(4). Since we have to apply lemmas in the previous sections in proving the

theorem, we have to examine that the inequality

e PIIP2g00)™! <1 with ]Al>1 and 0<e <1,

assumed for those lemmas, holds also under the smoothness assumptions. In order
to have a unified argument, we introduce three constants C;, C, and C3 such
that C; = C, = C3 =0 fors-(2), C; =3, C, =1, C3 =2 for s+(3) and
C, =4, C, = C3 =2 for s-(4) respectively. Note also that C; = C, + C;
in all three cases. From

b(C, +h)

<_______.
0<#8 b(C, +h) +a

it follows that
1, ., @ +C3b)0] b, MG +h)+a+ Cgb
2 C, +h 2 b(C, +Hh) +a
which implies that

=b
2

6.2) @+Cb¥ b _ b9
2C, +h) 2 2°

By taking

5.3) € = |A\|7(@+C3b)0/2b(Cy +h)

we obtain

e—bIM—b/Z = I)\I(4+C3b)0/2(c2+h)"b/2 < l)\l—b0/2 < l}\l_l dQ\)

if dQ) = I\['72%/2 s satisfied (under the smoothness assumption). Hence the
inequality is verified under the assumptions.

THEOREM 5.1. Let Q be an n-box. Under the condition s-(2), s-(3) or
5-(4), the estimate ‘
_ D\lc lNl—blz P
1K, (x, X) — co(x -)\)‘“ll<czl)\|c‘l a/2 +_<_
3 7 X d0) \6()a(N)
holds for any p >0 and any x € Q provided that dQ\) = |\|'729/2, 0 <

60 <b(C, + h)b(Cy + h) +a,where ¢ <1 and C isa constant depending
onlyon p andon 0.

Proor. Under the assumption s-(2), s-(3) or s-(4) it follows from Lemmas
3.2,5.2 and 5.5 that
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IK\Cx, X) = cox)(— PN el
< |Ky(x, x) — K2(x, x)| + Ky (x, x) — Ki(x, %)l

54 + KL (x, x) = co()(—= N

i l)\ll"”/2>” + -1 i c—1-a/2
) (8(x)d0x) CINFIRe, A, ) + CIAI _

Moreover,

CINY{R (e, N, /) + INI7%/%}

= CIAr! ;e“’""""“_‘)(l + e-"blxl-alz)(ﬁ)’

aa)
9 B2\ i
—a/2 LA IR S [
+ |Al + <ebd()\)‘> d(‘A) }

CINE~YI + 11 + 11}

Without loss of generality we may assume i =1 in (5.5). It is evident from
(5.2) that
= <0.

5. —_— -
(5-6) 20(C, +h) 2
From (5.3), (5.6) and the fact that %(hb —a) <0, we obtain

(a + C3b)o 1

e—hbp\l—aﬂ = (e—l |7\|_%)hb|7\|%(hb—a)
= |\a+C3b)0/2b(C2 +h)-4}nb+%(hb—0) < C

where C is a positive constant, and consequently, 1 + ¢ *?|\|™%/2 < C for
]Al =1 under the assumption 0 < & <a/b. By taking € asin (5.3) and
noting that dQ\) = IN|'%9/2, we obtain

AlL\2 -
) 1< Ccb@+h) AL < C|\F9-a0/2
a@)
where
a @+ Cb)2 +h)
r=»+% -
55) 2 2(C, + h)
' 2(C, - C3)b + (2 = C)bh + (C, — 2)a

2(C, + h)
Under s-(2) (C, = C; =0), (5.8) gives

_bh-a _bf @
r=%- h(h b)<o.
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Under 5-(3) (G, =1 and C; =2), (5.8) gives
r=_ (2b +a)

2 +a)
Under s-(4) (C, = C; =2), (5.8) gives I' = 0. Consequently, since I' is non-

positive in all three cases, (5.7) implies that I < C|A|7#%/2. Obviously, it follows
from 6 <1 that

<0.

II = |N™/2 < [\e0)2,
By noting that d\) = |N*729/2 and taking e as in (5.3), in order to achieve

II < |Ne@) < \20/2

where

—l a+C3b)0. A .
e(e)—E{q A j—=0bj +b0 +b0ji{ <-ab]2

we must impose on § the condition

a + C3b

j+a+b +b]>0 < bj

which implies that

bj
(@ +GCd)(C, +h))j+a+b+bi
Note that the above quotient tends to b(C, + h)/b(C; + h) +a as j — oo,
Thus since I, I and III are dominated by C|A|7?%/2, we obtain from (5.5) that

0 < <l

IRAGes %) = co(e)(= 0°71 ] < cgmc-l-am + E<—'“ > %
° M) \6(x)d@)
for dQ) = IN'729/2 and |A| >1 under the condition s-(2), s-(3) or s-(4).
Hence the proof is complete. :

6. Proof of main theorem. If ¢ <1, then the kernel K,(x, y) of the
resolvent (4 —N)™! of A4 isin C(Q x ). Since the operator 4 is sym-
metric, K, (x, y) = K3(», x). The operator A possesses a compact resolvent and
the spectrum of A consists of a discrete set of eigenvalues. Let A} and {¢;}
be the sequences of eigenvalues and corresponding eigenfunctions respectively of
the orthonormal form. From Mercer’s theorem,

e 6(x);(»)
K)\(xa y) = z ]A- _’)\ s
j=0 J

for any fixed A which belongs to the resolvent set, and the series is absolutely
and uniformly convergent for any (x, ) €  x £. By using the notation
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o) = 2 16,(0P,
t

NS
oG0P e do)
K,\(x, x) = > = .

We now quote two lemmas given on p. 342 of [9] as follows.

LEMMA 6.1. Let o(t) be a nondecreasing function for t =0 such that
Jo do@)/(1 + 1) < + o, Suppose that

= (= do@) =_1
1@=) ;=7 @ 1= 35 [l @
where L(%) is an oriented curve in the complex plane from & to & =t + ir

not intersecting (0, «). Then for t, v >0,

() = (r/mRe f(&) = o(t) + o(0)] < 7Im f(§).
A proof of this lemma is given in [12].

LEMMA 6.2. .Let 2 be an n-box or R™. Then there exists a positive con-
stant C such that for any t >0 and any x € Q, 0,(t) < Ct° holds (where
¢ is in place of nf2m asin [9]).

Finally we proceed in precisely the same way as in [9] to obtain the
desired estimate:

©.1) 0,@t) - (217)‘"%;—”—’) co()°| <Cre=20125(x)0,

(6.1) holds under s-(2), s-(3) or s-(4). If s-(5) is satisfied, we can make
use of that portion of the theorem of Y. Kannai (see [8], [9]) covering the
case of constant coefficients in the principal part. (6.1) is readily verified for any
0 with 0 <6 <1. Accordingly, by integrating (6.1) over £ we obtain the
asymptotic formula for N(¢) described in the main theorem. As far as the case
s-(1) is concerned, we need only investigate the asymptotic behaviour of K, (x, x)
for real A — o0 and apply the tauberian theorem of Hardy and Littlewood.
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