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ABSTRACT.
ences of a semigroup.

This paper investigates various radicals and radical congruA strongly prime ideal is defined.

nil radical of a semigroup is the intersection
semigroup.

Furthermore,

It is shown that the

of all strongly prime ideals of the

a semigroup with zero element is nil if and only if

it has no strongly prime ideals. We investigate the question of when the left
and right radical congruence relations of various radicals are equal.

Some theo-

rems analogous to theorems concerning the radicals of rings are also proved.

1. Introduction. Just as in the case for rings, various radicals of semigroups
have been studied. In this paper we shall examine further some properties of the
nil radical of a semigroup.
Let N(S) denote the nil radical of a semigroup 5. An ideal P of the
semigroup 5 is strongly prime if there exists a subsemigroup M of S such
that P is the largest ideal of 5 not meeting M, i.e.,

P= {aES:SxaSx C\M=0}.
A strongly prime ideal is prime. It is shown that N(S) is the intersection of all
strongly prime ideals of 5. Furthermore, a semigroup 5 with zero element is nil
if and only if 5 has no strongly prime ideals.
H. J. Hoehnke has used congruence relations effectively to study the structure of semigroups. We shall investigate the question of when the left and right
radical congruence relations introduced by Hoehnke are equal. Hoehnke defines
radÄ 5, the right nil radical congruence of a semigroup 5. One can similarly
define radL 5, the left nil radical congruence of a semigroup 5. It is not true
that radL 5 = radÄ 5. In fact, if 5 is a left zero semigroup then radÄ 5 is
the universal relation while rad¿ 5 is the identity relation.
The right nil radical congruence of a regular Rees matrix semigroup over a
group with zero will be considered in detail. It will be shown that this congruence
relation is completely determined by the subgroups of the group and the positions
of the nonzero entries of the sandwich matrix. Furthermore, the right nil radical
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congruence of a regular Rees matrix semigroup equals the left nil radical congruence if and only if they are both the identity relation.
In the final section of this paper the right and left Jacobson radical congruences of 5, denoted by ridR 5 and radL 5 respectively, are defined. This
congruence relation has been studied extensively (see [1], [4], [5], [8], [10],
and [11]). It has been known that if T is an ideal of a ring, then the Jacobson
radical of T equals the intersection of T with the Jacobson radical of the ring.
It is natural to expect a similar result for the congruence relation radß 5. Indeed,
it will be shown that if T is an ideal of the semigroup 5 then radÄ T is the
relation iaàR S restricted to T. It will also be shown that if T is an ideal of

5 such that radÄS/T = rid¿ S/T and ïâdR T = rad¿ T then ïâdR 5 =
rädL 5.
Finally, it is proved that if 5 is a regular Rees matrix semigroup over a
group with zero then radÄ 5 is completely determined by the positions of the
nonzero entries of the sandwich matrix and radÄ 5 = radL 5. Thus, for such a
semigroup, it is not necessarily true that the right nil radical congruence equals
the right Jacobson radical congruence.
The author would like to express her appreciation to the referee, whose
suggestions have substantially improved the paper.
2. The nil radical. Throughout this paper 5 will always denote a semigroup and 51 will be the semigroup obtained from 5 by adjoining an identity
element 1. An element aE S such that as = a for each s E S is a left zero
of 5. The set 0L(5) of all left zeros of 5 is either void or is an ideal of 5
contained in every ideal of 5. If 0L(5) is nonvoid then S/0L(S), the factor
semigroup of 5 modulo 0L(5), contains zero. Let nil rad(5/0L(5)) be the

sum of all nil ideals of S/0L(S). Let NL(S) be the ideal of 5 such that
NL(S)IQL(S)= nil rad(5/0¿(5)). If 0L(S) = 0, let NL(S) = 0. Note that
nil rad(5/0L(5)) contains each nil left ideal and each nil right ideal of S/0L(S).
One can similarly define NR(S), the right nil radical of 5. It is well known
that any left zero of 5 must equal any right zero of 5. Thus, if both NL(S)
and NR(S) are nonvoid then they are equal. When this is the case, then the nil

radical of 5 will be denoted by N(S).
Lemma 2.1. A strongly prime ideal is prime.
Proof. Let P be a strongly prime ideal of 5 and let M be a subsemigroup of 5 such that P is the largest ideal of 5 not meeting M. Let each of

A and B be an idealof 5 such that ABCP.AQlP,
AVP

and B <2P. Since

and B U P are idealsof 5 properly containing P then (AVP)nMi=

0
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and (BUP)C\M±
0. Let a E (A UP) DM and b E (B U P) n M. Since
P n M = 0 then aEADM
and similarly b E B n M Thus ab E AB n
M CP C\M = 0, which is a contradiction. Therefore, if /!/? Ç /* then either

AÇP

or ßCP.

Definition.
Let P(S) be the set of all strongly prime ideals of a semigroup 5. If P is a strongly prime ideal of 5 and M is a subsemigroup of 5
such that P is the largest ideal of 5 not meeting M then we shall say that M
is a subsemigroup associated with P.
Theorem 2.2. A semigroup S with zero element is nil if and only if

?(S) is void.
Proof. Suppose that 5 is nil. Let P be a strongly prime ideal and let
M be a subsemigroup associated with P. Let * be an element of M. Since 5
is nil, there exists a positive integer n such that x" = 0. Thus x" E {0} n

M ÇP (~\M= 0, which is a contradiction. Thus if 5 is nil then P(5) is void.
Conversely, suppose that 5 is not nil. Let x be an element of 5 which
is not nilpotent. Let X={x":n
a positive integer}. Thus X is a subsemi-

group of 5. Let U = {U: U is an ideal of 5 such that U n X = 0}. Since
{0} e U, then U is nonempty. Let /,= U{7et/^-

Then ? is a maximal

ideal of 5 such that P C\X = 0. Thus P is an element of ?(S).
Theorem 2.3. // 5 is a semigroup with zero element then N(S) =

I '¿>ep$)PProof.

Let P be a strongly prime ideal with associated subsemigroup M.

Supposethat jc e [N(S) UP] DM. Since P n M = 0 then x E N(S) n M
Since yV(5) is nil, there exists a positive integer 77 such that x" = 0. Thus
xn E {0} n M Ç /> n M = 0, which is a contradiction. Therefore [7V(5)U

P]C\M = 0. Since P is a maximal ideal of 5 such that P D M = 0
since PCN(S)UP
then N(S)CR Therefore 7V(5)Ç npeP(s) £

and

Conversely suppose that a is an element of 5 such that a £ N(S). Thus
there exists an element b E Sx such that (ab)n is not zero for each positive
integer 77. Let M = {(ab)n:n a positive integer}. Thus M is a subsemigroup

of 5 such that {0} DM = 0. Let /* be a maximal ideal of 5 such that
PC\M= 0. Thus P is an element of ?(S) and a<£/>.
3. A comparison between the radicals of a ring and the nil radical of a
semigroup. If 5 is a ring, the relationships of the radicals of the ring (5, +, • )
and the radical of the multiplicative semigroup (5, • ) will now be studied.

Definition.

If (5, +, • ) is a ring, let J(5) be the Jacobson radical of
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the ring 5 and let /V(5) be the nil radical of the ring 5. Let M(5) be the sum
of the nil right ideals of 5. Thus M(5) is a two-sidedideal of 5 but it is not
known whether M(5)is nil.
As before, the nil radical of the multiplicative semigroup (5, • ) will be de-

noted by N(S).

Theorem 3.1. If S is a ring then W(5)ç N(S)ç M(5)C J(S).
Proof.

Since a nil ideal of the ring 5 is a nil semigroup ideal, then

N(S)CN(S). To see that N(S) Ç M(5) let i be an element of N(S). Thus
iS is nil. Let (0 be the principal right ideal of the ring 5 generated by i.
Let x E (i). Thus there exists an integer n and an element s in 5 such that
x = ni + is. Since x2 = i(n2i + nsi + nis + sis) E iS and since iS is nil, then
x2 is nilpotent. Therefore x is also nilpotent and i E (i) Ç |M(5). Thus N(S)

CM(5).
To see that M(S) Ç J(5), let m be an element of M(5). Thus there exist a finite number of nil right ideals of 5, Ix,I2,--,Iq,
such that m E

2?_, If. Each nil right ideal of 5 is contained in J(5) (see [6, pp. 8 and 9]).
Thus m E J(5) and, consequently, M(5)Ç J(S).
An example of a ring 5 such that J(5) =£tV(5) will now be considered.
Let 4Kx> be the ring of formal power series in one indeterminant with

coefficientsin a field. By [6, p. 21], J(i>0c>) is the ideal (jc). Since qXx) is
a ring with no nonzero divisors of zero, then N(<Kx)) = {0}. Thus J(<JXjc>)
=£

N(<Mx)).
4. The nil radical congruence.
Definition. A right S-system is a set M and a mapping (m, a)—* ma

of M x S into M such that (777a)ô= m(ab) for each m E M, a, b E S. A
right congruence on M is an equivalence relation o on M such that man
implies ma a na for each m, n E M, a E S. If mEM then 77i0= {«: nE
M, m on}. M/o is the set of all congruence classes of M with respect to a.
Under the composition m0a = (ma)a, where mEM and a ES, M/o becomes
a right 5-system.
Definition.
Let M be a right 5-system. An 5-subsystem L of M is
trivial if either L=M or \L\ = 1 where \L\ is the cardinal number of L.
Let FM = {m: mEM, ms = m for each sE 5}.
The right 5-system M is irreducible provided that

(a) MSQlFM and
(b) M has no nontrivial 5-subsystem.
One should observe that if FM # 0, it is an 5-subsystem of M. By (a)
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above, FM # M. Since M has no nontrivial 5-subsystem, then \FM\ = 1 and
FM is called the zero element of M. Furthermore, by (a) above, \M\ > 2. By

Theorem 5.2 of [4], if mEM and mEFM then 7715= M.
Definition. If M is a right 5-system let M° = {a: aE S, every equation mab = m where mEM and b E Sx implies m E FM}. M° is either
void or is a two-sided ideal of 5. It has been proved in [5] and [9] that

NL(S) = C\{M°:M is an irreducible right 5-system}.
The right nil radical congruence will be defined as in [4]. Therefore, let
IR = {M: M is an irreducible right 5-system}. If M EIR, a, b E S let
a bM b if and only if ma = mb for each mEM. Let tadR S = C\m<=/ 5^.
If 5 has no irreducible right 5-system, then tadR S is the universal relation.
Similarly, let IL - {M: M is an irreducible left 5-system}. If M E IL,
a, bES, let a 8M b if and only if am = bm for each mEM. Let radL 5 =
f\MSI bM. If 5 has no irreducible left 5-system, then rad¿ 5 is the universal relation.
The preceding definition is the one used by Hoehnke. However, another
characterization of the right nil radical congruence is used more frequently. Thus
we have the following.
Definition.
The right congruence a on 5 is modular if there exists an
element e in 5 such that es o s for each s in 5. The element e is a left
identity modulo a.

Lemma 4.1. radfi 5 = (\o:
that S/o is irreducible).

Proof.

a is a modular right congruence on S such

See Corollary 6.15 of [4].

We shall now consider a semigroup 5 such that radfi 5 ¥= radL 5.
Let 5 be a set containing at least three elements. Let (5, ° ) be the left
zero semigroup on 5. Thus, if x, y E S then x ° y = x. If M is a right 5system then MS ç FM. Thus 5 has no irreducible right 5-system and iadR S
is the universal relation. However, rad¿ 5 is the identity relation.
Throughout the remainder of this paper, we shall use notation found in [2].
Thus M°(G, /, A, P) will be a regular Rees / x A matrix semigroup over a
group with zero G°, with sandwich matrix P - (P\¡). Since M° is regular, by
Lemma 3.1 of [2], each row and each column of P contains a nonzero entry.

The identity element of G will be denoted by e.
The right nil radical congruence of M° will now be studied. Throughout
this section let a be a modular right congruence on M° with left identity x
such that M°/a is irreducible. If v6JH°, let
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Ky = {(UX): (i, X)G / x A, there exists (a)iKE M° such that (a)iX ay}.
Lemma 4.2. // (m, u)EKx

Proof.

then pwm *0

Suppose that (m,oS)EKx.

Since (b)mu

is a left identity modulo

and (p^Umu

Let b EG

suchthat

o, then (bpumb)mtlt

ax-

(b)mw o x.

= (b)2m„ o Qb)mu.

Thus bpumb =£0, which imphes that p03m ± 0. Furthermore,

(PwLL
Definition.

° (^mulPüLLu

= (P)mo>a x-

Let (m, cS) E Kx and let H = {h: h EG, (hpüm)mu o x}.

Lemma 4.3. H is a subgroupof G.
Proof. By Lemma 4.2, e E H and thus H is nonempty. Suppose that
a is an element of H. Thus (ap^m)muj is a left identity modulo o. Therefore

Thus a"1 e/i
Now suppose that each of a and b is in H. Thus

WüDmu,

= (flPÛmWÔPÛm)mW * (bp^mu

a x>

which implies ab E H. Thus H isa subgroup of G.
Lemma 4.4. Suppose that a is an element of G such that (a)iir o 0 for
some it E A. 77ie7í (b)iXo 0 for each b in G° and each X in A.
Proof.
Therefore

Since P is regular, let / be an element of / such that pvj ¥=0.

<W/A
= («UPC/«-1*)/* o 0(p-xa-xb)jx = 0.
Definition. If (¿>)|Xo 0 for each b EG° and each X G A then we
shall say that i* is a o-zero row. If this is not the case then we shall say that i
is a o-nonzero row.
If p, X E A then p and X are row-compatible provided that, for each
i E I, p^ =£0 if and only if pXi ¥=0. Similarly, if i, j El then i and / are
column-compatible provided that, for each X S A, pKi # 0 if and only if

Lemma 4.5. Row i isa o-nonzero row if and only if p^^O.
Furthermore, if (a)Ifl ¿ 0 and (b)¡k E M° such that (a)ifl o (b)jX then p and X are
row-compatible.
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Proof.
Suppose that i is a a-nonzero row. Let (a)in E M° such that
(fl)IJr^0. Since (pZ,lm)mu> is a left identity modulo o, then

(PZlnPuitimn = O^ÎJmc»,*

°"(a),rr * °-

Thus pZmPuia * °> which imPlieS Pwi * °Conversely, suppose that i is a a-zero row. Let b E G, X E A, such that
(ô)lX a 0. Thus

By Lemma 4.4, since m is a a-nonzero row, then P^jXmPw¡b= 0. Since p~J„,

b EG this implies pii}i= 0.
Now suppose that (a)¡ ii 0 and (è)x a (a),„. We wish to show that p
and X are row-compatible. Let k EI such that pMfc=#0. Since (a)JMo (b)jX
then
(PZmPcjjbPxkPßka~ lPw)PwmPZ>\n)mu

= (PÚm)mu(b)j\(P»kla~lPZ>li\o>
° (PZ^m^i^k^PZÁ)^
" (PÜmPwl^PßkPßka'iPZ1i)mw= CPÜm)mw
111118
PZ>mPujbP\kP»ka~lPZ1iPo>mGH- Therefore pXk ¥=0. Similarly, if
P\fc ^ 0 then pMk=£0. Thus p and X are row-compatible.
Lemma 4.6. Let (a)if¡ i¡ 0 and let j be a a-nonzero row. Then (j, p)

Proof. Since / is a o-nonzero row then, by Lemma 4.5, p • =£0. By
Lemma 4.4, (p^))/a)^0.
Since M°/o is irreducible, there exists (c)fcXE M°
suchthat (Pw/)/w(c)/c\ a*. Thus (j,\)EKx
and, by Lemma 4.2, (px/)A
is a left identity modulo a. Therefore

(PvP\i°)jß - (P\j%(ß)tß o (a)iß.
Thus (j,p)EKw¡ii.
Lemma 4.7. ¿e/

[(a),M]0 be a nonzero element of H°/a. Then

IGO/Ja= ifrw/Pwm^wJLPw^fcPJTfc^:
^ G//, (/',X)£ tf(a)^,
fce/

s«cArAai pMfc=£0}.

Proof. Let (%6[(j)(]a
and ££/
suchthat pMfc=£0. Since
(*)/\ a (û)iu tnen M and X are row-compatible. Furthermore, as was seen in
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the pioof of Umma4.5, p-^p^bp^p-k1

a~xp-xpU}m EH. Thus bE

PZ)PwmHPZmPo:iaPnkP\k •
Conversely,let h' E H, (j, X)E /T(a) , and k EI such that pftk =£0.
Since (/, X)£Ä(a) , there exists bEG suchthat (b)jX a (a)ifX. By Lemma
4.5 and the work above, pwy # 0, pKk ¥=0 and there exists hEH such that
* = PZ>)PumiipZmPuiaPnkP\kl ■ But.for each h G H>

(PZJPwmnPwmPiofiPukPÏk^
° ^m)mJPZ)P^mhPZLPwiaPp.kPÏ.k)j\
= &PZÏmPui<Wp.kP\k)m\
= tyPZ^m^PukPlDa

a iaPßkP\k)i\-

Thus

(PZJPwmn'PZmPuiiPnkPxkïjk° (PZ,}Pumh'PZ>mPutaPtlkPÍk)j\
= (b)jxo(a)iß.
Therefore

((PZljPumhPZ}mPoolaPtlkP\k1)j\heH> 0'. X) ^K(a)iti
kEI

suchthat

Plik*0}C[(a)ill]a.

Lemma 4.8. Let H be a subgroup of G and let (m, w) EI x A such
that pu>m # 0. Let Hmw be a right congruence on M° defined as follows:

z = {(a)^: a EG, Ploi = 0} U {0}, if (a)iß, (b)jX É z then (a)iß Hm„ (b)jX

if and only if p = X, PZmPwjba~lPZÁP^m eH- Thm Hmw is a modular
right congruence such that kÁ°/Hmw is irreducible with zero element z.

Proof.

Clearly Hmu is reflexive. Since PZ,mPutba~lPZ)Pu>m GH
EH, then Hmw is symmetric.
To show that Hmo) is transitive let (a)ilJt,(¿>)/jLl,
(c)kfl É z suchthat
(fl)íu^w(%
and (b)¡tl Hmit¡ (c)klt. Since PZmPuiab~XPZ>)PumGH
and P~JmP»jbc~XPZ>\PumGH then PZmPuiac~lPZkPu>meH- Therefore
if and orùy if p-xmpiOiab-xp-)p0jm

(a)IU #muJ (c)k)i and Hmtt) is transitive.

To show that HmtJ is a right congruence let (a)iß, (Z>)/\>(c)kir E M°
such that (a)iß HmtJ (b)jX. If (a)iß, (b)jX E z then (a)iß(c)k1t, (b)¡x(c)k7r E z,
which implies (fl),M(c)ft7rHmtA}(b)jk(c)kn. If (a)iß,(b)jKE z then /j = X and

PûLP^'pJp^e//.

Therefore
PZmPoijO>PnkC)ißPtllkc)'XpZ}\P^m
E H'

which implies (ä)iß(c)k1l Hmu (b)jX(c)kv. Thus Hmu

on M°.

is a right congruence
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It is clear that (pZm)mu
is a left identity modulo Hmu. To show that
VC/Hmu is irreducible, let (a)ißez
and (Z>)/xE M°. We must find (c)kn E

M° suchthat (a)iß(c)kwHmu)(b)fX. If (b)jKEz let (c)kn = 0. If (b)¡xÉz
let /Vbe an element of / such that pßk ¥=0 and let (c)kn = (Ppka~xPZ\Pujb\\Thus [(«),„]„
U° = M°/Hmw for any («Liz,
which implies that M0/^«.
is irreducible.
Lemma 4.9. radfi M° = C\(HmcJ: H is a subgroup of G, pum # 0).
Proof.

By Lemmas 4.1 and 4.8,

radÄ M°Ç fl(//mw: H is a subgroup of G, Ptjm * 0).
Conversely, let a be a modular right congruence on M° such that M°/o
is irreducible. By Lemma 4.2, there exists (m, to) EI x A such that (pZm)mw

is a left identity modulo a. By Lemmas 4.4 and 4.5, z = {(a)iß: a EG, plt)i =
0} U {0} is the zero element of U°/a.

Let H = {h: hE G, (hpûm)mu

1Sa 'e^ identity modulo a}. By Lemma

4.3, H is a subgroup of G. We wish to show that Hmw Ç o. Let (a)iß, (¿>)/X

€z suchthat (a)iß Hmt0 (b),K. Thus m = X and PZlmPuiba~lPZ)Pum
Furthermore, by Lemma 4.6, (j, p)E K^ay . Let AG// suchthat ft =
PZ)PwmhPZmPwia and let * G ' such tfíat pMk# 0. Since

G *■

(*)/\ = (PZljPumhPZmPu,iaPßkP»kl)i
IM
then, by Lemma 4.7, (ft)A o (a)/jU. Thus HmwÇo.
Therefore, by Lemma 4.1,
f\Hm(jJ: H is a subgroup of G, pwm *=0) ç radÄ M°.

Theorem 4.10. (a)lX radÄ M° (b)jfl if and only if X = p and puia =
pw/b for each to G A.
Proof. Suppose that (a)iX radR M° (b)jß. Since P is regular, let a» G A
suchthat pw,*0.
Let H = {e}. Since (a)iXHiw (b)jß and pwi * 0 then

X= M. Ptj/^0.

and PZ)Pwjba~lPZ)P^i& H'= <e>- Thus Pwjb = Pwia-

Now suppose that -yG A such that p7/ = 0. Let fcG / such that pyk # 0.
Thus (a)/X and (6)y;u are elements of z, the zero element of M°/Hky. Thus
p7/-= 0 also and pyia = 0 = pyjb.
Conversely, suppose that X = p and puia = pwjb

for each co G A. Let

(m, to) EI x A such that pwm # 0 and let // be a subgroup of G. If 0 =
pwia then either p^,- = 0 or a = 0. In either case, (a)/x G z, the zero element of M°/7/mtJ- Since ° = Pu>ia = Pujb then (b)jKEz also. Thus
(fl),A #mu, (*U-
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On the other hand, if 0 ¥=pwia then pw¡ =£0, a¥=0, b =£0, and
pw/- ¥=0. Furthermore,

PZmteujfy'^ZÏPum
Thus (à)i\Hmu(b)]X.

=PZm(PoJfi)a~íPZliPcjm
= e E H.

Since this is true for each Hmu), then (a)lX radÄ M°

(Wa-

Definition (Green's relation).
If a, b ES then we define a Li
mean that a and b generate the same principal left ideal of 5.

Corollary
Proof.

to

4.11. radÄ M°ç /_.

Suppose that (a)lX radÄ M° (¿>)/M-Let to G A suchthat

0. Thus X = ju and (a)/x = (p^p^-e),-,, = (p"])^(b)/ß

G M°(%.

pw¡^

Therefore

(a)/x U U°(a)iKÇ (b)jß U M°(b)iß. Similarly, (b)fß U M°(b)Jßç (a)/x U U°(a)iX.
Corollary
identity relation.
Proof.

4.12. radfi M° = rad¿ M° if and only if they are both the

Suppose that radÄ M° = radL M°. Let (a),x radR M° (b)Jß. By

Theorem 4.10 and its dual, \ = p and i = j. Furthermore, pwia = pwib

for

each to G A implies that a = b. Thus radÄ M° = radL M° = the identity
relation.
It will be shown later that the Jacobson radical congruence of M° does not
depend upon the subgroups of G but merely upon the positions of the nonzero
entries of P.
5. The Jacobson radical congruence.

Definition.

A right 5-system M is totally irreducible provided that

(a) MS Ü FM and
(b) M has no nontrivial homomorphisms.
One should observe that every totally irreducible right 5-system is irreducible.
Definition. Let TR = {M: M is a totally irreducible right 5-system}.

If M E TR, a, b ES let abM b if and only if 777a= mb for each mEM.
Let iadRS = C\mbtr

^m- ^ TR = 0,

then radÄ 5 is the universal relation.

radÄ 5 is the right Jacobson radical congruence on 5.
Similarly define rad¿ 5, the left Jacobson radical congruence on 5.

Definition.
If e ES then e is a right quasi-regular element of S if the
only right congruence on 5 which has e as a left identity is the universal relation. An ideal of 5 is quasi-regular if each element contained in it is a right
quasi-regular element of 5.
Theorem 5.1. // e is an element of S such that for each integer k > 1,
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is right quasi-regularthen 0L(S) # 0 and eENL(S).
Proof.

See [9, Lemma 1.3].

A result similar to that found for the nil radical will now be proved. M°

will be defined as before; thus
M° = {a: a ES, every equation mab = m where mEM

and b ESX

implies m G FM}.

If TR= 0 then we shallsay that C\M&T M° = 5.
Theorem 5.2. // NL(S) =£0, then NL(S) = flMer

R

M°-

Proof. Since A^(5)'is nonvoid let aENL(S). Let METR and let
mEM.bES1
suchthat mab = m. Since abENL(S) let p be a positive
integer such that (abf E 0L(S). Since mS = m(abfS = m(abf = tti then
m E FM. Thus NL(S) C f\MGT M°.
It will now be shown that \)MŒT M° is a quasi-regular ideal of 5. Let
c E DM<=T M° and s E S. It must be shown that se, es E C\MeT M°. Let
METR and mEM such that mcsè = tti for some b E S1. Since cEW
then mEFM. Thus es G Pl^ej- tW°. Now suppose that METR, mEM
such that Triscó= tti for some ô G 51. Thus thscôs = ms. Since cEM°
then ms G FM Therefore
ms = ms(cbscb) = m(scb)2 = m.

Since ins G /¡M then tti G FM. Therefore se E f}M(=T M° and Hjv/er ^°
is an ideal of 5.
Suppose that e is an element of C\M^T M° which is not right quasiregular. Thus there exists a right congruence t on .5 such that t is not the
universal relation and e is a left identity modulo t. By Theorem 1 of [10],
let o be a maximal right congruence on 5 which contains t. Thus a is a
modular maximal right congruence on 5 and e is a left identity modulo a.
Therefore, by Theorem 6.2 of [4], S/oETR.
But eae = ea where ea <£

F(S/a). This contradicts the fact that e E (S/a)°. Thus DMGT M° is a
quasi-regularideal of 5. By Theorem 5.1 above, C\MeT M0 CNL(S).
R

Lemma 5.3. tadR S = Dae2

S

o where

2S = {a: a is a modular maximal right congruence on 5}.

Proof.

See Corollary 6.16 of [4].

Lemma 5.4. Let S be a semigroupsuch that NL(S) # 0. 77ieideal
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I of S is nil if and only if I/a Ç F(S/o) for each a E 2S.
Proof. Suppose that o E 2S suchthat NL(S)la <tF(S/a). Let x E
NL(S) suchthat x0EF(S/o). By Theorem 6.2 of [4], S/aÇ_TR. Since xa E
F(S/a) and S/o is irreducible then xpS = S/a. Let e be a left identity modulo a and let sG5 suchthat xas = ea. Since xsENL(S), let p be a
positive integer such that (xsf E 0L(S). Thus (xs)% = (xs)?S = eaS = S/a,
which contradicts the fact that a is not the universal relation on 5. Therefore,
for each a E Hs, NL(S)la Ç F(S/a). Thus if / is a nil ideal of 5 then
I/a E F(S/a) for each a E 2S.
Conversely, suppose that / is an ideal of 5 which is not nil. By Theorem

5.2, let METR suchthat I(tM°. By Theorem6.2 of [4], let a E 2S such
that M^S/a. Since I<tM°, let mEM, i EI, bESx suchthat mib = m
and m E FM. Since M = S/a, there exists s G 5 such that sCTi'ô
= sa and
s0 6ÉF(S/a). Thus sib G / such that (si7j)aE F(S/a).

Lemma 5.5. Let aE"Es and T be a right ideal of S such that T/a <2
F(S/a). Then T intersects each element of S/a.
Proof. Let t E T such that ta € F(S/a). Since S/a is an irreducible
right 5-system then taS = S/a. Thus if x0 E S/a there exists s G 5 such that
tas - xa. Thus tsExa n T and T intersects each element of S/o.
Notation.
Let T be a subsemigroup of 5 and let a be a right congruence on 5. Then a\T will denote a restricted to T. Thus a\T is a right
congruence on T defined as follows: If t.uET
then t a\T u if and only if
tau.

Theorem 5.6. Let S be a semigroupsuch that NL(S)& 0. If T is
an ideal of S then ïadR T = rädÄS\T.
Proof. First suppose that TCNL(T). It will now be shown that T has
no totally irreducible right T-system. Suppose that M is a totally irreducible
right T-system and mEM such that tti G FM. Since M is irreducible then
mT = M. Let t be an element of T such that mt = tti. By Theorem 5.2,
t E T Ç NL(T) Ç M°. Thus mt = m implies tti G FM, which is a contradiction.
Therefore T has no totally irreducible right TAsystemand rädR T is the universal relation on T.
If radfi 5 is the universal relation on 5 then râd^ T = rädÄS\T. If
radÄ5 is not the universal relation on 5, let oGSs.
Suppose that T/o <t
F(S/a). By Lemma 5.5, let e be an element of T which is a left identity
modulo a. Since e ET CNL(T), let p be a positive integer such that
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e? E 0L(T). Thus, S/o = eaS = epa+XS = e£e5 Ç e£r = e£, which contradicts
the fact that a is not the universal relation. Thus T/a C F(S/a). Therefore if
t.uET
then t0, ua E F(S/o), which implies tau.
Thus a\T is the universal relation on T for each a E 2S. Therefore rad^ S\T = the universal relation

on T= rädß T.
Now suppose that T<tNL(T). By Theorem 5.2, there exist totally irreducible right T'-systems. Let t be an element of 2r and e be a left identity
modulo t. If a, b ES let a yT b if and only if ap r bp for each pET. It
will be shown that yT is a right congruence on 5 with left identity e such

that t = TT|r.
It is clear that yT is an equivalence relation on 5 with left identity e.
Let a, b, sES such that a 7T b. Since T is an ideal of 5 then spET for
each p G T. Therefore a(sp) r ¿>(sp) for each p in T. Thus as yT bs and
yT is a right congruence on 5.
Let t, uET such that ítií.
Since r is a right congruence on T, then
tp t up for each p in I Thus t yT u and t CyT\T. Let z be an element
of 0L(S). Therefore z G T and (ze)r = zT =£eT = (ee\. Thus z ^T e and
7T|r is not the universal relation on T. Since r is maximal, t - yT\T.
It will now be shown that yT E 2S. To establish the fact that yT is maximal, let ß be a right congruence on 5 containing yT. Either |3|r is the universal relation on T or ß\T = t. Suppose that ß\T is the universal relation on
T. Then e ß z. But e is a left identity modulo ß. Thus if s G 5, z^ = zßs =
e^s = Sß. Therefore ß is the universal relation on 5. Now suppose that ß\T =

t. Let a, bES

such that a ß b. Thus ea 0 eb. Since ea, eô G T and (317=

t then ea t eft. Thus ap r eap t eôp t bp for each p in T Therefore
a 7T b, which implies 7T = ß. Therefore yT E 2S and yT\T = t. Thus

rädÄS|7'=

fi
oGZs

oirç

fi

7TI7,= f)

reSj.

t62j.

r = mdRT.

Conversely,since T<tNL(T) then TÚNL(S). By Lemma 5.4, let a G
2S suchthat T/o<£F(S/o). It will be shown that al^G 2r. By Lemma 5.5,
let eET such that e is a left identity modulo a. Let t be a right congru- '
ence on T suchthat o\TÇt.
Construct yT as above, i.e., a yT b if and only
if ap t bp for each p in T. Thus yT is a right congruence on 5. To show

that o Ç yT let a, bES such that doft. Since e is a left identity modulo
a, ea a eb. Since ea, eb E T then eaa|7/eô. Thus ap a\T eap a\T ebp a\Tbp
for each p in T But a If Ç t. Thus ap r èp for each p in T. Therefore
a yT b and o Ç yr.
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But a is maximal. Thus either yT = a or yT is the universal relation
on 5. Suppose that yT is the universal relation on 5. Let z be an element
of 0L(S). Since z yT e and e E T then ze t ee. Thus z t e and, since e
is a left identity modulo r, r is the universal relation on T. On the other hand,
suppose that yT = a. Let t.uET
such that t tu. Therefore tp t up for

each per,
which implies that t yT u. But yT = a; thus t a\T u. Therefore
t Ç a\T. Thus t = air. Since either a\T = r or t is the universal relation on
T, then a\T is a maximal right congruence on T.
Therefore

~ñdRT= fi

t ç n{o|7/: a E 2S, T/a QlF(S/a)}= C\ o\T= radÄSir.

Theorem 5.7. ¿er S be a semigroup such that NL(S) ¥= 0. Suppose

that T is an ideal of S such that ridL S/T = râdfiS/T and ta~dL
T = rädÄ T.
Then rádL 5 = rädÄ 5.

Proof. Let A = {a: a E 2S, 77a Ç F(S/a)} and B = {a: a E 2S,
T/o U F(S/o)}. Let a, bES suchthat arJàRSb. It will be shown that
a rjidL5 b. By Lemma 5.3, let a E 2S such that a /ii».
Suppose that a G A. Let a' be a right congruence on S/T, the factor
semigroup of 5 modulo T, defined as follows: If x, y E S then [x] a [y]
if and only if x ay. To show that a is well defined suppose that [x] = [xx],
\y] = \yx] and [x] a' \y]. Since [jc] = [xx] then either x =xx or x, x, G
T. Since T/aCF(S/a),
then jc, x, G T implies xaxx.
Thus, if [x] = [xx]
then xa*,.
Similarly y ayx. Therefore [x,]o'[y,]
ana" a' is a well-defined equivalence relation on S/T.
It will be shown that a E 2s/r. If e is a left identity modulo a then
[e] is a left identity modulo a'. Furthermore, if z G F(S/a) then [e] ¿' [z],
which implies that a' is not the universal relation. Suppose that t is a right
congruence on S/T which contains a. If x, y ES let xry
if and only if
[•*]'■'[)']. Thus t is a right congruence on 5 which contains a. Since a is
maximal, either t = a or r is the universal relation on 5. Thus either t =
a or r is the universal relation on S/T. Therefore a' E 2s/r. Furthermore,

[a]p'[bl
Since rad¿ S/T = rä3Ä5/F then, by the dual of Lemma 5.3, let ß" be a
modular maximal left congruence on S/T such that [a] $ [b]. If x, y ES
let xßy if and only if [x]^^].
Thus ß is a modular maximal left congru-

ence on 5 and T/ß Ç F(S/ß). Since a ¡Sb then, by the dual of Lemma 5.3,
arildL5 6.
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Now suppose that a E ¡3. By Lemma 5.5, let e G T such that e is a
left identity modulo a. Thus ea, eb ET and ea p\T eb. As was seen in the

proof of Theorem 5.6, a\TE 2r. Since rad¿ T— radfi T and since ea 7fdRT
eb, let t be a modular maximal left congruence on T such that ea / eb. Let

/ be a right identity modulo r. If x, y E S let x yTy if and only if px r py
for each pET. By work similar to that in the proof of Theorem 5.6, one can
show that yT is a modular maximal left congruence on 5 with right identity /

Since ea / eb and e ET then a ffTb. Thus by the dual of Lemma 5.3,

a \JáL S b.
Conversely, one can show that a ridL5 b implies a r7dÄ5 b.

Theorem 5.8. Let M°(G,/, A, P) be as before. Then N(H°) = {0} and
if b, c EG then (b)iX radÄM° (c)jß if and only if i, j are column-compatible
and X, p are row-compatible.
Proof.

Divide A into its disjoint classes of row-compatible elements,

{Aq:qEQ,QEQ}.

Thus X,p E Aq for some q E Q if and only if X,ju

are row-compatible. If to G A let au

be the right congruence relation on M°

consisting of the equivalence classes
x0=

{(a),.x:a G G, pu¡ = 0} U {0},

xq = i(ß)tk: aGG> Pul ^ 0, X G Aq} for each q G Q.

It will be shown that
SM. = {aw: w£A}.
It is clear that aw
gruence on M°, let
Since x0 is a right
Gx0. Suppose that

is an equivalence relation. To show that a^ is a right con(a),x, (¿)/jr, and (c)kß E M° such that (a)iX aw (b)f„.
ideal of M°, (a)iX, (b)jn E x0 implies (a)iX(c)kß, (b)Jlt(c)kß
(a)iX, (b)/n E xq for some q E Q. Thus X and 77 are

row-compatible,which implies that apXkc ¥=0 if and only if bp^kc ¥=0. Let
vEQ such that p E Au. If apXkc =£0 then
(f)i},(c)kll = (apXkc)iß E xu

and (ô)/îr(c)kM = (bp„kc)iß G xv.

If aP\kc = 0 then (a)i\(c)kßGxo
and W/TrWfcu6^In either case,
(a)iX(c)kß aœ (b)j1T(c)kß, which implies that au is a right congruence on M°.
It is clear that x0 is the zero element of iW/a^. Since P is regular,
let m EI such that píüm =£0. Thus au is not the universal relation. Furthermore, it will now be shown that (pZm)mio is a left identity modulo ow.

Let (b)jn E M°. If pw¡ i= 0 then
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(PZm)mu>(6)/7r = (PZmPwjb)mir °w (&)/rr-

If Pu>/ = 0 then (fy* exo
CPwm)mw(*)/7r aw (*)/*•

and (PZm)mu>(b)jiT= oexo>

Thus

(PZm)mw

which implies

is a left identity modulo

ou.

By Theorem 1 of [10], let 7 be a maximal right congruence on M° which
contains au. By Lemmas 4.4 and 4.5, if (a)¡xEx0
and (b)¡1tExq for some
q E Q then (a)iX f (b)]lT. By Lemma 4.5, if (a)lX G *q and (ô)/7r G xu for
q.vEQ
then (a)/x 7 (/j)/V implies that X and 7r are row-compatible. But
this implies A^ = A„ and xq = xv. Thus ou = 7 and o^ G 2M°.
Conversely, let rG2M°.
Let (a)m(jJ be a left identity modulo t. By
Lemmas 4.4 and 4.5, rCo,,.
Since 7 is maximal, 7 = a,,. Thus

2M° = {a": wG A> and rädß M° = H

ou-

cj€A

Since P is regular, for each j G / there exists to G A such that p0]i #
0. Thus row 1 isa au -nonzero row. Therefore, by Lemma 5.4, A(M°) = {0}.
Furthermore (a)iß HcjeA^u» (b)¡\ f°r eacn o, b E G, i EI if and only if X
and p are row-compatible. (a)f flu6A"u
(c)//Ll for each a, c EG, pE A
if and only if 1 and / are column-compatible. Thus (b)iX radßM° (c)jß if
and only if i, j are column-compatible and X, p are row-compatible.
Since similar theorems may be proved for the left Jacobson radical congruence, we have

Corollary

5.9. rädL M° = rädÄ M°.

In the previous section, radL M° = radÄ M° if and only if both congruences
are the identity relation. However, since rad¿ M° = radRM°, then it is not necessarily true that the right Jacobson radical congruence of M° equals the right
nil radical congruence of M°.■

Corollary
5.10. Let S be a semigroup with zero element which satisfies
the ascending and descending chain conditions on left and right ideals. Then
rad¿ 5 = radR 5.
Proof.

If N(S) = 5 then iadRS = radL5 = the universal relation on

5 Assumethat N(S) ¥=5. Let

TO * r0 g r, s t3 5 • • • ç 7; - s
where, for each 1 = 1, 2, • • ■, 77, T¡ is an ideal of 5 such that there is no
ideal of 5 strictly between T¡ and Tt_,. Thus each T¡/T¿_, is either null

or 0-simple. If Ti/Ti_x is null then rädß TJT¡_, = rad¿ Ti/Ti_x = the universal relation on T¡/T¡_,. If T/T,_, is 0-simplethen, by Corollary 2.48
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and Theorem 3.5 of [2], T¡/T¡_, is isomorphic to a regular Rees matrix semigroup over a group with zero. Therefore, by Corollary 5.9, iadRTi/Ti_x =

rädL Ti/Ti_x for each i = 1, 2, • • • , n.
Since N(N(S)) = N(S), then TalRN(S) = rad¿ N(S) = the universal relation on N(S). Therefore, by Theorem 5.7, radÄ5 = rad¿ 5.
REFERENCES
1. B. D. Arendt, Semisimple bands. Trans. Amer. Math. Soc. 143 (1969), 133-143.
MR 40 #255.
2. A. H. Clifford and G. B. Preston, 77ie algebraic theory of semigroups.

Surveys, No. 7, Amer. Math. Soc, Providence, R. I., 1961.

I, Math.

MR 24 #A2627.

3. N. J. Divinsky, Jungs and radicals, Math. Exposition,

No. 14, Univ. of Toronto

Press, Toronto, Ont., 1965. MR 33 #5654.
4. H.-J. Hoehnke, Structure of semigroups, Canad. J. Math. 18 (1966), 449-491.
MR 33 #5762.
5. -,
Über das untere und obere Radikal einer Halbgruppe, Math. Z. 89 (1965),
300-311.
MR 31 #3526.
6. Nathan Jacobson, Structure of rings, Amer. Math. Soc. Colloq. Publ., vol. 37, Amer.
Math. Soc, Providence, R. I., 1956. MR 18, 373.
7. D. R. LaTorre, Modular congruences

and the Brown-McCoy

Proc Amer. Math. Soc. 29 (1971), 427-433.

radical for semigroups,

MR 43 #6350.

8. R. H. Oehmke, On maximal congruences

and finite semisimple semigroups.

Trans.

Amer. Math. Soc. 125 (1966), 223-237.
MR 34 #2739.
9. H. Seidel, Über das Radikal einer Halbgruppe, Math. Nachr. 29 (1965), 255-263.
MR 32 #1276.
10. R. E. Slover, Representations of a semigroup. Trans. Amer. Math. Soc. 120 (1965),
417-427.
MR 32 #5765.
11. E. J. Tully, Jr., Representation

of a semigroup by transformations

ly on a set. Amer. J. Math. 83 (1961), 533-541.

acting transitive-

MR 25 #135.

DEPARTMENT OF MATHEMATICS, VIRGINIA POLYTECHNIC INSTITUTE AND
STATE UNIVERSITY, BLACKSBURG, VIRGINIA 25061

