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ON REARRANGEMENTS OF VILENKIN-FOURIER SERIES

WHICH PRESERVE ALMOST EVERYWHERE CONVERGENCE

BY

J. A. GOSSELIN AND W. S. YOUNGi1)

ABSTRACT. It is known that the partial sums of Vilenkin-Fourier series of

Lq functions (q > 1) converge a.e.   In this paper we establish the L   result for a

class of rearrangements of the Vilenkin-Fourier series, and the Lq result

(1 < q < 2) for a subclass of rearrangements.   In the case of the Walsh-Fourier

series, these classes include the Kaczmarz rearrangement studied by L. A.
2

Balashov.   The L   result for the Kaczmarz rearrangement was first proved by K.

H. Moon.   The techniques of proof involve a modification of the Carleson-Hunt

method and estimates on maximal functions of the Hardy-Littlewood type that

arise from these rearrangements.

1. Introduction. Let G = WjL0Zp. denote a countable product of cyclic

groups with orders p¡ and Haar measure p normalized so that p(G) = 1. We as-

sume throughout this work that sup p¡ = p < °°.  For x = (x¡) G G, let \pj(x) =

exTp(2mXj/pj),j = 0, 1, 2, ... .  The sequence {t//} generates the standard or-

dering {x„} of the dual group X as follows: Let m0 = 1 and ms = MfZjp,. for

s = 1, 2.Then each natural number n has a unique representation of the

form n = X"=0asms, where 0 < as < ps, and as = 0 for sufficiently large s. De-

fine x0 = 1. and for n > 1 with n = 2™=0asms, define x„ = fÇ-ot//^. If

p¡ = 2, i = 0, 1, . . . , G is the Walsh group 2", {\¡/j} can be identified with the

Rademacher functions and {x„} the Walsh functions.  In general, the system

(G, ÍX/j}) is a special case of the Vilenkin systems studied in [12] and [5].  It fol-

lows that if f G Lq(G), 1 < q < °°, then the Fourier series of/with respect to

{X„} converges a.e. (p.) to /.  In this work we show that a.e. convergence of the

Fourier series for L2(G) is preserved by a class of rearrangements of {x„} and

that a.e. convergence for Lq(G), 1 < q < 2, is preserved by a subclass of these

rearrangements.  In the case of the Walsh system, these classes include the

Kaczmarz rearrangement studied by L. A. Balashov [1]. The L2 result was first

established for the Kaczmarz rearrangement of the Walsh system by K. H. Moon

[9]. The Lq result was first established for more general rearrangements of the

Walsh system in [14]. (See [15].)  Finally, we note that the methods used in this
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work are modifications of those of L. Carleson [3] and R. A. Hunt [6], [7].

The authors would like to thank Professor Hunt for his helpful suggestions.

2. Statement of results. We study the a.e. convergence properties of Fourier

series with respect to certain rearrangements {<pn} of the Vilenkin system.  For

each pair A, v with N = 0, 1, . . . , 1 < i> < pN, let aN v be a permutation of the

nonnegative integers {0, 1, 2, . . .} such that oN v(j) —j for all/ > N.  Let

^n'v = ^oN  (n) and let {X^'"} denote the standard ordering of X generated by

{i//^'"}. Each of the systems (G, {x%'v}) is a particular case of the Vilenkin sys-

tem studied in [5]. We define the rearrangements {<t>n} as follows: Let 0O = x0>

and for any integer n with vmN < n < (v + \)mN, N > 0, 1 < v < pN, we de-

fine 0„ = *%•".  In other words, if m%'v = 1 and mf ■" = ^0PON v(i), then

for any integer n with vmN < n < (v + l)mN, write n = 'S^=0a^,vm^'v, with

4'»=v,0<a»-»<pONMs).  We have

N N v N N v

*„ = n oj?'")-'' = n t*.M V(s))as ■
s=0 i=0

We note that for each <l>n with vmN <*n <(v + \)mN, there is a Xfc with vmN <

k < (v + \)mN such that <¡>n = xfc. Hence {<j>n} is a rearrangement of {x„} with-

in blocks of indices vmN < n < (v + l)mN, N > 0, 1 < v < pN.

If oN v is the identity permutation for all N, v, then {<j>n} coincides with

{X„}.  In the case of the Walsh system, pN = 2 for all N, so that v = 1 for all N.

The Kaczmarz rearrangement occurs when aN ,(/) = A7 ""/ ~ 1, 0 < / < A7 - 1,

7V= 1,2, ....

We will use the following notation.  ForZG L1(G), let

¡=o      w

(respectively 5„Z = 2"r¿ X./g/X/^Aí) be the «th partial sum of the Fourier series

of Z with respect to {<pn} (respectively {x„}).  Since {<£„} is a rearrangement of

{X„} within blocks of indices vmN <n<(v+ \)mN, TvmNf= SvmNf for

N > 0, 1 < v < pN. Let T*f = suPw>j \Tnf\, and S*Z = supn>, \SJ\. We have

the following

Theorem 1. There are absolute constants C and Cq such that

(a) II T*f\\q < Cq \\f\\q, f G Lq(G), 2<q<<*>,

(b) p{x G G: T*f(x) >X}< Cexp(- CX/WfWJ, X > 0,fGL°°(G).

This implies the a.e. (p) convergence of 7"nZ to / for f G Lq(G), 2 < q < °°.

To establish the Lq result for 1 < q < 2, we have to restrict ourselves to
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the subclass of rearrangements given by permutations {aN „} that satisfy the

"block condition":

For each pair N,v with ¿V« 1, 2,.. ., 1 < v < pN, and for each 0 </ <

N- 1, there is an integer kNvJ-, with 0 < kNvj <N-j- 1, such that

(1)       {<W°).°n,vO)} = ikN,v,j> kNtV<j + 1, . . . , kNvJ + /}.

This condition is only used in the proof of Lemma 1. We remark that this sub-

class also contains the identity rearrangement given by aN „(/) = /, 0 </ <A- 1,

as well as the Kaczmarz rearrangement given by aN , (/') - N - j - 1, 0 < / <

N - 1, in the case of the Walsh system.

Theorem 2. // {aN v] satisfies the block condition, then there are absolute

constants C and Cq such that:

(a) 117/711, < Cq Wf\\q,fGLq(G), \<q<2.

(b) llr*/ll, < CfG l/l(log+ \f\)3dp + C, fGL(log+L)3(G).

(c) If SG l/l(log+ l/l)2log+log+ l/lcfp < °° then TJconverges to f a.e. (p.).

The absolute constants C and C  in the above theorems are independent of

the permutations {aN v}.

Remarks. It might be interesting to compare our a.e. convergence results

with those of other systems.

For the usual Vilenkin-Fourier series, the proof of [5] yields the following

result (see [6], [10] and [8]). There are absolute constants C and Cq such that:

(a) \\S*f\\q < Cq Wf\\q,fGLq(G), K q < ~.

(b) p{x G G: S*f(x) >X}<Cexp(- CX/II/IL), X > 0, /G L°°(G).

(c) 115*/ll, < C/Gl/l(log+ \f\)2dp + C,fGL(log+L)2(G).

(d) If fG l/l(log+ l/l)log+log+ \f\dp < ~, then SJ converges to / a.e. (p).

For the Kaczmarz rearrangement of the Walsh system, it is shown in [16]

that if ¡Q l/l(log+ \f\)2dx < °°, then the partial sums of the Walsh-Kaczmarz-

Fourier series of/converge a.e. to /  This is proved by using a result of P.

Sjolin [10] on the a.e. convergence of Walsh-Fourier series.

As for a.e. divergence results, it is known that there exist functions in

¿(log+log+L)1_e, 0 < e < 1, whose Walsh-Fourier series diverge a.e. (See Moon

[9].) In the case of the Walsh-Kaczmarz-Fourier series, such a result holds for the

Orlicz class L(log+L)l~e, 0 < e < 1. (See Balashov [1].)

3. Outline of proof. The proof will proceed as follows.  The L2 result (the

case q = 2 of Theorem 1 part (a)) will be obtained as a consequence of the cor-

responding result for the Vilenkin-Fourier series [5]. This will be proved in §4.
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To prove the remainder of Theorems 1 and 2, it is enough to prove the fol-

lowing basic result:

We call /a special function if/= hIF where IF is the characteristic func-

tion of a measurable subset F of G, and h a measurable function with values in

04, 1].
Basic result. Let 1 < q < °°.  For 1 < q < 2 we assume that the permuta-

tions {<pN „} satisfy the block condition.  Then there are absolute constants C

and Cq such that

p{x G G: T*f> X} < CqX~q f \ßqdp,

where X > 0, /is a special function, and C„ < C(q -1) 2 if 1 < <? < 2 and

Cq < Cq if 2 < q < °°.

The basic result together with the theory of interpolation and extrapolation

of operators imply the remainder of Theorems 1 and 2. The proof of this impli-

cation can be found in Hunt [6], Sjolin [10], and Hunt and Taibleson [8]. We

will omit the proof.

The argument used in the L2 proof will also be used to reduce the basic re-

sult to a basic lemma. The statement of the lemma and the reduction will be giv-

en in §4.

In order to prove the basic lemma we need estimates on certain maximal

functions of the Hardy-Littlewood type. These estimates are obtained in §5.

The remainder of this chapter will be devoted to the proof of the basic lem-

ma. The techniques used are modifications of those in [5], which are adaptations

of the methods of L. Carleson [3] and R. A. Hunt [6], [7]. We will emphasize

the difference between our proof and that for the usual Vilenkin-Fourier series

[5].  The parts which are essentially the same will be omitted.

4. Proof of the L2 result and reduction of the basic result to the basic lem-

ma. For N = 0, 1, .... 1 < v < pN, let

f       = S(v+1 )mNf ~ SvmNf = 7(p+ i )mjv' - *vmNf,

and let Sff^g denote the «th partial sum of g G L1(G) with respect to the system

ÍX^'"}. Then, for umN<n<(u+ l)mN,

TJ=sN.VfN.v + Tvmj= sN,VfN.v + Svm^

Hence, for any fG L1(G),
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r*/=supir„/i
n>\

< sup       sup sup \S^'Vf'V\
N>\ Kv<ppf vm¿f<n<(v+l)mtf

(2) + sup      sup     \Svm  f\
N>0 Kv<pN N

< sup       sup sup \S%'VfN'V\
N>\  KKpjv vmflj<n<(v+l)mN

+ S*f.
We now prove Theorem 1 part (a) for the case q — 2. It follows from [5]

that the L2 result holds uniformly for each of the systems {x„} and {x%'v},

N = 1,2.l<z>< pN. Hence we obtain

fG\S*f\2dp<cfG\f\2dp,

and

f sup \S^vfN'v\2du <cf \fN'"\2dp,
•'G vmN<n<(v+l)m¡j ^

where C is independent of N and v. Thus

J   sup     sup sup \Sn*-vfN'"\2dp
G N>\  Kv<pn vmjy<n<(v+ l)m^

< £ £ L      sup     wr-'pdß
N—l   v=l vmpf<n<(v+ l)mjf

-    PN'1   -

<cZ ¿Z f\fN-v\2dp
N=l v=l      G

cfWdp,'G

by Plancherel's formula. These estimates together with (2) yield the L2 result.

We also use (2) to reduce the basic result to a basic lemma.

Let/be a special function.  From [5], we have

p{x G G: S*f(x) >X}< CqX~q SQ ̂ qdp,

with C  < Cq2(q - 1)_1 ,l<q<°°. (The proof in [5] is for characteristic func-

tions, and can be carried out for special functions with very little change.) Thus,

in view of (2), the basic result follows immediately from the

Basic lemma. Let 1 < q < °°. For the case 1 < q < 2, we assume that

the permutations {oNv} satisfy the block condition.  Fix X and f with X > 0
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and fa special function.  Let L = L(q) = [4q2/(q - 1)] + 1, where [■ ] denotes

the greatest integer function.   Then there exist an exceptional set E = E(X, q, f)

in G, and absolute constants C and Cq with Cq < Cql(q - 1), such that p(E) <

C^X~qfG \f\qdp, and x G G ~ E, N > 1, 1 < v < pN, vmN < n < (v + \)mN

implies \S^vfN-v\<CLX.

The idea of proof of the basic lemma is as follows: For each N = 1,

2». . . , 1 < v < pN, we use the techniques of L. Carleson [3] and R. A. Hunt

[6], [7] to construct an exceptional set EN v such that if x G EN   , then

\S^-vfN'v(x)\ < CLX for vmN<n< (v +'\)mN. Our exceptional setE will be

the union of all the exceptional sets EN v. The lemmas proved in the next sec-

tion will be essential for estimating p(E).

Remark. In the case of the Walsh functions, the sequence {\pn} is the

Rademacher sequence {rn}. It was observed in [13], that if {rn.} is any rearrange-

ment of {rn}, then the Lq result, 1 < q < °°, holds for the system generated by

{/•„.} and the standard ordering.  This result uses the Lq result for the Walsh sys-

tem with the standard ordering and the existence of a bijective measure-preserving

transformation r such that rn . = r¡ ° r for / > 0.  In the context of Vilenkin sys-

tems, there exists a bijective measure-preserving transformation r: UjL0Zp. —►

Il°°=0Zp      such that ty0m — i>\ ° t where {i//¿}JL0 is the sequence for

n°lnZ_  ._ corresponding to the Rademacher functions. This fact and the result
'—«    "o(i) ^

of [5] can be used to construct exceptional sets EN   which are similar to the sets

EN v we construct in this work.  Because we want to estimate the size of the

union of all the sets EN   , our sets ENv are in fact different than the sets ENv

we would obtain above.  Our construction of the exceptional sets is a modifica-

tion of the Carleson-Hunt technique used in [5], and we shall be brief on those

parts of the construction which are essentially unchanged.

5. Maximal inequalities of the Hardy-Littlewood type. Let E(g\g1, . . . ,gn)

denote the conditional expectation of g given the Borel field generated by g¡,

. . . ,gn. To prove the basic lemma for the case 1 <q < 2, we need the weak

type (r, r) (r> 1) estimate of the operator

g-+ f*= sup E(\g\\i," •",..., t?-v).
0<j<N\l<iv<PN

Note that for the case where oN v is the identity permutation for all N, v,g* is

just the martingale maximal function supy^Q^Cl^lIi^q, . . . , i//;).

Lemma 1. Suppose {oN v} satisfies the block condition.   Then, for 1 <
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p{jc G G: g*(x) >X}< BrrX~r f \g\rdp,

where X>0,gG Lr(G), and Br < rl(r - 1).

In view of (1), this is a corollary of

Lemma 2. For 1 < r < °°,

mix G G:   sup £(1*11*,,, . . • , *„+*)(*) > À < BrrX~r f \g\rdp,
{ n,k>0 i u

where X>0,gG Lr(G), and Br < rl(r - 1).

Proof. We can assume that g > 0. We begin by observing that for any n,

k>0

(3)     E(gtyn, .... ^n+k) = E(E(g\i>0, ..., i>n+k)Hn, *„+!..••)•

This is a consequence of the independence of the functions {^„}, and the follow-

ing fact (see, for example, [4, p. 285]):

Suppose F,, F2, F3 are three Borel fields such that F, V F2, the Borel

field generated by F, U F2, is independent of F3. Then, for each integrable, F,-

measurable function h, we have E(h\ F2) = E(h\ F2 V F3).

With F, = FGJ-o.iin+k), F2 = F(^„,..., *n + k), F3 =

K1>n+k+l>î'n+k+2> • ■ •) md h " ¿Wo' • •• , ^„ + fc), we obtain

£(E(fliir0.*«+*)>#■.*■+».•••)

= £<£fel*0> .... K+kMn> • • • • *«+*) = £"Cr?l*„, • • • - *,+*).

which is (3).

The rest of the proof consists of repeated applications of the martingale

maximal theorem [11, p. 91]:

uixGG:   sup E(g\*„,...,*n+k)(x)>x\
\ n,k>0 J

= p\xGG:   sup E(E(g\\j/0, . . . ,\pn + k)\^„, iin+l, . . .)(x)>X\
{ n,k>0 1

<pixGG: sup E[ sup E(g\^J0, . . . , \¡>k)tyn, <//„+,, . . .V*)>\i
\ n>0     \k>0 / J

<\-'fG  mpo(E(g\<p0,...,tk))rdp

<BrrX-rf\g\rdp,
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where Br < rl(r - 1).  This completes the proof of Lemma 2.

Remark 1. We remark that the mapping g —* sup„ k>0E(\g\\\¡/„,..., i>n+k)

is not of weak type (1, 1). Consequently, for r = 1, the conclusion of Lemma 1

would not hold in general.  This accounts for the fact that the argument we use

only enables us to establish the a.e. convergence result for the rearranged series

for functions in the class Z,(log+Z,)2log+log+¿, whereas, for the Vilenkin-Fourier

series, a similar argument yields the same result for functions in the class

Z.(log+Z,)log+log+¿.

The following is a modification of an example communicated to us by K. H.

Moon.  We assume, without loss of generality, that p¡ > 2, / = 0, 1, . . . . We

will construct a sequence of functions {gm}, 0<gm GL1(G), such that

Jx G G:   sup E(gmty„, .... *„+*)(*) > 4> H.     m = 1, 2, ... ,
\ n,k>0 )

but

f Igm^M —* 0 as m —► °°.
J G

For each m = 1, 2, ...,/ = 0, 1.ietAm,j = &G: ^mÁx) =

^mj+i(x) = . . .= \¡Jmj+m_1(x) = 1}, the annihilator of the subgroup generated

by*m/.*»/+«-i. Note that /<*mj) - n^+TV1 >P~m- Since>

for each m, {Amj}JLl are independent, and X°°=0p(Amß > 2jl0p m = °°, we

have, by the Borel-Cantelli lemma, p(\JJL0Am ¡) = 1 for every m.  Therefore,

there exists Jm such that

■fm-i       \

U  Am,,)>*.
7=0 7

Let Am = n¡^~lAmJ.  We have p(Am) = iCj^pJ1.  For m = 1, 2, ... ,

define

(*)={
10

mJm-\

'Tm    n    Pi   ÜxGA m'

otherwise.

Then, for* GAmJ,j = 0, 1.Jm - 1,

E(gm^mj> ■■■> tmj+m-l)(x) = KAm,j)   ' /       ¿m*
Am,j

(mj+m-l   \

n p¡\2-m>i-
i=mj       j
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Thus we have

pix G G:   sup E(gmtyn, ..., «/<„+*)(*) > \A
\ n,k>0 )

but

fagjdp = 2~m-+0   asm—~.

This shows that g —► sup„_fc>0£'(lglli//„, . . . , <A„+fc) is not of weak type (1, 1).

Remark 2. If we relaxed the block condition on the permutations {oNt>},

Lemma 1 would be false in general for any r > 1.

We will show that the operator

g -*■       sup      E(\g\\\p0,... , )//•_, ,<//•+,,..., 4tn)
0<j<n;n>l

is not of weak type (r, r) for any r > 1.  Again we assume p¡ > 2, i = 0, 1.

Let Am = A(ip0, . . ., ipm), and, for 0 </ < m,

¿m,j = AWo> • • • » */-»• */+»• * * * ' *»)-

We observe that each Am • is the union of Am and p- - 1 other cosets of Am.

Also^ nAm>h =Am for/, */2. Thus

im—\ v im—\ \    m m

H u ¿m>/) - (z (P/-D + 1) üpr^OB + Diipr1-
\/=o / \/=0 / /=0 1=0

For m = 1, 2, ... , define

\1    ifxG,4m,
*■«(*) =

(0   otherwise.

Then foxxGAmj,

= p71>p"1.

Therefore,

l 0</<fi;n>l ' J

(m-1 \ m

u ¿m>/ xm + Düpr1-
/'=0 / i=0
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On the other hand, for any r > 1, fG \gm \rdp = n™0p7'. This verifies our state-

ment.

To prove the basic lemma for the case 2 < q < °°, it is sufficient to consi-

der the operator

g->g**= sup E(\gN-vlW,...,tfr-'>),

N>1

where, as we recall, **■> - S(„+1)wjvs Svmi/g.

Lemma 3. For 2 < r < <*>, \\g**\\r < 2 fell,, g G Lr(G). Consequently, we have

-
p{xGG:g**(x)>X}<2rX-rJ  \g\rdp,

G

where X>0,gG Lr(G).

Proof. For r = 2,

hg**\2dp<z z 1 sup ̂ (^■•'ii^.'',...,^)2*
O N=i   v=l     G i<j<N i

_~  p/yr'   r
(4) <4 £ 'f J¡V..,».

<4/Glgl2i//i,

by the martingale maximal theorem [11, p. 91] and Plancherel's formula.

For r - -, since *"•" = VNSmN(VNg), and, for any h G Ll(G), SmN(h) -

£W0, . . . , Vat-i) (see [5, (15)]), we have fe^ll.. < fell...  Therefore,

(5) fe**L < W„.

Our lemma follows from (4) and (5) and the Riesz convexity theorem

(Calderón and Zygmund [2]).

6. Proof of the basic lemma for the case 1 < q < 2. We will first construct,

for each N > 1, 1 < v < pN an exceptional set EN v such that, if x £ EN v, then

\S%-vfN'"(x)\ < CLX for vmN <n<(v+ \)mN. Many of the details will be

omitted since they are essentially the same as those in [5].

We will use the following notation.  For N > 1, 1 < v < pN, let G^v = G,

and for / = 1, . . . , N + 1, let Q?'v = A(^-v, ..., ^), the annihilator of

the subgroup generated by \¡j%-v, . . . , \¡rp][. uNvj will denote any coset of

Gf,v. For cojy-yy fixed with / > 1, let «£„, denote the unique coset of Gjif
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which contains Wypj.  Note that p(u^vj)<pp(uNvj) for all N, v, j.

Fix N > 1, 1 < v < pN and let vmN <n<(v + \)mN. Given uNvj,

1 <;' <7V + 1, we define the "coefficients" an(íúNvj) as

"ni"N,v,j) = tffcW1 LNJN'V^rVdil

= E(fN-vxJ'v\^'v,...,^)(x),

where jc G co^ „,. We also write

^(WAM>,/) = maxilfl«^,,/)!: ûNvJ = co^y/}.

Finally, for vmN <n <(v + \)mN, N > 1, 1 < v < pN, write n =

^=0a^'vm^'p. Fixa>NvJmthO<j<N. We define

n^ß^ta^m?'».n^N,v,j) -

We observe that

la«(wjv>,/>(wJv>,/)1 = l*„(<«>iV,„,/)J.

The first part VN v of the exceptional set EN v is used to control the num-

bers An(uNvJ). Let

*w.„- u'U^^^r1 /    i/i(^i)/2*>x(<?+l)/2j.
/=1  ( wiV>./ )

Then

(6) «jv>j (t VNv   implies   ¿„(u^,,) < X,

for all 1 </ < N + 1 and vmN <n <(v + l)mN. This can be seen as follows.

If Z¡¡¡fiVj = u>N>vj and x G Z)Nvj, we have

K&N,vß < (E(\fN'v\(q+^2\^'",..., ^m)2/(q+1)

<(£-(£-(l/|C+1)/2l^0, . . . , !/<„_, W, .... *£f)(*))2/(«+I)

= (/r(i/|(<*+1>/2i^",..., ^^Kxyf'^1^

(r \2/(tj + i)

. wJv>,/ /

<X,

since w^(l((/ <£ J^,,.
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For each positive integer k, let Ak(N, v) be the collection of pairs

(n(u>Nvj), coNtVif) such that vmN < n < (v + \)mN and

(7)0) K(iNtVß^N,vß >P"*A.and

(ii) either/= 1 and K(u>Nf„j)(.uN,vß <P "+i}> or 1_</ <#and

^(wtf^p^N.vj)1 < P~k x for a11 '^N.vJ 2 <¿n.»J and » with "(uNvJ) =

n&N.v'j)-

Let Ak(N, v) be the collection of all pairs (w(co^ v ¡), uf/,v,j) sucn tnai

(P^N.v.j)' uN,v,j) e Ak(N> v) and *>îr,pj & VN,v

From (7) we have A„(u^ p ,)(&>£,„,/) < P~k+ ' X if (n(d*Nvj), <a$tVj) G

A*(7V, *) and/ > 1. (See [5, (54)].) If/ = 1, the pair (n(co%vJ), w*^.) may

belong to several A*(/V, p)'s. In this case we delete (n(w]y „,), gj^iP>;-) from all

Afc(/V, v)'s except for the one with & minimal. Thus each pair (n(co^vj), W¡fVj)

belongs to at most one A£(/V, i>), and An^*.   ffa>%,pj) < P_A:+ ' A- This guar-

antees that the partition below is well defined.

If (n(cOx,v,j), ^tl.v.j) e A*(A, v), we construct a partition X\Nv =

UN,Àn(^N,v,j)> uN,v,j> k) of w/v,y,/ as follows: Let

fiO - &N,v,j: ^N,v,l = "N,v,j< An(w*NiVj)^N,V,j) >P~k + iVl,

"l = &N,WJ+V ^N.p.j+l C °>N,v,j\n0>¿n(c¿l¡fiVtj)&NiVtj+1)>P~k+1X},

niV-/-l - jwJV>,.¡V-l: ^N,v,N-l C uN,v,j\   U    ns>

^»("A>,.,/)(cd^^-i)>7j fc+14>

and

ÍÍaí-í = <CO», .. »,: GJ»r .. », C Cj£ „A    IJ     ßW-/ _ 1C0iV,i>,7V: uN,v,N c wJV,v,/\  U    "f
\s=0

Then nNv(n(oj%iV¡), 0»%^, k) = U^ß, is a partition of <o£(„(/.  For w G

n^>v(«(«^,pj)i w]v>,/>*)»we ̂ ve

(8)(i)'¿ g U3%tVj,

(ii) if cj*>i;>/ J 0)Nvj D co, la„(w^ v_/)(coAr>I,j-)Kp-fc + 1X, and

(in) if 03 - «^„j with/ < /V, ¿H(w¿ 'vj)(ü) >p~k + ï X.

Let (n(w£vß, u%vj) G a£(/V, v) and ' '

<*N.vJ+r e II («(«£>,/), <4f,vj, k).
N,v

For any x G coNvj+l.' with (JNiV¿+r C uNvj+r> C co^jW/-, we have the follow-
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ing estimate of the selected sum Sfy )fN'v(x) - S^N w)fN'v(x). (See

[5,(64)].)

For («(co*,;), u%tVj) G A*k(N, v), define

^•"(0 = hN'»(t, nNtM"N,vj)' <*fr.,j>*»

(O if t é œ^vr

Let the operator W%'v be defined by W%'vg = x^S^'fag'") for g GLl(G).

It follows that

< wQtiwRùtPj^Wv, • • •. ¥¡TM.

For convenience, the right-hand side of the above inequality will be denoted by

Mn(^N,V,j)hN-V^-

The other part of the exceptional set EN v is used to control these selected

sums.  For (n(u^vJ), u*Nvj) G Al(N, v), define

UNiV(n("N,v,j)> "N,v,j< k)

= {xC w*>p>/: ÄKA.y« > C°Lkp~k+'XL

where C0 is an absolute constant to be determined later. Hence for x G ttju-p#+r'

with uMt9j+r C w^ C «£(|)/, Wjv>t/+r G n^ „C»(û>^„ /), co^>l>f/, k), and

x € UNv(n(^vJ), caNpj, k), we have

(9) ISfe,,/)^*> - ^WrO**'«1 < Co^P"fc+ ' X.

Le* %,». =■ vn,v u Ufc=i Ua^jv.p)^,^«^*/,,,/). «£.*,/• k). We will
show that x GEN v implies

(10) \Snv'"fN'v(x)\ < CLX

for zrow < « < (v + l)mN.

Before showing this we must make some technical adjustments. We first

note that if vmN < n < (v + \)mN and p~kX <,Att<UNv o)(uN¡v,0) <P~k+1 X.

then (n(uNv0), 0)N¡,0) G A* (A7, v). Now suppose vm'N <n<(v+ l)mN,
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p-kX<An(u*Nvj)(u%v4), 1 </ < N + 1, and co*>i;>/ £ VNv. Then there

exists a triple («, «^„j» ¿0 such that

(ll)(i) ñ(uNv¡¡) = n(03Npj),

00 "jv.ty D wJV>,/>
(iii) 1 < k < jfc, and

(iv) (n(w* „j-), co^y7) G Af (A7, t>).

This is a consequence of (6) and (7). (See [5, (69)].)

If we choose («, wN v ¡, k) satisfying (11) with k minimal, we have

for all u)Nvj such that u)%vJ C co^j- C U^j. (See [5, (73)].)

We will now prove (10). We may assume An^N v 0)(uNVt0) > 0. Then

there exists k0 > 1 with p~k ° X < An(WN v0)<P~k°+1^- Then

("(wAr>,o)> wjv>,o) G Ak0(N- v) and the Partition ^„("("^„.o). "Ar.y.o'^o)

is defined.  Let co^ „,   be the element of this partition which contains x. Then

(9) implies

\s^fN'v(x)-s^kvjy^(x)\ < c0LkoP-*o+1x.

If/, = W + l,»(w*fp>/ ) - vmN,S^vNfN-v = 0 and we stop. If/, <N + l,

we have¿»(^^(«¿.»./i) >P_fc°+1 X, by (8). Choosefo uHtVjx,k~x) as

in (11) with kx minimal. Then WNJJi(w^ vj ), (àNtVj , /Cj) is defined. Let

oj^ y ■   denote the element of this partition which contains x. We have

uN,v,j2 Ç wJv>,/i»"(wiv>,/2) = *(wJv>,/2)' and' frorn (12) and (9)

l5fe,,/j)^^)-5fe,,/2)^^1

<l5fe.,/j)^yW-«iV>I,,/j)/Ar'V)l

+ IS*«'. /^'"(X) - S5'y . /^"f»l

<p~~kl + 3X + 2C0Lklp-ki + lX.

(See [5, (96)].) If n(cj^ v . ) = ira^, we stop. Otherwise, we repeat the above

step until we obtain
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G - <4r,p,o 2 "N.v.ji a • • • 2 <4.i>P/p.     k0>kl>..->'kp>l,

with n(u»j¡fPtfi) > vmN, i < p, n(u>%vp) = vmN, and

<p   '    X + 2C0LkjP   '    X.

Then

is?. >f»>»(x)\ < g '«K//^ - s"i«k,ji+ ofN'V(-x)l

<CLX.

This completes the proof of (10).

Let E" U£=i U£fi"l£/v>- Tt follows from (10) that xGE implies

\S^fN-"(x)\^CLX

for ztw^ < n < (v + 1)?%, 1 < v < pN, and N = 1, 2, . . . . The basic lemma

will be proved if we show p(E) < CqX~qfG \f\qdp, with Cq <Cq/(q - 1).

We use Lemma 1 to estimate Ujv=iUv=i   ^n v Let œ^ v, C

U£=iUP,=iX,y;then

• •'       J <¿N,v,j

<pp(u*N,VJrif    \f\(q+^dp.

Therefore

oo    PN-1

U   U    VNvC{xGG:(\f\(q+"l2)*(x)>p-1X(q + iV2}.
JV=1 v=l

Applying Lemma 1 with r = 2c7/(c7 + 1), we obtain

/     co    PJV-1 \

(13) p   U U vNA<cqx-qf \f\qdp,
\N=1  v=l J H JG

where Cq <2pq/(q -I).

Next we follow the Carleson-Hunt method to estimate



172 J. A. GOSSELIN AND W. S. YOUNG

oo       pff—1      CO

U    U    U      U     UN>v(n(<4,v.j\<4,v.h>k).
N=l   v=l   k=\ Ak(N,v)

It follows from (8) that Mr*'"!,, <p~k + l X. Estimates of the operators

Mn&N,v,j) then Sive

ri{UNtV(n((4fVtj), u*Nvj, k)) < Cexpí-CCnL^píco*/,,;).

(See [5, (91)].) We choose C0 so that

(14) KUN,M"N,v,jl «£.„,/. k)) < p-5Lkp(a>*NiVj).

We will also need an estimate of 2A*(7V-_[,)p(coArjI,J-).  From the definition

of Ak(N, v) and Plancherel's formula, we have

(15) ¿Z    ß^NVii)<p2kX-2f\fN'v\2dp.
Ak(N,v) °

(See [5, (48)].) If Ak(A/, v) is nonempty, then there exists (n(u)N „ ,), (O/f.pj) e

Afc(zz, v) with ojtf „ ;- <2 Fjy-y. If x G 0)¡ftVj, then (7) and an argument similar to

that used in the proof of (6) give

p-kx<p(uNtVjrif    \f\dp.

For 1 < q < 2, it is a consequence of the fact that / is a special function and the

definition of VN v that

p-fcX<p(coJV>y>;.)-1/ \f\dp
* WJV, v,i

<p("+i)/2p(coiVt,/rir    i/i(<?+1),2dp

<(pX)((7+l)/2-

Thus

Xq~2<pLk,      k-1,2,...,

where /, = ¿fa) = [4^r2/(<? - 1)] + 1. Therefore (15) implies

(16) Z    p(co*v/)<psfci-*X-'?/l/v'''l2i/p.

From (14) and (16), we have
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(oo    PN~t   oo \

U   U   U     U    UNtM"tr,v,i)'<4r,pj'kn
N=l v=i   k=l Ak(N,v) I

oo     PN~ '    o»

< Z Z ¿2   Z p-5kLp(u*N,VJ)
N=l   v=i  k=l \%(N,v)

/ oo \ oo    Pjy-1   r

< Zp-k)*-q¿2 r jyN-v\2dp.
k=l        I JV=1  v=l      G

Using Plancherel's formula and the fact that / is a special function, we obtain

oo   PAT-i  - r r

Z Z J\fN-v\2dp<Jr\fl2dp<Jr\f\qdp.
jV=l   v=l     G G °

Thus

(oo      PAT-l    oo \ ,

U    U    U      U     UNJn(^NtVj),u*NiVj,k))<CqX-qJ    \f\qdp.
N=l   v=l  k=lA^(N,v) I

(13) together with (17) give us the required estimate of p(E). This completes

proof of the basic lemma for the case 1 < q < 2.

7. Proof of the basic lemma for the case 2 < q < °°. The proof is essentially

the same as that in §6. The only differences lie in the definition of VN v and the

method of estimating 2A*(NiV)p(<J%iVj).

Define

vN,v = NuUv/. KcW'1 L„   \fN^+l)ndp > x^>2 \
/=1  ( J^N,v,i )

We still have (6).

The construction of the rest of the exceptional set E is exactly the same as

that in the previous section. We also have \S%,vfN'v(x)\ < CLX, for vmN <

n < (v + \)mN, 1 < v < pN and N = 1, 2, . . . . (J^=1U^1"1 VNfV is esti-

mated by Lemma 3. We have

(oo    PAT-l \

U  U vNtV) <cqx-qf\f\qdp.
N=l   v=l ) G

We will now estimate UA*(NtV)p(<^%tVj). If (n(uNtVJ), ojn,vj) e

Ak(N, v), we have

p-kx<p(uNvjr1 f    \f\dp<\,
uN,v,j
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since/is a special function. Hence Xq~2 <pkL,k — 1,2, . . . .

implies (16).

The remainder of the proof follows as in the previous case,

the proof of the basic lemma for the case 2 < q < °°.
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