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CONCERNING FIRST COUNTABLE SPACES.  Ill
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G. M. REED

ABSTRACT. The primary purpose of this paper is (1) to provide a

"real" example of a regular first countable T^-space which has no dense de-

velopable subspace and (2) to provide a new technique for producing Moore

spaces which fail to have dense metrizable subspaces. Related results are es-

tablished which produce new examples of noncompletable Moore spaces and

which show that each regular hereditary M-space with a G5 -diagonal has a

dense metrizable subspace.

The existence of dense metrizable subspaces in a given space 5 has been

shown useful (1) to determine the equivalence of chain conditions and separability

([4], [14], and [16]), (2) to determine if 5 satisfies the Baire property ([1],

[18], and [24]), (3) to determine whether 5 is densely embeddable in a space of

the same type satisfying various completeness conditions ([1], [4], [16], and

[18]), and (4) to determine if there exists a space X the same type as 5 in which

each open set contains a copy of 5 [23]. The inspiration for this work has been

the considerable work done in   [25], [4], [5], [11], [15], [16], [17], and

[18]   concerning the existence of dense metrizable subspaces in Moore spaces,

i.e., regular developable spaces.

In [13] and [14], the author has investigated conditions under which first

countable spaces (all spaces are to be Tx) have dense developable and dense

metrizable subspaces.  Surprisingly, the major problem in this investigation has

been producing first countable spaces which fail to have such subspaces. The only

known examples of such spaces are all nonseparable spaces which satisfy the count-

able chain condition.  In [14], it was shown that hereditarily Lindelof, nonsepar-

able spaces have no dense developable subspaces. In [4], it was shown that non-

separable Moore spaces with the countable chain condition have no dense metriz-

able subspaces. These are the only techniques presently known for producing the

required examples.  Thus, other than the consistency of Souslin spaces, there is

no known example of a regular first countable space which has no dense develop-

able subspace. And there are very few known examples ([21], [22], and [10])

of Moore spaces which have no dense metrizable subspaces.  It is the primary

Presented to the Society, January 16, 1974; received by the editors October 15, 1973

and, in revised form, July 15, 1974.

AMS (MOS) subject classifications (1970).   Primary 54E30, 54B05; Secondary 54D20,

54E20.
- ßt- (Copyright © 1975, American Mathematical Society



170 G. M. REED

purpose of this paper to provide a "real" example of a regular first countable

space which has no dense developable subspace and to provide a new technique

for producing Moore spaces which fail to have dense metrizable subspaces.

In Theorem 1, the author shows that a regular (in fact, hereditarily para-

compact) first countable space due to MisCenko in [6] and Aull in [2] has no

dense developable subspace.  In [19] and [20] the author has developed a tech-

nique which associates a Moore space to each regular first countable space.  In

this paper it is shown that if a given regular first countable space has no dense

developable subspace, then the associated Moore space has no dense metrizable

subspace.  Thus, by using Theorem 1, the author obtains a new example of a

Moore space which fails to have a dense metrizable subspace.  Furthermore neither

the space of Theorem 1 nor its associated Moore space has the countable chain

condition.  Related results are established which (1) produce new examples of

noncompletable Moore spaces and (2) provide a partial answer to a question

raised in [14] by showing that each regular hereditary 717-space with a G6-diagonal

has a dense metrizable subspace.

Preliminaries.   A development for a space S is a sequence Gx, G2, . . .

of open coverings of S such that for each p G S and each open set D containing

p, there exists an n such that each element of Gn containing p is contained in D.

A regular developable space is a Moore space. A Moore space is complete pro-

vided it has a complete development, i.e., a development Gx, G2, . . . such that

if 7t7j, 7172, . . . is a sequence of closed sets such that for each i, 717,- is contained

in an element of G¡ and contains Mi+,, then ÎÏ717, ¥= 0. A Moore space is com-

putable provided it can be embedded in a complete Moore space. A space S is

screenable provided that for each open covering G of S there is an open covering

77 = \J°°=XH¡ of S which refines G such that, for each i, H¡ is a collection of

mutually exclusive open sets.  In [3], it was shown that a Moore space is metriz-

able if and only if it is normal and screenable.

Theorem  1.  There exists a hereditarily paracompact T2-space X with a

point countable base which has no dense Moore subspace.

Proof.  Define (X, T) as follows:   Denote by A the set of all ordinal

numbers which precede the first uncountable ordinal.  For each a G A, let 72(a)

denote the set of all ordinal numbers which precede a and let Xa denote the set

of all mappings x of the set R(a) into TV, the set of all natural numbers.  Now,

letX= \J{Xa\a G A}. For each a G A and x G Xa, call a the length of x.

Furthermore, say that the element x of Xa is an extension of the element y of

Xb if b < a and for c <b, y(c) = x(c).  Finally, for each a G A, x G Xa, and

n G TV denote by un(x) the set consisting of the point x and of all y G X such
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that y is an extension of x and y (a) > zz.   It follows that B = {un(x)\x G X and

zz G A} is a base for the topology T on X.  To see this, note that if y =£ x and

y G uk(x), then un(y) G uk(x) for each n GN.  Aull showed in [2] that X is a

hereditarily paracompact T2-space with a point countable base.

Now, suppose that there exists a dense subspace K of X such that K is a

Moore space.  Note that (1) if x GX, then there exists y G K such that y is an

extension of x; and (2) if x G K and D is an open set in K containing x, then

there exists y GD such that y is an extension of x.  Denote by Gx, G2, . . . a

development for K such that if g G G¡ for some i, then there exist x G X and

n GN such that g C un(x). Observe that (3) if {x, y} G g G G¡ for some i and

v is an extension of x, then each zGK such that z is an extension of y is con-

tained ing.  Construct the sequences xx,x2,... andg(xx),g(x2),... as follows:

Let Xj G K and let g(xx) G Gx such that xx Gg(xx).  Let x2 Gg(xx) such that

x2 is an extension of xx and let g(x2) G G2 such that x2 G g(x2) and g(x2) G

g(xx). Continue this process such that for each z > 2, x¡ G g(x¡_x), x¡ is an

extension of x¡_x, x¡ G g(x¡) G G¡, and g(x¡) G g(x¡_x). Then, for each i, let

a¡ G A such that x¡ G Xa¡ and let a G A such that for each i, a{ < a.   Denote by

jc an element of Xa such that for each i, x is an extension of x¡. By (1) and (3)

above, there exists y GK such that y is an extension of x and y G g(x¡) for each

z.  Thus, for each i,   {*,-, ;>} C g(x(.) G G; but v is not a limit point of {xx, x2,

. . .}. This contradicts the assumption that K is a Moore space.

Theorem 2. Suppose that X is a first countable space which is the union

of countably many subsets X¡ such that for each i, there exists a collection U¡

of mutually exclusive open sets in X covering X¡ such that each element of U{

contains only one point ofX¡. Then X has a dense screenable, developable subspace.

Proof.   Let Kx = Xx and for each i > 1, let K¡ = X¡ - (J¡J}z\X¡). It

follows that K = \J°°=xKj is dense in X.  Consider K as a subspace of A" and for

each z, let U'¡ = {u (~) K\u G U¡ and u C\K¡¥= 0}. For each i and each point

x G K¡, denote by ^(jc), g2(x), ... a nonincreasing sequence of open sets in X

which forms a local base at x and is such that gx (x) is contained in the element

of U'i which contains x.   Finally, for each / and each i > 1, let JT« = {x G K¡\x

$gj(y) for y G {J''!^}. By the construction of K, it follows that K = KXV

{(J^ljUJlj^).  Furthermore Kx and each K¡- are discrete subsets of K.   Hence

K is the union of countably many discrete subsets and by [13, Lemmas 1.2 and

1.4] is developable. That K is screenable follows immediately.

The following construction was developed by the author in [19] and [20].

Construction of50.   Let X0 be a regular first countable Tx -space. For

each x G XQ, denote by ux(x), u2(x), ... a sequence of open sets in X0 which
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forms a local base at x such that for each i, uí+1(x) C u¡(x). Now for each posi-

tive integer m, let Am = {(nx, n2, . . . , nm)\nx = 1 and for 1 <i<m, n¡ is a

positive integer}. Let A = \Jm=xAm. For each a = (nx, n2, . . . , nm) G A,

denote by Sa a unique copy of X0. And for each x G X0, denote by xa - (x„x,

x„2, . . . , x„m) the element of Sa which is identified with x. Let S0 = \J{Sa\a

G A} and define a development for S0 as follows: For each positive integer/,

a = (nv n2, . . . ,nm)GA, and p = (y„x,y„2, . . . ,y„m)GSa,let

gj(p)= {p}U {(xni,x„2, . . . ,x„m,xki,xk2, . . . ,xk)\

x G X0, c is a positive integer, for 1 < / < c, k¡ > j, and

xGuki+j(y) in X0}.

It follows that Gj, G2, . . . , where for each i,  G¡ = {g¡(p)\p G S and / > i}, is

a development for the Moore space S0.

Claims. (1) If D is open in S0, then 7?' = {x G X0|xa G D for some a G

A) is open in X0. Furthermore, if D' is an open set in X0, then D = {xa G S0|

x GD' and a G.4} is open in S0.

(2) If 7C is dense in S0, then 7C' = {x G X0\xa G K for some a G A} is

dense in X0.

(3) IfK' is dense in X0> then K = {xa GS0|x G7C' and a G A} is dense

inS0.

(4) For each / and each a G A, gfxa) n g¡(ya) =0 in SQ if and only if

u2j(x)nu2¡(y)=0 inZ0.

(5) If D' is an open set in X0 and d is an open set in S0 such that d CD —

{xa G S0|x G D' and a G A}, then d' = {x G X0\xa G d for some a G A} is open

inZ0 andJ' C7>'.

(6) Suppose a = (nx, n2, . . . , nm) G A, MC Sa, and for some i, Di =

\}\Si(ya)\ya e M- Then Di = U;" tDij, where for each / > i, Dn =

{(x„x, x„2, . . . , x„m, xky xk2, . . . , xkc)\x G X0, Kx -j, eis a positive

integer and, for 1 < n < c,  kn> i, ya G M and x G ukx + i(y) in X0}.  Further-

more, each D¡¡ is open in S0, D'¡- = {x G X0|xft G 7);/- for some ô G A} is open

in Z0, and if d' is an open set in X0 such that d' C D'¡.- then d = {xb G D¡\

b G A and x G d'} is open in S0 and d C D¡j.

In the following theorems, X0 will denote a regular first countable space

and S0 will denote the Moore space associated to X0 by the above construction.

The terms u¡(x), g¡(x), and G¡ will be used as in the construction of S0.

Theorem 3. S0 has a dense screenable subspace if and only ifX0 has a

dense screenable Moore subspace.
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Proof.  Suppose that 50 has a dense screenable subspace. Then by [15,

Lemma 2.1 and the proof of Theorem 1.4] there exists a dense screenable sub-

space K of-5 such that K = U/LjAf, where for each i, K¡ is discrete in 5 and

there exists a collection V¡ of mutually exclusive open sets in 5 covering K¡ such

that each element of V¡ contains only one point of K¡.  For each i and each

a G A, let K{(a) = K¡ n Sa and denote by V¡(a) a collection of mutually exclusive

open sets in 50 covering K¡(a) such that each element of Vs(a) contains at most

one point of K¡(a). Now for each /, let Kt]{a) = {p G K¡(a)\ if p Gg G G;-, then

g is contained in the element of V¡(a) which contains p}. Thus K = \J{K¡j(a)}.

Finally, for each Ktj(a), consider X(j(a) = {x G XQ\xa G K¡j(a)}. It follows from

claim (4) that Ht](a) = {u2j(x)\x G X¡j(a)} is a collection of mutually exclusive

open sets in X0 covering Xi;(a) such that each element of H¡j(a) contains only

one point of X¡j(a). Hence X = \J{X¡j(a)} satisfies the hypothesis of Theorem 2

and X has a dense screenable Moore subspace.  Furthermore, since K is dense in

50, X is dense in X0. Thus, X0 has a dense screenable Moore subspace.

Suppose that X0 has a dense screenable Moore subspace. As above let X be

such a subspace such that X = \Jfz=xXi where for each i, X¡ is discrete in X and

H¡ is a collection of mutually exclusive open sets in X0 covering X¡ such that each

element of H¡ contains only one element of Xt.  For each i and each /, let X¡j =

{x G X¡\Uj(x) is contained in the element of H¡ which contains jc}. Now for each

i, each/, and each a G A, let Ktj(a) = {jca G S\x G X^}. It follows that U¡j(a) =

{gj(p)\p G Kjj(a)} is a collection of mutually exclusive open sets in 50 covering

K¡j(a) such that each element of UJa) contains only one point of K¡j(a). Thus,

K = \J{K¡j(a)} is a dense screenable subspace of 50.

Theorem 4. // 50 Aas a dense metrizable subspace, then X0 has a dense

screenable Moore subspace.

Proof.   Each metrizable space is screenable.  Thus if 50 has a dense metriz-

able subspace, then by Theorem 3, X0 has a dense screenable Moore subspace.

Corollary 5. // X0 is the space of Theorem 1, rAezz the associated Moore

space 50 Aas no dense metrizable subspace.

Theorem 6. IfX0 has a dense metrizable subspace, then 50 Aas a dense

metrizable subspace.

Proof.   Let K = \J°°=XK¡ denote a dense metrizable subspace of X0 such

that for each i, K¡ is discrete in K.   For each a = (nx, n2, . . . , nm) G A, let

S'a = {(*«,, x„2, . . .,x„m)GSa\xGK}.  It follows that S' = \J{S'a\a GA] is

the required dense metrizable subspace of 50.  To see this, consider K¡ for each

i.   Since K is metrizable, there exists a discrete collection Hi of mutually exclusive
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open sets in K covering K¡ such that each element of 77,- contains only one point

of K¡. For each /, denote by K¡, the set of all x G K¡ such that ufx) is contained

in the element of 77f which contains x.  Now, for each a = (nx, n2, . . . , nm) G

A consider S'a(i, f) = {(x„v x„2,... , x„m) G Sa|x G K¡j}. It follows that

Va(i, j) — {gj(p) n S'lp G S'a(i, j)} is a discrete collection of mutually exclusive

open sets in S' covering S'a(i, j) such that each element of Va(i, j) contains only

one point of S'a(i, j). Thus, S' = \J{S'a(i, j)\iGN, jGN.a G A) and by [13,

Lemmas 1.3 and 1.4] is metrizable.

Remark.  Is it true that S0 has a dense metrizable subspace if and only if

X0 has a dense metrizable subspace?  Or, more generally, must each screenable

Moore space have a dense metrizable subspace?  An affirmative answer to the

latter question would generalize several results in [5], [11], and [15].  Recently,

Tall and Przymusiiiski in [12] have very significantly shown that is consistent

with set theory for there to exist a normal subspace of a nonseparable Moore

space with the countable chain condition given in [10] which is also nonseparable

and has the countable chain condition. Also, W. G. Fleissner has announced that

it is consistent with set theory that each normal Moore space has a dense metriz-

able subspace. Thus, the proposition that each normal Moore space has a dense

metrizable subspace is now known to be independent of set theory.

wc7-normality.   In [15], the author defined a space S to be weakly densely

normal (wd-normal) provided that if D is an open set in S and 77 is a closed subset

of A then there exists a sequence dv d2, . . . of open sets in S such that 77 C

\J™=xdi and for each i, d¡ CD.   A space S is said to be perfectly wd-normal

provided that for each open set D in S there exists a sequence dx, d2, . . . of

open sets in S such that D C {Jc?=xd¡ and for each i, d¡ C D.   It is easily seen that

a wd-normal space in which closed sets are G5 -sets is perfectly wd-normal. Hence,

the two properties are equivalent in Moore spaces.  In [15], each Moore space

with the countable chain condition was shown to be wd-normal.

Axiom C. A development Gx, G2,. . . for a Moore space S is said to

satisfy Axiom C at the point p of S provided that for each open set D in S con-

taining p there exists an n such that each element of G„ intersecting an element

of G„ containing p is contained in D.   It follows from [8] and [25], that if G

is a development for the Moore space S, then C(G), the set of all points in S at

which G satisfies Axiom C, is, if nonempty, a metrizable G5 -subset of S.  In [13],

the author generalized this concept by defining a subset 717 of the first countable

space S to be C-developable in S provided there exists a sequence Gx, G2, . . . of

open covers of S such that if p G 717, then for each open set D in S containing p

there exists an n such that each element of G„ intersecting an element of G„ con-

taining p is contained in D.
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Theorem 7 ([15] and [18]). In a Moore space S, the following are

equivalent:

(1) S has a development G such that C(G) is dense in 5.

(2) 5 is wd-normal and has a dense screenable subspace.

(3) 5 cazz be densely embedded in a developable T2-space which has the

Baire property.

Theorem 8 [13].  In a regular first countable space, the following are

equivalent:

(1) 5 Aas a dense subset which is C-developable in 5.

(2) 5 is perfectly wd-normal and has a dense screenable Moore subspace.

Theorem 9. 50 is perfectly wd-normal if and only ifX0 is perfectly

wd-normal.

Proof.   Suppose X0 is perfectly wd-normal.  Let D be an open set in 50.

For each a = (nx, n2, . . . , nm) G A and each i, let D¡(a) = \J {gi(xa)\xa G D O

5a and g¡(xa) G D}. For each j> i, letDtj= {(x„x,x„2, . . . ,x„m, xkx, xk2,

■ • • j xkc)\x G X0, kx = /, c is a positive integer and for 1 < zz < c, kn > i, ya G

D C\Sa, and x G ukx+i(y) in X0}. For each i and / > i, consider D^ = {x G

X0\xb GD¡j for some b G A}.  Since X0 is wd-normal, there exists a sequence

d'¡j(\), d'jfé), ...  of open sets in X0 such that D'¡¡ G (J™ = 1c/¿y(z?2) and for each

zzz, d '¡¡(m) C D\j. But by claim (6), for each m, d¡j(m) = {xb G D¡j\b G A and

x G díy(zzz)} is open in 5 and d¡j(m) C Di}. It is easily seen from claim (3) that

D„ C (X=i^M-  Hence> since DAß) = \J]°=Pij ™d D = UaeA U"=iA(<0>
it follows that 50 is perfectly wd-normal.

Suppose 50 is perfectly wd-normal.  Let D' be an open set in X0.  Let D =

{xa G SQ\x G D' and a G A}.  Denote by dx, d2, ...  a sequence of open sets

in 50 such that D G \j°°=xd¡ and for each i, d~G D.  But by claim (5) for each

i, d'¡ = {xG X0\xa G d¡ for some a G A] is open in 50 and d¡ G D'. Furthermore

by claim (2),D' G \J°Lxd¡. Hence, X0 is perfectly wd-normal.

Corollary 10. 50 Aas a dense subset which is C-developable in S0 if and

only ifX0 has a dense subset which is C-developable in X0.

Corollary 11. IfX0 is not perfectly wd-normal, then 50 is not comput-

able.  In fact, 50 cannot be densely embedded in a developable T2-space having

the Baire property.

Examples.   There are very few known examples of noncompletable Moore

spaces. However, the above results make the production of such spaces much

easier.  For example, it follows immediately that neither the Michael Line nor the
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space of countable ordinals with the order topology is perfectly wd-normal. Hence,

their associated Moore spaces are noncompletable.

717-SPACES.   In [14], the author showed that each regular 717-space with a

Gs -diagonal in which closed sets are Ga sets has a dense metrizable subset. The

following lemmas were the basis for that result.

Lemma 12 [9]. If X is a regular M-space and 77 is a discrete subset of X,

then there exists a collection U of mutually exclusive open sets in X covering 77

such that each element of U contains only one point of H.

Lemma 13 [14]. If X is a regular M-space with a G6-diagonal then there

exists a dense subset K of X such that K = (JJljTC, where for each i, no point

of K¡ is a limit point of K¡.

Theorem  14. If X is a regular hereditary M-space with a G^-diagonal then

X has a dense metrizable subspace.

Proof.   Let K = \<j^LxKi be the dense subset of A" from Lemma 13.  For

each ¡, consider M = K~ (K¡ -K¡).  Note that 717 is dense in K and K¡ is discrete

in 717.   Thus, since X is hereditarily an 717-space, by Lemma 12, there exists a collec-

tion U' of mutually exclusive open sets in 717 covering K¡ such that each element

of U' contains only one point of K¡.  And since 717 is dense in X, there exists such

a collection U in X.   Hence, by Theorem 2, X has a dense developable subspace

Z.   But, Z is both a Moore space and an M-space, and is therefore metrizable.
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