TRANSACTIONSOF THE
AMERICAN MATHEMATICALSOCIETY
Volume 214, 1975

.INFINITECONVOLUTIONS
ON
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ABSTRACT. Let Uj, M2>• • ■be regular probability measures on a locally
compact Abelian group G such that p = juj * M2 * ' ' ' = l'm Mj * • * ' * M„
exists (and is a probability measure).

For arbitrary G, we derive analogues of

the Levy theorem on the existence of an atom for p and of the "pure theorems"

of Jessen, Wintner and van Kampen (dealing with discrete p,, m2. . • • ) in the
case G = Rd. These results are applied to the asymptotic distribution u of an
additive function /:
-* G after generalizing the Erdos-Wintner result (G = Ü1)
which implies that m is an infinite convolution of discrete probability measures.

1. Introduction. Let filt ju2,...

be regular probability measures on Rd

such that
(1.1)

ju = lim jUj * • • • * ju„ = Mi * M2* • • •
n-*<*>

is convergent. A result of P. Iivy [11, Theorem XIII, p. 150] states that p. is not
continuous (i.e., has an atom) if and only if

(1.2)

I] dn * °. wheredn " max M„(M)
n=l

*

is the largest "jump" of pn. Also, a theorem of Jessen and Wintner [9, Theorem
35, p. 86] states that if pn is purely discontinuous (= discrete), then p. is purely
discontinuous or absolutely continuous or (continuous) singular and, more gener-

ally (van Kampen [10, pp. 443-444]), p. is pure; cf. §2 below. In §§2 and 3,
we discuss generalizationsof these results when Rd is replaced by a locally compact Abelian group G. Our methods follow van Kampen's treatment [10] of infinite convolutions on R; cf. also Jessen and Wintner [9], and Wintner [16], [17]
For example, our results imply that in the case when G is the circle group
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T = R/Z, where every closed subgroup H (¥=G) is finite, the analogue of the
Jessen-Wintner (and van Kampen) result is valid, but the analogue of the Levy
theorem has the following form: ß is not continuous if and only if there exists
an integer k > 0 such that
00

K-l

II dKn * 0- where dKn = max £
n=l

ju„({0 +//«}).

Ö /=0

The motivation for dealing with (1.1) when ß,ßy,ß2,...
are probability
measures on a group arises, for example, from the consideration of the asymptotic
distribution functions of real-valued additive functions mod 1 or, more generally,
of additive functions /: Z+ —* G, where Z+ = {1, 2, . . . }. A result of Erdös
and Wintner [6, p. 720] states that if G = R, then /has an asymptotic distribution ß if and only if (1.1) converges, where ßn = ap is purely discontinuous and
has the Fourier-Stieltjes transform

(1.3)

op(u)= (1 - p~1)£l + £ p->'exp/«/Wj.

and p = pn is the «th prime. This is generalized in §4 to the case of arbitrary
locally compact Abelian groups G. In particular, it follows in the case G = T (as
in the Erdös-Wintner case G = R) that when ß exists, it is pure (hence absolutely
continuous or purely discontinuous or (continuous) singular). §4 depends heavily
on results of Halasz [7], and their applications by Delange [3].
This article was suggested by the paper of Elliott [5] dealing with the
question of the continuity of the asymptotic distribution of a real additive function mod 1 (using results of Halasz and Delange, but not involving convolutions).

2. Cauchy-convergent convolutions on groups. Let G be a (Hausdorff)
locally compact Abelian group (written additively) and T the dual group of continuous characters. We write (g, 7) for the pairing of G and r,g EG and 7 E T.
Let P(G) be the set of regular probability measures ß on G. The Fourier-Stieltjes
transform of ß is

M(7)= jG(g,7)dß

for 7er.

For p,vE P(G), we have (jn * v)*(y) = ß(y)P(y); cf. [15, pp. 13-15].
The standard topology on P(G) is equivalent to the following: for any net

{ßn} in P(G) and ß E P(G), ß„—*ßin P(G) is equivalentto

(2.1)

jGf(g)dßn-»

$Gf(g)dß

forall/GC°(G),

where C°,(G) is the set of complex-valued continuous functions on G with compact support [1, p. 82]. Furthermore, (2.1) can be replaced by any of the fol-
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lowing three equivalent conditions on Fourier-Stieltjes transforms, where pn, p E
(i) pn(y) —*p(y) uniformly on compacts of T;

00 M„(T)—*M(7)for all y E T;

(hi) SrRryfrnti)dy -+ h foWl)<*7forall/ e Z,1(T),
and Ll(T) refers to a Haar measure on T; cf. [1, p. 89] (where G = T and r = G
are interchanged).
Also, if {p„} is a net in P(G), then lim ßn exists in P(G) if and only if
(2.2)

lim fin(y) exists for all y E T and is continuous at 7 = 0.

In fact, the limit function is then continuous on T by the analogue of the Increments Inequality (cf. LoeVe[12, p. 195]),

(2.3)

|ju(7)- M(7+ 5)l2 < 2 [1 - Re j2(5)] for y, 8 ET, p E P(G),

which holds for ju = pn and hence for p. = lim pn. And lim pn, being continuous
and positive definite with the value 1 at 7 = 0, is the Fourier-Stieltjes transform
p. of some ju EP(G) (Bochner, cf. [15, p. 19]) and satisfies (ii) above.
We write {g} for the subset of G consisting of the point g, so that g is an

atom if p({g}) > 0. We write coj = co1G EP(G) for the unit measure (i.e.,
cOj({0}) = 1) and co0G for [normalized] Haar measure on G [if G is compact],
so that ojog E P(G) if G is compact. Also

(2.4)

wx(7) = I and if G is compact, co0G(7)= 0 for 7

0.

Proposition 2.1. Let p.,vE P(G). The set of atoms [or support] offi*v
may be obtained by adding arbitrary elements of the sets of atoms [or supports]
of p and v [and forming the closure]. Also (p. * v)({g}) = Zp({x})v({y}) for
x + y = g. Ifpn—*pin P(G) as n —->°° and Sfju) denotes the support of p,

then SO) C lim 2(jun) as n —*■
°°.
By hm 2(ju„) as n —*■
°°, we mean the set of points gEG with the property
that, for every neighborhood U of g, U Pi S(p„) ¥=0 for large n. The next proposition follows by considering Fourier-Stieltjes transforms.

Proposition 2.2. If px, p2,...
(2.5)

E P(G) satisfy

p„ * • • • » pN —* cjj

as N > n —*°°,

then
(2.6)

hm px * • • ■* pn = p exists in P(G).

In contrast to the case of convolutions on Rd, (2.6) does not imply (2.5).
This is clear if G is compact and co0G is its normalized measure for, by (2.4),
wog * j"i * * * * * M„ = "og

~~* w0g as « —> 00 for arbitrary p1,p2,...

.
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Definition.
When (2.6) holds, we say that the infinite convolution u =
/ij * jU2* • • • is convergent. If, in addition, (2.5) holds, we say that it is Cauchyconvergent.

Proposition 2.3. If p = ju, * p2 * • • • is Cauchy-convergent,then 200 =
Urn 2(/u, * ■■• * pn) as n—*■<*>.
The proof can be obtained by a modification of that of Wintner [16, pp.
60-61] for R. We consider analogues of Levy's theorem for Cauchy-convergent
convolutions.

Theorem 2.1. (i) If p. = pl * p^ * * *' * convergent and
oo

(2.7)

fi dOn* °> whered0n ~ max M„(fe}).

then p. is not continuous (i.e., p has at least one atom), (ii) Conversely,if p =
ju1 * p2 * ''' & Cauchy-convergentand p. is not continuous, then (2.7) holds.

The followingis similarto the proof of P. Levy [11, pp. 150-152] as
simplifiedby Jessen;cf. van Kampen [10, pp. 445-446] or Wintner [16, pp. 16

-18].
Proof. On (i). Let g„EG satisfy Ylpn({gn}) = d>0,
V„({g„})- Let X„ = Mt * ■• • * ju„, so that

KW)>

e.g., let d0n =

ft HkUik})>d,

k=l

where hn= gx +•••+#„.
There exists a compact K CG which contains all but
a finite number of ft,, A2 • • • . For otherwise, if K is any compact, then X„(ri)
< 1 - d for infinitely many n. Thus p.(K) < 1 - d for any compact K; so that,
since K is arbitrary, we obtain the contradiction p(G) < 1 - d < 1. Thus ft,, ft2,
• • • has a cluster point g. If U is any neighborhood of 0 G G, then \(g + U) >

d for infinitely many n, and so p(g + U + U) > d. Thus p({g}) >d>0.
On (ii). Let p({g0}) = d > 0. Followingthe argumentsof [10, (18), p.
445] we can obtain:
(a) Let 0<d<l,0<6e<cf

and t7 be a symmetric compact neighbor-

hood ofO&G. Let X,p, v G f(G) w/rft /fte properties
p = \*v

and p({g0}) = d for some g0 E G,

p(g0 + U+U)<d
Then there exist g.hEG

d-e<\({g})<(d

+ e and v(U)>l-e.

such that g0 = g + A, ft G U,

+ e)/(l -e)

and v({h})>! - 6e/d.
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For r = 1, 2,. . . , put \, = /ij *p2*--*pn.
Also vn = pn+1 * pn+2
* • • • is defined and Cauchy-convergent,and p = X„ * v„ and vn —* co, as n —>
°°. We now verify the following assertion; cf. [10, (19), p. 446]. (Curiously, no
assumption of metrizability of G is required.)
(b) There exist gv g2,. . . and hvh2,. . . in G such that g0 = gn + hn
andgn -^g0, hn-*0,

(2-8)

\,({ff})-><*

and vn({hn}) — 1 as n -* ~

Let D > 2 be an integer such that Dd > 6, and for m = D, D + 1,. . .,
choose symmetric compact neighborhoods UD, UD+1, . .. of 0 G G such that
UDCUD+1 C-.. and p(g0 + Um+Um)<d+
1/m, and choose 7VD< iVD+1
< • • • so that vn(Um) > 1 - 1/m > 1/2 for n > Nm, m> D. Then, by (a), there
exist gnm, hnm G G for r > Nm satisfying ^0 = gnm + hnm, hnm G Um,

d-\lm<\({gnm})<(d+\lm)l(\-\lm)

and vn({hnm}) > 1 - 6/dm.

Thus, X„(fe„m}) -* d and i^„({r„m}) —»•1 for n > Nm, m —*■
°°. For n>ND,
let m = ri(r) satisfy Nm<n<Nm

+ l. ?utgn=

gn m{n) and r„ = «n>m(n)) so

that (2.8) holds. Suppose that the sequence hD, hD+l,..
point g

. G UD has a cluster

0. If i/ is a compact neighborhood of g, then p„(t/) > vn({hn}) > 1 -

6ldm(n) for infinitely many r. But if 0 G U, then vn(U) —*C0j(t7)= 0 as n —»•
°°. This contradiction gives hn —►0 as n —*■
°°, and proves (b).
Assertion (h) can be proved by the use of (b) in the same way that Levy's
case of G = R is proved in [10] with the use of the equivalent [10, (19), p. 446].

We omit details.
Let p G P(G). If (X, J2, a) is a probability measure space, a map c6:X —*■
G
is called measurable if <p~*(A) C X is measurable for every Borel set A CG. If,
also <t>:(X, a) —►(G, p) is a measure preserving map (i.e., a((p~i(A)) = p(A) for
all Borel sets A C G), then p is called the distribution of <p. It is clear that if p
is purely discontinuous, then there exist probability spaces (X, J2, a) and maps
c6:X —>G such that c>has ju as its distribution. (More generally, this is the case
if (G, p) is a Lebesguemeasure space; cf. [14].)
Let (X, J2, o) be a probability space and sx(x), s2(x), ... a sequence of
measurable maps sn: X —>G. We say that Sj(x), s2(x), ... is Cauchy in measure

if, for every neighborhoodU of 0 e G,
(2.9)

o{jcG^:

s^jc) - s„(x) <£J/} —►0

forAr>r-*»o.

If this is the case and, in addition, G is metrizable, then standard proofs for
G = R show that there exists a measurable map s: X —>G such that sn(x) —*
s(x) in measure as n —°°, i.e.,
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(2.10)

o{xEX:sn(x)-s(x)EU]

0 as

Also there exists a subsequence s„(i )(■*),s„(2)(x)» • • • satisfying
(2.11)

sn(j)(x) ~* s(x)

a-e- on (X. SI, a) as / —»■oo.

We adopt the conventions of [10], omitting details here. Let X = Xx x
X2 x • • • be an infinite product measure space carrying a product measure a =
Tlon, each Xn is a probability measure space with measure an. A point x G X is
a sequence x = (xv x2,. . . ) with xn G Xn and, for example, a function <pn(xn)
on Xn is also considered a function of x G X independent of xk, k¥=n. Let
pl,p2, • • • e^(G) and let <!>„'■
Xn —►G be a function having pn as its distribution. Then

(2-12)

*„<*)=+•••+*„(*„),

considered as a function on X, has px * • • • * /in as its distribution.

Proposition 2.4. ler px,p2,...

GP(G) and A"= Jfj xl2

x •••,

0i(*i). 02(*2), • • •as ab°ve- (0 Then si(x)> s2(x)> • ■■zsCauchy in measure on
X if and only if n = n1 * /i2 * • • • is Cauchy-convergent.(ii) If this holds and,
in addition, G is metrizable, then st(x), s2(x),... has a limit s(x) in measure on
X and ii is the distribution of s(x).
Part (i) is clear, for the distribution of sN(x) - sn_1(x) = (pn(xn) + • • • +
<pN(xN)is iin * ' • • * nN for N> n. Part (ii) follows from the remarks concern-

ing (2.10).
Following van Kampen [10], we define a pure probability measure p G P(G).
Let si be a class of Borel sets on G which is closed under countable unions and
with the property that if A G 8, then every translate A + gE%. (Such classes
are, for instance, the class of enumerable sets or the class of null sets with respect
to Haar measure co0G.) p G P(G) is said to be pure if it has the following property with reference to every class %: If p(A) > 0 for some A G 21, then there

existsan A0 G si such that m(^o) = 1A probability measure p G P(G) is called continuous if it has no atoms (i.e.,
£t(ii)) —0 for all g G G), purely discontinuous if p(A) = 1 for some enumerable
set A, absolutely continuous (with respect to Haar measure co0G) if p(A) = 0
whenever co0G(/l) = 0 and, finally, (continuous) singular if it is continuous and
if p(A0) = 1 for some set A0 with (o0G(A0) = 0. [Note that p 0 is absolutely
continuous and purely discontinuous if G is countable.]
Theorem 2.2 (Pure theorem). Let pn G P(G) be purely discontinuous
and p = pt * p2 * • • • Cauchy-convergent. Then p is pure (hence absolutely continuous or purely discontinuous or (continuous) singular).

infinite convolutions
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If G is metrizable, this result follows from Proposition 2.4(h) and the 0-or-l

principle; cf. the proof of [9, Theorem 35, p. 86] or [10, Theorem VIII, p. 444].
We shall modify these arguments, using Proposition 2.4(i), avoiding a "limit a.e."
or "limit in measure". (Roughly speaking, we consider an arbitrary, but fixed,
symmetric neighborhood V of 0 E G, a sequence V0, Vl,. . . of such neighborhoods with V = V0 and Vk+1 + Vk+j C Vk and the pseudo-metric induced on

G by the neighborhood"base" V0, Vx, . . . of 0 <EG.)
Proof.

We give the proof in several steps. We write A(2) = A + A, A(3)

= A + A + A, etc. If Y C X, we write Yc for the complement of Y in X.
Let X = Zx x X2 x • • • and (^(Xj), 4>2(x2),... be as in Proposition 2.4(f).
Since <pnis purely discontinuous, there is no difficulty about the existence of Xn
and <pn. It can also be supposed that the range of <Pn(xn)in G is countable. Let
M be a countable subset of G containing the ranges of sn and sn - sm for n, m =

1,2, ... .
(a) Let V be a symmetric neighborhood of0 EG. Then there exists a
sequence of integers 0 < «(1) < n(2) < • • • , depending on V, with the following
property: ife>0,
then there exist an integer Ne = NeV and a measurable set
Xe=XeVCX such that a(Xe) > 1 - e and
snU)(x) ~ sn(k)(x) ev

In order to see this, let VQ,

forxEXe

and n(f), n(k) > Ne,

, ... be a sequence of symmetric neighborhoods

of 0 € G such that V = VQand Vk+1(2)C Vk for k = 0,1.so
that
(Vx + • • - + Vk) + Vk C Vfoi k = 1, 2,... . Choose0 < n(l) < «(2) < • • • ,
so that
a({x E X: sn(x) - sm(x) E Vk}) < 1/2* for n,m>

n(k).

If ATis so large that 2/2K < e and if

Xe =

{x E X: s„(k+l)(x) - s„(fe)(x)E Ffc}J ,

then o(Xce)< 1/2* + l/2*+1 + • • • = 2/2* < e. Also, if A^ = n(K), then
x E Xe and n(f) > n(k) > Ne imply that

±(W*> -

e F*+ F*+1+ • • • + v,-1 c v-

This gives(a).
(b) In the remainder of the proof, except for the last two sentences, V is
fixed. Wecan therefore suppose that «(1), «(2), . . . is the full sequence 1, 2,
. . . , for otherwise we replace px * p2 * • • • by \px * ■• • * M„(1)] * [p„(1)+1

* • • • * H»(2)] *•■• ,XlxX2x---by[XlX"-x
Xn(l)] x [Xn(l)+1 x
•■■ x Xni2)] x • • • , and 0,, <p2,. . . by s„(1), s„(2) -s„(1).

222

philip hartman
For a subset A of G, introduce the following subsets of X:

D„(A, V)={xEX:

sn(x) G A + V) = s~\A + V),
OO

oo

D(A, V)= {xEX: sn(x) E A + V for largen}= (J
k=l

(1 Dn(A, V).
n= k

(c) Forj > 0, D(A, V(f))DXeC Dn(A, V(j+ 1)),henceD(A, V(f))C
Dn(A, V(j + 1)) U Xce,for n > Ne. For if x E D(A, V(f)),then sm(x) EA +
V(j) for large m, and if * G Xe, then s„(x) - sm(x) EV for n, m> Ne. Thus,

* G D{A, V(f))n *e imphes that sn(x) E sm(x) + V C A + V(j) + V = A +
V(j + 1) for n > Ne and large m; i.e., ^ E Dn(A, V(j + 1)).

(d) For j > 0, Dn(A, V(f))nXeC D(A, V(j+ 1)),henceD(A, V(f))C
D(A, V(j+ 1)) n ATJ,
for n>Ne. For if jcE Dn(A,V(fj),thens„(jc)E A +
Thus, jc G D„(4, K(0) n Xe implies that sm(x) G sn(x) + VCA + VQ+1) for
m>n>Ne;
i.e., jc G 2?(4, Kfy+ 1)). This gives (d) which together with (a), (b),
and (c) have the following consequences.
(e) Let A C G be a Borelset and X„ = fi, *•••*//„•
Then o{D(A,V(2)))

< o(Dn(A,V(3)))+ e = \(A + V(3))+ e and \(A + V)= a(Dn04,V))<
o(£G4, F(2))) + e for n > Af,,.
(f) Completion of the proof.

Let 21be an admissibleclass of Borel

subsets of G and suppose that n(A) > 0 for some A E 21. Then X„(^4+ V) >

p(A)/2 > 0 for largen. Let AQ= A + M = \J(A + g) for gEM,so that A0 E
21sinceM is countable. If 0 < e < fi(A)/2, then o(D(A, V(2)))> o(Dn(A, V)) e = \,(A + V) - e > 0. Thus A0 D A impliesthat o(D(A0, V(2)))> 0. The
definitions of A0 and D(A0, V) make it clear that x = {xv x2,. . . ) G
D(A0, V(2)) if and only if the same is true when any finite number of coordinates
of x is changed. Thus, by the 0-or-l principle, a(D(AQ,V(2))) = 1 and, by (e),

\,(AQ + K(3))> 1 - e for n > Ne. Consequently,p(A0 + K(4))> 1 - e for
every e > 0 and every symmetric neighborhood V of 0 G G. This implies that
H(A0)= 1, and completes the proof.
3. Convergent convolutions. In this section, we consider the analogues of

Theorems 2.1 and 2.2, when m = Mi * M2 * * • • is convergent (i.e., (2.6) holds),
but not necessarily Cauchy-convergent(i.e.,-(2.5) need not hold).
For any closed subgroup H of G and ju G P(G), define yPIH E P(G/H) by

(3.1)

pG/H(A) = y.(Jü lA) for any Borel set A C G/H,

where TH: G —*■
G/H is the canonical map g |—»•
H + g. Then

(3.2)
and

(ju, * • • • * nn)G'H = Mf,H * • • • * aGIH

infinite convolutions
(3.3)
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vn -* v in P(G) + vG,H -* uG/H in P(G/H).

The relation (3.3) is clear from the equivalence of (2.1) and (2.2), where /is
constant on cosets of H (i.e., /£ Cg(G///)).

Proposition 3.1. Let p £ P(G) and H CG a closedsubgroup, (i) If p is
pure, then p°lH is pure and, conversely, if pGIH is pure and H is countable, then
p is pure, (ii) If p is purely discontinuous [or absolutely continuous], then pG^H
is purely discontinuous [or absolutely continuous], and the converse is valid if H
is countable, (hi) If pplH is continuous, then p is continuous and, conversely,
if p is continuous and H is countable, then pGIH is continuous.
Proof. On (i). If 31is an admissible class of Borel sets on G [or on G/H],
then TH%. [or T^%] is an admissible class of sets on G/H [or on G].
Let p be pure and let 31 be an admissible class of sets of G/H such that
pG/H(A) > 0 for some .4 £ 31. Then p(T£lA) = pG/H(A) > 0, so that there is
an A0 £ 31such that pG/H(A0) = p(TjjlA0) = 1. Thus, pG/H is pure.
Conversely, let p9^H be pure and 31 an admissible class of Borel sets of G
such that p(A) > 0 for some A £ 31. Then pG,H(THA)> pLA)> 0 since
Th1(ThA) D A. Hence, there is an A0 £31 such that 1 = pG/H(THA0) =
p(T^l(THA0)). But if H is countable, then T]jl(THA0) is the countable union
of the sets A0+h,heH,
so that T^l(THA0) £ 31. Thus p is pure.
On (ii). The statement concerning "purely discontinuous" is clear. If pG,H
is absolutely continuous and H is countable, then the absolute continuity of p
follows as in (i).
Let p be absolutely continuous and let p'(g) be its Radon-Nikodym derivative. (The Radon-Nikodym theorem is valid on G even though co0G need not be
a-finite; cf. [8, (7), p. 256].) Let C be the collection of Borel sets on G/H and
T^C the corresponding collection of sets on G. Then p9,H is absolutely continuous and its Radon-Nikodym derivative is the conditional expectation

E(p!/THlQ;d. [4, pp. 17-18].
On (hi). This is clear in view of the proof of (i).
Recall that an infinite product Wan of complex numbers is said to be convergent if there is an integer K such that aKaK+l • • • an has a nonzero limit as
n—*■<*>;
i.e., if and only if anan+ j • • • aN —*■1 as ./V> n —►°°

Proposition 3.2. //pv p2,.. . £ P(G) and A is the set ofyET for
which Hpn(y) converges, then A is a subgroup ofT. If p = px * p2 * • • • is
convergent in P(G), then A is an open-closed subgroup.

This result is given in Loynes [13, p. 451], who points out that A is a
group in view of the Increments Inequality (2.3) and that A contains a neighborhood of 0 £ T when (1.1) is convergent since p(0) = 1 ¥=0 and Upn(y) converges
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uniformly on a neighborhood of 7 = 0. In the latter case, A is open-closed; cf.,

e.g., [8, pp. 250-251].
When A is open-closed, it is the annihilator of its annihilator

(3.4)

H = {g G G: (g, 7) = 1 for all 7 G A}

[15, p. 36]. Also H is a compact subgroup of G since its dual group 17A is

discrete;furthermore, the dual group of G/H is A [15, pp. 59, 35].
Theorem 3.1. Let pn G P(G) and p = px * p2 * • • • be convergent. Then
there exists a (unique smallest) compact subgroup H of G such that
(3.5)

pG>H= pG'H *pG'H ....

is Cauchy-convergent in P(G/H), i.e.,
(3.6)

PG,H * ' • • * ß%IH —*■
«1

as N>n-+<*>.

Furthermore, if oiOHis the normalized Haar measure on H, considered as a
measure in P(G), then
(3.7)

p = p * o)0H.

Proof. Let A be as in Proposition 3.2 and H as in (3.4). The convergence
of (3.5) follows from (3.3). Relation (3.6) follows from the definition of A in
Proposition 3.2, from co = 1, and the fact that A is the dual group of G/H. Also,
7 G A implies that p(y) = 0, while £>0H(y)is 1 or 0 according as 7 G A or 7 € A
[15, p. 59]. Thus (3.7) is a consequence of the uniqueness of the FourierStieltjes transform.
Theorem 3.2. Let p = px* p2* • • ■be convergent and H a closed sub-

group of G. (i) //
00

(3.8) II dHn * 0. WheredHn = maX M«/W(Cv})
= ™x Hn(g+ H),
„=1

yEG/H

gEG

then p9IH is not continuous; in which case, p is not continuous if H is countable.
(ü) Conversely, if pG/H is not continuous (e.g., if p is not continuous) and H is
as in Theorem3.1, then (3.8) holds, (iii) //H is as in Theorem 3.1 and pG/H is
not continuous (or, equivalently, (3.8) holds), then p is not continuous if and

only if H is finite.
Proof. Except for the assertion (iii), this theorem follows from Theorem
2.1, by virtue of Theorem 3.1. The assertion (iii) is a consequence of the following: on the one hand, p has an atom if p9,H does and H is countable; on the
other hand, p = p* ojoh is continuous if u0H is, while ojoh is continuous unless

H is finite.
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Theorem 3.3 (Pure theorem). Let p = pt * p2 * • • • be convergentin
P(G), pn purely discontinuous, and H c G the compact subgroup of Theorem
3.1. Then pG^H is pure (hence absolutely continuous or purely discontinuous or
(continuous) singular), and the same is true of p if H is finite. Also p = to0G if

G is compactand H = G.
The first part of this theorem follows from Theorem 2.2 by virtue of
Theorem 3.1, and the last part from (3.7).
In the important case where G is the circle group T = R/Z and every closed
subgroup H is T or is finite, we have

Theorem 3.4. Let pn E P(T) and p = pt * p2 * • • • be convergent, (i)
Then p is not continuous if and only if, for some integer k > 0,

(3-9)

ft dKn± 0, where dKn = max £

pn({d + //«}).

(ii) //, in addition, pn is purely discontinuous, then p is pure (hence absolutely
continuous or purely discontinuous or (continuous) singular); in particular, p is
purely discontinuous if and only if (3.9) holds for some integer k > 0.
It is easy to see that (1.2) and (3.9) are not equivalent. For example, in
the case that co^ = px —p2 = • • • , where coj^K is the probability measure on

T with the atoms 0, I Ik, . .. , (k - 1)1k (mod 1) assignedthe equal probability
1/k, then co1/K * co1/K = px * p2 * • • • = co1/K. But dn = l/n and dKn = 1.

Remark. If pt, p2, • • • are regular probability measures on R and the
result concerning (3.9) is applied to (3.5) with G = R, H = eZ with e > 0, then
it follows that p is not continuous if and only if

(3.10)

l~lden*°>
n= 1

wherecfen= max £
f

p„({t + ;e}),

/=_«o

and so (1.2) and (3.10) are equivalent by Levy's theorem (when (1.1) is conver-

gent).

4. Additivefunctions/: Z+ —»■
G. Let/: Z+ —»•G be a G-valuedfunction
on the positive integers Z+ = {1, 2, . . . }. The mean value M(f) is said to exist

if M(f)= limN~11/(1)+ • • • + f(N)] existsas N -* °°. Let tn G P(G)be the
distribution of the finite sequence {/(l), . . . ,f(N)}, i.e.,

rN(y)=N-1[(f(l),y) + --- + (ftAO,7)] for 7 6 T.
The function / is said to possess an asymptotic distribution p if there exists a
p E P(G) and tn —►pas N —►00 in P(G).
In the remainder of this paper, we suppose that /: Z+ —*G is additive,
i.e., f(m + n) = fXm) + j\n) if m, n are relatively prime.
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For fixed primes p and P, let fp(n) be the additive function determined by
its values on powers of primes given by

fp(Pi)=fiPi)

and fp(q>)= 0 if q ± p is a prime

and let fp(n) be the additive function

f(n) = £ fp(n), so that fp(ri) -» /(«) = £/_(«)
p<p
p
for n = 1, 2.The

additive function /

as />-* ~

has an asymptotic distribution

ap e P(G), where

(4.1)

5p(7)
= (1-p-')j^l + £ p~W), 7)J.

and/^ has the asymptotic distribution tf = a2* o3* • • • * o>; cf. [6] for

G = fl.
For fixed yGT, define the complex-valued multiplicative functions

Fy(n) = (ftn), y) and F#n) = (fp(n), y) for « = 1,2.
Thus,/has an asymptotic distribution ju if and only if M(Fy) exists for y S T
and is continuous at y = 0 (in which case, p(y) = M(Fy)). Note that the convergence of
(4.2)

o2 * o3 * • • • * aP * ' • •

to p in P(G) is equivalent to p € />(G)and A/(F^) —►
£(7), as F —*•°°, for all

7 er.
Halasz's definitive paper [7] concerns the existence of the mean value M(F)
of a complex-valued multiplicative function F, |F(n)| < 1. On the one hand, his

results.and proof (cf. [7, p. 380]) imply that

(4.3)

Ip-'[1p

Re(TXp),
7)P-'"] < -

holds for at most one real p. In the case that (4.3) fails for all real p,

(4.4)

£ P~1 [1 - R«(flp). 7)P"'"] = 00 for -~ < w < ~,
p

then M(F ) exists and is 0, and also

(4.5)

M(FP) —>•0 = M(Fy) asP->°°.

On the other hand, a result of Delange (cf. [2], [3]) and/or of Halasz [7] shows

that if

(4.6)

£ P~1 [1 - (fa). 7)] converges,
p
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then M(Fy) exists and is the convergent product

(4.7)

M(Fy)
= n jd -P'1)^ + t P-W), 7)J|,

so that

(4.8)

M(F?)= II {•• ' }
p«i>

M(Fy) asP — <*>.

As observed by Delange, Halasz's results imply [3, Theorem C, p. 218], which,
in turn, has the following consequence.

Proposition 4.1. Let f: Z+ —*G be additiveand 7 G r fixed. Then
M(Fy) exists and M(Fy) = 0 if and only if either (4.4) holds or both (4.3) and

(4.9)

2-''"(ft2'),7) = -l

fori =1,2,...

hold for some real u.
A particular case of Delange [2] (see [3, Theorem A, p. 217]) is the following.

Proposition 4.2. Let f: Z+ —*■
G be additiveand 7 G T fixed. Then
M(Fy)existsand M(Fy) 0 if and only if (4.6) holdsand (4.9)fails to hold for
u = 0.
Using arguments of Delange [3], we can obtain the next three propositions.

Proposition 4.3. Let f : Z+ —*■
G be additive. Let A0 be the set of
7 G T for which there is a (unique) u = u(y) satisfying (4.3). Then A0 is a group

and u(y + 5) = «(7) + u(5) for 7, 6 G A0.
Proof.

(4.10)

It is convenient to write (4.3) as

£ p~1 sin2[arg(fl/0,y) - u log p] 12< «».
p

Thus the assertion follows from arg(fXp),7 + 6) = arg(f(/7),7) + argf/(p), 7) and
from the simple inequality sin2(x + y) < 2 sin2* + 2 sin2>»;cf. [3, p. 219].

Proposition 4.4. Let f: Z+ —>G be additive. Let A be the set of 7 G T
satisfying(4.6). Then Ais a subgroupof A0.
Proof. This is contained in Proposition 3.2 since the finite product in
(4.8) is Ilap(7) for p < P. (A direct proof follows by the arguments of Delange

[3, pp. 228-229].)
Proposition 4.5. Let f: Z+ —*-Gbe additiveand let both M(Fy) and
M(Fy+y) exist. Then either (4.4) or (4.6) holds.
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Suppose that neither (4.4) nor (4.6) holds. Then, by Propositions

4.1 and 4.2, M(Fy) = 0 and (4.3), (4.9) hold for some u. By Proposition 4.3,
(4.3) holds if (7, u) is replacedby (7 + 7, 2u). But (4.9) does not hold if (7, u)
is replaced by (7 + 7, 2u). Thus M(Fy+y) ¥=0. Consequently, (4.6) is conver-

gent if 7 is replaced by 7 + 7, by Proposition 4.2; so that 7 + 7 G A0 with
1/(7 + 7) = 0, and

(4.11)

zZ P~1 sin[arg(f(P)>7)] converges
P

if 7 is replaced by 7 + 7, i.e., argf/i(/?)>
7) by 2 arg(/Tj5),7). Since 7 £ A0, we
have «(7) = «(7 + 7)/2 = 0. Thus the real part of (4.6), i.e., (4.10) with u = 0,
is convergent. The imaginary part (4.11) also converges since |sin 2x - 2 sin jc| =
4|sin ;c|sin2(x/2). This is contrary to the assumption that (4.6) does not hold,
and completes the proof.
For the case G = R, Erdös and Wintner [6, (iii), p. 720] show that an
additive function f: Z+ —+R has an asymptotic distribution p if and only if (4.2)
converges. We have the following generalization.

Theorem 4.1. Let /: Z+ —*■
G be additive, (i) If f has an asymptotic
distribution p, then (4.2) converges, (ii) Conversely, if (4.2) is Cauchy-convergent, then f has an asymptotic distribution p, and p is pure.
Remark 1. Theorem 4.3 below for G = T shows that, in general, the convergence of (4.2) is not sufficient for the existence of an asymptotic distribution.
Remark 2. Since ap is purely discontinuous, the theorems of §§2-3 are

applicableto (4.2).
Proof. On (i). Since /has an asymptotic distribution p, it follows that
M(Fy) exists and £(7) = M(Fy) for all 7 G I\ By Proposition 4.5, we have, for
every fixed 7 G T, either (4.4), hence (4.5), or (4.6), hence (4.8). Consequently

(4.12)
v

lim P<p
IT oy (y) = p(y) for7GI\

This implies the convergence of (4.2).
On (ii). If (4.2) is Cauchy-convergent,then the product in (4.7) is convergent and is p(y) for all 7. Hence the series in (4.6) is convergent and (4.7) holds
for all 7, so that / has the asymptotic distribution p. Also p is pure by Theorem

2.2.
Theorem 4.2. Let /: Z+ —*G be additive and let (4.2) converge. Then
the subgroup AofT in Proposition 4.4 is the same as the subgroup A in Proposition 3.2 and Theorem 3.1, where pn = ap and p = pn ; so that if H is the
annihilator of A, then pG/H = aG/H * oG/H * • " is Cauchy-convergent. In
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particular, THf: Z+ —►G/H has an asymptotic distribution p9^H, and p9^H is
pure.
This is clear from the proof of Theorem 4.1. For the case of G = T, we
have the following partial converse to Theorem 4.1 (i).

Theorem 4.3. Let /: Z+ —►T be additive and let (4.2) converge, say, to
p. (i) If p ¥=cjot, then f has the asymptotic distribution p i= cjot. (ii) But if
p = ojot, then f need not have an asymptotic distribution.
Remark. Assertion (i) depends on Delange [3, Theorem 2, p. 226], the
proof of which implies that (for an arbitrary group G) if A0 in Proposition 4.3
is kZ and A {0} in Proposition 4.4, then A = A0. In general, (i) is false if T
is replaced by another group G, even the torus G = T x T. For let h: Z+ —*■T
have an asymptotic distribution o + coOTand let /: Z+ —►T be as in (ii) above,
so that Qi, f): Z+ —►T x T has no asymptotic distribution, but the analogue of
(4.2) converges and is a x coor coo rxr.

Proof.

On (i). The convergenceof (4.2) impliesthat (4.12) holds. If

p coor, then p(y) ^ 0 for some y 0. This implies the convergence of the
product in (4.7), hence, of the series in (4.6) for some y¥=0. It follows from
[3, Theorem 2, p. 226] that/has an asymptotic distribution. This distribution

is (4.2) by Theorem 4.1.
On (ii). It will be shown that if h: Z+ —►
R is additive,
(4.13)

h(p) = log p

and h(p>) = 0 for/>l,

and /: Z+ —►T, where /(«) = h(n) mod 1, then (4.2) is convergent with p =
coor, but /does not have an asymptotic distribution. In order to see this, note
that if Fm(n) = exp 2irimf(n) = exp 2ttimh(n), then

M(Fm)= n (i-p-i)[i+p-v'"mi0^]
p<p

= exp|- £ p-Hl-^'^
( p<p

+ OO)!,
\

as P —►
°°. Hence

\M(Fm)\
= expj- 2 £ P~1sin2nmlogp + 0(1) J.
As shown by Delange [3, p. 221],
Z P~1 sin2 nm log p = 00 for m = 1, 2,. . . ,
p
so that MiF^) —»■
0 as P —*°° for m = 1,2.This
gives(4.2) with p = ojot.
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Thus, by Theorem 4.1, it follows that if /has an asymptotic distribution,

then this distribution is coor. But then Propositions 4.1 and 4.5 imply that (4.4)

holds for all y, i.e.,

2p-1[l-ReFm0)p-f"]
(4-14)

=«

P
for -°° <. u <„ °° and m = 1, 2,. . . ,

[3, Theorem 1, p. 220]. However,if u = 2-nm,then Fm(p)p~iu = 1, by (4.16),
which contradicts (4.14). This completes the proof.
Theorem 3.4 will be seen to have the following consequences.

Theorem 4.4. Let /: Z+ —>R be a real, additive function such that f
mod 1: Z+ —* T has an asymptotic distribution p. Then (i) p is pure (hence
purely discontinuous or absolutely continuous or singular), and (ii) p is purely
discontinuous if and only if there exists an integer k > 0 such that
(4.15)

.

v

\p:nf(p)±0

£

p-^oo.
mod l}

Part (ii) contains the corrected version of the theorem in [5] giving a
necessary and sufficient condition for p to be continuous.
A prime p does not occur in the sum (4.15) if the number f(p) is of the
form f(p) = (integer) + j'/k for / = 0, 1, . . . , or k - 1. When p # coor, then p
is purely discontinuous if and only if (4.15) holds, where p is chosen so that

0, 1/k, . . . , (k - 1)/k (mod 1) is the subgroupH of Theorem 4.2; cf. [3, pp.
227-229], where k = q.
The necessary condition (4.15) cannot be replaced by
Mm
v*"10/

£
{p:/(p)*0mod

p-l<°°.
l}

In order to see this, it suffices to exhibit a real additive function / possessing an
asymptotic distribution mod 1 satisfying (4.15) for some k > 1 (so that p is
purely discontinuous), but not satisfying (4.16). To this end, let k > 1 be fixed

and let / be a real additivefunction definedby f(p) = 1/k and f(p') = 0 for / > 1
for every prime p. Then the analogue of (4.6),
£ P~l [1 "~exp 2mmf(p)]
p

for every m divisible by k, so that/has

converges

an asymptotic distribution mod 1 [3,

Theorem 2, p. 226]. Note that f(p) ¥=0 mod 1 for everyp, so that (4.16) fails.
But (4.15) holds since the sum is over an empty set of primes.
Proof of Theorem 4.4. On (i). Part (i) is a consequenceof Theorem 3.3
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for ap is purely discontinuous, since the mth Fourier-Stieltjes coefficient of ap is
(1.3) with u = 2nm.

On (ü). By (1.3), the jump op({0}) is at least 1 -p_1 > 1/2. Thus the
maximum jump dKp occurs at 0 = 0 and is

(1 -p~l)[l

+ e^p"1

+ 0(p~2)] = 1 + (eKp- Op"1 + 0(p~2),

as p —*■
o°, where eKp is 1 or 0 according as k/(p) is or is not 0 mod 1. Hence
(4.15) is equivalent to UdKp 3=0, and so part (ii) follows from Theorem 3.4.
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