
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 219, 1976

ASYMPTOTIC EQUIPARTITION OF ENERGY FOR

DIFFERENTIAL EQUATIONS IN HILBERT SPACE
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JEROME A. GOLDSTEIN AND JAMES T. SANDEFUR, JR.

ABSTRACT.  Of concern are second order differential equations of the

form (d/dt - ifx(A))(d/dt — if2(A))u = 0.  Here A is a selfadjoint operator and

/|,/2 are real-valued Borel functions on the spectrum of A.  The Cauchy prob-

lem for this equation is governed by a certain one parameter group of unitary

operators.   This group allows one to define the energy of a solution; this energy

depends on the initial data but not on the time t.  The energy is broken into

two parts, kinetic energy K(t) and potential energy P(t), and conditions on A,

fx, f2 are given to insure asymptotic equipartition of energy:   lim^j.,,, K(t) =

l>fn->+(x> P(t) fot all choices of initial data.  These results generalize the corre-
2        2 2

sponding results of Goldstein for the abstract wave equation d u/dt   + A u =

0. (In this case, fx(\) ■ \, f2(\) = -\.)

1. Introduction.  Let A be a selfadjoint operator on a complex Hubert

space H. The Cauchy problem

(1.1) u"(t) + A2u(t) = 0    (/GR = (-°o, <*>)),

(1.2) u(0)=fxEV(A2),    u'(0)=f2EV(A)

is well posed; here ' = d/dt and V(A) denotes the domain of A. The energy

Ef= \\u'(t)f + Uu(t)f

depends on the data/= (/,, /2) but not on /. Let

*(0=IIm'(0II2,   P(t)=Uu(t)f

denote the kinetic and potential energy at time t. Goldstein [6] showed that

the energy is asymptotically equipartitioned:

lim  K(t)= lim P(t) = Efl2
t-*±" f-»±«o J

for all choices of initial data /if and only if lim^«, j£ e"x</(lnxftl2) = 0

for all h E fi, where {flx: X G R} is the resolution of the identity associated

with A, i.e., A = jC X aTIx is the spectral integral representation of A.
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Now consider the more general problem

(1.3) v'(t) = iBv(t)  (tER),    v(0)=g£V(B)

in a complex Hubert space, where B is selfadjoint. (1.1), (1.2) is a special case

of (1.3) (cf. [6] ).  The solution of (1.3) is given by v(t) = V(t)g, where { V(t) =

exp(itB): t E R} is a one parameter group of unitary operators. Interpret Eg =

llu(f)ll2 to be the energy at time t; Eg depends on the data g but not on /. The

question which motivated the present paper is:   With which Cauchy problems

(1.3) can one decompose the energy into different types of energy and prove an

asymptotic equipartition of energy theoreml

This seems to be a very difficult question, even if one specializes the con-

text to symmetric hyperbolic systems (Friedrichs [4] ) or higher order hyperbolic

equations (Mizohata [8]).  Mochizuki [9], [10], generalizing [6], proved an

asymptotic equipartition of energy theorem for a special class of higher order

hyperbolic equations.  In this paper, we generalize [6], [7] in a different way,

proving asymptotic equipartition of energy for a class of second order equations

of the form

u"(t) + iSu'(t) + Tu(t) = 0      (/ G R)

where S and T are certain commuting selfadjoint operators.

Other papers dealing with equipartition of energy are Bobisud and Calvert

[1], Brodsky [2], Duffin [3], Glassey [5], and Shinbrot [14J.

After some preliminaries in §2, the main results are presented in §§3 and 4.

§5 is devoted to an example.

We wish to acknowledge some stimulating conversations on equipartition

of energy with David Goldstein Costa.

2. Preliminaries. Let H be a complex Hubert space, and let Bx, B2 be

(not necessarily bounded) selfadjoint operators on H. We say that Bx and B2

commute if and only if (Xt7 - Bxfl and (pil - /?2)-1 commute for all X, p G

R\{0} (if and only if exp(isBx) and exp(///?2) commute for all s, t E R). Also,

if Bx, B2 commute, there is a selfadjoint operator A on H and real-valued Borel

functions gx, g2 defined on the spectrum of A, o(A) C R, such that Bj = gj(A)

for/» 1,2 (cf. [12, p. 358]).

Let Bx, B2 be commuting selfadjoint operators with /fy = gj(A) as above.

The equation

(2.1) u" + iBxu+B2u=0

can be factored as

(2.2) (d/dt-ifx(A))(d/dt-if2(A))u = 0
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where fx, f2 are Borel functions on o(A) such that gx = fx +f2, g2 = _/i/2.

There are real-valued solutions fx, f2 of these equations as long as g\ + 4g2 > 0

on o(A).

Our asymptotic equipartition of energy theorem will be for the Cauchy

problem (22). As indicated above, a great many of the equations (2.1) can be

written in this form. The advantage of working with (2.2) is that one may ex-

ploit the techniques developed by Sandefur [13] to deal with the factored equa-

tion WJL^d/dt - Cj)u = 0.

3. The main theorem. Let A be a selfadjoint operator on a complex Hu-

bert space H. Let/j, /2 be real-valued Borel functions on the spectrum o(A) of

A. Let A¡ = if ¡(A) for/' = 1, 2 and let

V2=Ç\{V(AjAk):\<j,k<2},

V3 = rUflCrVM,): K/. *. /< 2};

V2 and V3 ate dense in H. Define

B = -2~1(AX+A2),   C = 2~1(-Ax+A2)

with domain V(B) = P(Q = V(Ax)n V(A2). Note that iB and iC are essentially

selfadjoint operators, i.e. their closures are selfadjoint.

We consider the initial value problem

(3.1) (d/dt-AxXd/dt-A2)u(t) = 0    (tER),

(3.2) u(0) = <t>xEV3,    m'(O) = 02GP2.

Theorem 3.1. Let A, Ax, A2 be as above. Then for any 4>x G V3, <l>2 E

V2, the problem (3.1), (3.2) Aas a unique twice continuously differentiate solu-

tion u. Let

K(t) = hi'(t) + Bu(t)\\, P(t)mfGu(t)P,   f6H

Then

E^Ktf + m

depends on 0 but not on t. Let {IIX: X G R} be the resolution of the identity

associated with A.  Then

i3.3) Um K(t)= Urn PT/) = V2

for all choices of initial data <p as in (3.2) if and only if

(3.4) Urn £ exp {ft^M-/2(X))}dx(Unxxll2) = 0
r-*±~

for all x EH.
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When fx(t) = -f2(t) = t, (3.1) reduces to (1.1), and Theorem 3.1 contains

Goldstein's result [6] as a special case. {Strictly speaking more is demanded of

the initial data (cf. (3.2)) than in [6], but there is no loss of generality as long

as one works with a dense set of initial data. For example, it suffices to prove

the theorem in [6] for initial data <px, <¡>2 E Dñ=i V(A"); the general case fol-

lows by a simple density argument.}

With the aid of the Riemann-Lebesgue lemma it is easy to write down

sufficient conditions for (3.4) to hold. For example it is sufficient to suppose

A is spectrally absolutely continuous and that for each x E ff, gx(h')~l E

Ll(h(o(A))) where gx(K) = (i//(ft)(Hnxjell2), and where ft =fx -f2 is increasing

and absolutely continuous on o(A\ We omit the simple verification (based on

the change of variables p = A(X)).

Proof of Theorem 3.1. Consider the initial value problem

(3.5)

in H © H with

(3.6) f"(0)y(**Wf'
Since Aj is skew-adjoint it generates a unitary group { 7}(r) = ex$(tAj): t E R}

for; = 1,2; therefore

? y

generates the unitary group

on H © H. Since the operator (°, £) is bounded,

IAX  0

generates a group {S(t): tER} given by

*i\     /TiCWi + JÓ Tt(t -s)T2(sW2 ds
(3.7)

T2(fW2 )
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according to the Phillips' perturbation theorem [11] and a short calculation.

For

♦ -(**'

S(t)ip is the unique twice strongly continuously differentiable solution to (3.5)

and (3.6). (One can, of course, easily directly check that for S(t)\¡j defined by

(3.7),

(d/dtys(M = 1 x      \s(M,
\0     A2j

sm = *.)
If we choose \j/x = <¡>x, ty2 = <j>2 -Ax<¡>x and set

,"2«/ \*2)

it follows that ux is a solution of (3.1), (3.2). Also by (3.2) and the definition

of V2 and V3, we have

f/At   I   ™
*l,^2e^

and so «, and u2 = u\ ~Axux are twice strongly continuously differentiable.

If v is any twice strongly continuously differentiable solution to (3.1),

(3.2), then

\v'-Axv)

is a solution to (3.5), (3.6). But by uniqueness for (3.5), (3.6), it follows that

t7 = ux, and so the solution to (3.1), (3.4) is unique.

Note that

(3.8) I«!« ~Axu(t)f - B«2(i)ll2 = Or2(O(02 -Ax<t>x)P = H02 -Ax<l>x Ï2

since T2(t) is unitary. We have the companion equality

(3.9) iu'x(t) -A2ux(t)f = H2 -A2<px H2

for all t G R. That we can interchange the subscripts 1 and 2 in 0 and A follows

from that fact that (d/dt-Ax)(d/dt -A2)ux = 0 if and only if (d/dt-A2) •

(d/dt-Axyjx = 0 by the closedness and commutativity of Ax and A2\ thus the

proof of (3.8) also yields (3.9). From now on let u (=ux) denote the unique
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solution of (3.1), (3.2). By (3.8), (3.9) and the parallelogram law,

K(t) + P(t) = l«'(f) + Bu(t)i2 + \\Cu(t)P

= 2",{ H«'(0 + Bu(t) - Cu(t)l2 + Ht/'(0 + Bu(t) + Cu(tß2 }

= 2-1{ l«'(0 -A2u(tß2 + Hu'(t) -Axu(t)l2)

= 2-1{U2-A2<bii2 + U2-Ax<j>x\2}

= Il02 + R0j Í2 + HOp! II2 = Eq

for all f G R. Thus the first two assertions of the theorem are proved. Next,

using (3.8), (3.9) again,

P(f) = lCu(t)l2 = 4"1 l(u'(/) -Axu(t)) - (u'(t) - A2u(t))\\2

= 4_1{llu'(0-^,-«(/)ll2 + iu'(t) - A2u(t)i2

(3.10) -2 Re<ri(/x*2 -¿2*1). r2('X02 ~^i*i)>}

= 4_1{ H2 -Ax<j>x II2 + »02 -A2<t>x l2

-2 Re<r2(-f)r,(fX02 -A2<t>x),<t>2 -Ax<¡>x)}

= 2-1E4>-a(t,(t>)

where

(3.11) o(i, 0) = 2'1 Re<r2(-/)r,(/X02 -^2*1). *2 -¿1*1 >•

Thus lim^.±00 if» = £0/2 for all 0 as in (3.2) if and only if limf_±00 a(t, <f>) =

0 for all such 0. Taking <f>x = 0, we see that (3.3) implies

(2\2\ lim Re<T2(-t)Tx(t)x,x) = 0

for all x G fl2, whence for all x6fl. But (3.12) implies

(3.13) «m (T2(-t)Tx(t)x,y) = 0
t-*±<*>

for all x, y E H by polarization. Thus (3.3) implies

(3.14) Üm «ft 0) = O;

simply take x = #2 -j420,, .y = 02 —^4j0j in (3.13). Conversely, (3.12) im-

plies (3.13) implies (3.14) implies (3.3); thus (3.3) and (3.12) are equivalent.

According to the spectral theorem and the associated operational calculus,

<T2(-t)Tx(f)x, x) =/"oo exp{ft(/i(X) -/2(X))} rfx<nxx, x>,

whence (3.12) is equivalent to (3.4) and the theorem follows, a
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4. Asymptotic equipartition in the Cesáro sense.

Theorem 4.1. Let A, Ax, A2 be as in Theorem 3.1. 77tevi

(4.1) lim r"1 fQK(t)dt=   lim r"1 f* P(t) dt = /?0/2
t-»±oo        J w t-*±°° "

/or a// /«/Tía/ ciara 0 = (0,, 02) G Q3 x V2 if and only if

(4.2) lim T_1 r a(t, 0) c/f = 0
7—>±oo -7°

/or a// i«cft 0 wftere a is defined by (3.11).

In particular, (4.1) holds ifO is not an eigenvalue of A (i.e. A is one-to-one)

and for each 8 > 0,

(4.3) inf{ \fx(t) -f2(t)\ : t E o(A), If I > 8 } > 0.

This generalizes a theorem in [7] in the same way that Theorem 3.1 gen-

eralized [6].

Proof of Theorem 4.1. According to (3.10), P(t) = 2-1£"0 - a(t, 0)

for all initial data 0. The equivalence of (4.1) and (4.2) follows easily from this

and from E0 = K(t) + P(t). By Theorem 3.1 it also follows that (4.2) holds if

and only if

Um T_1 Si <T2(~t)Tx(t)x, x)dt = 0

for all x E H. If the hypotheses of the second paragraph of the theorem hold,

we have

T_1 Ío <T2(~t)Tx(t)K x) dt=Jx+ J2

-T~l il L<6 «pWW -f20-))}d(\\X\xx\\2)

+ T~1fl L\>6 «PÍ'^i(X)-/2(X))}cr(lln^l¡2);

"i ' <T_1 il L<6 ¿A*»2) < «n6 +* - n6_*ii2.

Given e > 0, choose and fix S > 0 such that \JX l< e/2; this can be done since

A is one-to-one. Next, if ft > 0 represents the left-hand side of (4.3) and if ft =

fx -/2.

"21 = |j,M>« T"1 Jó" exp{7YA(X)}rf/c/(llnxJtll2)|

= I Jui>6 lexptAW)} - H \irh(\))-1 </(llnx;cll2)|

<2bH2lrft|-1 <e/2
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if Irl > 4llxll2/eft = r(e, x). Consequently for each x G H and e > 0, Irl >

r(e, x) implies

\r-1f0<T2(-t)T1(t)x,x)dt\<e,

and so (4.1) holds, o

If Ah - 0 for some h # 0 and iffx(0) = /2(0), then Tx(ty\ = T2(t)h = h

for all real /, whence

T_1 (I (T2(-t)Tx(t)h, h)dt = UAH2

does not tend to zero as t —► ± °°, hence (4.2) and (4.1) fail to hold in this case.

5. An example. The maximal operator A for id/dx on the complex Hubert

space H = L2(R) is selfadjoint. Consider the initial value problem for

(5.1) u"(t) + P(A)u'(t) + Q(A)u(t) = 0      (t E R)

where
n m

m = £ *ftf>    QŒ) = Z ¿/S'74
/=0 /=0

for % G R, where a,, bf G C, a„ =£ 0, bm i= 0. (Condition (3.2) in this case be-

comes «(0) G V(A3N), u'(0) G V(A2N) where N = max(«, m).) (5.1) can be re-

written in the form

(5.2) [d/dt - 2~\-P(A) + R(A))] [d/dt - 2~1(-P(A) -R(A))]u = 0

where

R(Ç) = {P(%)2-4Q(%)}Vl,      % ER.

Thus Theorem 3.1 (and Theorem 4.1) can be applied if Re(-P(Ç) ± R(Ç)) = 0

for each % G R. This is equivalent to:

(i) For j = 0,1,... ,n,aj = ic¡ where cy G R;

(ii) -(Z?=0 cfi')2 - E?L0 bfi is real and nonpositive for all real %.

In particular, each &• must be real. We now suppose c- = -ia, and bk are

real for each /, k.

Case I. Suppose 2« > m. The left side of (ii) is bounded above. Conse-

quently (ii) automatically holds if we increase b0 enough.

Case II. Suppose 2n = m. If -c2 - b2n < 0, the left side of (ii) is

bounded above, so (ii) holds if we increase b0 enough.

Case III. Suppose 2« < m. In order for the left-hand side of (ii) to be

bounded above, m must be even.  If this is so and if bm > 0, then the conclu-

sion of Cases I and II hold in this case as well. Thus we assume one of the fol-

lowing conditions:



ASYMPTOTIC EQUIPARTITION OF ENERGY 405

(a) 2/1 > m, or

03) 2« = 7«, c2 + ft2„ > 0, or

(7) 2n<m, m is even, bm > 0,

and if necessary we enlarge bQ so that (i) and (ii) hold.

Let {I\: X G R} be the resolution of the identity associated with A and

let {rM: p > 0} be the resolution of the identity associated with the positive

operator S(A) = {4Q(A) - P(A)2 }%. Both A and S(A) are spectrally absolutely

continuous. Let

V = {x E H: IV - II_xx = X for some X > 0}.

V is dense in f/. To simplify the calculation we suppose that S(£) = {4(2(1;) -

P^)2}^ is monotone decreasing on (-°°, L) and monotone increasing on (L, °°).

(Without this assumption the following computations become more complicated,

but the results remain valid.) For jc G t?, choose M so that (11^ - n_M)x = x.

Then

J^ exp(it(fx(\) -/2(X))) ¿(IIIVII2) = ¡~_ eitS™ ¿(IIIVII2)

= itM e'tS(x) d(mx(uLx)P) + J^VS(X> d(\wx(x - n¿x)B2)

"/ÍS° <r"M i(»^oi^)i2)|¡(S-V))*

—> 0   as r —* ± <»

by the Riemann-Lebesgue lemma. Since V is dense, a simple density argument

shows that (3.4) holds for all x E H. Thus Theorem 3.1 gives asymptotic equi-

partition of energy for the equation

where

(32/3f2 + P(j.olbxWfrt) + Q(iblbx))u(t, x) = 0

Cj, bkER,c„¥:0,bm¥: 0, and (a) or (ß) or (7) hold (and b0 is large enough). D

Concluding Remark. It would be of interest to find an equipartition

of energy theorem subsuming both the result of this paper and the result of

Mochizuki [9].

Added in proof.  David G. Costa has informed us that he has obtained

a result similar to Theorem 3.1.
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