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OF EQUIVALENCE RELATIONS
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ABSTRACT. In this paper, we shall consider the problem: let X be a
(reduced) analytic space and A a nowhere dense analytic set in X. And let R
be a proper equivalence relation on A such that the quotient space A/R is an
analytic space, and E the trivial extension of R to X. Then, is X /l'i' an
analytic space? To this, we have three sufficient conditions. Moreover, using
this result we shall extend Satz 1 of H. Kerner [8].

1. Introduction. Let (X, x0) be an analytic space and R an equivalence
relation on X. Then the local ringed quotient space (X/R, 5 0/R) is defined and
the problem, whether (X/R, x0/R) is an analytic space, is studied by H. Cartan,
H. Holmann, B. Kaup and others.

In this paper, we shall consider the problem: let X be a (reduced) analytic
space and 4 a nowhere dense analytic set in X. And let R be a proper equiva-
lence relation on A such that the quotient space 4/R is an analytic space, and
E the trivial extension of R to X. Then, is X/I? an analytic space? To this, we
have

THEOREM. X/I? is an analytic space, if one of the following three state-
ments is satisfied:

(1) R is finite.

(2) A is contractible in X and the canonical mapping j: AJR — X/R~ is
quasi-finite.

(3) A is contractible and retractable in X.

Next, using Theorem, (3), we shall extend Satz 1 of H. Kerner [8]: let X,
be a connected complex manifold, 4 x @ contractible and retractable analytic set
in X; and R, a proper equivalence relation on 4 x Such that 4, /R, is an analy-
tic space and dim, R, (a) > 0 for any a € 4 x (& =1,2). Then, we have the
following diagrams of analytic spaces:

Received by the editors July 16, 1974 and, in revised form, March 26, 1975.
AMS (MOS) subject classifications (1970). Primary 32D15.

Key words and phrases. Analytic Space, proper equivalence relation, trivial extension

of equivalence relation.
q tion Copyright © 1976, American Mathematical Soci

369



370 KUNIO TAKIJIMA AND TETSUTARO SUZUKI

~

pk ~
Xk k/Rk

i"] N ]fk

Ak Ak/Rk

Here p,: A, — A, /R,, 'ﬁ'k: X, — X, /R, are natural projections, i,: 4, —
X, is the injection and j : A;/R; — X, /R, is the canonical mapping. Let 7;:
X, — A, be the holomorphic retraction. Then, we have

THEOREM. Suppose that fm.d.r, > dim A, +2. If X /R, and XZ/E2
are analytically equivalent, then the above two diagrams are analytically equivalent.

H. Kerner has treated the case that r;: X; — A, is a weakly negative vec-
tor bundle and R, (a) = 4, for anya € 4,.

2. Trivial extension of equivalence relations. Let L be the category of
local ringed spaces [6]: objects in L are local ringed spaces and morphisms in L
are morphisms of local ringed spaces.

DEFINITION 1. A commutative diagram of morphisms in L:

z-2.p

X—Y

is called a pushout (and P is called the pushout for  and s), if for any object 4
and morphisms u: Y — A4,v: Z— A4 in L with vo s = u o r, there exists the
unique morphism p: p— 4 suchthatpo b=vandpoa=u.

Let (X, ,0) be a (reduced) analytic space and R an equivalence relation on
X. Then there exists the local ringed quotient space (X/R, 5 0/R) and the natural
projection p: X — X/R is a morphism of local ringed spaces, where X/R is the
quotient topological space of X by R and ,0/R, the structure sheaf on X/R, is
defined as follows: for any open set U C X/R, (,O/R) (U)={f: U—C,
fop ET(p'(U), x0)}.

DEFINITION 2. An equivalence relation R on X is called proper if for any
compact set K C X, the R-saturated set R(K') (i.e. the union of all equivalence
classes meeting K) is also compact.

This condition is equivalent that X/R is locally compact and the natural
projection p: X — X/R is proper.

DEFINITION 3. Let A be a subset of X and R an equivalence relation on
A. The trivial extension R of R to X , an equivalence relation on X, is defined
by
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~ R(x), forx €A,
R(x) =
{x}, for x ¢A,

where R(x), x € A, denotes the equivalence class by R containing x.

Let (4, 4 0) be a nowhere dense analytic set of (X, ,0) and R an equiva-
lence relatxon on A. Then we have the local ringed quotnent spaces (4/R,
40/R), (X/R, XO/R) Letp: A— A/R, p: X — X/R be natural projections
and~ i: A — X the injection. Then there exists the canonical mapping j: 4/R —
X/R (poi=jop)and;jisamorphismin L.

LEMMA 1. X/E is the pushout foriandpin L.

Proor. For any object Z and morphisms u: 4/R —Z, v: X —Zin L
with v o i = u o p, we define the mapping as follows: for any X € X/R we put
@(X) =v(x) (x € p~!(X)). Then this is well defined. In fact p(x) =p(x")
(x, x' € X) implies v(x) = v(x'). Now g is continuous with v =g o p,and u =
@ojsince uop=yojo pandp is surjective.

Z
v —9

X—:—*X/ﬁ'

{71/

A——4/R

For any f € ZOW(X)(x € X/R ), there exists f € (XO/R )z with v} (f) =
f o p. And we put «p._ (f) = f Then ¢* holds commutativity and

is unique. Hence X/R is the pushout in L for i and p. Q.E.D.

DEFINITION 4. An analytic set A C X is called contractible in X if 4 is
nowhere discrete, compact and if there exist an analytic space Y and a surjective
proper holomorphic mapping ¢: X — Y such that y(4) =: y, € Y and the re-
striction Y |(X — A) — (Y - {y,}) is biholomorphic.

DEFINITION 5. An analytic set 4 C X is called retractable if there exists a
holomorphic retraction of X to 4 (i.e. a surjective halomorphic mapping r:
X — A withr|l4 =id ).

DEFINITION 6. A morphism f: (X, x0) — (Y, ,0) in L is called quasi-
finite if for any x € X, 0, /( fx*(Mf(x))) is a finite dimensional vector space
over C, where My, is the maximal ideal of y 0.

Let (4, 4 0) be an analytic set in (X, , 0) and R a proper equivalence re-
lation on A such that A/R is an analytic space. Using the results by B. Kaup [6]
and the method of H. Kerner [8], we shall show the sufficient conditions under
which X/ﬁ is an analytic space.



372 KUNIO TAKIJIMA AND TETSUTARO SUZUKI

THEOREM 1. X/ﬁ is an analytic space, if one of the following statements
is satisfied:

(1) R is finite (i.e. every equivalence class of A by R is a finite set).

(2) A is contractible in X and the canonical mapping j: A/R —»X/E is
quasi-finite.

(3) A is contractible and retractable in X.

Proor. (1) From Lemma 1, X/E is the pushout for the injection i: 4 —
X and the natural projection p: A — A/R. Hence, by B. Kaup [6, Satz 1.8],
X/E is an analytic space.

(2) If A is contractible in X, A is exceptional in X in the sense of B. Kaup
[6]. Hence, by Lemma 1 and B. Kaup [6, Aussage 1.11], X/i is an analytic
space.

3) Ris proper since, for any compact set K C X, X’(K )=KURK)is
also compact in X.

By the assumption, there exist an analytic space Y, a surjective proper holo-
morphic mapping ¢: X — Y and a holomorphic retraction r: X — A. Then we
have a surjective morphism 7: X/R — A/R with 7o 7 = p o r. In fact, for any
Xe€ X/§ , we put

F(X)=porx) &EP X))
Then 7 X/R — A/R is well defined.
X _7, X/R
)7, A
A—2 4R

Now, we claim that (X/R, xO/R) is locally morph-separable (i.e. for any

xXe X/R there exists an open nelghborhood Uuc X/R such that I'(J, XO/R)
separates points of U). Then (X/R, XO/R) is an analytic space by H. Cartan
[1, Main ’I’heorem]

Let X be a point of X/R We may assume that X € j(4/R). Then there
exists an open neighborhood V of x = 7(x') such that I'(V, 40/R) separates
points of ¥ and also there exists an open neighborhood O C Y of y , such that
IO,  0) separates points of 0. Since W := \I: 1(0) C X is an open neighbor-
hood of 4, we have p"(p w)=w, hence P (W) is an open neighborhood of
x. Thus,sois U:=p (W) N 7-1(¥) C X/R. We can show that U satisfies the
above statement. Let y, Z be any distinct points in U. Then there exist two
distinct points y, z in X such that D(y) = 5, p(z) = 2. If ¥(») # ¥(z), we
have f€ET(0, y 0) with fo Y(¥)# fo ¥(z). And fo Y ET'(W, x0) is constant
on A. Put
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~ $f° Vo (PIW=-A)1(W), for WETW - A),
F(w) = -
F(¥4)s | for W € 7).

Then F € T(5 (W), x0/R) CT(U, xO/R) and fo ¥ = F o P in W. Therefore
F(¥)#F(2). If Y(¥) = ¥(z), then y, z € A and p(y) # p(z). Hence we have
gET(V, 40/R) withg o p(y) # 8o p(z). Putin U,G:=g o T;then GE

', XO/R ) thh G(¥)# G(2), since r: X — A is a holomorphic retraction.
Thus (X/R XO/R) is locally morph-separable. Q.E.D.

REMARK 1. We can easily find the examples such that X/;Q' is not an
analytic space, in the case that R is not finite in (1), or 4 is not contractible in
(2), (3) respectively.

COROLLARY 1. Let (X, x0), (4, 40) and R be as in Theorem 1, (1) or
(3). Then A/R is embedded in X/R. In particular, in the case of (3), A/R is
contractible and retractable in X/R.

ProoF. The canonical mapping j: A/R — j(4A/R) is a holomorpllic homeo-
morphism since j is proper. We assert that for any 2 € A/R, j*: xO/RYGy—
a
(4 O/R)~ is surjective.
(l) For any f € (,0/R)..(a'E€ A/R), we have p* (f) € 40, (@ €p~1(a)).
Then there exists g € x 0, with i*(8) = pX(f). Since p is finite proper, we have
GE(x O/R )@ with p,*(G) = g. Then it follows that ],., G =r

(3) Since 7o j=id 4 /R> SuTjectiveness of j ],; is evident and in particular 7’

is a holomorphic retraction. Therefore A/R is retractable and contractible in
X/R. QE.D.

3. Applications. We now consider the following problem: Let (X, x0)
and (M, »,0) be analytic spaces, A a nowhere dense analytic set in X and h:

A — M a surjective proper holomorphic mapping. Then, does an analytic space
Y exist with the following property (P)?

(P) There exist a surjective proper holomorphic mapping %:X— Yand
an injeﬁtion j: M — Y such that the restriction ‘l\x'IA =jo hand 7{1 X-4)—
(Y- 4A4) (Z = Z(A)) is biholomorphic.

DEFINITION 7. We say that a reduced analytic space X is maximal if, for
any open set U C X and a nowhere dense analytic set S C U, every continuous
function on U which is holomorphic on U — § is actually holomorphic on U.

REMARK 2. If an analytic space (X, ,0) is maximal, x 0 is the maximal
reduced complex structure on X.

I.ct X, A and R be as in Theorem 1 (1) or (2) or (3). If X is maximal, so
is X/R.



374 KUNIO TAKIJIMA AND TETSUTARO SUZUKI

Let R, be the equivalence relation on A defined by h: A — M (i.e. for
any u, v € 4, u R, v means h(u) = h(v)). Then R, is proper and, if M is maxi-
mal we can show that A/R,, M are isomorphic. Thus from Theorem 1 and
Corollary 1, we have

THEOREM 2. If (1) or (3) in Theorem 1 is satisfied for X, A, R, and M is
maximal, there exists an analytic space Y with the property (P).

COROLLARY 2. Let X, A, M and R,, be as in Theorem 2. Suppose that
X is maximal. Then any maximaL analytic space Y' with the property (P) is bi-
holomorphically equivalent to X/R,,.

ProoF. Let p': X — Y' be a surjective proper holomorphic mapping and
j't A/R, — Y’ an injection such that the restriction p'l4 =’ o p and Pl(X - A)
— (Y’ - p"(A)) is biholomorphic. Then, from Lemma 1, we have the unique
holomorphic mapping ¢: X/;fh —Y'withp' =vop,j' =voj

4——A[R,

Since the restriction Y| (X/kh - P(A) — (Y' - p'(4)) and VIj(4/R,) —
J'(A/R,,) are biholomorphic, V¥ is bijective. Moreover, ¢~ ! is continuous since
p' is proper. Hence V¥ is a holomorphic homeomorphism. By assumption, Y is
maximal, thus  is biholomorphic. Q.E.D.

Now, using Theorem 1, (3), we shall extend Satz 1 of H. Kerner [8]. Let X
be a connected complex manifold and 4, a contractible and retractable analytic set
in X, . Let R, be an equivalence relation on A4, such that A, /R, is an analytic
space and dim, R, (a) >0 for any a € 4, (k = 1, 2). If R, is proper, X,‘/‘l\%'k is
an analytic space and the natural projection E'k: X, —X k/ﬁ,‘ is proper holo-
morphic. Let r,: X, — A, be the holomorphic retraction. Then we use the
following result.

LemMMA 2 (H. HOLMANN [5]). Let X be a complex manifold and A an
analytic set in X. Suppose that r: X — A is a holomorphic retraction. Then A
is a closed complex submanifold of X and, for any a € A, there exists an open
neighborhood U C X such that the restriction r|U is a holomorphic projection
(i.e. there exist two complex manifolds M,, M, and a biholomorphic mapping
T:U— M, x M, such that pr = Toro T™', where pr: M, x M, — M, x
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My, prix,, x;) = (x,, xg) Jorany (x,, x,) EM, x M,, x‘z’ is a fixed point).

If v is a holomorphic mapping of an analytic space X into an analytic
space Y, we put f.m.d. p:=min dimxsp"(cp(x)). Then using Lemma 2 and
the assumption dim,R, (a) > 0, we can prove the next lemma in almost like
manner as in [8].

LrMMA 3. Suppose that fm.d. r, 2 2. Then 4 k= ;)'k(A x) is the set of
all singular points of X, /R, .

THEOREM 3. Suppose that fm.d. r, 2 dim 4, + 2. If X, /1? yand X 2/1‘32
are analvtically equivalent, the following diagrams (k = 1, 2) are analytically
equivalent.

Proor. We first show that

(*) fmd.r, 2dim4, +2

in some open neighborhood of 4,.

~

pk ~
Xk Xk/Rk

iy Ik
Dy
Ay > A/ Ry

By assumption, any point of A, (k = 1. 2) has an open neighborhood with
the property stated in Lemma 2. Let O, be the union of all such open neigh-
borhoods. Then

dim 0, — dim 4, > f.md.r, >dim 4, + 2.

Since dim 0, = dim 0,, it follows that
f.m.d. (r10,) = dim O, — dim 4, > dim A, +2.

Hence, by Lemma 3, A k= pk(A ) (k =1, 2) is the set of all singular
points of X k/R Let y: X, /R — X2/R be the biholomorphic mappmg

Then t[l(A ) A2 and there exists an open neighborhood U, C X, k/Rk of Ak
with Uy := pk (Uk) C 0,.

We now assert that there exists a holomorphic mapping y~: Uy — U3
such that Y o p, =P, o Y~. We put

VY=Y, -4, > U, - 4,),

P =DelUg - 4)—> U, -4,) (k=1,2).
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These mappings are biholomorphic. And we put,on Uy —4,,7:=r,0
P3)"' o ¥” o py. Then 7: (U — A,) — A4, is also holomorphic. Since
fmd.r>dim 4, + 2 on U — A4,, we have the holomorphic mapping 7: U;
— A, such that 7| (U — 4,) =7 [9, Satz 2]. Define the mapping y": U;
—> U3 as follows:

(P35 e ¥ o Pi(x), forx€U; -4,
i o T(), forx€4,,

Vi) = g

where i,: A, — U} is the injection. Remark that 7=r, o ¥~ on U;.

Then we can show that y~: Uy — U7 is continuous. To show this, it
suffices to say that Y~ is continuous at any a € A, , and hence, for any sequence
{a,} C Uy — A, which converges to a, {w*(a,,)} converges and lim,,_,,, ¥ “(a,)
= y~(@).

{¥°@,)} ={p5'(¥ o B,@,)} C Uy — A, has cluster points in U since
52 is proper, and they must be contained in A,. Further, the cluster points are
unique and coincide with ¥~ (@). In fact, if a is a cluster point of {(¥°@,)},
we have a subsequence {a},} of {a,} with lim,_,., 5 o ¥ o 7,(d,) = a. Then

a=r@=r, (nanl Prlovo 'i'l(a;,))
= nl_i:g r,ob;le o p(@)= ,.]-i-.l?. 7(a,)
= ,,l-i.nl T@,)=7@=y"@).

Hence lim,,_, ., ¥~ (a,) = ¥ ~(a). Therefore Y~ is continuous. Since Ugisa
complex manifold (¢ = 1, 2) and ¥ |(U; - A, ) is holomorphic on U; — 4,,
¥~ is holomorphic on U. Further, Y o p, =P, o ¥~ on Uj.

To complete the proof of the theorem, it suffices to show that " is bi-
jective and its inverse is holomorphic. By (*), we also have the holomorphic map-
ping (W=')": U3 — Uy such that y=! o §, =B, o (¥~!)" on U;. Then it
follows that
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W H oy =id on /8
Y o ()Y =id onU;.
Hence Y ~: Ur — Uy is biholomorphic and, in particular, Y~ (4,) = 4,. There-
fore 4;, X; and A, /R, (k = 1, 2) are analytically equivalent respectively, and
the two diagrams are analytically equivalent. Q.E.D.

REMARK 3. H. Kerner [8] has treated the case that r,: X, — 4,
(k = 1, 2) is a weakly negative vector bundle and R, (a) = A, for any a € 4,.
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