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FREDHOLM QUADRATIC FORMS
AND INTEGRAL-DIFFERENTIAL EQUATIONS
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ABSTRACT. An approximation theory is given for a very general class of
elliptic quadratic forms which includes the study of 2nth order (usually in in-
tegrated form), selfadjoint, integral-differential equations. These ideas follows in
a broad sense from the quadratic form theory of Hestenes, applied to integral-
differential equations by Lopez, and extended with applications for approxi-
mation problems by Gregory.

The application of this theory to a variety of approximation problem areas
in this setting is given. These include focal point and focal interval problems
in the calculus of variations/optimal control theory, oscillation problems for
differential equations, eigenvalue problems for compact operators, numerical
approximation problems, and finally the intersection of these problem areas.

In the final part of our paper our ideas are specifically applied to the con-
struction and counting of negative vectors in two important areas of current
applied mathematics: In the first case we derive comparison theorems for gen-
eralized oscillation problems of differential equations. The reader may also ob-
serve the essential ideas for oscillation of many nonsymmetric (indeed odd order)
ordinary differential equation problems which will not be pursued here. In the
second case our methods are applied to obtain the “Euler-Lagrange equations”
for symmetric tridiagonal matrices. In this significant new result (which will
allow us to reexamine both the theory and applications of symmetric banded
matrices) we can construct in a meaningful way, negative vectors, oscillation
vectors, eigenvectors, and extremal solutions of classical problems as well as
faster more efficient algorithms for the numerical solution of differential equa-
tions.

In conclusion it appears that many physical problems which involve sym-
metric differential equations are more meaningful presented as integral differ-
ential equations (effects of friction on physical processes, etc.). It is hoped that
this paper will provide the general theory and present examples and methods to
study integral differential equations.
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320 J. GREGORY AND G. C. LOPEZ

1. Introduction. The main purpose of this paper is to present an approx-
imation theory of quadratic forms which is applicable to a very general class of
quadratic forms and to linear selfadjoint operators of a generalized Fredholm
type. That is 2nth order, integral-differential systems such as 75(¢) = v;,""(t),
or as the generalized system'

[T" )

d — [r"" O] +... + D3] =0,

where arcs x(t) = (%, (), x5(9), . . ., x,(2)) define equations
74O = R(xP @) + [ Ky, 0x(s) as,
v (@) = f: 78(s) ds + ¢§,
vE() = f: [r5(s) - l(s)] ds + ck

(a,8=1,...,p;k=1,. n-1,i,j=0,...,n). IntheaboveRZB(t),
KY p(?) satisfy smoothness and symmetry propertxes sufficient to guarantee that
our system is the Euler-Lagrange equation for an appropriate quadratic form;
xg)(t) denotes the ith derivative of the ath component function; and repeated
indices are summed. For p = 1 and n = 1 we obtain (ignoring subscripts) the
generalized equation

E(ti [Ri 1)xD () + L > Kil(s, H)x(s) ds]

- Rio(t)x(i)(t) + J-abKiO(s, t)x(i)(s) ds

where i = 0, 1. For p = 1 we obtain the 2nth integral-differential equation
(in generalized form)

—[ 0] -

e o) + O] -+ (0 =0,

Applications of our theory to approxxmatmg problems dealing with eigen-
value problems, oscillation problems or focal point problems, and numerical
problems will be considered.

The fundamental quadratic form theory was given by Hestenes in 1951 to
handle recurring “second variation” problems in the calculus of variations. This
theory was generalized by Gregory to an approximation theory of quadratic
forms. In one sense this paper is an application of these ideas to a very general
problem in differential equations.

The outline of this paper is as follows: In §2 we present the theory of
quadratic forms by Lopez. The connection between the quadratic form theory
and the Euler-Lagrange equations, plus the transversality conditions discussed
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below, are the main results. In §3 we present the approximation theory of
quadratic forms by Gregory which is sufficiently general to handle the quadratic
forms in §2. The main results are given in terms of inequalities involving non-
negative indices. In particular we show that the hypotheses for these inequalities
are sufficiently general to include the “resolution spaces” of Hestenes [6] for
focal point theories and *“continuous™ perturbations of coefficients of quadratic
forms and integral-differential equations.

In §4 we extend the approximation setting of §3 to obtain an approximate
theory of focal points and focal intervals. These results are then interpreted to
obtain existence theorems and other properties for 2nth order integral-differential
equations systems. In §5 we discuss in (a general way) how this theory may be
applied to a multitude of problems. In particular we discuss in some detail the
application to numerical focal point problems.

The inequalities such as (15) are used on three levels in this paper. The
first level leads to a theory of quadratic forms with applications given by Hes-
tenes [6] and Lopez [8]. The second level leads to an approximation theory for
“level one” problems exemplified by Theorems 11 to 15. A third level is a nu-
merical approximation theory for the “level two” problems such as in §5.

The statements “2nth order equations” or “generalized equations” refer to
the integrated form 75(f) = v[,'“(t), or to the nth derivative of this expression
if it exists.

2. Fredholm type quadratic forms. In this section we give the quadratic
form theory leading to the integral-differential equations of §1. A part of this
section is found in [8]. This work is an “application” of the quadratic form
theory of Hestenes [6].

The fundamental Hilbert space A considered in this section is the set of
functions z(f) = [z,(¢), . . . , 2,(#)] whose ath component, z,(?), is a real-
valued function defined on the interval 2 <t < b of class C"}; zc(,"'l)(t) is
absolutely continuous and zg')(t) is Lebesgue square integrable ona <t < b.
The inner product is given by

) (. ) = xP@yP@ + [y at

wherea=1,...,p;k=0,...,n—1; superscripts denote the order of differ-
entiation; and repeated indices (except for n) are summed.
The fundamental quadratic form J(x) is given by

I =HE + [ [Tk, 0xD©xP) ds dt

@ b o
+ [ RE0x00x0) at
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(a9 B =1,... » P i,j= o,... s n)a where Ruﬁ(t) R (t) are essentlally
bounded and integrable functions on a <t < b;

3 H(x) = AKLx) (@) x{(a),

Akfi = A < (k,1=0,...,n—1) are n*p? real numbers; K B(s D= K’ o (s 5)
are essentlally bounded and integrable functions ona <t < b; and

C)) Reg(Omymg > hm,m,

holds almost everywhere ona <t < b, for every m = (m,, ..., m,) in EP, and
some k > 0. This inequality is the ellipticity condition of Hestenes in this set-
ting [6].

The connection between the quadratic forms and integral-differential equa-
tions is now given.

Let B denote a subspace of A such that x is in B if and only if

(52) L) =M xP@ =0, x®)=0

(B=1,...,pk,1=0,...,n=1;7=1,...,m<np) where M¥  are
real numbers such that the linear functionals L, (x) are linearly independent on
A. Let B(A), a <A\ < b, denote the subspace of B whose component functions
satisfy

(5b) xF()=0 onA<t<bfork=0,1,...,n-1.
For any arc x(f) in A set
(6) ri(®) = REOxP) + [ Kl (s, 030 ds
for almost all £ on @ <t < b. Define the recursive relations
(72) v3 () = f; 79(s) ds + g,
M) @)= [ [fEO-k @Ol dr+ck  k=1,....n-1),

where cf, . .., cf~! are real numbers. Let J(x,y) be the bilinear form asso-
ciated with J(x), i.e. J(x) = J(x, x).

THEOREM 1. Let J(x) be the quadratic form given by (2). There exists
an arc x = (x,(t), . . ., x,(¢)) in A such that J(x,y) = 0 for all y = (y,(?),
-+ ¥p(®) in BQ\) if and only if the constants ¢§, . .. ,cg~" in (7) and con-
stants yt,, . . . , M, can be chosen such that the Euler equations

® 5O =v"' ) B=1,...,p)

hold almost everywhere on a <t < \, and the transversality conditions
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)] A’;fgxgk)(a) +u, Mg - vh@) =0
hold at t = a.

The proof of this result follows in the expected way from the method of
integration by parts or by the Riesz Representation Theorem for Hilbert spaces.
Forn =1 and Kzﬁ(s, t) identically zero for all indices, the results are given in
Hestenes [6, pp. 535, 541, 542].

We remark that [10] gives a more general theorem and includes the com-
plex case. We also note that (8) is the integrated form of the 2nth order inte-
gral-differential equation (if it exists)

T
(10 = [0

o [TIO1 e C) 0 =0,

3. The approximation theory. In this section we state the fundamental
approximation hypothesis. As examples of this hypothesis we show ( in Theo-
rem 8) that our hypothesis is satisfied by approximation quadratic forms on the
space B of §2 defined by (5a). In Theorem 10 we show that our hypothesis is
satisfied by the “resolution spaces” B()) of (5b).

We now state the approximation hypothesis given in [1]. These hypoth-
eses are contained in conditions (11) and (12). In this section A will denote a
Hilbert space with inner product (x, ¥) and norm |ix|| = (¢, x)!/2. Strong con-
vergence will be denoted by Xq = Xg and weak convergence by X, > Xg. The
bilinear forms Q(x, y) in this paper are assumed to be bounded and symmetric.
The associated quadratic form is given by Q(x) = Q(x, x).

Let Z be a metric space with metric p. A sequence {0, }in T converges
to g, in Z, written 0, — gy, if lim,_..0(0,, 05) = 0. For each o in Z let
A(0) be a closed subspace of A such that

(11a) if o, — 0y, x, in A(0,), X, — y, then y, is in A(gp);

(11b) if x; is in A(0g) and € > O there exists § > 0 such that whenever
p(0, 0y) <8, there exists x, in A(0) satisfying [lxy — x,ll <e.

For each ¢ in T let J(x; 0) be a quadratic form defined on A(0) with
J(x, y; 0) the associated bilinear form. Forr=0,1,2,...let x, be in A(g,),
¥, in A(0,) such that: if x, — x4, y, =y, and 0, — 0, then

(12a) lim J(x,,»,; 0,) =J(xq, 70 0p);
y=—oco
(12b) ’h:nL infJ(x,; 0,) = J(xy; 04);
(12¢) rh=n; J(x,; 0,) = J(xg; 0p) implies x, = x,.

The form J(x) is elliptic on A if conditions (12b) and (12c) hold with
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J(x) replacing J(x; 0) and A replacing A(0). The signature (index) of Q(x) on
a subspace D of A is the dimension of a maximal, linear subclass E of D such
that x # 0 in E implies Q(x) < 0. The nullity of Q(x) on D is the dimension of
the space Dy.= {x in D| Q(x,») =0 forall y in D}. It can be shown that the
sum of the index and nullity is the dimension of a maximal subclass F of D such
that x # 0 in F implies @(x) < 0. In this paper we denote the index and nullity
of J(x; 0) on A(0) by s(0) and n(o) respectively. Finally the bilinear form
O(x, y) is compact if Xq = xo and y, —> y, implies Q(x,, y4) —> Q(xy, ¥o)-
Q(x) is compact if Q(x, y) is.

Theorems 2 to 5 have been given in [1].

THEOREM 2. Assume conditions (11a), (12b) and (12c) hold. Then for
any o, in Z there exists 8 > 0 such that p(o,, 0) <& implies

(13) s(o) + n(o) < 5(0p) + n(ap)-

THEOREM 3. Assume conditions (11b) and (12a) hold. Then for any o,
in X there exists & > 0 such that p(o,, 0) <& implies

(14) s(0) < s(0).
Combining Theorems 2 and 3 we obtain

THEOREM 4. Assume conditions (11) and (12) hold. Then for any o,
in X there exists 5 > 0 such that p(0, 6,) < & implies

@15) $(0,) < 5(0) < 5(0) + n(0) < (o) + n(op).

COROLLARY 5. Assume & > 0 has been chosen such that p(0, 0y) < &
implies inequality (15) holds. Then if p(o, 0y) <& we have

(162) n(o) < n(op),
(16b) n(0) = n(o,) implies s(0) = s(oy),
a7 n(o,) = 0 implies s(0) = s(0p) and n(o) = 0.

In the remaining part of this section we show that problems of §2 satisfy
the hypothesis given at the beginning of this section and hence Theorems 2 to
5. Theorem 6 characterizes weak and strong convergence in A with inner pro-
duct given by (1). This result is the expected generalization given by Hestenes
[6, Lemma 4.1] for n = 1 and K p(s, ?) identically zero for all indices. Theo-
rem 7 describes the compact (weakly continuous) quadratic forms associated
with J(x) given by (2) and contains one of the fundamental ideas of elliptic
or Legendre forms given by Hestenes [6, Theorem 11.6]. Both theorems are
givenin [8]. In Theorem6leta=1,...,pandk =0,...,n— 1; then we have
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THEOREM 6. The relation x, = [x,((2), X4,(2), . . ., X4 ,(¢)] converges
strongly to xo = [x¢,(£), Xo2(0), . . . , Xo,(8)], denoted by x, = x,, holds if
and only if, for each o and k, xg';)(O) -->x(") (0) and x(”)(t) — x(")(t) in the
mean of order two. Similarly x, converges weakly to x, denoted by x, — x,,
holds if and only if, for each o and k, x((,';)(O) — xf,';)(O) and xg'(',)(t) — xg';)(t)
weakly in the class of Lebesgue square summable functions. In either case for
each o and k, xf,';)(t) — xf";)(t) uniformly ona <t <b.

THEOREM 7. If J(x) is given in (2) and
b
D(x) = [ REn()x(0)x{() dt
then K(x) = J(x) — D(x) is compact.

We note that K(x) is J(x) except for the terms which give rise to the

principal part

d2n
O x O @f=1.....p)

of equation (10). Furthermore D(x) is elliptic (in the sense of Hestenes) and
generates a norm on B equivalent to (1). If K,(x) is any compact form then
K,(x) + D(x) is elliptic and thus has finite index and nullity.

In the remainder of this section we assume for each ¢ in a metric spaces
(Z, p) quadratic forms of the type

J(x; 0) = A, x¥N a)x{(a)

afo
b . ) .
(18) + f f . Kzﬁo(s, t)xg)(s)xfg’)(t) ds dt

+ RIS (xO0xP(2) dt

where the indices a, B, k, 1, i, and j, symmetry and smoothness properties of

aﬁo, Kaﬁo, and Raﬂa are those associated with equation (2). In order to illus-
trate later developments we will show that conditions (12) hold if the coefficients
Aaam K7 apo(Ss 1), and R, 5,(£) of (18) are continuous in ¢ and continuous (for
fixed 0) in the independent variables ¢ and s. We will also show that conditions
(11) hold on “resolution subspaces” B(A) of B.

THEOREM 8. Let B denote the space of functions given by (5). Let A¥! afos
Bo(s 1), and R, 5,(t) satisfy the continuity properties given above. Then con-
ditions (12) hold on B.

For (12a), if x, — x4, y, = ¥, and 0, — 0, then

W(x,,»,:0,) = J(xg, Y0 0g) | < IJ(x,,¥,; 0,) —=J(x,,7,; 0)|
+ lJ(x,; Yy Uo) —J(xo,yo§ 00) R
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The second term becomes arbitrarily small as J(x, y; 0,) is elliptic on B. That
is it can be expressed as the difference D(x, y) — K(x, y) where D is topolog-
ically equivalent to the inner product (x, ), and K(x, ) is compact. Equiva-
lently the second term becomes small by use of Theorem 6 since the coefficients
are fixed.

The first term is bounded by M, Y(a)lix,ll Ily,ll < M,¥(0) where

V(o) = 3sup{ lRZﬁoo(t) - RZao(f) Ia‘KZBoo(s’ - Kiaiﬁo(sa i, lA,(;;ioo - A,ocz;o 1}

and the supremum is taken for s, ¢ in [a, b]};,8=1,...,p;0,j=0,...,n;
k,1=0,...,n—1. Thus the first difference tends to zero as ¢ — g, by the
continuity of the coefficients and the fact that both weak and strong convergence
implies boundedness by Theorem 6.

Similar arguments for (12b) and (12¢) hold. For example, if x, — x,
then

J(x,; 0,) —J(xq; 09) =J(x,; 0,) =J(x,; 09) + J(x,; 0g) —J(x¢; 0p)-

Since
[ (x,;0,)—J(x,;00) | <M3¥(0,) =0 aso, — 0,
(12b) holds since J(x; o) is elliptic and hence
Jim_infJ (x,; 09) = J (o5 0¢)-
Finally if x, — x4, 0, — 0y, J(x,; 0,) — J(xy; 0g), then
[T (x,; 0,) —J (xg; 0g) | = 11T (x5 0,) =T Cxr; 0p) | = 1T (x5 09) =T (x,5 0p) | I.
As above J(x,; 0,) — J(x,; 0q) so that J(x,; 05) — J(xy; 05). But J(x; 0p) is
elliptic and therefore x, = x,. This completes the proof.
For the next theorem we will define a resolution {RQ\)|la <A <b}ofa
subspace R. That is for each A in [a, b], let R(QA) be a closed subspace of R

given by (5) such that R(@) = 0, R(b) = R,a <\, <X, <b implies RQ\;) C
R(@;). We usually require one or both of the additional hypotheses:

(192) RQy) = N RQ) whenevera < Ao <b;
Ao<A<D
(19b) ROy =c{ U RQA)) whenevera<i,<b
0 0
asA<}i,

where cl(S) denotes the closure of the set S.
Theorem 9 has been given in [2, Theorem 2].

THEOREM 9. Hypothesis (19) implies (11) in the R, o setting. In par-
ticular (19a) implies (11a) while (19a) implies (11b).
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Thus, in particular, for the resolution spaces given by (5b) we have
CoROLLARY 10. Hypothesis (5b) implies (11).

4. The approximation results. In this section we will show that inequality
(15) can be applied in a general way to obtain an approximation focal point
theory. This theory can then be applied to a multitude of approximation prob-
lems for 2nth order integral-differential equations of form (10).

Let M = A x Z be the metric space with metric d defined by d(u,, u,) =
A, =7\ | + p(0y, 0y) where g = (A, 0,), iy = (3, 03); (Z, p) is a metric
space; and A = [a, b] with the usual absolute valued metric. For each u =
Q\, 0) in M and J(x; o) in (18), define J(x; u ) = J(x; 0) on the space C(u) =
A(0) N BQN). Let s(u) = s(A, o) and n(u) = n(A, 6) denote the index (signature)
and nullity of J(x; 1) on C(u).

In many senses Theorem 11 is the main result for applications to approx-
imation problems. It allows us to extend (15) to more general problems. This
result has been given in [3, Theorem 7].

THEOREM 11. Assume that the quadratic forms J(x; ¢) and the spaces
A(0) satisfy (11) and (12). For any py = (N, 0p) in M there exists § > 0
such that if p = Q\, 0),d(uy, u) <& then

(20)  s(ag, 0g) <5, 0) <5\, 0) + nQ\, 0) < 5(Ag, Gp) + 1Ay, Gp)-

Furthermore
(21)  nQ,0,) =0 implies s\, 0) =s(\g, 0p) and n(A, 0) = 0.

We now digress to interpret Theorem 11 for the integral-differential equa-
tions (8) or (10). For convenience we will assume A(u) = B. Foreach oin Z
and quadratic form J(x; o) given by (18) let

(©)o ha®) = RUg x4 (1) + [ Kl3o (s, x(6) ds,
(7a)o 0o () = [178,() ds + 3,

(Tb)o Via®) = [ 17, () = ol ] ds +
®) 8 (0) = ' O,

©)o AL 30@) + 1y Mg = vho @) = O,

(100 — [r5, (O] - dt"“ [Tg"'(t)] +ee )R =0
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be associated with equations (6) through (10) in the obvious manner. We recall
that the nullity of Q(x) on D is the dimension of Dy where Dy = {x in D|
Q(x,y)=0forall y in D}. Then by Theorem 1 we have

THEOREM 12. The integer n(\, o) is the number of distinct nonzero so-
lutions x(£) = (x,(£), x,(0), . . . , xp(2)) to

®)o 75, (0) = v (1)

satisfying the transversality conditions

9)o Agéaxgk)(a) + o Myg = V(@) =0
and the boundary conditions
22) MExP@ =0, V=0

(,f=1,...,p:k,1=0,...,n-1;y=1,...,m<np).

We note that for o, fixed s(A, 0y) and m(Q, gy) = s\, o) + n(A, 0,) are
nondecreasing nonnegative integer-valued functions of A. It has been shown in
[2, Theorem 6] that s(A — 0, 0) = s(A, 0) and in [2, Theorem 8] that the dis-
joint hypothesis of Theorem 13 implies s(A + 0, 0) = s\, 0) + n(A, 0). Thus
SAA + 0, 05) —s(A — 0, 0y) = n(\, 0y). These results follow from (20). This
disjoint hypothesis is usually called “normality” in problems of differential equa-
tions, calculus of variations, and control theory.

A point A at which s(A, 0,) is discontinuous will be called a focal point
of J(x; o) relative to BQA\) (A in A). The difference fQA, 0y) = s(A + 0, 0p) —
s(A — 0, g,) will be called the order of the focal point. A focal point will be
counted the number of times equal to its order.

THEOREM 13. Assume for o, in Z that Cy(A;, 0g) N Co(A,, 0p) =0
when \; # A, , then f(a, 05) = 0, f(A, 0) = n(\, 0p) ona <A <b. Thusif
A, in A the following quantitie$ are equal:

(i) the sum Z ¢ <» onO\, 0y),

(i) the signature s(\y, 0,) of J(x; 6) on B(Ay),

(iii) the sum Z s(\; + 0, 0y) — s(\;, o) taken over all \;, such that a <
A; <)\ and s(\, o) discontinuous at N,

(iv) the number of focal points on a <\ <},

(v) the number of \; and corresponding x # 0 as described in Theorem 12
witha <\, <2,.

For the approximation setting we can say much more. In the next two
results we assume that g, in Z satisfies Co(A,, 0p) N Co(A;, 09) = 0 when
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A, #\,. Since this implies that n(A, g5) = 0 except for a finite number of
points A in A we have

THEOREM 14. Assume \' and \" are not focal points of 6y (a <\' <
A" < b) and N (05) <Ay 41(0p) S * * * <Ny 4 41(0,) are the k focal points
of 0, on (\', \"). Then there exists an € > 0 such that p(o, 04) < € implies
Ag(0) <Ay 41(0) <o * <Ay 4—1(0) are the k focal points of o on (\', \").

COROLLARY 15. The kth focal point N, (0) is a continuous function of
g(k=-1,2,..).

We now turn our attention to the case where a nonzero solution to "pa ®
= vﬂa (t) subject to (9)o is identically zero on a subinterval of A (* abnormal”
problem) In this case f(A, 0y) # 0 if and only if A is the right-hand endpoint
of the subinterval; s(b, 0,) counts the number of such intervals. A detailed ex-
planation of abnormal problems may be found in [2] and [3]. This phenomenon
is the “focal interval” problem encountered in optimum control theory. It
should be regarded as a generalized type of oscillation problem.

5. Further problems. The purpose of this section is to indicate how this
theory may be applied to a variety of problems in this setting. For purposes of
convenience we will designate problem areas in the following way: (F) will de-
note the approximation theory for focal points and focal intervals discussed in
§4; (E) will denote the approximation theory for eigenvalues of compact oper-
ators (quadratic forms) in this setting; (0 ), oscillation theory; (N), numerical
approximation. We also note that these problem areas have interesting inter-
sections, for example: (FN) denotes a numerical approximation theory for focal
points, (EN ) denotes a numerical approximation theory for eigenvalues of
compact operators, etc. It can be shown in many cases that our numerical
theory leads to efficient numerical algorithms. In this paper we will consider
additional areas (0) and (FN).

(0) The problem of oscillation for general Fredholm equations. While
there is a great deal of mathematical literature on oscillation theory for less gen-
eral problems we note that the oscillation problem as we define it is an imme-
diate consequence of our theory on focal points. In fact we will “define” os-
cillation points to be the same as focal points (just preceding Theorem 13). Our
definition is not the usual definition (except for normal problems with n = 1)
which requires a nonzero solution to vanish. In our case we will require con-
ditions such as (9)o and (22) in Theorem 12. In particular we note for 2nth
order differential equations we require not only x(A) = 0 but also xX)(A) = 0
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(I=1,...,n—1). This definition is more “operable” in that it makes sense
when talking about optimum problems for calculus of variations/optimum control
theory, comparison theorems and Sturm separation theorems.

Thus an approximation theory for oscillations of generalized Fredholm
equations is immediately obtained from Theorem 12 with the definition of os-
cillation in the next paragraph, the inequality results (20), and the results in
Theorems 13 to 15.

Let oin Z,X in A = [a, b] and assume the notation and setting of §4.
For each ¢ in Z we will say that the quadratic form J(x; o) in (18), subject to
the boundary conditions M’ 7a ka)(a) 0, is oscillatory of degree m if s(b, 0) =
m. Equation (8)o is oscillatory of degree m on a <t < b if there exists a non-
zero solution x(¢) to equation (8)0 such that the associated quadratic form
J(x; 0), subject to the boundary conditions M’.;a f!k)(a) is oscillatory of degree
m. In this case the vector x(¢) is an oscillatory solution of degree m ona <t <
b. Equation (8)c is oscillatory if for any integer my > O there exists real num-
bers @ < b such that equation (8)o is oscillatory of degree m on a <t < b and
m = m,. Finally equation (8)o is nonoscillatory if it is not oscillatory.

We remark that problem type (ON) follows immediately from our ideas in
the same way that problem type (FN) follows from (F) in the remainder of
this paper.

(rN) The numerical focal point approximation problem. The notation will
be a continuation of the notation in §4: Let ¥ denote the set of all natural num-
bersy = 1/m(m=1,2,3,...) and zero. The metric on ¥ is the absolute value
function | |. Let Z=¥ x M =¥ x A x T with metric 0(§,, {,) = ¥, — ¥, |
+ p(0y, ;) + IN, =X | where §; = (Y;, N;, 0) in Z(i = 1, 2). We define s(§)
= s(¥, A, 0) to be the index (signature) of the quadratic form J(x; {) on the
space C(§) = BQ\) N S(Y) where S(Y) and J(x; ¢) are defined below. The nullity
n()=n(y , A, o) is defined analogously in the obvious way.

For each nonzero ¢ in ¥ the space S(Y) is the space of spline functions of
degree 2n — 1 (or order 2n) with knots at the points n(y) = {a;, =a + k(b — a)/m:
k=0,1,...,m; ym=1}. The vector space S(J) has dimension p(m + 1).

It is the space of arcs x(r) = (x, (), . . . , x,()) where each x,(?) is a polynomial
of degree at most 2n — 1 on each subinterval (a, , , ;) and such that the
(2n — 2)th derivative of x,(¢) is continuous on [a, b].

The quadratic forms are defined from (18) in the following way. For each

Y # 0 define Agpoy = Aage, K,y (5, ) = KUy (5, T), and Ry, () =
R, po(T) where £ = (a; +a,,1)2ifq, <t < a,c_H and s = (g + a;, )2 if
a, <s<ag,, (k=0,...,m—1). Finally define
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T 8) =AM xP@)xP(a)

(23) +f :"f K30y (s, 0xD(s)x () ds ar

+ f Ky OxQ0xP(0) at

on the space B(\) N S(Y) where A satisfies ¢, <A <ap,,, &=, A, 0).

For ¢ = 0 define s(¢) = s(0, A, 0) and n({) = n(0, A, 0) to be the index
and nullity of the quadratic form J(x; ) in (18) restricted to BQ\).

As above it can be shown that there exists § > 0 such that § = (0, A, 0g)
and { = (Y, A, 0)in Z,0(, §,) <& implies

5(0, Ny, 0p) <s(¥, N, 0) <s(¥, A, 0) +n(Y, A, 0)
(24)

<5(0, 2y, 09) + 1(0, Ay, 0p).

Furthermore if the “o, problem” is normal then n(0, Ay, 0,) = O except on a
finite set of points in [e, b]. This leads to the following for “normal” prob-
lems.

THEOREM 16. The kth focal point N (0, V) is a continuous function of
oand Y fora <\ <b.

It can be shown by methods similar to those in [5] that if ¥ is not zero
and g, <Y <ay,, that s(Y, A, 0) is the number of negative eigenvalues of a
(k + 1) x p real symmetric matrix D (Y, ¢) which is sparse (a preponderance of
zeros). For p =1 and n = 1 we obtain a tridiagonal matrix. Forp =1 we
note that the elements of a basis for S() have support on at most 2n intervals
[a, a;, ,]. Thus our matrix is in (4n — 1)th “diagonal form”. The number
of negative eigenvalues can thus be obtained by a generalized Sturm sequence
argument applied to a difference equation of the form u; = ¢, u;, | +¢; .,
+ o s+ 41 ,1%-an+1 Where u; is the determinant of the / x I submatrix
of D(Y, o) made up of the first / rows and columns and <y <ap,.

These methods are currently being applied to give an efficient, feasible
algorithm when n = 1.

6. Two specific examples. In §5 we have indicated in a general way how
our theory may be applied to a wide variety of problems. In this section we
will give some specific results of current interest, namely (0) the oscillation
problem and (ON) or (FN) the numerical oscillation problem discussed in §5.

In each case we consider only second order equations but for different
reasons: For oscillation the 2nth order case using our methods is not significantly
more difficult than the second order case, if by “zero or oscillation” we mean
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the solution x(f) and its n — 1 derivatives x'(¢), . . . , x(*~1)(f) are zero at a
point. In our numerical example the higher order problems are numerically much
more complex. However, if our example is fully understood equivalent methods
should hold in the 2nth order case. In any case, Givens’ method will transform
the matrix D(Y, o) associated with the 2nth order problem to tridiagonal form
by rotation matrices and our current methods can be applied.

Once again we remind the reader that our results subsume many results
and ideas for ordinary differential equations not yet obtained by more conven-
tional methods. Furthermore, our methods provide interesting new ideas in the
more “elementary” theory of linear algebra.

In our first result we will compare the oscillation properties of two differ-
ential equations:

’ ! b d b !
@) COXOY +pOx@O = [ as, 0 ds - 1 [ s, 0¥'(9) ds
associated with the quadratic form

T = fab ()% 2(t) = pA0)x2()] dt
+ f : f : q s, )x(s)x(r) ds dt

+ f:f:l,-(s, ) x'(s)x'(t) ds dt.

In the above i =1, 2;r,(8) =7, () > 0, p, (1) < p,(D; q5(5, D) —q,(s, 1) =
u(Su(, L,(s, ) — 1,(s, £) = v(s)v(?).

THEOREM 17. Leta <A, <A, <Az < )‘"'1 < b be the oscillation
points associated with equation (25), and let a <p; <pp <p3 <+ * <l
< b be associated with equation (25),. Then m, < m, and for each j such
that 1 <j < m, we have >‘i <.

Let x(r) be any vector vanishing at @ and b, then
b ’
5, =1, = [, [y =r)x() = (p, —p)¥*()] dt

+[[ruwxwa]” + [ [Juoxe a] >0

Thus J,(x) > J,(x) so that a negative vector of J,(x) is a negative vector of

J, () (i-e., J,(») <0 implies J, (¥) <0). The result now follows from Theorem 13.
The next theorem shows that the oscillation points of ordinary differential

equations can be “bracketed” by oscillation points of integral differential equa-

tions and conversely.
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COROLLARY 18. Assume that q,(s, t) = I,(s, ) = 0 in Theorem 17. Then
A; S y; for each j such that 1 <j < m,. Conversely, if q,(s, ) =1,(s, ) = 0;
r (D) 21y (8) >0, p,(8) 2 p,(1); q,(s, £) = —u(S)u(t), 1,(s, ) = — v(s)v(t), then
H; < 7\,-for each j such that 1 <j <m,.

The above inequalities are “sharp.” For example, assume the conditions
of Theorem 17, then from an argument similar to Theorem 21 below we have

COROLLARY 19. Let j be a nonnegative integer such that r,(t) — r,(t) >
0on [a, 1]; py () = po(2) > 0 on [a, w;]; or [L7u(s)x(s)ds # O or [4v(s)x(s)dx
# 0 where x(s) is a solution to (25), on |a, u;] vanishing on [k, b]. Then A
< u..

i

THEOREM 20 (STURM SEPARATION THEOREM). If x,(f) and x,(t) are
two linearly independent solutions of (25), then between any two consecutive
zeros of x,(?) there is a zero of x,(t).

The negation implies there exist points 2 <a, <a, <ajy such that if s(z)
is the signature of the appropriate quadratic form we have s(a,+) - s(z,~) > 0
and s(@;-) — s(a) = 0 which is clearly impossible.

A final result is on disconjugacy type theorems, thus

THEOREM 21. Assume the hypothesis of Theorem 17 except that q,(s, t)
>q,(s,t). Then \; <u, if u, exists. Furthermore, \; <, unless r,(t) =
ry(8), py(t) = p,(t) and q,(s, £) = q (s, D) on [a, p,] and [E1u(s)x(s)ds = 0
Jor any solution to (25), on [a, u,].

By hypothesis if x(¢) is any vector vanishing at ¢ = g, and in the interval
[wy, b], and x(t,)x(z,) =0 on [a, ], then

Jyx) = J,(x) = J;ul [(r2 —r)x"? = (p, —p,)x2(t)] dt
L a0~ a0, 01 x0x(0) ds ar
+ [f:‘ YOLL0 ds]2 >0,

The result again follows by Theorem 13.

Conversely, if x4 () is any solution to (25), with x4(a) = 0 then J,(x)
“restricted” to [a, u;] has value zero. If J,(xq) —J,(xq) > O restricted to
[a, 1] then by Theorem 13 we have A, < p,.

We now turn our attention to the numerical oscillation problem which is
a continuation of the ideas in (FN) of the previous section. Full details including
proofs and sample runs will appear elsewhere. We remark that sample runs to
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numerically solve second-order differential equations indicate that our methods
are faster and more accurate than “in-house” numerical subroutines.
For convenience we will restate our problem: Thus let

@6  COXO) +p®x®) = [ qls, 1) ds —j% f:z(s, 1)x'(s) ds

be the Euler-Lagrange equation for the quadratic form

76 = [} FOX*() - p)2(0)] dt
@)

+ f: f : q(s, Hx(s)x() ds dt + f : f : I(s, x'(s)x'(?) ds dt.

Following the ideas and methods in (FN) we set n = 1 and for fixed m
(a “large” positive integer) we set Y = 1/m and n(y) = {9, =a<a, <+ * *}.
Let y,(¢) be the spline hat function of degree 1 on [a,_,, a;,,]; that is y,(¢)
=1-mla —t|if g, <t<a,, and y,(f)’=0 otherwise. Following these
ideas if x(f) = A, y,(¢) where repeated indices are summed, then our approxi-
mation for J(x) in (27) is given by (23) which we write as the quadratic form

JG; §) = A J g, YDA,
The matrix J(y, y;) “is” the tridiagonal matrix D(y, 0), and s(¥, A, 0) in (24)
represents the number of negative vectors of J(x; ¢) restricted to the piecewise
linear functions x(¢) = A, y,(t) defined on [a, a;] where X satisfies 4, <A
<@, and D(Y, o) has been tridiagonalized by Givens’ method.

We now give a simple but elegant algorithm to find the “Euler-Lagrange
equation” of the matrix D = (d;;) = D(¥, 0). This result is actually motivated
by our concept of negative vector. That is, intuitively, given D we will construct
a vector ¢ = (¢,, ¢,, €3, - . )7 so that (i) if C = ¢, y, then CDCT is as “nega-
tive as possible”; (ii) if the numbers ¢, “change sign” at k = m,, m,, . .., then
the vectors C;(f) = ¢y, +° - +¢c,, m, , G = m|+1yml+1 +eeo+
CmpYm > €LC., are linearly independent negatlve vectors, ie., C;DCT <0, etc.;
(iiii) the vectors C,, C,, Cs, . . . form a basis for the negative space of D; (iv) if
2(?) is a solution to (26), ¢, = z(e,) and m is large then z(¢) is approximated by
C(?) in the mean squared norm, ie.,

f:(C'(t) - z'(t))z dt —0 asm — oo,

To define the numbers ¢, ¢,, c3, . . . we proceed as follows: let d;; be
the (i — j)th element of the tridiagonal matrix D given above, let ¢; = 1 and
define recursively ¢, , c3, ¢4, . - . , Cx 415 DY

(28a) d,yc; +dj,0, =0,

(28b) dy 1 Cmy + di s+ gy Chsr =0 fork=2,3,4,...
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Note that this procedure forces the first kK components of the product DCT to
be zero and thus CDCT to be “as negative as possible.”

Since r(¢) > 0 in (27) we may choose m large enough so that d;; > 0,
d;i+1 <0. We ask the interested reader to verify the following.

THEOREM 22. Let C; = (¢;,C5, - - - » Cm s 0,0,0,...) be given with
€1,Cy, C3, . . . defined by (28) and m, first integer such that c;, > 0 is not
true. Then C,DCT < 0. Conversely,if k <m, and E = (¢,, 5, . . . » g, 0,
0,0,...) then EDET > 0.

The obvious analogous statements for the vectors C,, C;, . . . defined
above can be demonstrated. More difficult is to show that this procedure counts
the number of negative eigenvalues in D. This has been done by the author by
showing that the sequence {c; } changes sign if and only if the appropriate Sturm
sequence for the number of negative eigenvalues of D change sign. Finally, the
most difficult result, that is (iv) above

b
f . C'®O-Z@)*dt —>0 asm—> oo,
is established by use of our fundamental hypotheses (11) and (12).
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