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Abstract. An old question of Pólya asks whether an entire function /
which has, along with each of its derivatives, only real zeros must be of the

form

/(z) = ¡'"e-''2*'"*' TJ(l - LX*I*"
n \

zn'

where a > 0, b and the zn are real, and 2„ *ñ2 < °°- ~^"s note answers this
question (essentially in the affirmative) if / is of finite order; indeed, it is
established that if/,/', and/" have only real zeros (foi finite order), then
either/has the above form or/has one of the forms

nz) = aeb',

f(z) = a(ei"-e"i)

where a, b, c, and d are constants, b complex, c and d real.

Introduction^). This note is concerned with real entire functions / and the
influence the growth of/has on the distribution of the zeros of/' and/".
Recall that a real entire function is one which assumes real values on the real
axis. In order to state concisely the background to our results, as well as the
results themselves, we introduce the following notation: For each integer
p > 0, denote by V2pthe class of entire functions of the form

f(z) - exp(-az2'+2)g(z)
where a > 0 and g(z) is a constant multiple of a real entire function of genus
< 2p + 1 with only real zeros. That is, g is of the form
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where c is a constant, Q(z) is a real polynomial of degree < 2p + 1, zn are

real, 2„ kj-9" < °°>and q < 2p + 1.Now set UQ= \fa,and forp > 1,set
u2p=v2p- v2p_2Q).
i
The class U0is of particular interest, for a classical theorem of Laguerre [9]
and Pólya [12] asserts that / G U0 if and only if it can be uniformly
approximated on discs about the origin by a sequence of polynomials with
only real zeros.
An immediate consequence of this fact is the following
Theorem A. The class U0 is closed under differentiation; that is, if f E UQ,
then pn' G UQ,n = 1,2.In
particular, f E U0 impliesp"' has only real
zeros n = 1,2,....

In 1914, Pólya [13] asked whether this theorem has a converse: Is U0the only
class of entire functions closed under' differentiationl That is, if an entire function
f and each of its derivatives have only real zeros, isfE U01

Pólya showed [13] (a detailed proof will be found in [14]) that if one
considers entire functions of the form P(z)e^z>, where P(z) and Q(z) are
polynomials, then aside from functions of the form aebz (a and b constants, b
complex), the answer is yes. Moreover, in [14] he conjectured that aside from
a function/of the form
f(z) = aebz

or

f(z) = a(eicz - eid)

where a, b, c, and d are constants, b complex, c and d real, only a function
f E U0has the property that it and each of its derivatives have only real zeros.
Âlander subsequently devoted a series of papers to Pólya's question. In [1]
and [2] he showed that if one restricts oneself to the classes U2p,p = 0, 1, 2,
then only the class U0is closed under differentiation, while in [3] he purports
to have extended this result to arbitrary p. In a famous survey article on zeros
of successive derivatives [15], Pólya refers to Álander's papers [1] and [2], but
not to his more general result [3]. The first author of this paper while a
graduate student under the direction of A. Edrei brought this curious omission
to the latter's attention. In response to Edrei's subsequent query, Pólya replied
in a letter that he was aware of Álander's more general "proof" but was never
convinced by it nor could he show that it was fallacious!
Álander's "proof" involves a study of level curves of harmonic functions
associated with functions in U2p. Avoiding such geometric considerations and
using instead direct, analytic arguments, we prove the following stronger
version of Álander's "theorem."
(3)This classification of (constant multiples of) real entire functions was introduced by

Âlander [3].
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Theorem 1. Let / G U2p. If f has only real zeros, then f" has exactly 2p
complex (i.e., nonreat) zeros.
This result also partially affirms a long standing conjecture of Wiman [3, p.
6]: /// G U2 , thenf" has at least 2p complex zeros.
An immediate consequence of Theorem 1 is
Corollary
1. Let f be a (constant multiple of a) real entire function of finite
order. If"/,/', andf" have only real zeros, thenf E U0.

For arbitrary entire functions of finite order, we verify Pólya's conjecture by
our
Theorem 2. Let f be an entire function offinite order. Iff,f,
real zeros, then either f G U0or f has one of the forms

f(z) = aehz,

andf" have only

f(z) = a(eic*- eid)

where a, b, c, and d are constants, b complex, c and d real.

For arbitrary entire functions, the requirement of Theorem 2 that / be of
finite order is essential, as the example e\p(e'z) due to Edrei [7] shows. On the
other hand, for (constant multiples of) real entire functions of infinite order
the authors conjecture the following analog of Theorem 1:
Hypothetical

Theorem. Let f be a (constant multiple of a) real entire
has only real zeros, thenf" has

function of infinite order with only real zeros. Iff
an infinite number of complex zeros.

B. Ja. Levin and I. V. Ostrovskiï [11] have proved this theorem for functions
for which (roughly speaking) M(r,f) = max|2|=,.|/(z)| grows asymptotically
faster than exp(exp r). Since Theorem 1 together with an affirmative answer to
the Hypothetical Theorem would completely answer Pólya's question for real
entire functions, it only remains, in view of the results of Levin and Ostrovskiï,
to study real entire functions of infinite order and "moderate" growth(4).
We conclude this introduction by remarking that some striking conjectures

concerning the zeros of successive derivatives of entire functions posed by
Pólya in [15]remain open. R. P. Boas, Jr., brings this subject matter up-to-date
in Volume II of his recent editions [5] of Pólya's papers. In view of the
extensive successes in classical value distribution theory since Pólya's survey
and of new representation theorems for classes of meromorphic functions
resulting from these and other investigations in function theory, the time may
be ripe for a reinvestigation of Pólya's problems on zero sets.
(4) Actually, Levin and Ostrovskirs result [11, Theorem 2] does not require that the zeros of
/' be real. If this assumption were dropped, the Hypothetical Theorem is probably still true
and would then be the analogue of Wiman's conjecture for the case of infinite order.
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2. Preliminaries. Let/be a (constant multiple of a) real entire function with
only real zeros. The key ideas in the proof of Theorem 1 are two representations for the logarithmic derivative/'//. Since these representations (equation
(2.5) and Lemma 3 below) may be found in [10] and [11], we shall simply state
the relevant lemmas.
First observe that there is no loss in generality in assuming that /(0)

t* 0 and/'(0) ¥* 0(5). Indeed if /(0) = 0 or/'(0) = 0, then we consider
h(z) = f(z + e) where e > 0 is chosen so that /(e) ¥= 0 and/'(e) ^ 0. It is

then clear that h(z) G U2p, that «(0) # 0 and h'(0) # 0, and that
lvk\z) andpk\z) have the same number of complex zeros k = \,2. Hence,
in the rest of the paper we will assume that/(0) # 0 and/'(0) ¥= 0.
Denote by an the distinct zeros of /and enumerate them as follows:
(2 1)

< a*_1 <ûk<ak+l<"'

(-co < a < k < co < +00,k finite).

According to Rolle's theorem, /' has at least one zero in each interval
(ak>ak+i)>choose exactly one and denote it by bk. We will order the aks and
bks so that we have not only
ak< bk< ak+x for all k

(2.2)
but also

b_x<0<ax,

(2.3)
Now set(6)

2- -_ bo
- -ir
11 i]-Jèa\
I -.-7—
2

aok*0 \1 - z/ak)

I if
if CO= +00,

(2.4) tfz)
z-b0
.__ (\-z/bk\
IT (i-7-^)
(z - aQ)(au - z) ¿t*o,<o\ 1 - z/akJ

7-w-5-s

„

^

ifw< +

We have
Lemma 1. \¡/(z)maps Imz > 0 into the upper half plane.

The proof can be found in [10,pp. 308-309].
Now it is clear that the logarithmic derivative of/may be represented in the

form

f'(z)/f(z) - «p(z)^(z)
i5) The reason for having/'(0) # 0 will become clear in the sequel.
i6) If/has no zeros, set <¡{z)= 1; if/has one zero a0, set i/-(z)= (z - a0)-1.
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where <b(z)is an entire function. In fact we have
Lemma 2. /// is of finite order, <j>(z)
is a polynomial.
The proof depends on some standard estimates from Nevanlinna's theory of

meromorphic functions, in particular Nevanlinna's lemma on the logarithmic
derivative, and uses Carathéodory's estimate on functions mapping a half

plane into a half plane. We refer the reader to [11, pp. 335-336].
Thus combining Lemmas 1 and 2 we can write, for/ G U2 ,

(2-5)

f'(z)/f(z) = P(zMz)

where uV(z)is given by (2.4) and P(z) is a polynomial. We shall call the zeros
of P extraordinary zeros of /' and shall call the other zeros of /' - those bk
whose multiplicity equals 1 and those ak whose multiplicity exceeds l-ordinary
zeros off.
We remark in passing that an old result of Laguerre [6, p. 37] shows that
dg P(z) < genus/ < 2p + 2.
The next lemma gives another representation for \p(z).

Lemma3. We can write

(2.6)

^(z) = yz + 8+ 2 AkU^r
k=>a

\"k

z

- }-)
akt

where y > 0, 5 is real, Ak > 0, and where the series 2"=a dk/ak converges.

The proof of this lemma can be found in [10, pp. 310-311].
Before turning to the proofs of Theorems 1 and 2 we need some technical
lemmas on the growth of entire functions of finite order. The first, Lemma 4,
is necessary for the proof of Theorems 1 and 2 and the other two are necessary
for the proof of Theorem 2. The proofs are by standard growth arguments and

will be omitted.
Lemma 4. Let Tl(z) be a canonical product of genus p, with only real zeros, let

e > 0, and let
(2.7)

«D= {z = ré9: r > 0 and e < |0| < v - e).

Then

(2.8)

|n'(*)/n(z)| = o(rp)

(\z\ = r -> +oo,z G «D).

In the next two lemmas, g(z) denotes an entire function of finite genus a
with only real zeros.
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Lemma 5. Let g(z) be real with an infinite number of zeros and let a = 0 or 1.
If N is a positive integer, then there exists rNsuch that

(2.9)

\g(±ir)\>rN

forr>rN.

Lemma 6. Let g(z) have genus a > 2, let M = [a/2], e = ir/2(o + 1), and N
be any positive integer, and let <$be as in (2.7). Then there are at least M rays,
ré*1, ..., rel*M(0 < r < oo) in <3>
such that for k = \,...,M,

(2.10)

|giy**)l = o(r~N)

(r -> oo).

3. The proof of Theorem 1. The proof of Theorem 1 will follow fairly easily
from Lemmas 7 and 8 below. In Lemma 7 we show that with at most two
exceptions the extraordinary zeros of /" are complex (i.e., nonreal), while in
Lemma 8 we determine the number of extraordinary zeros of/". Combining
these lemmas we can then count the number of complex zeros of/".
Assume now that / G U2 . Recalling the assumptions and notations of §2
we denote by {ak} the sequence of distinct zeros of /, assume that /(0)

# 0 and/'(0) ¥>0, and write

(3.1)

/W/W - P{z)M?)

where P(z) is the polynomial formed by the extraordinary zeros of /' and
where u>(z)is as in (2.4). In view of the theorem of Pólya and Laguerre, we
assume throughout this section that p > 0; we also assume that /' has only
real zeros. If we write / = e®H and/' = e^Hx where n and Hx are the
canonical products of /and/' respectively, then the fact that/' has only real
zeros and has only a finite number of extraordinary zeros implies that
genus II = genus Ü, = p, say. Moreover, a simple growth argument shows

that dg(£?i- Q) < p,(< 2p + 1).These facts easily imply that since/ G U2p,
the same is true of/'; accordingly,/"//' has a representation similar to (3.1),
say

(3.2)

f"(z)/f'(z) = Px(z)^x(z)

where Px(z)is the polynomial formed by the extraordinary zeros of/" and
where \px(z)is the analog of \p(z)in the representation (3.1). We now state
Lemma 7. ///' has an infinite (finite) number of zeros, then with at most one
(two) exceptions), the zeros of R(z) are complex.

Proof. The idea behind the proof is very simple. Observe that in any finite
interval determined by successive distinct zeros of/',/"
has, according to
Rolle's theorem, at least one zero. Consequently, if we can show that/" has
at most one simple zero in every such interval and has at most one simple zero
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in the semi-infinite interval determined by a "first" or a "last" zero of/', the
lemma will follow. Note then that the real zero(s) of Px(z)(the "exception(s)")
can occur only in these semi-infinite intervals.
To be explicit, let [%,}"=a>denote the sequence of distinct zeros of /'//.

Referring to (3.1) and (2.4), we see that this sequence is made up of the bks
and the zeros of P(z) (which are real in view of the assumption that/' has only
real zeros). For convenience we set
(3.3)

i[,'_i = -co if -co < a'

and

T¡y+1= +00 if a' < +00.

Now observe that for any fixed n either
(I) (%,%-n) contains exactly one zero ak off, with multiplicity mk or
(II) (yn,yn+\) contains no zero off.
Thus, we must show that in case (I) /" has at most one zero in each of
(y„,ak) and (ak,y„+x) ifmk>l
or at most one zero in (yn,yn+l)if mk = 1,
and must show that in case (II)/" has at most one zero in (y„,yn+\). In each
case, of course, we must show that the zero is simple. We now turn to this task.
We begin by using (3.1) to write

(3.4)

f'(z)/f(z) = P(z)t(z) + P'(z)/P(z) + f(z)Mz).

We will first deal with case (I), so that for some fixed n and some zero ak of
/ with multiplicity mk we have
(3-5)

yn < ak < yn+x.

Set
(3.6)

Hki!).(F^-^

H(z) = (z - ak)f(z)/f(z),

z * ak,

[_mk, z = ak.

In view of (3.4) then, we can write

M

f"(
f

Hk(z)
Vtt-^-T^r
z~ak

1
z~ak

+^H'kt
2»
Hk

Now we will analyze the function Hk(x) for yn < x — Rez < ^j. Assume
in what follows that (yn,yn+x)is a finite interval (the analysis is similar to that
below in case (y„,y„+\)is a. semi-infinite interval). We observe that

(3.8)

Hk(x) is differentiable(in fact, analytic) on [%,%+J

and
(3.9)

while

Hk(yn) = Hk(yn+X)= 0

234

SIMONHELLERSTEINAND JACK WILLIAMSON

(3.10)

Hk(x)*0

on(y„,y„+1).

Consequently, since

(3.11)

Hk(ak) = mk>l

(3.8),(3.10)and (3.11)implythat
(3.12)

Hk(x)>0

ioryn<x<yn+x.

Next we show that
(3.13)

[H'k(x)/Hk(x)]'<0

fory„<x<y„+1.

Indeed, it followsfrom (3.6) and (2.4) that

5«-£« +?« +: '
*k

pK'

*w

(x-ak)

(3.14)
= -p(x)+
2
r
j=a-J*k
Lx—rr-7T7
°j x

ajJ \+T=
x

V

Hence,

, , l>I-M
(3,15)

+

|

r__i_i

i

j-aj+k l(x - oj)2 (x - bjfl

i
(x - bk)2'

Examining the right-hand side of (3.15) we see that, on the one hand,

(3.16)

[P'(x)/P(x)]'<0

for y„ < * < %+1

since F is a polynomial with real zeros, none of which lie in (y,.%+i)- On the
other hand, (2.2) and (3.5) and the nature of the y's, imply that
(3.17)

->-<ak_x<

bk_x <yn<ak<

yn+x< bk < ak+l < • • • ;

hence, for yn < x < yn+xwe have

(3.18)

l*-*yl<l*-«y+il

forj>k

and

(3.19)

\x - bj\ <\x-

aj\ for/ < k.

Thus it follows from (3.18) and (3.19) that

DERIVATIVESOF ENTIRE FUNCTIONSAND A QUESTIONOF PÓLYA
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, r_j_l_i_l_
j7kl(x-aj)2

(120)

(x-bj?l

(x-bk)2

"Afcq^~írr¡?]
+ 2r_i_-L_]<0.
j<k l(x - aj)2 (x - fy)2J

Inequality (3.13)now followsfrom (3.15),(3.16)and (3.20).
Now we observe that (3.13) implies that H'k(x) has exactly one zero on the
interval (yn,yn+\)- Indeed (3.14) and our assumption that (y„,y„+x)is a finite

interval imply that

(3.21)

Hi

lim -^(x)

x-*yt tlk

Hi

= +00,

lim -rr(x) = -co.

*-»y;t+i tlk

Since [H'k(x)/Hk] < 0 on (y„,y„+1),(3.21) implies that H'k(x)/Hk assumes all
values exactly once on this interval; in particular,
(3.22)

H'k(x) has exactly one zero on (yn,yn+x),say at xQ.

Then (3.9),(3.12)and (3.22)implythat
(3.23)

H'k(x)

> 0
=0
< 0

for yn < x < x0,
for x = x0,
for x0 < x < yn+1.

Moreover, (3.12) and (3.23) imply that

(3.24)

H'kr \

> 0
= 0

for yn < x < x0,
for x = x0,

< 0

for jf0 < x < yn+1.

Now suppose that
(3.25)

yn<xo<ak-

(In case ak < x0 < y„+1or x0 = a¿, the analysis is similar to that below.)
Setting z = x in (3.7), multiplying by a: - afc, and differentiating, we obtain

(3.26) [i*- ak)Ç(x)J- ff¿(*)+ (x- fl*)[^wj + ^W.
In viewof (3.13)and (3.23)-(3.25),it followsfrom1(3.26)
that
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[(x - ak)f"(x)/f'Qc))'> 0 fory, <*<*„.

In addition (3.11)and (3.23)imply
(3.28)

Hk(x) > Hk(ak) = mk > 1 for x0 < x < ak.

Hence it followsfrom (3.7),(3.24),(3.25)and (3.28)that

(3.29) (x - ak)Ç(x) = Hk(x)- 1 + (x - ak)^(x)

> Hk(x)- 1 > 0

for x0 < x < ak. On the other hand, (3.13)and (3.23)-(3.26)imply that
(3.30) [(x - ak)f"(x)/f'(x)]' < 0 for ak < x < yn+xand mk > 1.

If mk = 1, then f'(ak) # 0 so that (x - ak)f"(x)/f'(x) is differentiable at
x = ak; thus,

(3.31) [(x - ak)f"(x)/f'(x)]' < 0 for ak < x < yn+xand m* = 1.
Now if mk > 1, it follows from (3.27) and (3.29) that/" has at most one
simple zero on (yn,ak), and it follows from (3.30) that/" has at most one
simple zero on (ak, yn+x).If, on the other hand, mk — 1, (3.27) implies that/"
has at most one simple zero on (y„,x0), while (3.29) and (3.31) imply that/"
has no zeros on (xQ,yn+x);hence, if mk = 1,/" has at most one simple zero
on (%>%+i)-This completes the proof in case (I).
We turn now to case (II). Here we assume that the interval (y„,%+i)
contains no zero of/; i.e., no akÇ). Since the proof in this case is quite similar
to the proof in case (I), the reader may want to proceed directly to Lemma 8.
Here we set

(3.32)

H(z) = P(z).tt.z)

and rewrite (3.4) as

(3.33)

f"(z)/f'(z) = H(z) + H'(z)/H(z).

As before, we analyze the function H(x) on the interval yn < x = Rez
< yn+x. We also assume, as before, that (y„,y„+i) is a finite interval; the
analysis is similar to that below in case (y„,yn+1)is a semi-infinite interval.
Now

(3.34)

H(x) is differentiable on [y„,yn+1
],

(3-35)

H(yn) = H(yn+X)= 0,

and
C7)Note that this includes the situation/(z)

=£ 0.
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fory„<*<y„+I.

Thus, (3.34) and (3.36) imply that H(x) is of constant sign on (%,y„+i), say

(3.37)

H(x)>0

on(vWi)

(the analysis is similar to that below if H(x) < 0 on (%>*&+i))An analysis similar to that used on Hk(x) in case (I) shows that
(3.38)

[H'(x)/H]'<0

ÎOTy„<x<yn+x

and that
(3.39)

H'(x) has exactly one zero on (yn,yn+x),say at xQ.

Thus (3.34),(3.37)and (3.39)implythat

Í>0

fory„
<a:<x0,

= 0

for x = xQ,

< 0

for x0 < x < yn+x.

Furthermore, (3.37)and (3.39)imply that

(3.41)

^(x)

( > 0
= 0

for yn < x < x0,
for x — x0,

\<Q

forx0<

x<yn+x.

In view of (3.37) and (3.41) it follows from (3.33) that
(3.42)

f"(x)/f(x)

- H(x) + H'(x)/H(x) > 0 for yn< x < x0.

Moreover, differentiating (3.42) and using (3.38) and (3.40) it follows that

(3.43)

[/"(*)//'(*)]'

= H'(x) + [H'(x)/H(x)Y < 0 for xQ < x < yn+x.

Clearly then, (3.42) and (3.43) imply that/" has at most one simple zero on
(%.%+l)-

This completes the proof of Lemma 7.
In the next lemma we suppose / G U2 , P(z) is the polynomial in the
representation (3.1), and we determine the number of extraordinary zeros of
/'; i.e., the degree of P(z). In the proof of Theorem 1, we shall apply this
lemma to /', which is also in U2p, in order to determine the number of
extraordinary zeros off".
Lemma 8. If f has an infinite number of zeros, then P(z) is of degree
2p or 2p + 1. If f has a finite number of zeros, then P(z) is of degree equal to the
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genus off (i.e., is of degree2p, 2p + 1, or 2p + 2).
Proof. Since/ G U2 , we can write

(3.44)

f(z) = eß«n(z)

where

(3.45)

Q(z) = -az2p+2 + bz2p+x+ cz2p + ---,

a > 0,

and where n(z) is the canonical product of the zeros of / and is of genus
p, < 2p + 1(8).All of the coefficients of Q, except possibly the constant term,
are real.

Now let
(3.46)

a = genus/= max(dg<2,Pi)

and observe that since/ G U2p,

(3.47)

2p < a < 2p + 2

with

(3.48)
while

, ,
(3.49)

a = 2p + 2 iffa>0

fa = 6b = 0 and p, = 2p or
.-*«{,_»_».
c > 0 and px < 2p — 1.

If /has only a finite number of zeros (i.e., if n(z) is a polynomial), a simple
counting argument shows that

(3.50)

dg P(z) = dgQ(z)(9) (= genus/).

So let us assume in what follows that/has an infinite number of zeros. On
the one hand, using (3.44) and (3.45) we can write

fj(z) = Q'(z)+ j[(z)
(3.51)

= -¿z(2p + 2)z2'+1 + b(2p + l)z2'
+2cpz2p-x + • • • + z* 2

mb

k=aa[l(z-ak)

where mk = multiplicity of ak. On the other hand, we can write, as in (3.1),
(8) Recall the assumptionthat/(0) # 0.
(9) If P has no zeros dg?(z) = dgß(z) - 1.
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f(z)/f(z) = P(z)^z)

where P(z) is the polynomial of the extraordinary zeros of/' and where ^(z)
is as in (2.4). Applying Lemma 3 to u^z), (3.52) becomes

(3.53) fo-T (*){*+4+jU(-L_-1)}
where

(3.54)

Y> 0,

^ > 0,

¿*

and 2 4 < °°*=a a*

Combining (3.51)and (3.53)we have,
-a(2p + 2)z2'+1 + b(2p + \)z2p + 2cpz2p-x+

(3.55)

+zn
+** 2j
2 " „/"*

, = P(z)(yz
+ 5+2k=a Ak(—±—
- -)
\
WV
k\ak-z
ak) j

ktaa£(z-ak)
~W - uk>

Equating residues at z = ak, we get

(3.56)

mk = -AkP(ak),

a < k < w,

P(a¿) = -m*/^ < 0,

«<*<«.

or

(3.57)

Now, set d = degree P(z) and choose M > 0 so that

0<-P(aJ

< M|aJrf,

a<A:<u.

Then (3.54)and (3.57)imply

Hence,

(3.59)

d + 2 > p, + 1 or a*> p, - 1.

Let a be any integer satisfying
(3.60)

a> max(a"+1,0--1).

Differentiating (3.55) a times yields
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where, in view of (3.46)-(3.49),(3.59),and (3.60).

Í-¿z<0 ifq=2p+1,
b
c>0
0

if ¿7= 2p,
if? = 2p-l,
if q > 2p + 1.

Turning to the left-hand side of (3.61) for a moment, it is easy to see that

<>•«>••i?c!^r*LW5*5'<5)]
where
r(z) = z"-1 + z*'2 + • • • + z + 1.

Consequently, since q > d + 1 > px, (3.61) becomes

(3M)

<-»<-!-£(^)

-^•^-!S(^>
And, in view of (3.56), (3.64) becomes

fe+l)ii+1«^fe^) =r£fr•n*)i
+1%e(^)
or

(3.65)

(¿/+l)!i? = y^[z-P(z)].

We will now use the fundamental relations (3.59) and (3.65) to show that if

d is even, then d = 2p and if d is odd, then d = 2p + 1. Before doing this, we
need to make a couple of observations. First, note that by (3.57),
(3.66)

Next,

am ak ~ ~°°

anc*

1™ ak =+00

implies d even.
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a = 2p impliesd even.

To see this, we suppose, in view of (3.66), that/has a finite number of positive
zeros or perhaps none at all (the argument is similar in case / has a finite
number of negative zeros). Then, since a = 2p, we have by (3.51)

(3.68)

•Ç(z) = 2cpz2^1 + ..-+z^

2

J

»/"* n v

(co<+oo).

k=-<x>ak \z — ak)

Taking into account (3.49), it is easy to see that (3.68) implies
(3.69)

f

lim J-¡r(x) = +00

x-*a¡ J

and

f

lim J-j(x) = +oo,

x-»+oo /

where x = Rez. Thus, on the interval (au,+oo),/' has an even number of
zeros. This means, in view of the representation (3.52) and the nature of ip(z),
that P(z) has an even number of zeros on (au,+oo). Equation (3.57) then
implies that d is even.

Finally, we note that

(3.70)

d < 2p + 1.

To see this first observe that (3.51) and Lemma 4 and the fact that n(z) is of

genuspj < 2p + 1 imply

(3-71) \f(iy)/f(iy)\ < a(2p + 2)\y\2p+X+ o(\y\2p+l)

(\y\ - oo)

and

(3.72) lm[f(iy)/f(iy)] - -a(-l)'(2p

+ 2)y2p+x+ o(\y\2p+1) (\y\ -> oo),

a > 0. Next recall Lemma 1, apply Carathéodory's estimate on functions
mapping a half plane into a half plane [10, p. 18] to \p(z), and use (3.1) to

obtain

(3.73)

\f(iy)/f(iy)\ > k\y\d~X

(k = constant > 0).

Comparing this inequality to (3.71) we have

(3.74)

d < 2p + 2.

If d = 2p + 2, and a = 0, a comparison of (3.71) and (3.73) yields d
< 2p + 1. Thus, if d = 2p + 2, we also have a > 0. But then (3.1) implies

Im[/'0»//0»]

~ kx(-l)p+1y2p+2lm4{iy)

(\y\ -» oo)
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where kx = leading coefficient of P < 0, and, in view of Lemma 1, this
asymptotic behavior is incompatible with that expressed by (3.72) (kx < 0 is a
consequence of (3.57) and the assumption that d = 2p + 2). Consequently

d = 2p + 2 is not possible and (3.70)now followsfrom (3.74).
We now consider separately the cases d even, d odd:
(I) Suppose d is even. In this case we will show that d = 2p. Clearly, in view

of (3.70) d < 2p. To show that d > 2p, first observe that if px > 2p, then
(3.59) implies that d > 2p - 1. Since we are assuming that d is even, it follows

that

(3.75)

d > 2p

(Px > 2p).

Now suppose that px < 2p - 1 and d < 2p - 2. Then, since a > 2p, we

choose q = a - 1 in (3.60)to get

(3-76)

(?+l)!2? = yg[z-F(z)].

Moreover, since px < 2p - 1, (3.46) and (3.47) imply a = dgQ; hence,

B # 0. Thus, we must have q = d + 1 = 2p - 1 or, in view of (3.62),

(3.77)

¿/ = o-2

= 2p-2

and 5 = c > 0.

On the other hand, by (3.57), P(ak) < 0 for all k, and this implies, since d
is even, that the leading coefficient of P(z) is negative. But this contradicts
(3.76) and (3.77); hence, the case d < 2p - 2 is not possible. Thus we have

(3.78)

d > 2p

(px < 2p - 1)

and so, combining (3.75) and (3.78), have in all cases, d > 2p.
(II) Suppose d is odd. In this case we will show that d = 2p + 1. In view of

(3.70), we must show that d > 2p + 1. To this end, first note that if
px > 2p + 1, then (3.59)impliesthat d > 2p, and thus, since d is odd,

(3.79)

d > 2p + 1

(px > 2p + 1).

Now suppose that p, < 2p and d < 2p —1. Since (3.67) implies a > 2p
+ 1, we choose q = a - 1 in (3.60) and reason as above to get

(3.80)

(?+l)!5

= y^[z-F(z)],

B # 0,

in fact,

(3.81)

d = a - 2 = 2p - 1 and B = b # 0.
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In view of (3.66) we suppose / has a finite number of positive zeros (the
argument is similar if/has a finite number of negative zeros). Since P(ak) < 0
for all k, and dgP = a"is odd, we must have the leading coefficient of P > 0;

hence,sincey > 0 ((3.54))(3.80)impliesB = b > 0. So,by (3.81),(3.46),and
(3.51)we have,

•Ç(z)= 6(2p+l)z2'+---+z"

2

-/*

ay

where now b > 0, px < 2p, w < oo. Thus,

/'

lim -t(x) = +00

x-+a£ f

and

f

lim -¿(x) = +co

x->+oo /

and therefore in the interval (aa,+oo),f has an even number of zeros. But
this implies (cf. the reasoning following equation (3.69)), P(z) is of even
degree. This contradicts the assumption that d is odd; hence, the case
d < 2p - 1 is not possible and we have

(3.82)

d > 2p + 1

(px < 2p).

Combining(3.79) and (3.82)we have, in all cases, d > 2p + 1.
The proof of Lemma 8 is now complete.
Proof of Theorem 1. Let/ G U2 . By virtue of the remarks made at the
beginning of this section, we have/' G U2pand so, by (3.2),

Ç(z) = Px(z)^x(z).
Thus the number of complex zeros off" equals the number of complex zeros
of Px(z)(this of course is an even number since/" is a constant multiple of a
real function).
If/' has an infinite number of zeros, then by Lemma 8, applied to/', R(z)
has 2p or 2p + 1 zeros; moreover, by Lemma 7, at most one of these is real.
Hence,/" has 2p complex zeros.
If/' has a finite number of zeros, then by Lemma 8, R(z) has 2p, 2p + 1,
or 2p + 2 zeros, and by Lemma 7, at most two of these are real. Hence, if
dg P(z) = 2p + 1, then/" has 2p complex zeros.

On the other hand, if a",= dg P(z) = 2p + 2 or 2p a slightlymore detailed
analysis is needed. We write

(3.83)
where

/'(z) = eö.« TJ (l-f
k=a \

ck/

)
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Qx(z) = -a'z2p+2 + b'z2p+x+ c'z2p + • • •,

d > 0,

and where ck, —oo < a < Â:< co < +00, is a zero of/' of multiplicity mk. If
Ojdenotes the genus of/', then applying Lemma 8 to/' we have 0^ = dg Qx(z)

— dx = 2p + 2 or 2p. Further, equations (3.48) and (3.49), modified for /',

imply

,

(V>0

if¿/,=2p + 2,

^•°^

\a' - ¿' = 0, c' > 0

if ¿/, = 2p.

From (3.83) we obtain

Ç(x) = -d(2p + 2)x2p+x+ ¿>'(2p
+ l)x2p
lp-\ + • • • + 2
+2c'pxzp-1

m>-

k=a X

Ck

hence,

(3.85)

limÇ(x) = -00

x—*caJ

and, in view of (3.84),

(3.86)

f", v f +00
lim VW
=1

x-»-oo /'

\_—00
^—00

if ¿/, = 2p + 2,
if ¿/1 = 2p

Thus on the interval (-00, ca),f" has an odd (even) number of zeros if
dx — 2p + 2 (2p). A similar analysis on (cu, +00) yields the same conclusion.
But by Lemma 7 and the initial remarks of its proof/" has at most one zero

on each of these intervals; hence, /"

has one (no) zero in each of

(-00,ca) and (ca, +00) if dx = 2p + 2 (2p). Thus, since the real zeros of Px(z)
can occur only in these semi-infinite intervals, it follows that in either case
dx — 2p + 2 or 2p,/" has 2p complex zeros.

4. The proof of Theorem 2. In what follows we shall assume that/is an entire
function of finite order and that / and /' have only real zeros. In addition, in
view of Corollary 1, we shall assume that/is not a constant multiple of a real
function.
In the case that / has a finite number of zeros, we shall show that these
assumptions together with the assumption that /" also has only real zeros

imply that
(4.1)

f(z) = aebz (a, b constants, b complex).
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In the case that / has an infinite number of zeros, we shall show that these
assumptions imply that either
(4.2)

f(z) = a(eicz - eid) (a, c, d constants, c, d real)

or/" has an infinite number of complex zeros. Consequently, the only entire
functions satisfying the hypothesis of Theorem 2 are those / G U0or those /
of the form (4.1) or (4.2).
Our proof essentially follows Alander's very sketchy outline [4]. In addition,
we remark that Pólya [14] has showed that if /has a finite number of (real)
zeros and/' and/" have only real zeros, then/is of the form (4.1) or is a
constant multiple of a real function. We will not make use of his result
however.
Assuming now that/is not (a constant multiple of) a real function, we can
write

(4-3)

f(z) = e^fx(z)

where Q(z) is a real polynomial of degree a > 1 and fx(z) is a real entire
function of finite order with only real zeros. Taking the logarithmic derivative
of/, we have

(4.4)

/'«//«

= iQ'iz)+ f\ «//. CO-

Since Q(z) and fx(z) are real, it now follows that, aside from multiple zeros of
/, /' has at most a — 1 real zeros, each of which is a zero of Q'(z).
Consequently, since /' has only real zeros, we can write

(4.5)

fWfto-tto/lto

where p(z) is a real polynomial determined by those real zeros off which are
distinct from multiple zeros of / and where g(z) is a transcendental entire
function of finite order with only real zeros. Note also that by our remark
above, each zero of p(z) is also a zero of Q'(z); i.e., p(z) divides Q'(z).
Now we use Lemma 4 and Lemma 6 to estimate the growth of g. Write

(4-6)

fx(z) = eQ<iz)IIx(Z)

where Qx(z) is a real polynomial of degree a, and Tlx(z) is the canonical
product of the zeros of/j of genus px, say (here we assume, as in the proof of
Theorem 1, that /(0) # 0). If a = genus g, e = 77/2(0+ 1), and <3)is as in
(2.7), then by Lemma 4, we have
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\f\(z)/fx(z)\<\Q'x(z)\ + \U'x(z)/Ux\

(4.7)

= 0(r?1_1) + o(r*)

(\z\ = r -» oo.z G <$).

Thus on the one hand, (4.4) and (4.7) imply that
(4-8)

\f'(z)/f(z)\ = 0(rk)

(\z\ = r -* cc.z G <3»

where A:= max(¿/— 1,^ — l,p,).
On the other hand, if we set N = k + 1, an application of Lemma 6 to (4.5)
shows that if g(z) has genus a > 2, then there are [ct/2] rays re"''-'G <>D
such

that

(4.9)

|/V*)//(«^)I

> '*+1

(' > W = 1,2,... ,[a/2]).

This is incompatible with (4.8); consequently, g(z) must be of genus < 1.
Suppose then that g(z) = e'^az+^'g0(z) where a and ß are real constants and
g0(z) is a real entire function of genus < 1 with only real zeros. By (4.5), we
have

(410) /(z) = 7^7)=

S)[co<az + ß)-'Maz

+ ß)l

Since the functions Q'(z) and f\(z)/fx(z) in (4.4) are real and the functionsp(z)
and g0(z) in (4.10) are also real, it follows that for z real, g0(z) # 0,

(4.11)

Q'(z) = -^-sin(az

+ ß)

50 W

and thus

(4.12)

So00

/fc) sin(az+ ß)

for all z, g0(z) # 0. (Note that since p divides Q', it follows from (4.12) that
-Q'(z)/p(z) is a real polynomial determined by a finite number of zeros of
sin(az + ß) if a ^ 0 and is a real constant if a = 0.) Using (4.12) in (4.10) we
obtain

(4,3)

ÍM-3-^ü/
¿(«+/J) sin(az

+ ^

-'«

¿(„-tf) sin(az + ß)

where F(z) = -ß'(z).
If/has only a finite number of zeros, then a = 0, ß ¥= 0 (modn-), and so
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HZ)
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__P(Z)

-t(z) - -Jr—z - -jr

where k — e'^sin/î = nonreal constant.
If/has an infinite number of zeros, then a =£ 0 and it follows easily from

(4.13)that
(4 15Ï
(4.15)

f-(¿\ - Mz) - <*}cos(az+ ß) _ r ,.
, P¿(.
y, (z) sin(az + j8)
t[P(z) + a)+ p (z),

hence, for z = * + /> and a > 0,

ÇO» = -2/(1 + o(l))P(/y), ^ -* +00,
(4.16)

/„

y 0» - -2ia(\ + o(l)),

^ ^ -co.

In case a < 0 these limits are interchanged.
Now if/has a finite number of zeros, we will use (4.14) together with the
assumption that/" has only real zeros to show that/is of the form (4.1). On
the other hand, if/has an infinite number of zeros, we will use (4.16) to show
that either/is of the form (4.2) or/" has an infinite number of complex zeros.
Turning to the first situation, we have not only (4.14), but also, since/' has
a finite number of zeros and/" has only real zeros,

/

tr^'sinß

«i

where P(z) is a real polynomial, ßx is a real constant, ßx # 0 (mod7r), and

kx = e'h sin/?!. On the other hand, it followsfrom (4.14)that

(4.18)

f"(z)/f(z) = P(z)/k + P'(z)/P(z).

Since P(z) is a real polynomial, (4.17)and (4.18)imply
(4.19)

P(z) = k2 = real constant.

Hence, by (4.14),
(4.20)

f(z)/f(z) = k2/k = nonreal constant

and thus /is of the form (4.1).
Turning now to the situation where / has an infinite number of zeros, we
show that either/is of the form (4.2) or/" has an infinite number of complex
zeros. To that end, suppose that /' has only a finite number of (real) zeros.

Then
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(4.21)

f'(z) = G(z)eH&

where G(z) and H(z) are polynomials, G(z) with only real zeros. Thus,

(4.22)

f"(z)/f'(z) = H'(z) + G'(z)/G(z)

and

(4.23)

f"(iy)/f'(iy)
- O + ö(i))^'0>) (bl -» +<»).

Comparing (4.23) to (4.16) we conclude first that

(4.24)

H'(z) = -2/a

and second that

(4.25)

P(z) = a.

In view of (4.25),(4.13) then becomes
(4.26)

P_. v_a__2/a_
y W - ei(az+ß)s.n(az + Ä - ^(e2,az^

_ e-iß) !

consequently,
(4.27)

f(z) = a(¿r2''<"- e2,/3),

a = constant.

Thus, if/' has only a finite number of zeros,/must be of the form (4.2).
We conclude then, that if/is not of the form (4.2),/' has an infinite number
of (real) zeros. In that case, we can apply to /' the reasoning of the first part
of this section to deduce that, aside from multiple zeros of/',/"
has only a
finite number of real zeros. If, in addition, /" has only a finite number of
complex zeros, then we can write

(4-28)

/'(*)//'(*)-A«/ftto

where p, (z) is a polynomial and g, (z) is a transcendental entire function of
finite genus. In fact, reasoning along the lines which lead from (4.5) to (4.9) we
conclude that gx(z) has genus < 1.

Write

(4.29)

ftW = e^z+Mg2(z)

where a, and ßx are real constants and g2(z) is a real entire function of genus
0 or 1 with an infinite number of zeros. Setting N = dgpx(z) + 1 = Px+ I, it
follows from Lemma 5 that for \y\ sufficiently large,
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(4.30) l^l-j1^^1^

,+I

\e-a>y\g1(iy)\>e~aiy\y\i
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ifa' = °"
if«,#0.

Hence, it now follows from (4.28) and (4.30) that

l/"0»//'0»l = o(l)
along either the positive or negative imaginary axis. This clearly contradicts

(4.16).
Thus our supposition that/" has at most a finite number of complex zeros
is false; consequently,/" has an infinite number of complex zeros. In view of
our remarks at the beginning of this section, this completes the proof of

Theorem 2.
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