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Abstract. The asymptotic behavior of the resolvent of a linear Volterra

equation is investigated without the assumption that the kernel of the

equation is in L\0, oo). A lower bound is obtained on the solutions of a

related nonlinear Volterra equation. A special case of the latter result is

employed in the proof of the former result.

1. Introduction. For the linear Volterra equation

(1.1) x(t) + f'a(t - s)x(s) ds= f(t)       (0 < t < oo),
•'o

where a and / are prescribed real valued functions, the resolvent (kernel) is

defined to be the unique solution, r, of

(1.2) r(t) + f'a(t - s)r(s) ds= a(t)       (0 < t < oo).
•'o

Thus r depends only on a and not on /.

There is a considerable literature dealing with properties and applications

of the resolvent of (1.1). We shall comment on some of the earlier studies

which are relevant to the present results. In Theorem 1.4 (below) the asymp-

totic behavior of r as t -* oo is investigated. Its proof employs several results

which are relevant to nonlinear equations. In one of these, Theorem 1.7, a

lower bound is obtained on the solutions of a nonlinear Volterra equation,

(1.30) below, for which (1.1) is a special case.

The significance of the resolvent derives from the well known result:

Lemma 1.1. Letp E [1, oo] and let

(1.3) a G L,'oc(0, oo),

(1.4) / G L^ (0,oo).

Then the solution, x,of(l.l) is given by
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208 J. J. LEVIN

(1.5) *(/) = /(/) - fr(t - s)f(s) ds       (0 < t < oo)

and x E L£c(0, oo).

The notation (1.4) means that

-7*

(1.6) [ \f(t)\" dt< oo   for all T E (0, oo).
•'n

It is assumed that all prescribed functions are Lebesgue measurable and take

values in the extended real line [— oo, oo].

If x is a solution of the nonlinear Volterra equation

(1.7) x(t) +fa(t - s)[x(s) + h(x(s))] ds= F(t)

on some interval 0 < t < T < oo, where a, A, and F are prescribed, then

Lemma 1.1 implies that x satisfies (1.5) on [0, T) with

(1.8) f(t) = F(t)-f'a(t-s)h(x(s))ds.
Jo

In the near linear case, h(x) = o(x) as x-»0, this reformulation of (1.7) as

(1.5), (1.8) has been successfully employed in studying the asymptotic be-

havior of x as ;-» oo ; see, e.g., Miller, Nohel, and Wong [6] and Nohel [7]

and [8].
Some relevant facts concerning r are an immediate consequence of (1.1),

(1.2), and Lemma 1.1:

Lemma 1.2. (i)7/

(1.9)

(1.10)

then

r E L'(0, oo),

lim f(t) = /(oo) exists,

(1.11) lim x(t) = x(oo) =/(oo)
<->00 -f'H'

where x is the solution o/(l.l).

(ii)// (1.9) and

(1.12) a E L'(0, oo)

hold, then

(1.13)
JfOO I    /•CO /-OO

a(t)dt   I   r(t)dt= \   a(t) dt.
0 •'0 •'0

(iii) 7/(1.9), (1.10), and (1.12) hold, then

(1.14) Ca(t) dt* -1
•'n
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and

/(«>)
(I-15) x(oa) = --7t-7T-r-

' y   '      1 + JÔa(t) dt

Lemma 1.2 illustrates the usefulness of (1.9). Under hypothesis (1.12), this

property is characterized in the classical result of Paley and Wiener [10, p.

60]:

Theorem 1.1. Let (1.12) hold. Then a necessary and sufficient condition for

(1.9) to hold is that

(1.16) (°°a^e-* dt* -1   for Re X > 0.
•'o

Although (1.12) is not valid in some applications of (1.1), there are

interesting alternative assumptions which imply (1.9). Theorem 1.2 below, due

to Miller [5], is of this type. Also see [5] for references to specific physical

problems which motivate these alternatives to (1.12).

Theorem 1.2. Let (1.3) and

(1.17) a E C(0, oo),   a is positive and nonincreasing on (0, oo),

a(t)
(1.18) —-—- is nonincreasing on (0, oo) for each T > 0

hold. Then

(1.19) 0 < r(t) < a(t)       (0 < t < oo),

/•oo /o°a(0 dt roo

(1.21) ("/-(f) dt= 1   if Ca(t) dt= oo.
•'O •'0

Since (1.16) is a consequence of (1.12) and (1.17), (1.20) also follows from

Theorem 1.1 and Lemma 1.2; however, (1.19) and (1.21) are not contained in

the preceding results. Miller [5] further shows that if a is completely mono-

tonic, that is if

(- l)*fl(»(/) > 0       (it = 0, 1,... ; 0 < t < oo),

and if a(t) sé 0, then (1.17) and (1.18) are satisfied.

A general result which does not assume (1.12) is the following one of Shea

and Wainger [11]:

Theorem 1.3. Let

(1.22) a(t) = b(t) + c(t),
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where

b E Lxoc(0, oo) is nonnegative, nonincreasing,

^ '   ' and convex on (0, oo),

(1.24) c,tc E L'(0, oo),

and let (1.16) hold. Then (1.9) holds.

When a G L'(0, co) in Theorem 1.3, hypothesis (1.16) is to be interpreted

for Re X = 0 as

lim   f'X>a(t)e-^+iß)'dt* -1       (-oo < ¿8 < oo).
<T-»0+ ̂o

To show that the hypothesis of Theorem 1.3 with c = 0 is less restrictive

than that of Theorem 1.2, let (1.17), (1.18), and 0 < /, < t2 be satisfied. Then

«(',)/«( ̂4^) = «Ci)/«('i + ̂ y^1)

Thus

fl^ —2~ J <Lfl(íi)a(í2)J     <-¡j-

and, hence, a is convex.

When a(oo) > 0, Shea and Wainger [11, (6a) and (10)] have alternative

assumptions to those of Theorem 1.3 which insure (1.9). Grossman and Miller

[2, Theorems 5.1 and 5.2] have obtained fairly involved conditions insuring

(1.9) when a is sufficiently smooth (or a sufficiently smooth perturbation of

an Lx-function).

Here we prove:

Theorem 1.4. Let

(1.25) a be nonnegative and nonincreasing on (0, oo),

(1.26) a(0) < oo.

Then

(1.27) - a(0) < r(t) < a(0)       (0 < t < oo),

(1.28) 0 < ('r(s) ds < 1       (0 < t < oo),
•'O

(1.29) lim   [r(s)ds=[   r(s) ds   exists,
<—>co   ^o •'0

and (1.20), (1.21) hold.
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In §5 the inequalities (1.27) are strengthened a little.

Note that a E C[0, oo) is not assumed in Theorem 1.4. Both a(oo) > 0

and a(oo) = 0 are allowed. The example

a(t) =1       (0 < t < 1),   a(t) = 0 (1 < / < oo),

r(t) = «?"'   (0 < t < 1),   r(t) - e~'[l - 2e + et]   (1 < t < 2)

shows, since r(t) < 0 for / in an interval to the right of 1, that (1.25) and

(1.26) do not imply (1.19). A simple approximation argument now yields

smooth a(-) satisfying (1.25) and (1.26) but not (1.19).

Theorem 1.4 only asserts the existence and value of the improper integral

(1.29); here again, (1.20) also follows from Theorem 1.1. It is not known

whether (1.9) is a consequence of (1.25) and (1.26). It is also open whether

(1.26) can be replaced by the weaker condition (1.3) in (1.29) of Theorem 1.4.

The proof of (1.27) employs Theorem 1.5 below which is concerned with

the nonlinear equation

(1.30) x(t) + f'a(t - s)g(x(s)) ds= f(t),
Jo

where a, g, and / are prescribed.

Theorem 1.5. Let f E C[0, oo) n BVXoc[0, oo) and let (1.25), (1.26) and the

following conditions be satisfied:

(1.31) g£C(-oo, oo),   meas{x < 0|g(;c) > 0} < X < oo,

(1.32) meas{x > 0\g(x) < 0} < X.

Then (1.30) has a continuous solution on [0, oo). Moreover, if x E C[0, oo) is a

solution o/(1.30), then

(1.33) max |x(j)| < X +  min \f(s)\ + V(f, [0, t])       (0 < t < oo),

where V(f, [0, t]) is the total variation of f on [0, /].

Although the statement of Theorem 1.5 is slightly stronger than that of

Theorem 1 of Levin [3], it is proven in exactly the same manner as the latter

result. Corollaries 1 and 2 of [3] treat the problem of replacing (1.26) with

(1.3) in Theorem 1.5.

The proof of (1.28) employs:

Lemma 1.3. Let (1.3), (1.25), and

(1.34) / G C[0, oo),   fis nonnegative and nondecreasing on [O, oo)

hold. Then the solution, x,of(\.\) satisfies

(1.35) 0 < x(t) < f(t)       (0 < / < oo).
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A strengthened form of Lemma 1.3 is noted in §5.

The proof of the other assertions of Theorem 1.4 employ (1.28) and some

results of Levin and Shea [4], concerning the asymptotic behavior of the

bounded solutions of various integral equations, which are stated in §3. In the

remainder of this Introduction we discuss Lemma 1.3 and, in particular, two

quite different theorems dealing with nonlinear equations which are related to

it.

An elementary self-contained proof of Lemma 1.3 is given in §2. With

some rather obvious modifications, the arguments of §2 can be extended to

(1.30) under the hypothesis

(1.36) gGC(-oo, oo),   xg(x) > 0       (-oo<;c<oo).

We omit the details since the resulting generalization of Lemma 1.3 is

essentially contained, as a quite special case, in Theorems 1.6 and 1.7 below.

Observe that if (1.36) holds then so do (1.31) and (1.32) with X = 0.

The next result, which concerns the nonlinear equation

(1.37) x(t) + f'a(t - s)g(x(s), s) ds= f(t),
Jo

is due to Friedman [1] and is discussed and employed by Miller [5] in his

proof of Theorem 1.2 above. A related earlier result, for a(t) = /-1//2, is due

to Padmavally [9].

Theorem 1.6. Let (1.3) and the following conditions hold:

aGC(0, oo),   /GC[0, oo),   a(t) > 0,   f(t) > 0       (0 < / < oo),

f(T)       a(T-s)

g is measurable andxg(x, t) > 0 on ( — oo, oo) X [O, oo),

g(-,t) E C(- oo, oo)   for eacht G [O, oo).

If a, g, and f are sufficiently smooth to guarantee the uniqueness of the solution

o/(1.37), then the latter exists on [0, oo) and satisfies (1.35).

Lemma 1.3 may be obtained from Theorem 1.6 by setting g(x, t) = x in

(1.37) and reasoning as follows: Let a > 0 and/ > 0 satisfy the hypothesis of

Lemma 1.3. Then, obviously,

f(T) a(T-s)
-77T < 1 < -7:—r       (0 < s < 7 < /)•
/(/) a(t-s)

If a G C(0, 00) is also assumed, then Theorem 1.6 asserts that the solution of

(1.1) satisfies (1.35). The continuity and positivity restrictions are easily

removed by approximation arguments of the sort given in §2.
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A lower bound is obtained on the solutions of (1.30) in:

Theorem 1.7. Let (1.25), (1.26), (1.31), and (1.34) hold and let x G C[0, oo)

be a solution o/(1.30). Then

(1.38) - X < x(t)       (0 < t < oo).

That Lemma 1.3 is a consequence of Theorem 1.7 may be seen as follows:

Let (1.26) and the hypothesis of Lemma 1.3 hold. Then, by Theorem 1.7 with

X = 0, x(/) > 0. This together with our assumptions implies that x(t) < /(/),

establishing Lemma 1.3 when (1.26) holds. The latter restriction may be

removed by an approximation argument given in §2.

The proof of Theorem 1.7 is similar to that of Theorem 1.5. However, the

argument is sufficiently intricate, and the changes required in [3] sufficiently

numerous, to warrant giving a self-contained treatment of one of the subcases

that make up its proof. This is done in §4.

Theorems 1.5 and 1.7 obviously imply:

Corollary. Let (1.32) and the hypothesis of Theorem 1.7 hold. Then

- X < x(t) < X + f(t)       (0< t < oo).

2. Proof of Lemma 1.3. Approximation arguments will enable us to deduce

Lemma 1.3 from the weaker, but easily proven, result:

Lemma 2.1. Let

(2.1) aGC'[0, oo),   a(t) > 0,   a'(t) < 0       (0 < / < oo),

(2.2) /GC'[0, oo),   /(i)>0,   f'(t)>0       (0<t<oo).

Then the solution, x,of(\.l) satisfies

(2.3) 0 < x(t) < f(t)       (0 < t < oo).

Suppose

(2.4) 0 < x(t)       (0 < / < oo)

does not hold. Then, since x(0) = /(0) > 0, there exists a unique f0 > 0 such

that

(2.5) x(/0) = 0, 0 < x(t)       (0 < t < t0).

This implies, as x G C'[0, oo), that

(2.6) x'(/0) < 0.

Differentiating (1.1), setting / = t0, and invoking (2.2) yields

x'(t0)=f'(tQ)-f'°a'(t0-s)x(s)ds
(2.7) Jo

> - f'°a'(t0 - s)x(s) ds.
Jo
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From (2.1), (2.5), and (2.7) it follows that x'(t0) > 0, which contradicts (2.6),

unless

(2.8) a(t) = a(0)       (0 < t < t0).

However, (2.8) and (1.1) obviously imply

(2.9) x(t) + a(0) ('x(s) ds= f(t)       (0 < / < t0).
Jo

From (2.9) and (2.2) we easily obtain

x(t0) > f(0)e-"m°> 0,

which contradicts (2.5). Thus (2.4) is established, which together with the

hypothesis clearly implies (2.3) and completes the proof of Lemma 2.1.

Turning to the proof of Lemma 1.3 itself, we let xe be the solution of

(2.10) x<t) + f'a(t - s + e)x.(s) ds= f(t) + e       (0 < / < oo),
•'o

where e > 0 and a and/satisfy the hypothesis of Lemma 1.3. If (1.26) holds,

a(t - s + e) may, but need not, be replaced by a(t - s) in (2.10). If/(0) > 0,

f(t) + £ may, but need not, be replaced by /(/) in (2.10). Such changes

require setting e = 0 in appropriate formulas below. We now show that

(2.11) 0< *,(/)</(/) +e       (0 < t < oo).

If e = 0 throughout (2.10), then e = 0 in (2.11). Thus, in this special case,

establishing (2.11) will complete the proof.

Let [a„(-, e)} satisfy

a„(-, e) E C°°[0, oo),   a„(0, e) = a(e),   a„(-, s) is nonincreasing,

(2.12) a(t + e) < an+x(t, e) < a„(t, e)       (0 < / < oo),

lim a„(t, e) = a(t + e)   a.e.
n-»co    ™v      ' v '

for each e > 0 and let {/„} satisfy

f„ E CK[0, co],   /„(0) = /(0),   /„ is nondecreasing,
(2 13)

/(')>/„+>(') >/„(')>     Km /»(0-/(0       (0</<oo).

If

¿8: [0,1] -»[0,1],       j3er[0,l],

ß(t) = \ (o</<!),    ß\t)<o (}</<f),

ß(t) = 0  {¡<t< i),

and if for n, k "=* 0, 1,... we set
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(2.14)

a„(/,£)= la(—^— +e) -0(3? +e)|

on rV/3" < t < (k + l)/3", where a(-t + e) = a(e) for / > 0, then it is not

hard to show that the an of (2.14) satisfy (2.12). A sequence satisfying (2.13)

may be similarly constructed.

Let>>„(-, e) be the solution of

yn(t, e) + f'adt - s, e)y„(s, e) <fc= /„(/) + e       (0 < / < oo).

Lemma 2.1 implies that

(2.15) 0 < ydU e)<f„(t) + e       (0 < t < oo).

It is an elementary matter using the Ascoli-Arzelà lemma and the uniqueness

of xe(/) to show that

(2.16) \imydt,e) = xc(t)

uniformly on [0, T] for every T > 0. Clearly (2.11) is an immediate con-

sequence of (2.13), (2.15), and (2.16).

In a similar manner, setting e = l/m (m = 1, 2,. .. ) in (2.10) and (2.11)

and letting m -» oo yields

(2.17) jim  xx/m(t) = x(t)

uniformly on [0, T] for every T > 0, where x is the solution of (1.1). The

conclusion of Lemma 1.3 now follows from (2.11) and (2.17).

3. Proof of Theorem 1.4. We consider (1.27) first. Let (1.25) and (1.26) hold

and let an(t) = an(U 0), where an(U «) are defined by (2.14). Then (2.12)

implies

a„ E C°°[0, oo),   a„(0) = a(0),   a„ is nonincreasing,

(3.1) a(t) < an+x(t) < adt)       (0 < / < oo),

lim adt) = ait)   a.e.
n-»oo

Let r„ be the solution of

(3.2) r„(t) + fa(t - s)r„(s) ds= aH(t)       (0 < t < oo).

This equation is the special case of (1.30) in which

(3.3) x->/•„,   a = a,   g(x) = x->rn,   X = 0,   f-+a„.

From (3.1) we have
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(3.4) min \a„(s)\ + V(an,[0, t]) = a(0).

In view of (3.3) and (3.4), applying Theorem 1.5 to (3.2) yields

(3.5) - a(0) < r„(0 < a(0)       (0 < t < oo; n = 1, 2,... ).

Let

(3.6) z„(0 = f'a(t - s)r„(s) ds.
Jo

It is easily verified that (1.25), (1.26), (3.5), and (3.6) imply

|z„(0| < a2(0)t,   \z„(t + A) - z„(0| < 2a2(0)A       (0 < /, A < oo)

for n = 1, 2,.... A routine exercise involving the Ascoli-Arzelà lemma, the

Lebesgue bounded convergence theorem, and the uniqueness of the solution

of (1.2) now shows that rn(t) -» r(t) a.e. (n -» oo) and (1.27) are satisfied.

Let

(3.7) A (t) = ('a(s) ds,   R (t) = ('r(s) ds,    V(t) = 1 - R (t).

Then R, V E ^ICloc[0, oo). Integrating (1.2) yields

(3.8) R(t) + f'a(t - s)R(s) ds - A(t)       (0 < t < oo),
•'o

which together with (3.7) implies

(3.9) V(t) + f'a(t - s)V(s) ds= 1       (0 < r < oo).
•'o

Applying Lemma 1.3 to (3.9) yields

(3.10) 0 < V(t) < 1 (0 < / < oo)

and, because of (3.7),

(3.11) 0 < R(t) < 1 (0< t < 1),

which establishes (1.28) of the conclusion. It may be noted from the proof

that (1.28) holds with (1.26) replaced by (1.3).
The equations

(3.12) x(0 + f'x(t - s) dB(s) = z(0       (0 < r < oo),
7o

(3.13) *'(/) + f'x(t - s) dB(s) = z(0       (0 < r < oo),
•'0

where

(3.14) B E BV[0, oo),   ß(0) = 0,   B(t-) = B(t)       (0 < / < oo),

(3.15) z G L°°(0, oo),    lim z(t) = z(oo) exists,
/-»oo
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are employed in the remainder of this proof. Let

(3.16) B (X) = f °V''X' dB(t)       (- oo < X < oo),
•'o

(3.17) SX(B) = {X\B(X) = -1, -oo <A< oo),

(3.18) S2(B) = {X\B(X) = -iX, -oo < X < oo}.

Concerning (3.12) and (3.13) we employ, respectively, the following im-

mediate and very special consequences of Theorems 3b and 3a and Lemmas

2.3 and 2.2 of Levin and Shea [4]:

Lemma 3.1. Let (3.14) and (3.15) hold and let x E L°°(0, oo) be Borel

measurable and satisfy (3.12) and

(3.19) lim |x(r + t) - x(/)| = 0.
/-»oo
T-»0

Then SX(B) = 0 implies

z(oo)
(3.20) lim x(/) =

/-»oo 1 + B(oo)

Lemma 3.2. Let (3.14) and (3.15) hold, with z(oo) = 0, and let x

ACXoc[Q, oo) n L°°(0, oo) satisfy (3.13) a.e. Then

(3.21) x(t) = c(t) + r,(t)       (0 < t < oo),

where

(3.22) lim -q(t) = 0,      lim ( ess sup|rj'(i)|) = 0,
/-»oo /-»oo l l<s<x >

and

(3.23) S2 (B ) = 0 i»ip/iej c(/) = 0,

52(B) = {0} iirçp//«c G C"[0, oo) n L°°(0, oo),

(3'24) lim CW(/) = 0       (J > 1).
/-»oo

The cases

(3.25) /""«rf/) a1/ < oo,
•'o

(3.26) r°°a(0 * = °o
•/o

are treated separately in the remainder of this proof.

If (3.25) holds, we employ (3.7) and write (3.9) as

(3.27) V(t) + f'v(t - s) dA(s) = 1.
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From (3.7) and (3.16) we have

* roo /-oo

A (X) = I    a(/)cos Xt dt- iX I    a(0sin Xt dt,
Jo Jo

which together with (1.25) and (3.25) ((1.26) is not required here) implies that

SX(A) - 0. From (3.9), (3.10), and (3.25) it follows that V is uniformly

continuous on [0, oo) and, hence, satisfies the Tauberian condition (3.19).

Therefore, applying Lemma 3.1 to (3.27) yields K(oo) = [1 + A(oo)]~x, which

in view of (3.7) establishes (1.29) and (1.20) for the case (3.25).

When (3.26) holds we define 5, by

(3.28) Bx (0) = 0,   Bx (t) = a(t)       (0 < / < oo)

and assume, without loss of generality, that

(3.29) a(t-) = a(t)       (0 < t < oo),   a(0) = a(0 + ).

Then, by (1.25), (1.26), (3.28), and (3.29), Bx satisfies (3.14) and

(3.30) Bx (X) = a(0) + f °°cos Xt da(t) - i /""sin Xt da(t).
•>o •'O

From (1.25), (1.26), and (3.30) it is easily seen that

(3.31) a(oo) > 0 implies S2 (Bx ) = 0,

(3.32) a(oo) = 0 implies S2(BX) = {0}.

Differentiating (3.9) yields

(3.33) V'(t) + f'v(t - s) dBx (s) = 0   a.e. on [0, oo),
•'O

to which, in view of (3.7) and (3.10), we can apply Lemma 3.2. If a(oo) > 0,

then (3.31) and (3.21)-(3.23) imply

(3.34) J/(oo) = 0.

From (3.34) and (3.7) we have R(cx>) = 1, which establishes (1.29) and (1.21)

in this subcase of (3.26).

If a(oo) = 0 and (3.26) hold, then (3.32) and Lemma 3.2 imply

(3.35) V(t) = c(t) + n(0       (0 < t < oo)

where c and n satisfy (3.24) and (3.22) respectively. Suppose (3.34) does not

hold. Then (3.10), (3.22), (3.24), and (3.35) yield the existence of sequences

{/„} and {Tn) and a constant v > 0 such that

(3.36) lim  r„= oo,     lim  T„= oo,    V(t) > v       (t„ < t < t„ + T„).

From (1.25), (3.9), (3.10), and (3.36) it follows that

v(Tna(s)ds< 1       (« = 1,2,...),
•'o
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which contradicts (3.26) for sufficiently large n. Hence (3.34) holds and,

similar to the preceding paragraph, (1.29) and (1.21) are also established in

this subcase of (3.26). This completes the proof of Theorem 1.4.

4. Proof of Theorem 1.7. Let x be a solution of (1.30) and let

p = {t\g(x(t))>o),   ô = {/|g(x(o)<o},
(4.1)

R-{t\g(x(t)) = 0).

P(t)=f\g(x(s)))+a(t-s)ds,

(4.2) \
q(t) = fQ{g(x(s)))   a(t-s)ds,

where y+ = max(.y, 0),y~ = max(-.y, 0). Then/> > 0, a > 0 and

(4.3) x(t) + p(t) - q(t) = /(/)       (0 < t < oo).

Lemma 1 of [3] implies that/>, q G ACXoc[0, oo) and

(4.4) p'(t) < 0   a.e. onßuÄ,       q'(t) < 0   a.e. on P u R.

From (1.34), (4.3), and p, q E ACXoc[0, oo) it follows that x G C[0, oo) n

BVXoc[0, oo) and that each of the infinite series appearing below converge

absolutely.

Let t0 E [0, oo). In showing that

(4.5) x(t0)> -X,

we analyze each of the following situations separately:

(4.6) 0EQ U R,       t0EQ U R,

(4.7) 0 G Q u R,       t0EP,

(4.8) 0 G F,       /0 G Q U R,

(4-9) 0GF,       t0EP,        [0,/o)!ZF,

(4.10) 0GF,       t0EP,        [0,/o)cP.

The hypothesis and (4.1)—(4.3) easily imply that (4.5) is a consequence of

(4.10). For brevity we will only prove here that (4.6) implies (4.5). The

arguments for the remaining cases, (4.7)-(4.9), may be readily constructed

from those that follow and from the discussion in [3].

Thus, let (4.6) hold. Then (4.1) implies

Ni

k=\

where Nx > 1 or oo if F, ^ 0, Nx = 0 if P = 0, and there may exist a k'[

such that ak = oo. Let



220 J. J. LEVIN

P,o=Pn[0,tQ],     /={*> IK</0}.

Then

(4.11) plo= UK,«;).
kei

As a step toward proving (4.5), (4.3) suggests obtaining an upper bound on

p(t0). From (4.1)-(4.4) and (4.11) we have

P(t0) = ('°PV)ds<f p'(s)ds

= 2/"V(*)¿= 2 [P(ak) - p(a'k)]
(4.12) keI   '" *e/

= 2 {[*«) - *«')]+[<,«) - a«)] +[/«) -f(a'k)]}
ksl

< 2 [*K) - *(«*)] + 2 [/«)-/«)]•
Ae/ is/

In order to study the term ~2kel[x(a'k) - x(ak)], let

A = {x\g(x)>0),       C-{ac|g(*)-0}.

Then

A = u($,£n   K,i;ec),
»-1

where N2> 1 or oo if A ¥= 0, A2 = 0 if A = 0, and there may exist an i'{

such that £/[ = oo. Let 7 = (c,) u (c2) U (c3) where

(c,) = {* G 7|*«) < *«)},

(c2) = (A: G 7|x«) > *«')},

(c3) = {* G 7|*K) « *«)}•

Then for each k E I there exists a <b(k) such that

* e (ci) implies x(a'k) - |;W,   x«) = |;a),

¿ G (c2) impliesx«) = |;(t),   x(ak) = |;U),

Â: G (c3) implies x(a¿) = x«) = £'^k)   or   *«) - x(a'¿) = £';(k),

where <£(&) is uniquely defined for k G (c,) u (c2) DUt mav be double valued

when k G (c3). Clearly

(4.13) S [x«) - x«)] =     2      [*«) - *«)]•
te; *E/-(c3)

Let
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(4.14)        /, (0 = {*|* G / - (c3), <b(k) - /}       (/ =1,2,...).

Thus /,(/') is a finite or empty set. It is evident from the graph of x that for

each / > 1 :

(4.15)    2    [*«)"*«)] =

g-CT   ifx(0)<i;<i;'<x(/0),

ff-Ç    \!x(to)<$<C<x(0),
0 ifx(0),x(r0) <£or

%<x(0)fx(to).

Let

(4.16) h={i> \\x(t0) < % < g <x(0)}.

From (4.13)-(4.16) and (1.31) it follows that

2 [x(a'k) - x«)] = 22    [*«) - x«)]
*e/ i=lAe/,(0

(4.17) < 2    2   [*«) - *«)]
/e/2 *£/,(/)

= 2 «r-€)</(0) + Jf.
ie/2

From (4.3), (4.12), (4.17), and q(tQ) > 0 we have

x(/0) > -A" -/(0) + 2 [/«)"/«)] + /('o).
kei

which together with (1.34) obviously implies (4.5) and completes the proof.

5. Supplementary remarks. It easily follows from Lemma  1.3 and an

approximation argument of the type employed in §2 (note (2.13)) that

(5.1) Lemma 1.3 is valid without the hypothesis/ G C[0, oo).

From (1.2) and (3.9) it follows that

a(0)V(t) - r(t) + f'a(t - s)(a(0)V(s) - r(s)) ds= a(0) - a(t),
Jo

which together with (1.25), (1.26), and (5.1) implies

(5.2) 0 < a(0)V(t) - r(t) < a(0) - a(t).

Combining (3.7) and (5.2) yields

(5.3)

a(t)- a(0)['r(s)ds< r(t)
Jo

< a(0)(l -f'r(s) ds)       (0 < / < oo).
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From (1.28) we see that (5.3) is stronger than (1.27). When integrated, (5.3)

implies

- a(0)(l - e~am') + a(t)

< r(t) < a(0) - a(0) f'e-am'-s)a(s) ds.
Jo
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