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PL INVOLUTIONS OF FIBERED 3-MANIFOLDS

BY

PAIK KEE KIM AND JEFFREY L. TOLLEFSON0

Abstract. Let A be a PL involution of fx[0,1] such that h(Fx {0,1})
= Fx{0,1}, where F is a compact 2-manifold. It is shown that h is

equivalent to an involution h' of the form h'(x,t) = (g(x),\(t)). This result is

applied to classify the PL involutions of closed, orientable, Seifert manifolds

when the fixed-point set contains a two-dimensional component of negative

characteristic.

This paper is concerned with the problem of classifying the PL involutions

of Seifert manifolds [15] that have a two-dimensional fixed-point set. We

obtain a complete classification of these involutions on closed, orientable

Seifert manifolds when the fixed-point set contains a two-dimensional compo-

nent of negative characteristic. Crucial to this classification, as well as of

interest in its own right, is the following characterization of PL involutions on

product line bundles.

Theorem A. Let F be a compact surface and let h be a PL involution ofFXl

such that h(F Xdl) = FXdl (I denotes the unit interval). Then there exists a

map g of F (with g = identity) such that h is equivalent to the involution h' of

FXI defined by h'(x, t) = (g(x),X(t)) for (x, t) E FXI andX(t) = t or 1 - /.

This theorem has played a fundamental role in our study of PL involutions

of 3-manifolds (see [9], [10] and [19]). An analogous result, restricted to fixed-

point free involutions, was proved and used by F. Waldhausen [21]. To

illustrate the use of this theorem, consider a PL involution A of a compact, P2-

irreducible 3-manifold M and suppose that there is a two-dimensional

component F of Fix(/z). In §2 we observe that F must be mx-injective in M; that

is, the homomorphism mx(F) -* mx(M) induced by the inclusion is injective.

Suppose that M = TxSx (where T is a closed surface) and F has negative

characteristic. It follows that (T X S) - F is homeomorphic to F X (0,1) and

h defines an involution on F X (0,1) which can be extended to F x I. Thus

Received by the editors March 9, 1976.
AMS (MOS) subject classifications (1970). Primary 57A10; Secondary 57E10.
Key words and phrases. Involutions, 3-manifolds.

(') The second author was supported in part by the National Science Foundation.

O American Mathematical Society 1977

221



222 P. K. KIM AND J. L. TOLLEFSON

Theorem A provides a description of h. This point of view is used in the proof

of the next theorem to give a complete classification of PL involutions h of

closed, orientable Seifert manifolds when each component of Fix(/t) is two-

dimensional.

Theorem B. Let M be a closed, orientable SeiSert maniSold. Then M admits a

PL involution h, where each component oS Fix(ft) is two-dimensional and at least

one has negative characteristic, if and only ¡S M is an S -bundle over a surSace oS

negative characteristic that admits a cross-section. Thus, iSthe bundle is principle

then M is a product TxS , and if the bundle is not principle then M is the union

of two copies of a twisted I-bundle identified along their boundaries by the identity.

In the case the bundle is principle, M admits exactly two such involutions, up to

equivalence. If the bundle is not prinicple then M admits exactly four such

involutions, up to equivalence.

If we allow Fix(/V) to include O-dimensional components then we have the

following theorem concerning Seifert manifolds that are fibered over S .

Theorem C. Let M denote a closed, orientable Seifert manifold that is also a

fiber bundle over Sx. Then M admits a PL involution h with Fix(/i) containing a

two-dimensional component of negative characteristic if and only if M is homeo-

morphic to some F X l/<¡> which is obtained from Fx I by identifying (x, 0) with

(<b(x), I) for each x E F, where </> is a homeomorphism of the surface F with <b —

identity. In this case the involution h is uniquely determined by Fix(A), up to

equivalence.

The proofs of Theorems B and C are found in §§4 and 5, together with

descriptions of the involutions involved.

In [7] we show that a PL involution of a compact nonprime 3-manifold M

can be split into involutions on the prime factors of M. Thus the results of the

present paper can be applied to study PL involutions of the most general

compact 3-manifolds.

1. Notation. All spaces and maps will be in the PL category. A 3-manifold

M is irreducible if every 2-sphere in M bounds a 3-cell in M. We say that M is

P -irreducible if M is irreducible and contains no two-sided projective plane

P2. An embedding of a surface F in M is proper if dF = F D dM. A proper

embedding of the surface F in M is two-sided if there exists a neighborhood of

F in A/ of the form Fx I such that F = F X {|}. A neighborhood is said to

be small provided it is contained in a second derived neighborhood with

respect to a triangulation of M in which everything under discussion is

simplicial. Two surfaces F and G which are properly embedded in M are said

to be parallel if there exists an embedding of F X I in M such that F = F X 0

and G = (d(F X I) - F X 0).
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Let F be a two-sided surface properly embedded in the 3-manifold M. The

manifold M' obtained by splitting M along Fis defined by the properties: 3M'

contains surfaces F' and F" which are copies of F, and identification of F' and

F" gives a natural projection (M',F' U F")-»(M,F) that is a relative

homeomorphism. Observe that M' is homeomorphic to (M — U) where U is

a regular neighborhood of F in M.

A surface F (not a 2-sphere or disk) properly embedded in a 3-manifold M

is incompressible in M provided that whenever D is a disk in M with

D n F = 3-D, then 3D bounds a disk in F. Observe that if F is not simply-

connected and is 77j-injective in M, then F is incompressible. If F is two-sided

and incompressible in M, then it follows from the loop theorem [16] that Fis

vTj-injective.

Let h denote a simplicial involution of a triangulated 3-manifold M. Let F

denote a surface properly embedded in M as a subcomplex. We shall describe

an isotopy by which we move F into h-general position [18]. We first move F

into general position with respect to Fix(zz). Then, using only isotopies that

keep Fix(/i) constant, we move F - Fix(/z) into general position with respect

to h(F) - Fix(/z). This is done by the usual method of shifting subcomplexes

into general position. In general, F n h(F) is a graph with the branch points

of the graph lying in Fix(zz).

Let F denote a surface in /z-general position. We assign a complexity

c(F) = (a, b) to F where a denotes the number of components of F n h(F)

— Fix(/z) and b denotes the number of components of Fix(/t) n F. We order

these complexities lexicographically.

A surface E contained in h(F) is said to be innermost if E O FC 3 F and

oE - (E n F) C 3M.

2. Two-dimensional components of Fix(/z). Let h be an involution of a

compact F -irreducible 3-manifold M. In this section we observe that each

two-dimensional component of Fix(/z) is ^-injective in M. This is actually an

immediate corollary of Theorem 6.1 of P. Conner and F. Raymond [2] and the

proof given below uses their point of view.

Lemma 1. Let M be a compact, P -irreducible 3-manifold and let h be a PL

involution ofM. Then every two-dimensional component of the fixed-point set of h

is mx-injective in M.

Proof. Choose a basepoint x0 G F and let p: (M,x0) -> (A/,x0) be the

universal covering space. Lift h to an involution h of M with h(x0) = x0 and

let F = Fix(Ä). One easily checks thatp(F) = F. It follows from Smith theory
that F is connected and simply connected since M is either contractible or a

homology 3-sphere. Hence p|F: Ë -» F is the universal covering space of F.

Observe that a loop in F based at x0 is contractible in M if and only if it lifts
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to a loop in M based at Jc0 (and thus in P). It follows that Fis 7rrinjective in M.

This result can be extended to irreducible 3-manifolds which contain two-

sided projective planes if we restrict our attention to the two-sided compo-

nents of the fixed-point set. The proof of this next lemma will also introduce

a basic construction used in the following section.

Lemma 2. Let M be a compact, irreducible 3-manifold and let h be a PL

involution on M. Suppose that F is a two-sided, two-dimensional component of

Fix(h). Then F is mx-injective in M.

Proof. If mx(F) is trivial, then there is nothing to show. If ttx(F) is not

trivial, then it is sufficient to prove that F is incompressible in M. Let S be an

arbitrary disk in M such that dS = S n F. We shall be finished if we can

show that 35 also bounds a disk in F.

Since h interchanges the sides of F we may assume that (Ê U h(S)) n 35

= 0. Move 5 into A-general position by an isotopy that keeps 35 fixed.

Among all such disks with boundary 35, we assume that we have chosen a

disk 5 whose interior § has minimal complexity.

Suppose that 5 n h(S) 7e 0. Then there exists a simple closed curve / in

h(S) n 5 that bounds an innermost disk E in h(S). The curve J separates 5

into an open disk Ex and an annulus E2, where J = Ex n E2. Let 5' denote

the disk E u E2. We are going to move 5' with a small isotopy to ensure the

A-general position of 5' and to obtain c(S') < c(S). For future reference, we

refer to the construction of this isotopy as an a-operation. Let U be a small

regular neighborhood of E in M such that Un 5 is a regular neighborhood

of J in 5. Choose a disk E' close to E in U such that (i) E' n 5 - dE'; (ii)

E' n h(S) = J n Fix(/i); (iii) in E2, dE' u / bounds an annulus A pinched

along / n Fix(A) (that is, A is homeomorphic to the quotient space oí J X I

obtained by identifying y X I to a point for each y E J o Fix(h)); (iv) the

interior of the 3-cell in U bounded by E u A u E' is disjoint from 5 u

h(S). We define 5" to be the disk E' u (5' - (A u E)) whose boundary is

35. The disk 5" may fail to intersect Fix(h) transversally along J n Fix(A). If

this occurs, then we equivariantly push 5" away from h (S") at those points

where 5" is tangent to Fix(A).

We have constructed a new disk 5" in A-general position such that

35" = 35. Moreover, c(5") < c(S) since the intersection of 5 and h(S) has

been simplified along J and has not been increased elsewhere during the

construction of 5". Thus we must have had c(S) = (0,0) since in the

beginning 5 was chosen to have minimal complexity.

Now consider the 2-sphere 2 = 5 U h(S). This 2-sphere 2 is invariant

under h and bounds a 3-cell B in M. The fixed-point set of the involution h\B
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is precisely F n B. It follows that F n B is a disk in F with boundary 35. This

proves that F is incompressible in M.

3. Involutions ot Fxl. The proof of Theorem A is given in this section. Let

F denote a compact surface and suppose that A is a PL involution of Fxl

such that h(FXdI) = FXdI. Theorem A states that there is a product

fibering Fxl and a map g of F such that h(x, t) = (g(x), X(t)), where X(t) = t

or 1 - t. We shall follow Waldhausen's point of view [21] in our proof. Let

p: Fxl -» F denote the projection onto the factor F. A subspace X of F X /

is said to be vertical if X — p~l(p(X)). Thus X is vertical if and only if

X = p(X) X I. In [21] Waldhausen proves the following lemma for compact,

orientable surfaces F. However, his proof essentially goes through for any

compact surface F.

Lemma 3.InFX I, let G be such that each component of G is either a properly

embedded disk which intersects 3F X / in two vertical arcs, or an incompressible

annulus which has one boundary curve inFxO and the other inFX 1. Then there

exists an isotopy, constant on (F X 0) U (3F X /), which makes G vertical.

It follows from this lemma that we may deform the given fibering, holding

(FxO) U (3FX/) constant, to make G vertical with respect to this new

fibering, which we shall still denote by Fx I.

Lemma 4. Suppose that oF # 0 and A|(3F X J) has the form (x, t) h» (g(x),

X(t)). Let some component ofdFXlnot be separated by 3(Fix(A)). If Fis not a

disk, then there exists a disk D such that (i) 3D is not contractible in 3 (F X /),

(ii) either h(D) = D or h(D) n D = 0, and (iii) there exists a deformation of

the fibering F X I, constant on (F X 0) U (3F X I), after which D u h(D) is

vertical and h\(D u h(D)) has the form (x, t) h> (g(x), X(t)).

Proof. Start with a vertical disk S properly embedded in F X / such that

dS is not contractible in 3(F X /). Because h\(dF XI) preserves the fibers and

3(Fix(A)) does not separate 3F X /, we may require that S n (dFXI) consist

of two vertical arcs kx, k2 such that h(kx U k2) PI (kx U i2) = 0- Move S

into A-general position by an isotopy constant ondFxl. We may assume that

we have chosen S to have minimal complexity c(S) among all such disks. We

shall show that either c(S) = (0,0) or else we can construct an invariant disk

D for which 3D is not contractible in 3(FX /) and D D (3Fx /) consists of

two vertical arcs.

Suppose that h(S) D S # 0. There exists an innermost disk E in h(S) such

that J = E n S is either an arc or a simple closed curve. In either case, J

separates S into two components, Ex and E2, such that E\ n F/2 = /. If 7 is a

simple closed curve, then one of these components, say Ex, is an open disk

with boundary /. Take S' to be the disk E U E2. We use an a-operation to
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move 5' into /¡-general position and obtain a new disk 5" such that 35" = 35

and c(S") < c(S). However, since this contradicts our choice of 5, the curve

/ must be an arc.

Suppose that J is an arc with both endpoints in the same component of

Fxdl, say Fx{i). Let Ex denote the component of S — J with dEx

C J U (FX {/}). Then E U El is a disk parallel to a disk in Fx {/}. Let 5'

denote the disk E U E2, where 35' is isotropic to 35 in 3(FX /). We shall

move 5' into «-general position, thus obtaining a new disk 5" with 35"

noncontractible in 3(FX J) and c(S") < c(S). This isotopy is constructed

using the following /^-operation.

ß-operation. Let U denote a small regular neighborhood of E in M such

that Un 5 is a regular neighborhood of J in 5. Take a disk E' near E in U

satisfying the properties: (i) E' n 5 = L, where

L = (3F'-(3(FX/)n £'));

(ii) E' n h(S) = J n Fix(A); (iii) in E2, L \j J bounds a subspace ^4

homeomorphic to J X I pinched along J n Fix(h); and (iv) the component

of (F x I) - (E u A u F') contained in Í/ does not meet 5. Let 5" denote

the disk F' u (5' -(^u F)), which is isotopic to 5'. As before during the

a-operation, 5" may fail to meet Fix(h) transversally along some components

of J n Fix(A). We use a small equivalent isotopy to move 5" and «(5") apart

along these components of J n Fix(/i). We thus obtain the desired disk 5"

with c(5") < c(S). Again, this contradicts our choice of 5.

Thus / must be an arc with one endpoint lying in each component of

F X 37. Observe that if 3(F U F,) bounds a disk in 3(F XI), then 3(F U F2)

is homotopic to 35 in 3(FX 7). Thus at least one of the disks F U Ex and

F U F2, say 5' = F U F2, has a boundary that is not contractible in

3(FX I). If h(S') =5* 5', then we move 5' into ¿-general position by a B-

operation to again obtain a disk 5" that is in contradiction to our choice of 5.

Therefore, we can only have A(5') = 5' and thus 5' is the disk D which we

were to construct.

To complete the proof of Lemma 4 we observe that there exists a

deformation of the fibering of Fx I, constant on (Fx 0) U (3Fx I), after

which D U h(D) is vertical and h\(D U h(D)) has the form (x,y) h> (g(x),

MO)-
Lemma 5. Let F be a closed surface different from the 2-sphere. Then there

exists a deformation of the product fibering FXl such that there exists an annulus

A for which A U h(A) is vertical, either h(A) = A or h(A) n A — 0, and

h\(A U h(A)) has the form (x,t) i-» (g(x),X(t)).

Proof. Let A: be a noncontractible simple closed curve in F. Then k X I is
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an incompressible annulus in Fx I. Move k x I into A-general position to

obtain the incompressible annulus S. Recall from Lemma 3 that there is a

deformation of the fibering of Fxl which makes S vertical. So if c(S)

= (0,0) there is nothing more to do. If c(S) > (0,0), then we construct

another vertical annulus S" such that either S" is invariant under A or

c(S") < c(S) and 5" is incompressible. Repetition of this construction (a

finite number of times) yields the desired vertical annulus.

Let us suppose that h(S) (~\ S ¥= 0. First some observations about the

components of h(S) - (S n h(S)). If S (1 A(S) contains a contractible

simple closed curve or an arc with both endpoints in the same component of

F X 3/, then there exists an innermost disk E in h(S). Since S is incompressi-

ble, the disk E is parallel to a disk in S. Also, such an innermost disk E exists

in h(S) whenever S n h(S) contains, at the same time, a noncontractible

simple closed curve and two arcs with endpoints in each component of F x 37.

Case 1. There exists an innermost disk E in h(S) such that J = E D S is

connected. Then E is parallel to a disk Ex in S. The simple closed curve or arc

J separates S into two components, Ex and E2. Let S" denote the annulus

E U E2. Observe that S' is isotopic to S. We use either an a- or a /}-operation

to move S' into A-general position and obtain an incompressible annulus S"

with c(S") < c(S).

Case 2. Case 1 does not occur and there exists an innermost disk E in h(S)

such that J = E C\ S consists of two arcs, Jx and J2. Each of the arcs J¡ has

an endpoint in both components of FxdI. Since at least one of the two

annulli E U Ex and £U£2is incompressible, we lose no generality by

assuming that S' = E U E2 is incompressible in F XI. If A(F) = E2, then

we take S" to be the invariant annulus S". On the other hand, if A(F) ¥= E2,

we have three possibilities that arise. Let U be a small regular neighborhood

of E such that U D S is a regular neighborhood of / in S. The disk U D h(S)

is, of course, two-sided in U. It is possible for E2 n (U - (U n h(S))) to

meet either only one or both components of U - (U n h(S)). In the first two

subcases we distinguish between these two possibilities. In the third subcase it

makes no difference. Remember that in the following subcases we are working

under the assumption that h(E) ¥= E2.

Subcase (a). The disk E2 meets both components of U - (U n h(S)) and

either h(J) = / or h(J) n / = 0. Choose a disk E' near E in U such that (i)

E' D E = (/ n Fix(A)) U K, where K is an arc in E - J parallel to Jx and
E' crosses E at K, (ii) E' C\ (S U h(S)) = K U L, where L denotes the two

arcs (3£' - (F X 37), (iii) L U J bounds the set A in E2, where i4 corresponds

to the quotient space obtained from Jxl by identifying y x I to a point for

each y e / n Fix(A), and (iv) the two components of F XI - (E U A U E')

contained in i/are disjoint from S U h(S). We define S" = E U (F2 ~ ^)-
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By the usual method, equivariantly move 5" off any points of / n Fix(A) at

which 5" is tangent to Fix(A) to obtain 5" in A-general position and

c(S") < c(S).

Subcase (b). The disk F2 meets only one component of (£/ - (U D h(S)))

and either h(J) = J or h(J) n / = 0. We obtain 5" by moving 5' into A-

general position by an isotopy similar to that defined by a /?-operation. The

same description applies if we allow L and J each to be two arcs instead of

one in the ^-operation.

Subcase (c). h(J) n J = Jx, a single arc. Choose a disk F' near F in U such

that (i) F n F' = Jx U (J2 PI Fix(A)); (ii) F' n (5 U h(S)) - E' il S - JJ
U L, where L = (3F' - (,/j U FX 3/)); (iii) L U J2 bounds ̂  in F2, where

y4 is homeomorphic to the quotient space obtained from J2 XI by identifying

y XI to a point for each y E J2n Fix(A); and (iv) the component of

FXI-(E\J A Ö E') contained in U is disjoint from 5 U h(S). Define 5"

to be the annulus F' U (F2 — y4). As usual, move 5" into A-general position

near y n Fix(A) to obtain c(S") < c(S).

Case 3. There does not exist an innermost disk in A(5) and 5 n A(5)

D d(Fxl) = 0. In this case there exists an innermost annulus F in A(5)

such that 3F has one component in common with 3(A(5)). Let J denote the

noncontractible, simple closed curve F n 5. Consider a small regular neigh-

borhood U of F such that U n 5 is a regular neighborhood of J in 5. Let F,

and F2 denote the components of S — J, labeled such that 3F, — J and

3 F — J lie in the same component of F X 37. We define 5' to be the annulus

F U F2. If A(5') = 5', then we take 5" = 5'. If 5' is not invariant then we

use the following isotopy to move 5' into A-general position.

Let F' denote an annulus near F in U such that (i) F' n A(5) = /

D Fix(A); (ii) 3F' U 3F bounds an annulus A in Fx 3/ and an annulus Ä

in F2 that is pinched along J n Fix(A); (iii) 5 U A(5) does not meet the

interior of the component of F XI — (E U A U A' U F') that is contained

in U. We define 5' to be E' U (5' - (¿' U F)). Now move 5" into A-general

position near J n Fix(A) to obtain c(S") < c(S).

Case 4. 5 D A(5) contains an invariant arc J that has one endpoint in each

component of F X 37. Take a small, invariant regular neighborhood U oí J

which we may assume is vertical since J is contained in the vertical annulus 5.

Take 5" to be the vertical annulus 317.

Observe in Cases 1-3 that the existence of a deformation of the fibering

which makes 5" vertical follows from Lemma 3.

We complete the proof of Lemma 5 by changing the parametrizations of the

fibers to obtain A|5" U A(5") in the form (x, t) H> (g(x), X(t)) and taking

A = 5".

Proof of Theorem A. We consider first the case when 3 F # 0. In view of
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the assumption A(FX 37) = FX37, we may suppose that A|3FX I already

has the form (x,t) h» (g(x),X(t)). We shall use induction on the characteristic

x(F) of F to prove that there exists a deformation of the fibering, constant on

3F X 7, after which A will have the desired form.

In the case when F is a disk the theorem is well known ([11], [12], and [22]).

Suppose that x(F) < 1. If 3(Fix(A)) does not separate 3F X 7, then Lemma 4

is applicable. It follows that there is a disk D such that 3D is not contractible

in 3(Fx I), either A(D) = D or A(D) n D = 0, and there is a deformation

of the fibering, constant on (F X 0) u (3F X I), after which D u A(D) is

vertical and A|D u A(D) has the desired form. Split F X I along D u A(D)

to obtain F' X I and an involution A'. Apply the induction hypothesis to

obtain a deformation of the fibering F' X I, constant on (F' x 0) u (3F' X

/), after which A'(x, t) = (g(x), X(t)). Repairing the cut along D u A(D)

defines the required fibering of F X I.

If 3(Fix(A)) does separate 3FX7, we shall show that Fix(A) is a two-

dimensional, two-sided surface that is isotopic to Fx{\). First notice that

each component of 3FX I contains exactly one component of 3(Fix(A)) and

Fix(A) PI (FXdl) — 0. Let G denote a two-dimensional component of

Fix(A). Since G is disjoint from F X 37, it follows that G must be two-sided.

Now observe that either (FXI) — G is connected or else G separates Fxl

into two components, each containing a component of F X 37. However, it is

not possible for (Fxl)-G to be connected since the homomorphism

tTj(FX 0) -» tt,(FX 7) induced by inclusion is an isomorphism. Therefore it

follows from [1] that G is isotopic to Fx {£}. Since 3 G is already equal to

3Fx{^}, there is a deformation of the fibering, constant on 3FX7, after

which G — Fx{^). Now it is easy to redefine the fibering to obtain

A(x, t) = (g(x), 1 - t), for (x, t) E F X I. This completes the proof of

Theorem B for the case when 3F ^ 0.

Now suppose that 3 F = 0. The case when F is a 2-sphere is again well

known ([11], [12], and [22]). Thus suppose that x(F) < 2. We use Lemma 5 to

find an annulus A and a deformation of the fibering Fxl such that

A u h(A) is vertical, either h(A) = A or h(A) n A = 0, and h\(A U h(A))

has the form (x, t) h» (g(x), X(t)). Split F X 7 along A U h(A) to obtain

F' X I and an involution A'. Since 3F' =£ 0, we may find a deformation of

the fibering F' X 7, constant on 3F' X 7, after which A' has the form

(x, t) (-» (g(x), X(t)). Repairing the cut along A u h(A) gives the required

fibering of F X 7. This completes the proof of Theorem A.

4. Seifert manifolds fibered over S1. In this section we consider PL

involutions A on closed, orientable Seifert manfiolds that are fiber bundles over

Sl. We assume that Fix(A) contains a two-dimensional component F with

X(F) < 0. Before beginning the proof of Theorem C we shall discuss some
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facts concerning these Seifert manifolds that contain a 77,-injective surface of

negative characteristic.

It follows from Theorem 4 of [14] that mx (M) has a nontrivial center, which

we denote by p7r,(Af ). Suppose that G is a one-sided surface in M. Consider a

regular neighborhood U of G in M. Then 3£/ is a two-sided surface that

separates M. We point out that G is mx-injective in Af if and only if W is.

Hence, when G is mx-injective we can view mx(A/) as a generalized free product

amalgamated along the subgroup mx(dU). This implies that pmx(M) is con-

tained in p7T,(3C/), which is trivial unless x(G) = 0. Therefore any 77,-injective

surface G of negative characteristic in M is necessarily two-sided and

nonseparating. If we split M along such a' 77,-injective surface G we obtain

G XI [20]. From this we obtain M = Gxl/<¡> where <b is the homeomorphism

of G repairing this cut. The fact that pmx(M) is nontrivial implies that 4» is

isotopic to a periodic homeomorphism of G [14]. It then follows that the center

of mx(M) is infinite cyclic and has only the identity element in common with

the subgroup 77, (G).

Proof of Theorem C. Let us view M as T x I/<¡> where T has the maximal

characteristic among all possible fiberings of M over 51. Let F denote a two-

dimensional component of Fix(A) such that x(F) < 0. We have just seen that

M - F is homeomorphic to F X (0,1). Any remaining two-dimensional com-

ponents of Fix(A) are 77,-injectively embedded in F X (0,1) and thus also have

negative characteristic. Suppose that F' is a second two-dimensional compo-

nent of Fix(A). Since F is 77,-injectively embedded in F' X (0,1), we see that

v7i(F) and mx(F') are isomorphic to subgroups of each other. It follows from

the fact that F and F' have negative characteristics that the homomorphism

induced on the fundamental groups by the inclusion F' C F X (0,1) is an

isomorphism. We may apply Theorem 7.2 of [1] to deform the fibering of

FX (0,1) to obtain F' = Fx{\). Since A interchanges the sides of F' it is

clear that Fix(A) can have at most two components of dimension two.

Case I. Fix(A) has two 2-dimensional components, Fand F'. As we have just

seen, F U F' splits M into two components, say X and Y, such that

h(X) = Y. Both X and 7 are homeomorphic to F XI. We define a retraction

r: M -> X by setting r(x) = x if x E X and r(x) = h(x) if x G Y. This

retraction induces an epimorphism r^: HX(M) -* HX(X). Applying the Van

Kampen theorem to M, viewed as F X I/<¡>, we obtain another epimorphism

g: HX(T) © HX(SX) -> HX(M). Notice that r# ° g(Hx(Sx)) = 0. Hence r# o g

defines an epimorphism of HX(T) onto HX(F). This implies that x(F) < x(^)-

Since T was chosen to be a fiber of maximal characteristic, we conclude that

F is homeomorphic to T.

Let us choose a fixed product structure Fx [0,j] for X. We use A and this

preferred fibering of X to define a fibering F x [\, 1] of Y such that h(x, t)
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= (x, 1 - t) for (x, t) G F X [0, £]. By sewing X and Y together along F U F',

we obtain a product structure F X S1 for M such that A(x,r) = (x, 1 — t).

Case 2. Fix(A) contains only one 2-dimensional component F. Split M along

F to obtain F x 7. The involution A defines an involution A' of F X 7 such that

A'(FX 0) = FX 1. It follows from Theorem A that the product structure

F X 7 can be chosen such that A'(x, t) = (g(x), 1 — t), where g is an involution

of F. Repairing the cut along F, we may view M as Fxl/g and h([x,t])

= [g(x), 1 - t]. Since A reserves the orientation of M, the involution g is

orientation preserving and has a discrete fixed-point set or Fix(g) = 0.

We require the orientability of F to prove the uniqueness of this involution

A having F as the only two-dimensional component of Fix(A). Suppose that g

and g' are both orientation preserving involutions of F and M is homeomor-

phic to both F X I/g and F X 7/g'. Let A and A' denote the involutions defined

on F X I/g and F x 7/g', respectively, by [x, t] h» [g(x), 1 - /] and

[x, t] \—> [g'(x), 1 - t], Heil observes in [3] that there exists a

homeomorphism k of F such that g = kg'k~l. Then a homeomorphism

AT: F X 7/g' -> F X 7/g is defined by [x, r] h-> [k(x), /] with the property

that A = Kh'K~x. This completes the proof of Theorem C.

The proof for that part of Theorem B concerning fiber bundles over Sx

follows from Theorem C and the next lemma. Recall that in Theorem B we

assume there are no 0-dimensional components of Fix(A).

Lemma 6 [17]. Let F be a closed orientable surface and suppose that x(F) < 0.

If g is a fixed-point free, orientation preserving involution of F with orbit space T,

then FX I/g is homeomorphic to TX Sl.

5. Twisted /-bundles. In this section we complete the proof of Theorem B

and in the process treat involutions of twisted 7-bundles. For instance, we

show that an orientable, twisted 7-bundle over a closed surface with even

negative characteristic admits exactly four distinct free involutions. We first

consider twisted 7-bundles and then move on to consider Seifert manifolds

which are the union of two twisted 7-bundles.

Let a be a free involution of the closed surface S. We let M(a) denote the

twisted 7-bundle over S/a obtained from S X 7 by identifying (x, 1) with

(a(x), 1) for each x G S. The points of M(a) are denoted by [x, /] for

(x,t) E Sxl.

Suppose we have two free involutions a and a' of S with homeomorphic

orbit spaces S/a and S/a'. Let p: S -* S/a and p': S -* S/a' denote the

projections. The two involutions a and a' are equivalent if and only if there

exists an isomorphism mx(S/a) -» mx(S/a') that carries p*(mx(S)) onto

/4(mx(S)). Thus the equivalence classes of free involutions on a surface S are

determined by the orbit spaces and the subgroups of index two in the
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fundamental group of the orbit space, modulo automorphisms.

Let G denote the fundamental group of the closed surface 5. Consider two

subgroups Hx, H2 of index two in G. We shall write Hx ~ H2 if there exists an

automorphism of G carrying Hx onto H2. The subgroups of index two in G

correspond to the kernels of epimorphisms G -» Z2. We denote the kernel of

an epimorphism 9: G -> Z2 by K(0).

The group G may be presented by («,,...,«,: r), where r = [«,,

uz]"'[u2m-i>u2m\ anc* 2m = n, or r = u2u\ • • • u2. We define the epimor-

phisms 0(e): G -* Z2 (for £ = 0, «2, tj3, «4) by specifying their action on the

given generators of G:

For r = [ux, u2] • • • [H2m_, , w^],

0(0): u, h* -1,   for all /;

For r = «j • • • u\,

9(n2): u¡ H» — 1,   for all i,

0(w3): «f r-> —1,   for 1 «■ 1,..., n — 1, «„ r-> 1 (n > 2),

0(n4): u¡ h» -1,   for / = 1,..., n - 2, «„_, h> 1 and w„ h* 1 (n > 3).

Lemma 7 [13]. Let H be a subgroup of index two in G. Then H ~ K(b\i))for

exactly one value ofe among 0, n2, n3, n4.

Let a(e) denote the nontrivial covering transformation of the two-sheeted

covering space B of the surface 5 determined by the subgroup K(9(e)) of

77,(5). The covering space B is orientable for e = 0, n2 and nonorientable for

e = n3, n4.

Lemma 8. The following statements are equivalent: (i) M(a(e)) is homeomorphic

to M(a(e')), (ii) e = e', (iii) a(e) is equivalent to a(e').

Proof. The equivalence of (ii) and (iii) follows from Lemma 7. It is obvious

that (ii) implies (i). Suppose that we have a homeomorphism g: M(a(e))

-* M(a(e')). Then g*: 77,(M(a(e))) -+ mx(M(a(e'))) is an isomorphism that

carries K(0(e)) onto K(9(e')). Therefore a(e) is equivalent to a(e').

Lemma 9. Let M be a twisted I-bundle over a closed surface B. Suppose that A

is a PL involution of M with a one-sided surface F for Fix(A). Let a — A|3 M.

Then M is homeomorphic to M(a) and A is equivalent to the involution on M(a)

defined by [x, t] h» [a(x), t]. Moreover, h is unique up to equivalence.

Proof. If F is a projective plane then this follows from [8]. Suppose that B

is not a projective plane and let/»: Af -> M/h be the projection onto the orbit

space of A. Then M/h is a compact, F2-irreducible 3-manifold with two
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boundary components. The homomorphism mx(p(dM)) -* mx(M/h) induced

by inclusion is an isomorphism. Therefore M/h is homeomorphic to p(dM)

X I [3]. We lift this fibering of M/h to obtain a fibering of M as a twisted 7-

bundle with fibers p~x(x X I). We are viewing M as M (a), where a = A|3Af.

It is easy to see that A sends [x, t] to [a(x), t].

For the uniqueness, suppose that M(a) is homeomorphic to M(a') and we

have an involution A' defined on M(a') by h'([x,t]) = [a'(x),r]. We see by

Lemma 8 that there is a map k of dM such that kak~l = a'. Define the

homeomorphism g: M(a) -» M (a') by g([x, t]) = [zc(x), /]. It follows that

A'=gAg_1.

Now consider an orientation-reversing, free involution ß of the closed

orientable surface Tg (of odd genus g). Let B denote the orbit space of ß. We

defined for Lemma 8 the involutions a(e) of B (for e = «3 and nj) with orbit

space S. Observe that the composition of covering space projections Tg -» B

-» S defines a regular covering space. Thus each a(e) lifts to a unique

orientation-preserving involution â(e) of Tg which commutes with ß.

Lemma 10. If h is a free involution, twisted I-bundle M = M(ß), then A is

equivalent to one of the involutions h(e) or A(e) defined on M(ß) as follows:

(i) A(e): [x,t] I-» [5(e) (x),t], if h is orientation-preserving;

(ii) h(e): [x, t] h» [ä(e)ß(x), t], if A is orientation-reversing; where e = n3

or «4.

For odd g > 1 it follows that M(ß) admits exactly two distinct orientation-

preserving, free involutions and two distinct orientation-reversing, free involu-

tions, up to equivalence. For given g > 1, the 3-manifold M(ß) does not

admit any free involution.

Proof. If dM is a 2-sphere the conclusion follows from [6] and [8], in which

case there is no free involution. Thus we may assume that dM is not a 2-

sphere, hence M/h is F2-irreducible. Let p: M -» M/h be the projection onto

the orbit space of A. Define a' — h\dM. The subgroup tTj(3(M/A)) has index

two in mx (M/h) and so M/h is a twisted 7-bundle [21]. We lift a fibering of M/h

to define a fibering M(ß') of M, where ß' is an orientation-reversing, free

involution of the closed surface 3M and ß'a! — a'ß'. If we view M with this

fibering we have A([x,r]) = [a'(x),t\. There exists a map k of dM such that

ß' = kßk~l. Let us define the mapg: M(ß) -» M(ß') byg([x,r]) = [k(x),t].

Then we have the involution A' =g~lhg defined on M(ß) by A'([x,f])

= [a(x),t], where a = k~la'k = h'\dM.

Observe that a covers a free involution a* of B = Tjß. Hence x(#) is even,

from which it follows that g is odd. There exists a homeomorphism p* of B

and an e such that p*a*p~l = a(e). The homeomorphism p* lifts to a

homeomorphism p of T such that pß = ßp and pap~x 5(e) is equal to either 1
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or ß. Thus we have either nap~   = 5(e) or pap     = 5(e)/?.

Let us define the homeomorphism g: M(ß) -* M(ß) by g([x, t]) = [¡i(x), t].

It follows that A is equivalent to the involution g~xh'g of M(ß) which sends

[x,t] to either [5(e) (x),t] or [a(e)ß(x),t].

To complete the proof of the lemma we must show that if the involutions

A,, A2 of M(ß) defined by [x,t] -* [a(e¡)(x),t] for i = 1,2, respectively, are

equivalent then e, = e2. Let/?,-: M(ß) -» M(ß)/ht be the projection onto the

orbit space, for / = 1, 2. Suppose that g is a homeomorphism of M(ß) for

which ghxg~x = A2. Then g covers a homeomorphism g:M(ß)/hx^>

M(ß)/h2 such that g*(K(9(ex))) = K(9(e2)). It follows from Lemma 7 that

this implies e, = e2. A similar argument holds for the orientation-reversing

case.

We are ready to consider Seifert manifolds which are the union of two

twisted /-bundles. Let a, ß be two free, orientation-reversing involutions of the

closed, orientable surface T. We shall let M(a,ß) denote the space obtained

from TX I by identifying (x,0) to (a(x),0) and (x, 1) to (ß(x), 1) for each

x E T. Notice that M(a,ß) is homeomorphic to the space obtained by

identifying M (a) and M(ß) along their boundaries by the identity map.

Let ß be a preferred, orientation-reversing, free involution of the closed

orientable surface T of genus g (g > 1). We can choose a corresponding, two-

sheeted covering space p: T2g_x -* Tg such that there exists a free, orientation-

reversing involution ß of T2g_x covering ß. Let 5 denote the orbit space of ß.

Consider one of the free involution a(e) of 5 from Lemma 8, where e = «3 or

«4. The orbit space B of a(e) is homeomorphic to the orbit space of ß. We can

lift a(ß) to a unique, orientation-reversing, free involution 5(e) of T2g_x such

that 5(e) commutes with ß and 5(e)/? is also fixed-point free.

The next lemma establishes some various representations of the 3-manifold

M(ß,ß).

Lemma 11. The closed, orientable 3-manifolds M(ß,ß) and A/(5(e),/?) are

homeomorphic.

Proof. Both M(ß,ß) and M (5(e),/?) are nonprinciple, orientable 51-

bundles over the nonorientable surface B = T/ß. It follows from [14] that

such nonprinciple S'-bundles are homeomorphic to Mb — [b: (n2,g',0,0)),

where g' is the genus of B and b = 0 or 1. Here b = 0 if and only if there

exists a cross-section for the bundle. It is easy to see that the bundle M(ß,ß)

admits a cross-section. However, it is not as apparent that a cross-section can

be found for the bundle A/" (5(e), /?). We shall take an indirect approach.

From [14] we see that the torsion of the first integral homologies of MQ and

Mx are given by Toi(Hx (M0)) = Z2 + Z2 and Tor(Hx (Mx )) = Z4. Thus it will

be sufficient to show that Tor(Hx(M(a(e),ß))) is not Z4. Of course we may
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compute this directly by means of the Van Kampen theorem. This fact may

also be seen by considering the Mayer-Vietoris sequence for the pair

(M(ä(e)),M(ß)) of subspaces of M(a(e),ß). We have the exact sequence

HX(T) -^^h Hx(M(ä(B))) 9 Hx(M(ß)) -* Hx(M(ä(e),ß)) -» 0.

A torsion element of order four in 77j (M(5(e), ß)) could only occur if either i0

or/,, acted like multiplication by four on an infinite cyclic factor. However,

one can see that neither z* nor j^ acts this way by considering the Mayer-

Vietoris sequences for the pairs (M(ß),M(ß)) and (M(ä(e)),M(ä(e))) of

M(ß,ß) and M(5(e), «(e)), respectively. Here the first homomorphisms of the

corresponding sequences are given by (/#,—/*) and (j*>~j*)> respectively.

Since both of these 5'-bundles concerned admit cross-sections, the torsion

part of their first homologies is Z2® Z2. It follows that both M(ß,ß) and

M(a(e),ß) are homeomorphic to M0.

The following theorem completes the proof of Theorem B.

Theorem D. Let M denote a closed, orientable Seifert manifold that cannot be

fibered over Sx. Suppose that A is an involution of M such that each component of

Fix(A) is two-dimensional and at least one has negative characteristic. Then there

exist the preferred involutions ß, ß and ä(e) from Lemma 11 such that M

« M(ß,ß) » M(ä(e),ß) and h is equivalent to one of the following involutions:

(i)[x,t]*-*[x,l-t]onM(ß,ß),

(ii)[x,t]»[ß(x),t]onM(ß,ß),

(iii) [x,t] I-» [5(e)(x),t] on M(ä(e),ß), where e = «3, /z4.

These four involutions are distinct.

Proof. Let F be a component of Fix(A) with x(F) < 0.

Case 1. F is two-sided. The surface F splits M into two twisted 7-bundles,

M' and M". We may view M' as M(ß). By using A to transfer this fibering of

A/' to A7", we may fiber M" as M(ß) such that A([x,f]) = [x, 1 - t]. This
defines a fibering of M as M(ß,ß).

Suppose that A' is another involution with Fix(A') = F', a two-sided surface.

Then we may view M as M(ß',ß') with A'([x,z]) = [x, 1 - t]. Since F/ß and

F'/ß' are the decomposition spaces of Seifert fiberings of M, we may conclude

that they are homeomorphic [14] and, hence, F is homeomorphic to F'. It

follows that ß and ß' are conjugate. Let k: F -> F' be a homeomorphism such

that ß = kß'k~x. Define the homeomorphism g: M(ß,ß) -> M(ß',ß') by

£([*»']) — [&(*)>']• Then gAg-1 = A'. Thus, up to equivalence, M admits a

unique involution with Fix(A) containing a two-sided component.

Case 2. Fix(A) = F U F', two one-sided components. Let U denote an

invariant regular neighborhood of F. Then dU separates M into the two
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twisted /-bundles M' and M". Let h\dU = /?. It follows from Lemma 9 that

we may view both M' and M" as M(ß). Hence we may view M as M(ß,ß)

&ndh([x,t]) = [ß(x),t].

Suppose that A' is another such involution on M, where we view M as

M(ß',ß') and A'([x,r]) = [ß'(x),t]. As in Case 1, there exists a homeomor-

phism k such that ß = kß'k~x. Define the homeomorphism g: Af(/?,/?)

-» M(ß',ß') by g([x,f]) = [fc(x),/]. Then gAg-1 = A'. Thus M admits a

unique involution with two one-sided surfaces for Fix(A).

Case 3. Fix(A) = F, a one-sided surface. Let U denote an invariant regular

neighborhood of F with T = dU. Let p = A|F. It follows from Lemmas 9 and

10 that we may fiber M as M(p, p) such that A corresponds to [x, t] -* [p(x), t]

and p is a free involution of T. Then p covers a free involution p* of 7/^. Let

B denote the orbit space of p*. Clearly Af is a nonprinciple 51-bundle over B

and is homeomorphic to M(ß,ß) for a free orientation-reversing involution ß

of Tg. Let us follow the notation introduced by Lemma 11. Then ß denotes an

orientation-reversing involution of T = T2g_x covering the involution /?. Since

p is equivalent to /? there exists a homeomorphism M(p,p) -* M(X,ß) which

sends A to the involution A' defined by [x,/] -» [a(x),î] on M(X,ß). Then X

covers a free involution X* on 5, the orbit space of ß. The map X* is equivalent

to a(e) for e = «3, or /i4. Let A:* be a homeomorphism of 5 such that

¿♦A**:*-1 = a(e). Then k* lifts to a homeomorphism k of F2g_, such that

kXk~x = 5(e) and à: commutes with /?. Define the homeomorphism

g: A/(X, /?) -> M(5(e), /?) by g([x, /]) -> [Ar(x), *]. Observe that gh'g-\[x, /])

= [5(e)(x), t].

All that remains is to show that the involutions A(e) on A/(5(e),/J), defined

by [x, t] -» [5(e) (x), t], are distinct for e = «3 and n4. First we point out that ß

covers a free involution v(e) on T/ä(e). It is easy to see that the orbit space of

A(e) is homeomorphic to M(y(e)). Now the involution 5(c)/? covers a homeo-

morphism o: T/ß -» F/5(e) such that oa(e)o~x = y(e). Therefore, by Lemma

8, A(e) and A(e') have homeomorphic orbit spaces if and only if e = e'.
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