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TOPOLOGICAL ENTROPY AT AN ß-EXPLOSION
BY

LOUIS BLOCKÍ1)

Abstract. In this paper an example is given of a C2 map g from the circle

onto itself, which permits an ß-explosion. It is shown that topological

entropy (considered as a map from C2(Sl, S1) to the nonnegative real
numbers) is continuous at g.

1. Introduction. Let g denote any C2 mapping of the circle onto itself which

satisfies the following properties (see Figure 1):

Figure 1

(1) g has an expanding fixed point e and a contracting fixed point c, and

these are the only fixed points of g.

(2) g preserves orientation at e and c.

(3) g has nondegenerate singularities t and s, and these are the only
singularities of g.

(4) The points e, t, s, g(s), and c are distinct and in order on the circle in

the counterclockwise direction.

(5) g is one-to-one on each of the intervals (e, t), (t, s), and (s, e). Here we
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use the notation (a, b) to denote the open arc from a counterclockwise to b.

(6)g(t) = e.

These properties imply that fi(g) = {e, c}, where il(g) denotes the

nonwandering set (see [2], [5], or [7] for definition).

It is easy to see that g permits an ñ-explosion. By this we mean that for any

neighborhood TV of g in C2{SX, Sx), there is a map/ G N with fi(/) infinite.

See Proposition 9 in §4 for a proof.

Let ent denote topological entropy (see §2 for the definition). Our main

result is the following:

Theorem A. The map ent: C2(Sx, S ') -> Ris continuous at g.

Theorem A implies that for any bifurcation through g, at the map g there is

no sudden jump in the amount of action.

To prove Theorem A we first, in §3, obtain an upper bound for entropy

(Theorem 6). Then, in §4, we construct a sequence (/,) of maps with

ent(/n) -» 0 as n -» oo. Finally, in §5, we prove Theorem A by using Theorem

6 to show that for arbitrarily large n if / is close enough to g in C2(SX, Sx),

then ent(f) < ent(/„).

2. Preliminary definitions and results. We first review the definition of

topological entropy given in [1]. Let A" be a compact space and/: X-*X a

continuous map. For any two open covers (£ and © of X, let & V ® denote

{A n B: A G & and B E ® }, and let/_,(£) denote {f~\A): A E &). Let

M„(f, &) denote the minimum cardinality of a subcover of X of

(*) & V/_1 (&) V • • • V/(~n+1)(<£).

We set

ent(/,6?)=nlim   I (ln(jl/„ (/, &))),

where In denotes the natural logarithm. It is easy to see that this limit exists

and is finite (see [1]). Finally, we define the topological entropy of/by

ent(/) = sup(ent(/, tí))

where the supremum is taken over all open covers tí of X. If X is a metric

space it suffices to consider any sequence of open covers whose diameter

approaches zero (see [1]). By the diameter of an open cover â we mean the

supremum of the diameters of the open sets in &.

We now state some basic facts about topological entropy which will be

used later. In each of the four propositions, / is a continuous map of a

compact space X into itself. Proposition 2 follows immediately from the

definition, and Proposition 4 follows from Proposition 3.

Proposition 1 (see [5]). // X is a metric space, ent(f) = ent(/|ß(/)).
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Proposition 2. If X is finite, ent(f) = 0.

Proposition 3 (see [1]). // Xx and X2 are closed subsets of X, with

Xx U X2 = X andf(Xx) c Xx andf(X2) C X2, then

ent(/) = max{ent(/|*, ), ent(/|*a)}.

Proposition 4. If K is a closed subset of X, with f(K) c K, then ent(/|K)

< ent(/).

We will assume the reader is familiar with the following terminology (see

[2] or [7]); nonwandering set, expanding fixed point, contracting fixed point,

and stable manifold of a contracting fixed point (denoted Ws(c)). For any

point x E Ws(c), we will use the notation slsm(x) to denote the component

of Ws(c) which contains x.

3. An upper bound for entropy. The proof of Theorem 6 (which modifies a

theorem of [2]) uses the following lemma from [2] (see [2, §3, Lemma 5]).

Lemma 5. Let f E C°(SX, Sl). Let Kx, ..., Kn be proper closed intervals of

Sx, such that for each i = 1,..., n — l,f\K¡ is a homeomorphism andf(K¡) c

Ki+X. Let & be a covering of Kx u • • • U K„ by finitely many open intervals,

such that VA E & and i = 1,..., n, A n K¡ is an interval (or empty). Let

card(éE) = k (card denotes cardinality). Then there is a subset % of (*) which

covers Kx, with card(® ) < n- k.

In Theorems 6 and A we will use the following definition. Let G be a finite

collection of closed intervals on S1, G = {7(1),..., 7(p)}, and let / E

C°(Sl, Sx). We denote by Kn(f, G) the number of distinct nonempty sets of

the form

Wi)nrl(iUi))n-' n/(-"+,)(7U))>

where/ E {1,... ,p) for / = 1,..., n.

Theorem 6. Let f E CX(SX, S1), and let G = {1(1).I(p)) be a finite
collection of proper closed intervals on Sl. Let W = S1 or W — Sx — (Ox\J

02 u • • • U Om) where 0¡ is a component of the stable manifold of a contrac-

ting periodic point cjor i — 1,..., m. Suppose the following conditions hold.

(1)/(1)U •• • U/(p)= W.

(2) Forj = 1,.. . ,p,fmaps /(/) homeomorphically onto its image.

(3) For any i = 1,... ,p andj = 1.P,f{I{0) n /(/) is an interval.
Then

ent(/)<Jim I(ln(À-fl(/,e))).

Proof. Let 8 denote the minimum length of the intervals Sx — I if) where

/ = 1,... ,p. Let & be any finite cover of /(l) u • • • U I(p) by open
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intervals with the diameter of & less than 8. Let k = card(ti).

Let

WuJ» ■ • • Jn) = /(/«) n r ' (/(/2)) n • • • n fi-'+VU,,))
where /• G (1,  2,... ,p)  V/' = 1,..., n.  Then  each  nonempty  /(/,,

Ji./„) is a closed interval and/maps I(jx,j2, ...,/„) homeomorphically

into I(Jz, • • • »/„)• For any fixed I(jx,j2,... ,/„), by Lemma 5 (with K¡ =

J(/i> • • • Jn))> tnere is a subset of (*) which covers I(jx,j2,... ,/„) of

cardinality at most n • k.

Let X = Sx - ( U T-1 W*{c,)). Then X is a compact set with f(X) c * and

/''Wei
Let &(X) be the open cover of X defined by &(X) = {A n X: A E &}.

Then for any I(Jx,j2,... ,/„), the minimal number of open sets of

&(X)\/f-x(&(X))\f" • v/-fl+1)(^))

needed to cover X n IiJxJi, • • • >Jn)IS equal to the minimal number of open

sets of (*) needed to cover X n I{JvJz> • • • >/„)• Also X is contained in the

union of all the I(jx,j2,... ,j„). Hence

MAf\X,&(X))<(KAf,e))-n-k.

This implies that

ent(/|*. &(X)) < Um \ (ln(Ä"„(/, 6))).

Since the diameter of &(X) may be taken to be arbitrarily small, we have

ent(/|X) <nlim   I (ln(K„ (f, G))).

But X contains all nonwandering points of / except for the finite set

{cx, c2,..., cm). Thus, using Propositions 1-4,

ent(/) = ent(-/|0(/)) = ent(/|Z) < Um \ (ln(KAfi ß))).   Q.E.D.

4. Construction of the sequence/,. Let/, be any map in C2(SX, Sx) which

satisfies properties (l)-(4) of g in § 1 and the following:

(5') There are points / G (e, t) and k E (t, s) with /(I) = f(k) - e.

(6') g is one-to-one on each of the intervals (e, I), (I, t), (t, s), and (s, e).

(7') /„(*) G slsm(c~") where c~" is defined as follows. Let c° = c. Then

for / = 1,..., n let c~' denote the unique inverse image (under/,) of c~,+1

in (e, I). Recall that slsm(c-n) denotes the component of Ws(c) which

contains c~".

The map /3 is pictured in Figure 2. Let Hx, H2, H3, H4, Hs be the disjoint
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Figure 2

closed intervals which form the complement of

slsm(c) u slsm(c-1) u slsm(c~2) u slsm(c~3) u slsm(r).

Note that slsm(c) = (k, e). We can define a 5 X 5 matrix A3 by A3(i,j) = 1 if

/,(//,.) n Hjl74 0 and A3(i,j) = 0 otherwise. Note that f3(Ht) n 77, * 0

implies f3(H¡) d 77,-. It is easy to see from Figure 2 that

110    0 0
0    0    10 0

A=   0    0    0    1 1
10    0    0 0

.10    0    0 0.

We can define a matrix An analogously, and An is the (n + 2) X (n + 2)

matrix

A  =

110 0
0    0 10
0    0 0 1

0    0 0 0
0    0 0 0
10 0 0
10 0 0

0 0 0 0
0 0 0 0
0 0 0 0

0 10 0
0 0 11
0 0 0 0
0 0 0 0



328 LOUIS BLOCK

where the missing rows have ones on the super diagonal and zeros elsewhere.

The following proposition follows from Theorem D of [2].

Proposition 7. ent(/„) = ln(X„) where \ denotes the largest eigenvalue of

An-

Theorem 8. ent(/„) -» 0 as n -» oo.

Proof. A straightforward calculation shows that for n > 3 the characteris-

tic polynomial of An is p„(x) = (-l)n(x)(x"+l - x" - 2). Now X„ is the

largest root of pn, and it is easy to see that X„ -» 1 as n -» co. The theorem

now follows from Proposition 7.   Q.E.D.

Proposition 9. For any neighborhood N of gin C2(S ', S '), there is a map in

N with positive entropy (and hence by Propositions 1 and 2 infinite

nonwandering set).

Proof. Let N be any neighborhood of g in C2(Sl, Sx). There is (for large

enough n) a map h E N satisfying properties (l)-(4) and (5')-iT) of the map

/„ in the sequence defined above. Hence ent(A) = ln(X„) where X„ is the largest

root of pn(x) = (-l)"(x)(xB+1 - x" - 2). Clearly X„ > 1, so /n(X„) > 0.

Q.E.D.

5. Proof of Theorem A.

Theorem A. The map ent: C2(SX, Sl)-> R is continuous at g.

Proof. Let e > 0. Choose N large enough that ent(fN) < e where fN is the

Nth term of the sequence defined in §4. Choose 8 > 0 such that if d(g,f) <

8, where d denotes a metric on C2(S ', S '), then the following hold.

(l)/has an expanding fixed point e(f) and a contracting fixed point c(f)

and these are the only fixed points off.

(2)/preserves orientation at e(f) and c(f).

(3) / has nondegenerate singularities /(/) and s(f) and these are the only

singularities off.

(4) The points e(f), t(f), s(f),f(s(f)), and c(f) are distinct and in order on

the circle in the counterclockwise direction.

(5) Either (5A) holds or (5B) and (5C) hold.

(5A) /(/(/)) E [c(f), e(f)] and / is one-to-one on each of the intervals

(e(f), t(f)), (t(f), s(f)) and (s(f), e(f)).
(5B) There are points l(f)E(e(f), t(f)) and k(f) E (t(f), s(f)) with

/(/(/)) = f(k(f)) = e(f).
Also / is one-to-one on each of the intervals (e(f), 1(f)), (1(f), t(f)),

(t(f),s(f)), and (s(f),e(f)).
(5C) f(t(f))E(e(f),c-N(f)) where c~N(f) is defined as follows. Let
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c°{f) = c(f). Then for i » 1.N let c ""'(/) denote the unique inverse

image (under/) of c~i+x(f) in (e(f), 1(f)).

Let / G C2(SX, Sx) with d(g,f) < 8. We will show that ent(/) < £. If

property (5A) above holds, it follows that fi(/) = {e(f), c(f)), and ent(/) =

0. Hence we may assume that (5B) and (5C) hold.

We define a coUection of proper closed intervals 6(f) = {/„ ..., IN+2)

as follows. Let /,,... ,IN be the components of the complement in

[*(/U-'(/)]of

slsm(c-'(/)) U • • • U slsm(c-N(f)).

Let IN+X = [/(/), /(/)] and 7^+2 = [t(f), k(f)]. Then if Wis the complement
inS'of

slsm(c(/)) u slsm(c-1(/)) U • • • U slsm(c "*(/))

we have Ix\j • • • \j IN+2— W. Hence by Theorem 6,

ent(/)<¿m   1 (!*(*„ (/ C(/)))).

Let //p ..., //Ar+2 be the components of the complement in Sx of the

following set (defined with respect tofN):

slsm(c) u slsm(c_1) U • • • U slsm(c~") u slsm(r).

Let A = fN and <^(h) = {Hx,..., HN+2).

It will be helpful for the reader to see Figure 2, in which N = 3 and Hx, H2,

H3, H4, and H5 are as indicated. In the case N = 3 one may also use Figure 2

for a picture of the intervals /,, I2, I3, I4, and I5. To do this, of course, we

must replace e, t, c, etc., by e(f), t(f), c(f), etc. Then in the modified figure,

/,, I2, and I3 are intervals corresponding to Hx, H2, and H3, while 74 =

V(f), t(f)] and I5 = [/(/), *(/)].
We may assume that the //, are numbered as in Figure 2, and the I¡ are

numbered analogously. We claim that for each positive integer n, K„(f, 6(f))

< K„(h, tf)(h)). To prove this claim, suppose that

HJi)nrx(i(j2))n ■ • • u/(-"+,)(/a))^0.

Then f(l(j¡)) n /(/,+i) ^ 0 for / = 1.n - 1. By construction, when-

ever /(/(/)) n /(A;) ̂  0, ^^(/', /V) = 1 where ̂  is the matrix defined in §4.

Hence h(H(j¡)) d H(ji+X) for /' = 1,..., n - 1. This imphes that

H(jx) n h~x(H(j2)) n • • • n h<-»+l\H(jn)) * 0.

This proves our claim that for each positive integer n, Kn(f 6(f)) <
K„(h, <%(h)).

Let X be the complement in S ' of the stable manifold of c (with repsect to

h = fN). Let <$(*) = {Hx n A, ..., HN+2 n A}. Then <%(X) is an open
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cover of X, and for each positive integer n (since the H¡ are pairwise disjoint),

Km(h,q,(k))-Mm(h\X,Q(X)).

We have for each positive integer n,

K„if, G{f)) < *,(*, <V(h)) = Mn(h\X, <%(X)).

Also,

ent(/)<JtoI(to(Äa(/,ß(/)))).

Hence

ent(/) < ent(A|X, ̂ (X)) < ent'(A) < e.   Q.E.D.
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