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Abstract. A degenerate principal series of representations T(p, m; •), (p,

m) e R x Z, of 1/(2, 2), is realized on the Hubert space of all square

integrable functions on the space A" of 2 X 2 Hermitian matrices. Using

Fourier analysis, gamma functions, and Mellin analysis, we spectrally

analyze the operator equation AT(p, m; g) — T(p, m; g)A for all g e © =

£/(2, 2) on an invariant subspace of L\X), and obtain the first main result:

For p^Oorm odd, T(p, m; •) is irreducible. Then we define certain

integral transforms on L\X) the analytic continuation of which leads to the

second main result: T(0, In; •) is reducible.

1 Introduction. The irreducibility of representations of the nondegenerate

principal series for real semisimple Lie groups has received considerable

attention and known general results are very extensive. However, for

degenerate principal series the known results are quite specialized (cf. Stein

[8], Gross [3]) and no general theory has yet appeared.

In this paper we are concerned with a degenerate principal series of

representations 7(x; •) of the (reductive) group © = U(2, 2) consisting of all

4x4 complex matrices

(1.1) g = [ac    bd),       a,b,c,anddEC2*2,

such that gpg* = p, where

These representations are described as follows. Let %  be the parabolic

subgroup of elements

(1.3)        b = la*~I    a*~'A,       aEGL(2,q,x = x*EC2x2,
V   0 a    J

and for (p, m) E R X Z let x = XP,m be the character
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(1.4) x(6)=|deta|/p[deta]'"

of % where [det a] = det a/|det a\. Then the representations = T(p, m; ■) of

© induced from x comprise the degenerate principal series of interest here.

For our purposes, we realize these representations in the space L2(X), where

X is the space of 2 X 2 Hermitian matrices.

The main thrust of this work is to give a complete resolution of irreduci-

bility and reducibility of these representations. Specially, we prove

(i) For p i= 0 or m odd, T(p,m; •) is irreducible,

(ii) F(0, 2n; •) is reducible.

The proofs of these results require the development of considerable tech-

niques of harmonic analysis on the space X. In particular, the proof of (ii)

necessitates the construction of a certain translation-invariant operator on

L2(X) analogous to a "Hubert transform" relative to the natural action of

GL(2, Q on X. These ideas are of analytic interest in their own right.

Let us briefly describe the ideas involved. The irreducibility proof proceeds

in two stages. First, in the spirit of Gelfand-Naïmark, we apply the Fourier

transform F on to the commuting relation AT(p, m; g) = T(p, m; g)A

restricted to the subgroup %', transpose of <$. Secondly, we analyze

AT(p, m; g) = T(p, m; g)A and for this we apply Mellin analysis. However,

since X has no natural multiplication structure and because the inverse of a

Hermitian matrix has an unmanageable denominator, we look at this relation

on the invariant subspace

L2(X) = {/ EL2(X)\f(w)=f(uxu~') for all zz G SU(2)}.

In the end we have simple algebraic equations to solve, and the solution leads

directly to the irreducibility theorem.

In contrast to the proof of irreducibility in which one needs only to show

the commuting operator is necessarily a scalar multiple of the identity

operator, to prove reducibility one has to exhibit a nontrivial commuting

operator which in our situation involves the construction of a "singular

integral" by analytic continuation. In particular, we are interested in the

operators

B (p, l):/(x) -*|det xf'p[det x] f(x),

and the corresponding operators

F(p,l) = F-'F(p, 1)F.

Although one knows by general consideration that B(p, 1) is convolution by

some distribution on X, for our purposes we need more explicit information.

This we obtain by a suitable analytic continuation construction, modelled

after that of Stein [14], which goes as follows: extend p to be complex.

Formally
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(B(p, l)f)(x) = r*(p)jf(x-y)\dety\p-2dy

where r*(p) is a product of T-functions and a certain analytic function. We

observe that the functions |det x|-,p[det x] and |det>>|'p_2 on X are locally

integrable only for p in the disjoint regions Im(p) > 0 and Im(p) < -2

respectively; nevertheless we prove that r*(p)ff(x — y)\dety\'p~2 dy is the

analytic continuation of (B(p, l)f)(x) = (F~xB(p, \)Ff)(x) for/ G Cg(X).

Thus we have an explicit realization of B(p, 1) from which it is shown that

5(0,1) is a nontrivial commuting operator. This renders the second result.

In a paper in preparation, the result of this work will be extended to the

group SO(n, m) and the Kunze-Stein theory of intertwining operators,

analytic continuation, uniformly bounded representations of these degenerate

principal series will be examined. Finally, I would like to express my sincere

gratitude to Professors Kenneth I. Gross and Ray A. Kunze for their

guidance and advice in this work.

2. Representation of degenerate principal series and their intertwining

operators. To give explicit realization of the representations, We let

*-{«(*)-(£   7)|*G*}'

e = {^)=(a*0"1    0)|aGGL(2,C)J,

*-{*Hi ;)|*e4
%, 6, and T are subgroups of @, such that % and T both are isomorphic to

the group X, and G is isomorphic to 077(2, Q. $ is the semidirect product of

% and 6. For b E % let p(b) = (A^(6))_I where A® is the modular function

of ®. By calculation, p(u(x)c(a)) = |det a\~4. For sake of simplicity we often

write p(a) and x(a) for p(u(x)c(a)) and x(»(x)c(dj) respectively.

The product % T is open and dense in © and the complement of % °V in

© is of measure zero. For any x E X we write

(   xx + x4       -x2- ix3 \
x = \ : 3 , Xi G R.

\ - x2 + ix3      xx - x4  j

Let dx = dxxdx2dx3dx4 be the measure on X. The representation T(p, m; •)

induced from the character x = xP,m °f ® ^s realized as a multiplier repre-

sentation on L2(X); namely for any g = (acd) E © and/ G L2^)
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(T(p,m;g)f)(x) = (T(x;g)f)(x)

(2.1) = |det(xô + </)|'p~2[det(xA + d)]mf((xb + d)~x(xa + c))

= (xpx/2)(xb + d)f((xb + d)~x(xa + c))   a.e. x.

For x, y G A', define an inner product (x|y) = tr(xy) on X. Then X is

isomorphic to 4-dimensional Euclidean space. Let F be the Fourier transform

on L2(X) given by

(F/)(x) =/ (x) = \ fe'Mf(y) ay.
7T JX

For a bounded operator B on L2(X), let B = FBF~X

We shall discuss the Fourier transformed intertwining relations of the

representations.

The group action a": (x, a) -» xä = a*xa of GL(2, C) on X has 3 orbits of

nonzero measure. These orbits are denoted by Xx, X2 and X3, and are

representated by (¿ % (¿ _?) and (~¿ _?) respectively. Let 8X, 82 and S3 be the

respective characteristic functions.

Proposition (2.2). (1) If mx¥z m2, T(px, mx; •) and T(p2, m2; •) are not

equivalent. (2) Let B be a bounded operator on L2(X) such that

(2.3) BT(px, mx;b)= T(p2, mx; b)B  for all b G $ ' = ßl".

Then B is of the form of multiplication by

ß(x) = (C,5,(x) + C282(x) + C353(x))|detx|~'(p2~'")/2

where C„ C2 and C3 are constants.

Proof. (1) is quite obvious if we observe that T(p, m; e'eI) = e""eId where

Id is the identity operator on L2(X) and T(p, m; g) = Tip, m2, g) if mx = m2

mod 2 and g E SU(2, 2). More rigorously, let B be a bounded operator on

L2(AO such that BT(px, mx; b) = T(p2, m2; b)B for all b G % '. Then,

(2.4) ¿f(px, mx;b) = f (p2, m2; b)B   for all b G % '.

By formula (2.1) and a straightforward calculation,

f(p, m; c(a)v(y))f(x) = |det a|ip+2[det a]me-'^a'xa)f(a*xa).

In particular, when a = I, (2.4) implies that B commutes with the operators

of multiplication by e""'W*> for ally. Hence, as is well known, B must be of

multiplication type; i.e. there exists an essentially bounded measurable

function ß(x) such that (Bf)(x) = ß(x)f(x) for/ G L2(*). Then, by letting

p = p2 — p„ m = m2 — mx, (2.4) reduces to

ß(x) =|deta|'p[deta]mi8(a*xa)   a.e.

In particular, by choosing
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,/•*/*      0   \
\   0      eiv/k)

we have

ß(x) = (ei2^k)mß(x)   a.e.

Hence, if m ^ 0, ß (x) = 0 a.e., so part (1) is proved.

Now we assume m = 0. Let 4>(x) = /J(x)|det x|''p/2 for x E X* (i.e. det x =£

0). Then \p(a*xa) = \p(x). Since |det x\~2 dx and »|/(x)|det x\~2 dx are both

invariant measure on the homogeneous spaces Xx, X2 and X3, by the

uniqueness of invariant measure we obtain ip(x) = Cx8x(x) + C2S2(x) +

C383(x). Hence

ß(x) = (CXSX (x) + C282(x) + C383(x))|det x|_p/2   a.e.,

and the proposition is proved.

3. Mellin analysis and the irrcducibility theorem. In this section we shall

prove that for p ^ 0 or m odd, any bounded operator A such that

AT(p, m; g) = T(p, m; g)A for all g G © is a scalar multiple of identity

operator. Hence we obtain one of our main results, namely:

Theorem (3.1). For p^O or m odd, the representation T(p, m; •) is

irreducible.

Since <$>'= C'Y and p = (_° ¿) generate ©, 7(x; ■) is completely

determined by its restriction to %' = CT and p. Therefore, by Proposition

(2.2) we need only to consider the commutation equation

Í7(x;p)= f(x;p)Â

where Â is multiplication by a(x) = C'x8x(x) + C282(x) + C383(x). It is

convenient to rewrite the above equation as

(3.2) AFT(x;p)F-x = 77(x;p)7-'i.

Consider the subspace

(3.3) L2(X) = {/ EL2(X)\f(x)=f(uxu-x) for all u E SU(2))

which is easily seen to be invariant under 7, 7(x; p) and A. We shall Mellin

analyze the operator equation (3.2) on this subspace and see that this partial

spectral analysis is enough to give complete irreducibility results for the

representations 7(x; • ). We note here that analysis on this subspace is not

enough to obtain reducibility results, and for this we resort to other

techniques that appear in the next sections. The proof of Theorem (3.1) takes

a few steps.

Let
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t-K(*;.?.)O < 9 <2tT

he the maximal torus of SU(2). The homogeneous space SU(2)/T, which is

the 2-sphere, consists of cosets up = zz^T and zi(0„ 9j) = u(9x, 9j)T, where

«(M2)"
cos 0, (sin 0, )e"

- (sin 9x)e~i9*    cosí?,

for 0 < 0, < ír/2, 0 < 02 < 2tt.

Let fi be the set of all real 2x2 diagonal matrices

fi = ju = (co„ u2) =
co,

0

0

u2
co„ co2 G R

since a 2 X 2 Hermitian matrix can be diagonalized by an element of SU (2)

into a real diagonal matrix. More explicitly, for any x G X, there exists a

zz G SU(2) such that zz ~ 'xzz = co G fi. fi is homeomorphic to R2. We let

du = duxdu2 be the Lebesgue measure on fi. Since u(9) commutes with all

co G fi and zz^'cozz^, = u~x(ux, u2)up = (co2, co,) one can prove that for co such

that co, 7e co2 the map (co, zi) -» zzcom-1 is continuous and one-to-one. Let

fi0 = {co = (co,, u2) Gfi| co, > co2}.

Since the set of co for which co, = co2 is of measure 0. We identify fi0 X

SU(2)/T with X. This gives a new coordinates system on X namely (co,, co2,

9X, 9j). The coordinate transformation is given by

x, =¿(co, + co2),

X2 = \ (wl _ W2)sm 201 COS 02,

x3 = ¿ (co, — co2)sin 20, sin 02,

x4 = ¿ (co, - co2)cos 20,.

Thus, one may think of (co,, co2, 0,, 02) as spherical coordinates of X. Define

the measure dit = dù(9x, 92) = ¿sin 20, d9x d92 on SU(2)/T. The following

integration formula will be used later.

(3.4) [ f(x)dx= f  f /(mcom-'Xco, - co2)2 du du.
JX Ja0JSU(2)/T

Let L2(fi) = {<b E L2(fi, du)\<b(u') = <b(u2, co,) = -cf>(co„ "2) = #•>)}» i-e-

Lf(fi) is the Hilbert space of "antisymmetric" functions in L2(fi).
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Proposition (3.5).For f G L¡(X), define the map O by ($/)(u) = Vtt (co, -

w2)/(w)/2. Then 0 is a unitary map of Ll(X) onto L2(ß) with $_I given by

($-1d>)(x) = 2(ux - W2)-1 • ̂ (ío)/VÍ /or * = míoh-1 a«¿/ wx ¥= u>2. Moreover,

we have

4>74>-1^(ío) = -/(27r)_1 f e'Mu)<b(T¡) dq,
Jn

$7(x;p)$_I<í)(ío) = xH(det u)-x<j>(-u-x)   forwxw2 -* 0,

3>/l$_1<J>(u) = a(a)<t>(oi).

Proof. The fact that O is a well-defined bijective map is a straightforward

consequence of its definition and the antisymmetric property of $ G L2(ß).

Let us prove that $ is unitary. Define ßo = {w'| w G ß0} = {w G ß| ux <

<o2}. Then ß = ß0 u ßo, and ß0 n ßo = {w G ß| w, = w2) which is of
measure zero in ß. Now

W' f ( (f(uwu-x)\f(u<ou-x))(ux - co2)2 du do>
JQ0JSU(2)/T

-/ f (/(«)!/(«))(«,-^ûttrfco
Jíi0JSU(2)/T

= [   ? |/(W)|2(W1 - W2)2 ¿"

"i    5|/(c0)|2(«l-«2)2^+f    f |/H2(Wl-<02)2¿C0

-/ 7I/HIV.-«2)2**«+/ f |/H2(<».-"2)2</«

-/|(#/)H2«v».•'ß

Therefore, $ is a unitary map of L2(X) onto L2(ß). We next compute 4>7$"

by using a well-known formula,

(3.6)

In fact, let

then

/S£/(2)/T

=   _   i. (e'(lM  _   g'(l'l<i>)\

V —
cos 0, (sin0,)e'

- (sinf?,)*?-'"2        cosf?,
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*-'(*>, -co2)(r,, -V2)í e^-'^dv
JSU (2)/T

= (4^)    I      I   (wi - «2)0h - 12)
•'O       •'0

. e,-[(,|ö)coA1+(i,iu)riiÄI]sin 2^ ¿z/, ¿9it

Since

¿ [(t/|w) - (tí'|co)] = ¿(co, - co2)(n, - tj2)

and

(r/|co)cos2 0, + (r/'|co)sin2 0,

- 1 [H«) + Oí»] + 5 |>N - (V|")] eos 20„

(3.6) follows by integration.

Using formulas (3.4) and (3.6),

($F/)(co) = tr'2 f ((co, - co2)(r„ - i,2) f e*"""» do W/)(tj) dzj,
■/Ö0V JSU(2)/T I

$F$-'ci>(co) - -/(2v7)_1 f e*1»1"^) azj +z'(2t7)_1 f e'(ll'|u)c>(7]') <Aj
•'oo •'Qo

= -z'(27r)_1 f e«*M4>(ii) dii.

Formulas for <&T(x; p)<b~x and í>^4>-1 are straightforward computations.

Thus the proposition is proved.

Since our analysis will only be on the space F2(fi), we shall write F, F~x,

T(x;p) and i for <£>F$-1, Í»F"'$-1, $r(x;p)$-1 and 4>i$_1 respectively.

Let fi* denote the collection of co G fi for which co,co2 i=- 0. The comple-

ment of fi* in fi is of measure 0. Hence, we will not distinguish L2(fi) from

L2(fi*), nor L2(fi) from L2(fi*). Let fi* denote the group of unitary characters

of the multiplicative group fi*. The generic element of fi* is

= l».|'i,[».]"l»2|'i,[»2]'!

where £,, £2 are in R and e„ e2 are either 0 or 1. We also denote A by

(£„ e,; ¿2, £2) and identify fi* with (R X Z-j) X (R X Z-ff.

For any <J> G L2(fi) and X G fi* define the Mellin transform M by

<Í>(a) - (M<f)(X) = (Sir)'1 f |det co|1/2X(co)c>(co)|det co|_I du.

From the above two formulas, one sees immediately that M is the tensor

product of the usual real Mellin transform; that is, it is the usual Mellin
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transform applied to both coordinates w, and co2. Thus, M is unitary on

L2(ß). Let % be the image of L2(ß) under M. We are about to complete the

following commutative diagram. Before computing 7 = MFM~X, F~x =

MF~XM~X, 7(x; p) = A/7(x; p)M~x, Â = MÂM~X, let us observe the

following facts.

L2(ny

M

F,F-\T(x;p),A ¿,(Í2)

M

J  _f¡J!_Í,ÍkLAJL   %
Let f,, f2, f3, and £4 be the characters of ß* given by

or

Í,-(0,0; 0,0),

&-(0,1; 0,0),

fc - (0, 0; 0,1),
f4-(0,1; 0,1).

fi(«)-l,

í_(*»)"[«i].
f3(io)=[w2],

Í4(w)=[íoi][ío2],

1. The function a restricted to ß can be written as a linear combination of

tr In fact

«(«)-, (Q + 2Q + Q )£, («) + I (C,' - d % (u)

+ ï (CÍ - Q )f3 («) +1 (C( - 2Q + Q tf4 (<o);

(3.7) «(«) - C,f, («) + C2f2 (w) + C3?3 («) + C4U (a),       C2 « C3,

which establishes fact 1.

Remark (3.8). a(x) is a constant function if and only if C'x = C2= C3 or

equivalently if and only if C2 = C3 = C4 = 0 in (3.7).

2. The function (det w)|det o|_1 restricted to ß* is a character. Since

det w = |«,«2|[wiw2] = K| |w2|[wi][w2],

(detio)|det«|~1 = [co1][co2] = £,(«).

3. x = X(p,m) restricted to ß* is a character for

X(p,m)(co) = [det co|ip(det co/|det co|)m

w,|>2f if »j is even,

|w1|'p[w1]|io2|'p[w2]    if m is odd.

We denote x by (p, m; p, m) with the understanding that m denotes the

integer 0 or 1 congruent to m modulo 2.

Before writing down the formulas of 7, F~x, 7(x;p) andÂ we introduce a

function on ß* that comes up in the Mellin analysis of the Fourier transform.
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Let T(z) he the usual gamma-function. For any pair (£, e) G R X Z2, let

r2'ír(¿+zV2)/r(¿-z|/2),   £ = o,

/2*r(|+ii/2)/r(|-iV2),    e=l.

For X = (£„ £,; |2, ej E fi*, define

k2(X) = *2(C|. «iî &. e2) = *i(€i. «l^ife £2)-

Proposition (3.9). For a/zy t> G L2(fi), fer c> = M<f> G DC, z7ze image of cj>

zzttcfc?/- í/ze Mellin transform M. Then for any À G fi*

(F$)(X) = k2(X)$(X~x),

(F-x$)=-X(-I)k2(X)~$(X-x),

(3.10) . 4
(ic>)(A) = 2 c^(^) with c2 = c3,

y-i

(f(x;f)^)(A) = A(-/)^(xX-'?4)-

Proof. In the following we use the fact that |det co|-1 du is an invariant

measure on fi*, as well as the identities x(~I) = !» X-1 = X an(*

(detco)ldetcol-1 - £,(«)•

(f(x;f)¿)(A) = (a/f(X;p)<í>)(A)

- (87t)_1 r|detco|I/2A(co)x(co)(detco)"1</)(-co-,)|detco|"1 ow
•'Q

= (87r)-,/jdet(-co-1)|1/2A(-co-1)x(-"-1)

• (det(-co-l))_1^»(co)|det co|_I ¿co

- (xA)(-/)(87r)_1 f |detco|_1/2(detco)

• (x-xX-l)(u)<b(u)\detu\~x du

= X(-I)(8iryx f |det «| 1/2(x"'X"'f4)(«)*(«)|det «I_I du
•'St

= A(-/)^(X-1A-,í4) = A(-/)c>(xA-1f4).

(Íc>)(A) = (MÂ<j>)(X) = (8t7)_1 f|detco|I/2A(co)a(co)<í)(co)|detco|_1 du

= (877)"'J|detco|1/2A(co)   2 C/y(co) cb(co)|det cof1 ¿co

4 4

= 2 q/ldetcof/^OicoX^ldetcol-'c/co = 2 C>(A£).
: _ 1 J D. i = 1«1     ¿Q j**\
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The calculations of F and F~x are quite standard, at least in the case of the

real line. The formal calculation involves a simple interchange of the order of

integration. The rigorous proof requires a regularization procedure similar to

that which we use in proving Lemma (4.6) of the next section. Therefore, we

shall not give its computation here.

.From (3.2) Í77(x; p)F~x - 77(x; p)F~xÂ on L2(ß) if and only if
ÂFf(x;p)F-x = Ff(x;p)F-xA on %.

Proposition (3.11). Jt7(x; p)F~x = 77(x; p)F~xÂ on % if and only if

forf = 1, 2, 3,4

(3.12-/) Cjk2(\)k2(x^4X) = C/2(£A)fc2(xf4r,A)

a.e. for X in (R X Z-j) X (R X Z^.

Proof. Since x_1 = X> tf~ = Sj and f4(-1) - 1,

(Í77(X;p)7-'¿)(a) = - 2 ^.^(^^(xUX^xUa"1)'
i-i

(Ff(x;p)F-xU)(\) = - 2 ^.^(^^(x^X^xU/A-1).
Í-1

Since £, is the identity character (i.e. f,X = X), (3.12-1) always holds.

Therefore, to prove Theorem (3.1), we will find what x have the property that

(3.12-2), (3.12-3) and (3.12-4) hold only when C2 = C3 - C4 = 0 (cf. Remark
(3.8)). Recall that we already know that C2 = C3.

In the calculation below, we are going to use another formula for £,(£, e);

namely,

*i(i,e) =

T(l/2 + /|)cos(l/4 + iZ/2)<n,    e = 0,

T(l/2 + /£)sin(l/4 + H/2)-n,    e = 1,

2ir

2/

V2^

which is obtained from using Legendre's duplication formula and identity

T(l/2 + Z)r(l/2 - Z) = 7T sec(TrZ).

Case 1. m is odd; i.e. x = (p, 1; p, 1)- (3.12-2) becomes

C2k2(ix, e,; |2, e2)k2(p + £„ e,; p + £2, e2)

= C2k2(ix, 1 + £,; |2, e2)&2(p + £„ 1 + e,; p + £2, e2)

or

C2kx(ix,ex)kx(p + !„£,) = C2*,($i, 1 + £,)^i(P + ii, 1 + e.)

or
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or

M    . f i \      M    . p + M
C2 COSI  - +/ y Y C0S(   4 +' ~^_ Y

r  . (i X.M   . / i , .p + M= - C2 sml - +i — Y sml - -H -^— Y

(     ( i       p + 2£, \ p   \
C21 cosí - +/ —2— F + cos / 2 "")

r I     M   ■ • P + *M -P   \= CJcosI 2 +/—2— Itt-cos/ -tri

or

C2 COS  -y- = 0.

Hence C2 = 0 for any p G R.

If e, = e2, (3.12-4) reduces to

C4cos(l+/^)*rcos(l+/^),r

/i ,. p + ¿i \     /1 ,. p + M•cos(4+/^~rcos(4+'^_r

= C4smí±+iy tasinf |+iy ta

• / 1   ,-P + M     • / 1   ■ • P + M•sinÍ4+/^-rsini4+,~T-r

This further reduces to

C4 cosl 2 + »-5-j77 C°T 2 WJ a'e' ^" ^2'

This implies C4 = 0, for any p G R.

Case 2. m is even; i.e. x — (p, 0; p, 0). (3.12-2) becomes

C2 cos| I +/-i Y sin( ± +i'^y-1 J*r

r./l,.{i\        /l   , . P + ¿i \= C2 sinl ̂  +/ y Y cos( 4 +/ —— r

p
C2 sin / -r m = 0.

Hence C2 = 0 for p =*= 0. (3.12-4) becomes
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Q*2v£l» £V & h)k2(P + Si. 1 + HI P + £2. ! + £2)

= QMSl» 1 + £i; ¿2. 1 + £2)^2(P + Cl. *lî P + S2.82)-

If p = 0, the above equality holds independent of C4. But, if p ¥= 0, £, = £2,

then

c4cos( £ +'y )wcos( í +/y f

■ sm( 4+/ ^~_ r sin\ 4  ~t~ y

= C4sin||+z'yjirsin(--l-z'yj7r

( i , .p + S, \      ( i , .p + £2\
' cos[ 4+/ ~^r Y cosl 4     2~ f

or

C4 cosl 2 +1-2-Y =   4 C\ 2    ' —2— Y " 2'

We now conclude that when p i= 0, C4 = 0.

In summary, for p ^ 0 or m odd, C2 = C3 = C4 = 0. In view of Remark

(3.8) we have that for p i= 0 or m odd, a(x) is a constant function. Thus

Theorem (3.1) is proved.

4. Analytic continuation and some singular integrals. Roughly speaking the

commuting operators are limits of intertwining operators. This and other

reasons lead to further study of the intertwining operators. For/ = 1, 2, 3 and

p G R, let

(4-1) (4(P)/)(*) = M*)|det *|"*/(*)   for/ E L2(*)

where Ó) is the characteristic function of the orbit Xj. Let

(4.2) Bj(p) = F-xBJ(p)F

where F is the Fourier transform on L2(X). As it is well known Bj(p) is

convolution by a distribution. We extend p to be complex and consider the

three regions which are specified by the inequalities Im(p) > 0, 0 > Im(p) >

—2 and Im(p) < -2 respectively. One observes immediately that |dety|'p_2

is locally integrable for Im(p) < -2. Hence, if Im(p) < -2, Cfxf(x —

y)|dety|'p~2 ay is well defined for/ G Cff(X). Furthermore, as a function of

P> CJxf(x — y)\dety\'p~2 is an analytic function. On the other hand, for

/ G Crf(X) and Im(p) > 0, F~xBj(p)Ff exists by a well-known property of

Fourier transform, and (F~xBj(p)f)(x) is an analytic function.
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y(p) = ^ T(2 - ip)r(l - ip),
2tt3

kx(p,y) = y(p)(e-»"8x(y) + 82(y) + ^53(y))|detj|'p-2,

(4.3)    k2(p,y) = -y(P)(28x (y) + (*-"» + e<"~)82(y) + 2S3(.y))|det>f p~2,

k3(p,y) = y(p)(^5, (y) + 82(y) + e-^3(j))|det>>|''p-2

where T is the usual gamma-function. Our main result of this section is

Theorem (4.4) Let f G Crf(X) and x E X. Then for j = 1,2, 3 the function

p->(7-'4.(p)7/)(x)

= 7T~4 j Í8J(x)\dety\~i'' j f(z)ei(z^ dz\e-^x) dy

originally defined for Im(p) > 0, has an analytic continuation into the whole

complex plane and is equal to the function

p^ff(x- y)k:(p,y) dy   when Im(p) < -2.
Jx

This theorem will imply the reducibility theorem in the next section. The

analytic continuation technique is seen in [8]. In this section, p will be a

complex number except in Bj(p). Bj(p),j = 1, 2, 3, are given in (4.1). To avoid

ambiguity we will not use B-(p) given by (4.2) for complex p.

For any x E X, let tx denote the translation by x, i.e. (rj)(y) = f(y — x).

Clearly, rx is a bijective map of Cc(X) onto itself and

jxf(x-y)kj(p,y) dy = j(T_J)(-y)kj(p,y) dy.

Since (FTxfKy) = e^\Ff)(y),

{F-xBjFf)(x) = (T.xF-xej(p)Ff)(0) = (F-xBj(p)Fr_j)(0).

Therefore, Theorem (4.4) follows from

Proposition (4.5).Let f E C™(X). The meromorphic function

lj(p)=jxf(-y)kj(p,y)dy

originally defined for Im(p) < — 2 has an analytic continuation into the whole

complex plane such that

7/(P) = (7-'4(p)7/)(0)

= ^2Í^Áy)\^y\~ÍP(Fí)(y) dy  for Im(p) > 0.

Recall X* = {x G Zldet x =£0} = Xx u X2\j X3. Therefore, for «f> G

C?(X*) c C(?(X) and/ = 1,2,3 the function
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I/(p)=fx<b(-y)kj(p,y)dy

is a meromorphic function with poles —i, —2i, — 3z .... (They are poles of

Y(P).)

Lemma (4.6). For p such that Im(p) > 0 and <b G Q°(**),

fx4>(-y)kj(p,y) dy= v-2fj¡j(x)\det x|~'p(Fci)(x) dx

= (F-'4(p)Fci.)(0).

Let/ G C(f(X). For 1 > £ > 0 choose <i>£ G C(f(X*) such that <be ̂ /only

on a set Xc of measure less than £. Set

if (p) = fu-y)kj(p>y) dy,    f = h X 3.

Lemma (4.7). F/(p) converges uniformly on any compact subset of the strip

{p G C| — 2 < Im(p) < 0} that is bounded away from p = — i and p = — 2z.

Proof of Proposition (4.5) Since f E C(f(X), F~xBj(p)Ff exists for

Im(p) > 0. Hence,

*-2Jx8j(x)\det x|-'p(F/)(x) dx= (F-'4(p)F/)(0)

is continuous for Im(p) > 0 and analytic for Im(p) > 0. Also

i/(p)=Jf(-y)kj(p,y)dy

is continuous for Im(p) < -2, except p = — ni, and meromorphic for Im(p)

< -2. By Lemma (4.7), lim^o If (p) is continuous on the strip and

meromorphic inside the strip (p G C| - 2 < Im(p) < 0}. We shall show that

this limit coincides with (F-I2?,(p)Fjf)(0) and l/(p) on upper boundary and

lower boundary respectively. It is clear from our choice of <f>e that, for

1 < p < oo, </>e -»/ in Lp as e -» 0 and hence Fc>£ -» F/ in both L^A!-) and

L2(A!") as e -> 0. By Lemma (4.6) and the Lebesgue dominated convergence

theorem, when Im(p) = 0

lim If = lim f<t>t(-y)kj(p,y) ay
e->0 e->0 ^

= lim 7T~2 fô,(x)|det xf p(F<í)£)(x) c/x

= 7T-2|lim(5,(x)|det x|-'p(F^£)(x)) c/x

= tr'2 fSj(x)\det x\-ip(Ff)(x) dx

and when Im(p) = - 2
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lim If (p) = lim J<pe(-y)kj(P,y) dy

= ff(-y)kJ(p,y)dy=l/(p).
Jx

Therefore, Proposition (4.5) follows by analytic continuation.

We shall prove Lemma (4.7) first, then Lemma (4.6).

Proof of Lemma (4.7) Since I\2 - io) and T(l - z» have only simple

poles at p = — z, p = — 2/ in the strip, we can choose a rational function

P(p) of p such that \P(p)\ < 1 and

T(2 - z»r(l - z'p)
P(P)~-7T--«""

¿TI

<   1.

For n = 1,2, 3 consider F (p)/„£(p).

When Im(p) = -2,

\P(p)I¿(p)\<J\<pe(y)\dy=\\b\\x.

When Im(p) = 0,

\P(p)in(p)\ -1*001 Ke(P)¡ <]>*(*)!Ä-B^llr

|F(p)/;. (p) - PO»)/* (p)| < Max(|*ti - «y,, ¡F*., - F&J,)

on the strip by the maximal principle. Since tf>£ converges in L'-norm,

P(p)IZ(p) and thus 7„e(p) converges uniformly on any bounded subset of the

strip. The lemma is proved.

The proof of Lemma (4.6) involves regularization of divergent integrals.

The following lemma, which is verified through long computation, is needed

in the regularization process.

Write x = vr\v~x where tj G fi0 and v G SU(2)/T. Then dx = (rj, -

r/z)2 dv dt\ (cf. (3.4)). For/ - 1, 2, 3 and 0 < £ < 1, let

(4.8) kf(p,y) = it"4/Ve<hll + |,»l)ty(jc)|det je|"V"<w*) dx.

Lemma (4.9). For any fixed p=£ — ni and each /', \kf(p, y)\ is uniformly

bounded on every compact subset ofX* and

lim kf(p,y) = k(p,y).

Proof of Lemma (4.6).

7r-2J"ó}(x)|det x|-'p(F<í.)(x) dx

= ir-4J^8j(x)\detx\-ipjei^x)<}>(y) dy\ dx.
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Set x = vr\v~x; then |det x\ = |r/,r/2|. Write p = o + it, t > 0. For any posi-

tive number e

\e-^+M)Sj(x)\detx\-ipeiWx)<t>(y)\

= \e-*M+M8j(x)\rirt2\T4>(y)\

and

f e-ciM + lr»%x-n2\T(Tlx - t]2)2dq< oo.

Since <f> E C(f(X*), by formula (3.3)

g-^M+MDSj (X)|det *| " V0^^)

is integrable with respect to dy dx = (tj, — r/^)2 dy dv dx\. By the Lebesgue

dominated convergence theorem and Fubini theorem,

m~2 fo,(x)|det x\-ip(F<b)(x) dx

= lim ir"2 re-£(l"'l+^á,(x)|det Xrip(F<t>)(x) dx
e->0 Jx /Il

= lim tT4 /*c--<h»il+bteOô (jcjidet *r'p /V^'Wy) <$> ¿x
e->0 •/* •'Jf

= lim   f <?>(-jO(f ~4 r c-«(h.l + hbl)^ (jc)Jdet jc| ~'"«-'"(■►'W dx) dy

= lim  f<t>(-y)kj(p,y)dy
£->0 Jx

= (<t>(-y)lim, kf(p,y)dy= (<t>(-y)kj(p,y)dy.
JX «-»0 Jx

The last two equalities follow from Lemma (4.9). Thus, Lemma (4.6) is

proved.

Now we turn to prove Lemma (4.9). In the proof we shall use the following

well-known formula of T-functions. Let z be a complex number such that

- 7r/2 < arg z < tr/2 then

f">t»--e-"dt=T(w)z-w.

Proof of Lemma (4.9).First, it is easy to verify that kf(uyu~x) = kf(y) for

u G SU (2), and hence kf is determined by its value on ß. Let w G ß, then, by

formula (3.4),

kf(p, o>) = tt-4( f e-«<l"l+l*B&(Ti)|det v\~ip
JQoJSU(2)/T '       ' '

\Vi - V2)2 dv dr\.
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By formula (3.6),

f e-i(»\»n°-') fo
JSU(2)/T

= - f. (co, - u2yx(r,x - t,2)-V'(wh) - e-'^).

Hence,

*/(P> «) = TTT-v i e-«M+M8j(r¡)\det ,(-*(,, - r,2)
2îr (co, — co2) •%

• (e-**W - e-'{aM) dq,

f c?-E<h'l+l^>ó}(r))|detr/|_''p(r,, - r,2)e-''(û,|"') dq

= f e-'«"l+l*0&(ti')|detti'|~",(ii2 - T]x)e-'iaM dq
JSI'0

= _ C e-«(hil + hhl)^(,j)|detii|""H - T]2)e-i(aM dq.

Therefore,

*/(p,cü) = -3-i- f e-£d'»l+^)5,(r/)|detTï|-'p(îj, - 1j2)r''*'á)
27TJ(co, - co2) Ja0

+
'OÍ
f e-^iil+l^.(T?)|detrj|~'p(Tj, - q2)e~i(aMdq
"0

——-'-- fe~*M + M)s (i,)hätt-qf'tfa - Ti2)e-iiuW dq
2tr3(ux — u2) Ja

i
r r e-«M+MôJ(ri)\ril1i2\-'''(rll - r,2)

J — ûO*'— 00

Since

277   (CO, — U2)  •'-oo*'—00

•e-i{u^+a^dqxdq2.

8x(V)=\l    '/1?.>°^2>0,
0    otherwise,

and

52(n)=i1     ^,r,2<0,

10    otherwise,

53(1?)=(1    ^,<0,r,2<0,
10    otherwise,
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k\(p, co) = iy(p)(«, - <o2)-'((e + mx)"--\t + to,)*-'

-(«+ *»,)*-'(«+ Í«,)*-2),

fc|(p, co) = /y(p)(co, - a>2)-\(e + k*¡f-\t - fa*)*"'

+ (e + /co,)''p~I(e-/co2)/p_2

- (e - i«,)'p~2(e + /co2)/p~I

-(«-to,)*-I(e + /«a)*-2),

*f (p, co) = -iy(p)(«, - «O-'ft« - fa,)*-a(« - i«,)"-1

-(e-/«,)*-'(«-to,)*-2).

We note here that we use only the principal branch of logarithm; i.e. for

example

(4 10)       (£ + "°l)*"2" CXP((/P " 2)L0g(£ + 'Wl))

= exp((/p - 2)(log|e + ico,| + iarg(e + /co,)))

where - w < arg(e + /co,) < w.

By (4.10), (e + /co,)'p~2 is a continuous function of co, and e. Hence, if e is

bounded, say 0 < e < 1, then |(e + /'co,)'p_2| is uniformly bounded on every

compact subset excluding 0. A similar conclusion holds for other terms.

Therefore, \kj(p, co)| is uniformly bounded on every compact subset of ß*. So

\kj(p,y)\ is uniformly bounded on every compact subset of X*. Thus, the first

part of Lemma (4.9) is proved.

Clearly, limt_0 kf (p, y) also satisfies the invariance condition. Therefore,

we only have to calculate lim^,, kj(p, co) for co G ß£. Since

. I7T/2 if co, > 0,
hm i arg(e + /co,) = '
c-»o [ — h / 2     ifcO,<0,

by (4.10)

lo ,    i|co,|''p-2e-(p+2')'r/2    if co, >0,
lim(E + /co1)'p"2=    '  "„ '
~° [|co,|''p-Vp+2'>/2      if co, < 0.

The other limits have similar formulas. Therefore, (1) if co, > co2 > 0

lim k'x(p,(o) = ry(p)(«, - co2)"I|co,co2|'p-2(e-(p+2,>/2c?-(p+')'r/2co2
e-»0

- co1e-(p+'')'r/2t?~(p","2/),'/2)

= /y(p)(co, - «2)-,|W,«2|",-2e-^+3'>'/2(W2 - co,)

= y(p)e-'>lW2|*'-2
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and similarly,

lim/c|(p,co)= -2y(p)|co,co2|'p-2,
e-»0

lim/vl(p,co) = y(p)t?p"|co,co2|/p-2;

i'P-2I !

|/p-2.
mil   rv3yfj, ujj —   X\F)*     l^l"^
e-»0

(2) if co, > 0 > co2,

lim k\(p,u) = z'y(p)(co, - u2yx\uxu2\ip-2(e-(p+2»«/2e<p+i)*<'2(-u2)
e-»0

_ e - (p+far/2 g(p+2Z)»/2W \

= zy(P)(co, - co2)-,|co,co2|/p-2(e--/2(-co2) - e^2ux)

= y(p)|co,co2|'p-2

and similarly,

lim klip, u) = -y[p)(e-" + O|co,co2|/p-2,
e-»0 ' '

lim k¡(p, u) = y(p)|co,co2|''p"2;
e-»0

(3) if 0 > to, > co2

lim kcx(p,u) = zy(p)|co,co2|''p-2(e(p+2,>/2e(p+')'/2(-co2)
£->0

_ e(p+«>/2e0,+2,)ff/2(_ W]))

= iY(p)\uxu2\ip-2e^(ei3^2(-u2) - ei3'/2(-ux))

= y(p)ep>,co2|'p-2

and similarly,
,/p-2

>

I'P-2|w,u/2

Combine all these three cases and we have

limA:|(p,co)=-2y(p)|co,co2|">-2,

lim k¡(p,co) = y(p)e-'m\uxu2\i
e-»0

lim /Vf (p, co) = y(p)(e~pm8x (co) + 52(co) + «^(co))!«,^
t-»0

= &,(p,co),

ip—2

ip-2
>ivj     y       ' *   j"2Vj    -t"3\.w;;iwi"'2|

= /c2(p, co),

lim kl(p, u) = y(p)(-25, (co) - (e^ + e^)82(u) - 283(u))\uxu

ip-2
1VW,     .     "2Vw^     ■     v ^3vw7y|w,w2|

= /v3(p,C0).

lim /c|(p, co) = y(p)(e<mSx (co) + 52(co) + ^"^(co))^
£->0
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By the invariance condition, limc^0 kf(p,y) = kj(p,y). Thus Lemma (4.9)

is proved.

5. Reducibility theorem. In this section we shall use the different realization

of Bj(p) = F~xBj(p)Fprovided by analytic continuation to show that

B(0,l) = Bx(0)-B2(0) + B3(0)

= 7-»(¿,(0) - 4(0) + B3(0))F= F~XB (0,1)7

is a nontrivial commuting operator for 7(0, 2«; •)• Therefore, the represen-

tation 7(0,2«; •), n G Z, is reducible.

From formula (1.2) and the fact that det x is real, for/ G L2(X)

(T(p,2n; p)f)(x) = \detx\ip-2f(-x~x)   a.e.

In particular,

(5.1)    (7(0, 2n;p)f)(x) = (T0(p)f)(x) =\detx\-2f(-x~x)   a.e.

For any complex p and/ G C(f(X), define

(5(p,0)/)(*)=|detx|-'p/(jc)

(5-2) = (Ô, (x) + 82 (x) + 83 (x))|det x\-ipf(x)

= ((¿,(p) + B2(p) + B3(p))f)(x)

and

(Ê (p, l)f)(x) = |det x|-/p[det x] f(x)

(5-3) - (5, (x) - 82(x) + 83(;c))|det x\-ipf(x)

= ((Bx(p)-B2(p) + B3(p))f)(x).

Clearly, when Im(p) = 0, B(p, 0) and B(p, 1) are unitary operators, and in

particular 7(0, 0) = 7 is the identity operator. Notice that 7(0, 1) is a

nontrivial operator in the commuting algebra of 7(x; •)!«- where $' = ßT

(cf. Proposition (2.1)). When Im(p) = 0, let B(p, 1) = F~xB(p, 1)7. Thus,

7(0,1) is a nontrivial operator in the commuting algebra of 7(x; •)!$' = 7(p,

m; -)k' (i.e. T(p, m; cv)B(0, 1) = 7(0, l)7(p, m; cv) for all cv E <&' -
6T). Moreover, we have

Theorem (5.4) 7(0, 2«; p)5(0, 1) = 7(0, 1)7(0, 2/t; p) anc/ Äenct? /Äe
representation 7(0,2«; •) ¿y reducible.

The proof of this theorem involves proving a more general lemma. First let

us extend the use of the notation B(p, 1) to complex p; more explicitly we

mean that for/ G Crf(X) and x G X

(B(p,l)f)(x) = (F-xB(p,l)Ff)(x)



250 YANG HUA

originally defined for Im(p) > 0 has analytic continuation into the whole

complex plane and when Im(p) < -2

(5.5) (B(p, l)f)(x) =ff(x-y)hx(p,y) dy

where

hi(p,y) = kx(p,y) - k2(p,y) + k3(p,y)

= y(p)(efm + e-1™ + 2)|det>fp-2

(cf. Theorem (4.4) and formulas (4.3)).

Lemma (5.6) Let pi- - /, -2/,_Forf E C?(X*) and x G X*

(5.7)    |detxf2(7(p, l)T0(p)f)(-x~x) = [det x\-'p(B(p, 1)7 (p, 0)/)(x).

Proof of Theorem (5.4) Let p = 0 in (5.7) then for/ G CC(X*), x E X*

(TQ(p)B(0, l)T0(p)f)(x) = (7(0, l)f)(x).

Since X* is dense in X, Cc?(X*) is dense in Cff(X) and hence also in L2(X).

Therefore
70(p)7(0,l)70(p) = 7(0,1).

Since   7(0,  2m; p) = T0(p),  and   7(0,  2m; p)~x = T0(p)~x = T0(p),

T0(p)B(0, 1) = 7(0, l)70(p) and the theorem is thus proved.

Now we turn to prove Lemma (5.6).

Proof of Lemma (5.6) First we observe that Cç(X) is invariant under

70(p) and 7(p, 0); hence the equation (5.7) is well defined. For x E X* both

sides of (5.7) are meromorphic functions of p on the whole complex plane by

Theorem (4.9).

We are going to show that (5.7) holds for Im(p) < -2 and hence for all

complex p by analytic continuation.

Let Im(p) < -2. From formulas (5.1) and (5.5) by making the change of

variables^ -*y~x and noticingdy~x = |det.y|_4 dy, then

|detx|-2(7(p,l)70(p)/)(-x-')

= |detx|-2J7((x-' + y)-~)\det(x-x + y)\~2hx(p,y) dy

and

= |detx|-2J^/(7)/i,(p,/-1 - x-')|det.y|->

|detx|-,p(7(p, 1)7 (p, 0)/)(x)

= \detx\-ipJ\det(x-y)\-ipf(x-y)hx(p,y)dy

= \detxfpjf(y)\dety\-iphx(p,x-y)dy.
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Hence it is left to verify that

|detx|_2|detyf \(p,y'x - x~x) =|detx|"'p|detyf %(p,x -y)

or to verify that

|detx|"2|detyf 2|det(y_1 - x-')|'P~2
(5.8)

If

then

= |detx|-/p|dety|"/p|det(x -y)|/p 2.

/   x, + x4       -x2 - x3\
x=        ' ]EX

\-x2 + zx3      x, -x4  ;

x-'^ídetxr'í^"^    X2 + ixA
\x2-zx3     x,+ x4/

Forx,y EX, let <x|y> = x,y, - x2y2 - x3y3 - x4y4. Then

det(x - y) = (x, - y,)2 - (x2 - y2)2 - (x3 - y3)2 - (x4 - y4)2

= detx + dety - 2(x|y),

det(y_1 -x_1) = dety_1 + detx_1 -2(y-l|x~1),

<y-,|x-1) = (detx)-1(dety)-1<x|y>.

Hence

det(y_1 - x_1) = (det x dety)~'(det x + dety - 2<x|y))

« (det x dety)_1det(x - y).

Thus (5.8) holds and hence the lemma is proved for Im(p) < - 2. By analytic

continuation the lemma is proved in general.
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