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ABSTRACT. In this paper we determine estimates for the growth of both
real-valued and complex-valued solutions of algebraic differential equations
on an interval (x4, + 00). One of the main results of the paper (Theorem 3)
confirms E. Borel’s conjecture on the growth of real-valued solutions for a
broad class of solutions of second-order algebraic differential equations.
The conjecture had previously been shown to be false for third-order
equations.

1. Introduction. In this paper we investigate the growth of solutions of
algebraic differential equations having polynomial coefficients (i.e. equations
of the form

Uz, p,y,...,p") =0, ¢))

where Q is a polynomial in z, y, ', . . ., y™ which is not identically zero).
For first-order equations (1), it was shown by Lindelof [17] that any
real-valued solution on an interval (x,, + o) is majorized by a function of
the form exp(x*) for some constant A. In [7] and [25], Vijayaraghavan and
others proved that second-order equations (1) can possess real-valued
solutions on (0, + o0) having arbitrarily rapid growth by showing that for any
preassigned increasing function y/(x) on (0, + o), it is possible to construct a
real-valued solution y(x) on (0, + o) of a second-order equation (1) such that
|¥(x)] > ¢(x) at a sequence of x tending to + co. The examples constructed
in [7] and [25] are of the form (2 — cos(x) — cos( Bx))~" and (P(ax) +
P(ax))/2, respectively, for certain constants a and 8 depending on yY(x),
where P (u) is the Weierstrass Pe-function. In addition, it is easy to see from
the construction in [25] that for a given y(x), there is a suitable a such that
the function y = P(ax) is a complex-valued solution on (0, + ) of a
first-order equation (1) for which |y(x)| > ¢(x) at a sequence of x tending to
+00. The examples, P(az), (P(az) + P(az))/2, and (2 — cos(z) —
cos(Bz))~!, which were constructed in [7] and [25] are all meromorphic
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functions on the plane of finite order of growth, and thus are quotients of
entire functions of finite order. Using the minimum modulus estimate [20, p.
336] for such entire functions (which arises from the Hadamard factorization
theorem), it is easy to see that in order to achieve arbitrarily rapid growth on
(0, + o), the constants a and B above must be chosen so that the solutions
have poles arbitrarily close to the positive real axis (but, of course, no poles
on the positive real axis). One of the main results of Part 1 of this paper
(Theorem 1 below) deals with meromorphic functions y(z) on the plane
which have no poles on (0, + c0) (and which need not be real-valued on (0,
+ 00) nor of finite order of growth on the plane). If y(2) satisfies an equation
(1), then we obtain an estimate for the growth of |y(x)| on (1, + o) in terms
of the distance function from x to the set of poles of y, and possibly the
counting function for the number of distinct zeros of y near (0, + o0). Hence
we obtain quantitative information on how close to (0, + o) the solution y(z)
must have poles in order for |y(x)| to achieve a preassigned growth on (0,
+ 0). In fact, Theorem 1 applies to any solution having no poles on (0, + o),
which is defined and meromorphic in a region which for some ¢ > 0 contains
the semi-infinite strip |Im(z)| < &, Re(z) > 0. This result is a corollary of a
general result (see §8) on the growth of solutions of equation (1) which are
defined and analytic on simply-connected regions of the plane. We remark
here that for these results, we require that, if the order of (1) is higher than
two, the solution y(z) not be a solution of some equation £, = 0, where £,
denotes the homogeneous part of Q of total degree ¢ in the indeterminates
Y, Y's...,y™. The reason for imposing this condition in the case of
equations of order higher than two is that if this condition is violated, then
quantities besides the counting functions for the zeros and poles of the
solution can enter into the estimate for the growth of such a solution, and this
estimate can be extremely complicated. (See [5, pp. 55, 63-65] for a complete
discussion.) Of course, even if this condition is violated, then one can always
find a polynomial Q of degree m which is not a solution of & = 0 (e.g. see [5,
p. 57]), and one can try to obtain some information on y by applying our
results to the solution v = y — Q of the equation A = 0, where

A=Qz,0+ Q0+ Q,...,0"™ + QM)

(It is obvious that Ay = 0 has no solutions.) Finally, we remark that the basic
ideas and techniques used in the development of the estimates in Theorems 1
and 2 below had their origins in the author’s papers [2] and [6], but in the
present paper these ideas and techniques are improved (see §4) and are made
more general. For example, in [2] and [6], estimates were developed for the
growth of analytic solutions in regions where the zeros of the solution are
“sparse”. In the present paper, no such restriction is needed. One reason for
this is a result proved in §6 below which provides an estimate for the growth
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of an arbitrary meromorphic function in the unit disk in terms of the growth
of its logarithmic derivative. (See also §7.)

In Part 2 of the paper, we consider positive, increasing solutions of
second-order equations (1) on an interval (x,, + o0). In [9], E. Borel indicated
a line of reasoning which would show that positive, increasing solutions of
mth order equations (1) on an interval (x,, + o) are eventually majorized by
exp,,+1x (where exp,x is the kth iterate of the exponential function).
However, as pointed out by several authors (e.g. Hardy [13], Fowler [12], and
Vijayaraghavan [25]), Borel’s proof was clearly incomplete, and, in fact, the
author [6, §14, p. 53] constructed a counterexample in the case of third-order
equations. For arbitrary second-order equations (1), it is not known whether
positive, increasing solutions on (x, + o0) can have arbitrarily rapid growth,
and it is this difficult question that we investigate in Part 2. (None of the
examples of arbitrarily rapid growing solutions which were constructed by
Vijayaraghavan and others in [7] and [25], and which were discussed earlier,
are increasing.) Fowler [12] considered the special equation y” =
R(x,y)/Q(x,y), where R and Q are polynomials, and his results show that
real-valued solutions on (x, + o) -of this special equation are eventually
majorized by a function of the form exp(x*). (We mention here that in some
of his results, Fowler permitted R(x, y) and Q(x,y) to be polynomials in y
with coefficients of the form x% (x~#), where a and B are rational with
B > 0, and f(2) is analytic at z = 0.) However, for the general second-order
equation (1), the only general result which is known for positive, increasing
solutions is a result of the author [6, §15, p. 56]. This result states that if y(x)
is a positive solution on (x,, + 00) with the properties that (i) for every a > 0,
y/x*— +00 as x - + o0, and (ii) log y(x) is an increasing convex function
of log x, then for some constant A, either y(x) is eventually majorized by
exp(x") or the function v = xy’/y satisfies v'/v = 0(x") as x>+
outside a possible exceptional set of finite measure. (It is not known whether
the possible exceptional set can be removed, but if it can, this would
obviously confirm Borel’s conjecture for such solutions.) In the present paper
(§13), we take a different approach and prove that for a second-order
equation (1), there is a constant A4 (which can be calculated directly from the
equation) such that any positive, increasing solution y(x) on (xq, +c0) which
satisfies (a) for every a > 0, y/x*— +00 as x > + 00, and (b) x~4'/y -
+ 00 as x — + o0, then also satisfies y(x) < exp,x” for some constant A on an
interval (x;, +o0). (In the case when (1) has constant coefficients, 4 can
always be taken to be zero.) This confirms Borel’s conjecture for positive,
increasing solutions satisfying (a) and (b). In addition, we point out in §14
that the same result holds if, instead of polynomial coefficients, we allow the
coefficients of (1) to lie in a certain type of function field which was
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introduced and investigated by W. Strodt [23]. These fields consist of
functions which are defined and analytic in a region of the form |arg z| <
8, |z| > r, and have an asymptotic expansion, as z — oo in the sector |arg z|
< 0, in terms of decreasing real (but not necessarily rational) powers of z.
This allows us to consider coefficients which are more general than those
treated by Fowler (see §15).

We conclude with two remarks. For the reader who is interested in the
growth of real solutions of algebraic difference equations, algebraic
functional equations and differential-difference equations, we refer the reader
to the papers of Cooke [10], [11], Lancaster [16], and Shah [21], [22].
Secondly, the author would like to acknowledge valuable conversations with
his colleague, Robert P. Kaufman.

PART 1. COMPLEX SOLUTIONS

2. We now state one of our main results. The proof will be completed in
§11.

THEOREM 1. Let z,y,y’, ...,y™) be a polynomial in z,y,y’,...,y™
which is not identically zero. Let yy(z) be a function which is defined and
meromorphic on a region R, which for some & > 0 contains the strip in the right
half-plane which is bounded by the lines x =0,y = ¢, and y = — &. Suppose
that yy(z) has no poles on (0, + o) and satisfies the equation = 0 at each
point of analyticity. For each x > 0, let §(x) denote the minimum of € and the
distance from x to the set of poles in R of yy(z). (If yo has no poles, set
8(x) = &) For r > 0, denote by n,(r) the number of distinct zeros of yy(z) in
|z| < r which lie in the region bounded by x = 0 and the curves y = &(x) and

y = — 8(x). Then there exist positive constants c, and c,, such that if we set
_ * dt_
a(x) = c,exp(czj; 5 ) Jorx > &, (0))
then the following hold:

(@) If m = 1, then | y|(x)| < exp(a(x)) for x > e.

(b) If m > 1, and if for some nonnegative integer q, y(z) is not a solution of
the equation @, = 0 (where Q, is the homogeneous part of 2 of total degree q in
Yo Vs, ™), then for x > e,

|yo(x)] < exp(a(x)(,(a(x)) + log*a(x))). (€)

(©) If m = 2, and if for some positive integer q for which Q, is not the zero
polynomial, the function y(z) is a solution of @, = 0, then for x > e,

Yo < expy(alx)(1 + (i (a(x))’)). @

3. Notation. For 0 < R < + 0, and a meromorphic function g(z) in
|z] < R, we will use the standard notation for the Nevanlinna functions
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m(r, g), N(r, g) and T(r, g) introduced in [18, pp. 6, 12]. We will also use the
notation n(r, g) to denote the number of poles (counting multiplicity) of g in
|z] < r, and we will denote by n(r, g) the number of distinct poles of g in
|z] < r. As in [18, p. 70], we will denote by N(r, g) the function obtained by
replacing n(r, g) by n(r, g) in the definition of N(r, g). For an equation (1),
we will denote by 2, the homogeneous part of total degree ¢ in
¥, ...,y™. As in [2], we use the abbreviation “n.e. in [0, 1) (nearly
everywhere in [0, 1)) to mean everywhere in [0, 1) except for a set W such
that [, (1 — r)~'dr < + 0. We shall make frequent use of the following
simple fact proved in [3, p. 68]. If f(r) and A(r) are monotone nondecreasing
functions on [0, 1) such that n.e. in [0, 1), f(r) < h(r), then there is a positive
constant b, with b < 1, such that for all r in [0, 1),

£(r) < h(s(r)), wheres(r)=1—b(1 - r). ()

4. We begin with two results which are improvements of [2, §3] and [2, §4],
respectively.

LEMMA A. Let Q(z,y,y’, . . .,y"™) be a polynomial in y, y’, . . . , y™, whose
coefficients are functions of z which are defined and meromorphic in the unit
disk. For each r < 1, let ®(r) be the maximum of the Nevanlinna characteristics
of the coefficients. Let y,(z) be a meromorphic function in the unit disk which is
not identically zero and which satisfies the equation Q = 0, but which for some
nonnegative integer q does not satisfy the equation &, = 0. Then n.e. in [0, 1),
we have asr — 1,

T(r,0) = O(N (r,30) + N (r, 1/yg) + ®(r) + A(r, yo)), ©)
where
A(r, yo) = log((1 + T(r, o))/ (1 = r)).

PrOOF. If o is the maximum integer such that y, is not a solution of &, = 0,
then since y, satisfies = 0, we have

3 Ry(o(2)"=0 Q)
q=0

where R, is a polynomial in yg/yq, . . ., y§™/yo Whose coefficients are those
of @, and where R, & 0. Using the elementary rules for calculating with the
Nevanlinna characteristic [18, p. 14], it follows [14, p. 108] that

T(r,y) < i T(r,R,)+ O(l) asr—1. ®
q=0

Now by the Nevanlinna theory [19, p. 256], it follows that m(r, yg/yo) =
O (\(r, yp)) n.e. in [0, 1) as r — 1. By induction on j, it thus follows that n.e. in
[0, 1,
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m(r,y§/y0) = O (\(r3,))» ®)
and
T(r,y§") = O(T(r, 50) + A(r, »o))- (10)
From (9), we have n.e. in [0, 1),
m(r, R;) = O(®(r) + A(r, ¥o))- (11)

Now it is easily verified that if we set wy = y§/y,, then for each j, y§?/y, can
be written as a polynomial in wg, W, ..., w§¥~V. Since N(r,w§{) =
O (N (r, wy)), it follows that

N(r,R)) = O(N(r,wp) + ®(r)) asr-1l. (12)

Since N(r, wp) = N(r,yo) + N(r, 1/ o), the result now follows from (8), (11)
and (12).

5. LemMA B. Let Q(z,y,y, .. .,y™) be a polynomial in z,y,y’, ...,y"™.
Let D be a simply-connected region which is not the whole plane, and let g be a
univalent analytic mapping of the unit disk onto D. Let y,(z) be a meromorphic
Junction on D which is not identically zero and which satisfies @ = 0, but which
Jor some nonnegative integer q, does not satisfy the equation Q, = 0. Then if we
set p($) = yo(8($)) for |§| < 1, we have n.e.in [0, 1) as r — 1,

T(r,¢) = O(N (r,9) + N (r,1/9) + A(, ), (13)
where X(r, @) is as defined in Lemma A.

PROOF. Letting f be the inverse of g, it easily follows by induction that for
Jj»landzin D,

»P(2) = kél O @I)TAS(2)s - - - f(’)(z)), (19

where T(u),...,u) is a polynomial in u), ...,  with constant
coefficients. If H\(2),..., H,(z) are the coefficients of {2, it follows that
o($) is a solution of an algebraic differential equation A(¢, @, ¢, . . . , ™)
= 0, where each coefficient G({) is a polynomial (with constant coefficients)
in the variables H,(g($)), f9(g(¢)), where 1 < k< oand 1< j< m. In
addition, it is clear from (14) that ¢ is not a solution of A, = 0. From the
Koebe distortion theorem [15, p. 351] and its consequence [15, Theorem
17.4.7, p. 353], there exist positive constants L,, L, and ¢, such that

L(1-n<|g@)l<La-n" (15)
lg($) < c(1=n73 (16)

on any circle |{| = r < 1. Since each H,(z) is a polynomial, clearly
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|H (g(3))| < a(1=N7>* onfg|=r,
where ¢, is a positive constant, and «, is the degree of H,(z). From (15),

(g < L' =rn"" on|¢|=r<1
From the Cauchy formula for the derivative, applied to #,(§) = f9(g({))
(using the contour |z| = (1 + |{])/2), and (15), it easily follows by induction
on j, that there exist constants k; > 0 and g; > 0 such that

/(eI < k(1=nN"Y enf§|=r<1
It thus follows (using [18, p. 140, (3)]) that for each coefficient G({) in A, we
have

T(r,G)=0(log(1/(1-1r))) asr—1,

and hence the result follows from Lemma A.

6. To handle the case of second-order equations completely, we need the
following result.

LemMMA C. Let y(z) be any meromorphic function on the unit disk which is not
identically zero, and let w = y'/y. Then there exist positive constants b, K and
K,, with b < 1, such that if s(r) = 1 — b(1 — r), then for all r in (0, 1),

T(r,y) < K((1 = N7'N(s(r), ») + exp(K,¥(s(r)))), an
where ¥(r) = (1 — r)~'®(r), and where,
O(r) =log(1/ (1 = ))(T(r,w) + 1) + N(r, w)log*N(r,w). (18)

ProOF. Clearly we can assume w 2 0. Let {a,} and {5,,} be the sequences
of zeros and poles, respectively, of w in the disk (each arranged in order of
increasing moduli). Let 0 < r < R < 1, and let z = re” be any point on
|z| = r which is not a zero or pole of w. Then from the Poisson-Jensen
formula [18, p. 3] it follows that

loglw(z)| < (R + r)/ (R = r))m(R, w) + J(R, 2), (19)
where
J(R,z)= 3 log u . (20)
|bml < R R(z - b,)

Let r,, = |b,,|. Clearly if r,, < R, then |R? — b,,z| < 2R since R < 1. Hence
if r is not equal to any r,,, then

J(R,z) < Y log(2/|r = r,)- (1)
m<R

Now from the definition of N (R, w), it easily follows that there is a constant
¢, > 0,such thatfor < r < R< 1,
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n(r,w) <(R=r)"(N(R,w) + ¢)). (22)
For the moment, assume that the sequence {b,} is not empty. If this
sequence is infinite, let m, be an index such that r,, > 3 for m > my. If the
sequence {b,,} is finite, let m, be the last index. Now clearly, m < n(r,,, w),
so applying (22) with r = r,, and R = a(r,,), where a(r) = (3r + 1)/4, it
easily follows that if we set

2
1-r,
&, = ( N @) * e ) form > my, (23)

then 2, &, converges and 0 < ¢,, < 16 for m > mg. Now set
a, =¢,(1—r,)/18 form > m, (24)

Then it is easily verified that if E, is the union of all intervals [r,, — a,,, 1,, +

a,,] for m > my, together with the set {|a,|: n > 1}, then E| lies in [0, 1) and

[ 2= isfinite. (25)
E 1—-x

1
Referring to (21), let r > a(r,,), r € E;, and take R = a(r). Then for
m> mgy, |r—r,| > a, while for m < mgy |r—r,| >(1-r,)/4 Thus
from (21),

J(a(r), 2) < ¢y + X log(2/ay,), (26)
where ¢, is a constant independent of r, and the sum is over all m > m for
which 7,, < a(r). If we set B(r) = (1 + r)/2, then clearly a(r,) < B(r) if
r,, < a(r). Noting that the sum in (26) has at most n(a(r), w) terms, it
follows easily from (19) (with R = a(r)), (23), (24) and (26) that there are
positive constants c; and R, with < R, < 1, such that for R, < r < 1 and
r € E,,wehaveon |z| = r,

log|w(2)| < (8/ (1 = r))m(a(r), w) + U(r), @7
where

U(r) = esn(a(r), w)(log*™N(B(r), w) + log(1/ (1 — a(r)))).  (28)

(Of course, (27) is valid even if the sequence {b,,} is empty by (9).) If we let E
be the union of E, and [0, R,], then clearly E satisfies (25), and if r & E, (27)
is valid on |z| = r. Now let V(r) denote the right side of (27). Choose e,
0 < & < 1, such that y has no zeros or poles on 0 < |z| < &. Then clearly for
3<r<l,

[N (r,9)] <(n(r,y)/€) + n(0,y)log 2, (29)

IN(r, 1/9)] < (n(r, 1/y)/¢) + n(0, 1/y)log 2. (30)
By Jensen’s formula [19, p. 168], there is a constant A > 0 such that on (0, 1),
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T(r,1/y) = T(r,y) + h(r) where |h(r)] < A. @31
Set
cs = n(0,y)log2 + n(0, 1/y)log 2 + A,
and let
B(r)= %— n(r,y) + (277 + %)exp(V(r)) + ¢, (32)
We now assert that if  belongs to [0, 1) and r £ E, then
log*|y(z)] < B(r) on|z|=r. (33)

Suppose that (33) fails for a point z, = re”, where r & E. Hence log|y(zo)|
> B(r). Let z, = re®® (where , < 8 < , + 27) be any point on |z| =r
distinct from z,, and let T be the arc { = re~*®, where —8 < ¢ < — 6, Since
r & E, clearly y is analytic and nowhere zero on some simply-connected
neighborhood of T, so there exists an analytic branch g of logy on this
neighborhood. Since g’ = y’/y = w, we have g(zp) — g(z,) = [rw({) 8. It
follows by taking exponentials, and using (27), that log|y(z,)] > B(r) —
2x(exp V (r)). Clearly, this holds for z, = z;, also, so that (using (32)) it
follows that

m(r,y) > B(r) = 2n(exp(V(r))) and m(r,1/y)=0. (34

But by the argument principle and (27) we have n(r, 1/y) < n(r, y) +
exp(V (r)). Since m(r, 1/y) = 0, it then easily follows from (29)~(32) that we
obtain an inequality which is in direct contradiction to the first inequality in
(34), thus proving (33). Hence n.e. in [0, 1), we have m(r, y) < B(r) and thus
T(r,y) < N(r,y) + B(r). Now estimating B(r) using (22) (applied toy and
to w) and then using (5), it follows by a routine calculation that (17) holds.

7. Remark. We observe that the estimate (17) for T'(r, y) involves not only
the growth of y’/y, but also the counting function for the poles of y. (We can
replace this counting function for the poles by the counting function for the
zeros of y by applying Lemma C to 1/y instead of y in view of (31).) We
remark here that it is not possible to obtain an estimate for T'(r, y) in terms of
the growth of y’/y alone, because it is possible [4, p. 334] to construct
meromorphic functions in the disk which have arbitrarily rapid growth in the
disk, but whose logarithmic derivatives are of finite order in the disk (and, in
fact, of bounded characteristic using a similar construction).

8. THEOREM 2. Let Q(z,y,y', . ..,y"™) be a polynomial in z,y,...,y™
which is not identically zero. Let D be a simply-connected region which is not
the whole plane. Let f(z) be any univalent analytic map of D onto the unit disk,
and set L(z) = 1/(1 — |f(2)]). Let y(z) be an analytic function on D which
satisfies the equation Q = 0, and let n\(r) denote the number of distinct zeros of
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¥(2) in D which lie in |z| < r. Then there exist positive constants K and K, such
that the following hold on D.

@) If m = 1, then | y(z)| < K,exp(L(2))X.

(b) If m > 1, and for some nonnegative integer q, the function y(z) is not a
solution of the equation @, = 0, then,

()| < exp(KL(z)(ﬁ,(K(L(z))z) + 1og+KL(z))). 35)

(©) If m = 2, and if for some positive integer q for which Q, is not the zero
polynomial, y(2) is a solution of the equation @, = 0, then

ly(2)] < epo(Kl (L(2)" (1 + (’71(K1 (L(Z))z))z))° (36)

Proor. Part (a) follows immediately from [1, §2, p. 574). Let g be the
inverse of f, and set @() = y(g({)) for || < 1. In view of (16), it easily
follows thatfor0 < r < 1,

a(r, 1/9) < iy(c(1 - r)7?), €)
and hence, for0 < r < 1,
N(r,1/9) <(1/e)a,(c(1 - r)73), (39

where ¢ is a constant, 0 < & < 1, such that ¢ has no zeroson 0 < || < e.
Now assume the hypothesis of part (b). From Lemma B and the fact that
@ is analytic on |{| < 1, it easily follows, using (38), that n.e. in [0, 1),

T(r,9) = O(7,(c(1 — r)7%) + log(1/ (1 - r))). (39)
Using the relation between the maximum modulus of ¢ and T'(r, ¢) (see [18,
p- 140, (13)]), and then (5), it easily follows (noting that y(z) = ¢(f(z))) that
(35) is valid on D, proving part (b).
Now assume the hypothesis of part (c). Then clearly h = y’/y satisfies a
first-order equation

> Hy (2o (v)=0, (40)

where the H,; are polynomials. Set u($) = h(g({)) for |§| < 1. Then u({)
satisfies the equation

S Fy @) @)=, 1)
where F,(§) = Hy(8()/(gQ)Y. Set p = max{k + j: F; = 0}, and m =
max{j: F,_;; = 0}. Using (15) and (16), it is proved in [1, pp. 575-576] that
there exist positive constants K,, K3, g, 6 and ry, with ¢ > 1 and ry < 1, such
thaton [§| = r < 1, |[F;($)| < Kx(1 — r)™7 for all (k, ), while |F,_,, .($)] >
K3(1 = r)’ if r > rg. It then follows from [3, §3, p. 63] that there are positive
constants K, and b, < 1 such thatif s,(r) =1 — b)(1 — r), thenon [0, 1),
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T(r,u) < Ko((1 - Y™ + n(s,(r), u) + N(s5,(), u)), (42)

where A = g + 6 > 1. Now if ¢(8) = y(g()), then clearly, ¢'($)/@($) =
g()u(¢). Hence N(r,u)= N(r,1/¢) since ¢ and 1/g’ are analytic.
Estimating n(s,(r), ) in (42), in terms of N((1 + s,(r))/2, u), using (22), and
estimating T'(r, g") using (15), it easily follows that on [0, 1),

T(re'/9) < Ks(1=n)7"((1 ="+ N(s(r), 1/9)),  @3)

where K5 > 0 and s,(r) = 1 — by(1 — r), where 0 < b, < 1. Now using (38),
Lemma C and the analyticity of ¢, it follows by routine calculation, that on
[0, ,

T(r, 9) < Krexp(Ks (¥(s5(0))), (44)

where

¥() < (1= 71+ (A - n7))),

and where K, K, K; and ¢, are positive constants and sy(r) = 1 — by(1 — 1)
for some positive b; < 1. Converting (44) to an estimate on the maximum
modulus of ¢, and noting that y(z) = ¢(f(z)), we obtain (36), proving part
(©).

9. LeMMA D. Let D be a simply-connected region which is not the whole
plane. Let zy be a point of D and let f be the univalent analytic mapping of D
onto the unit disk satisfying f(zo) = 0, f'(z9) > 0. For each z in D, let A(2)
denote the distance from z to the boundary of D. Then for all z in D,

l+f(z) z |d§| )
—7@ (2fz., a) ) 3)

where the contour of integration is any path from z to z lying in D.

ProOF. If we denote the inverse of f by g, then we assert that

£ (8N < (1= [$F)/A(2(2)) onff] <1 (46)

To prove (46), let 0 = A(g(£)). Then for |w| < 1, the point g({) + ow lies
in D, so that H(w) = f(g({) + wo) is an analytic function from the disk into
the disk and H(0) = §. Let F(u) = (u — §)/(1 — {u), and y(w) = F(H (w)).
Then ¢ maps the disk into the disk and ¢/(0) = 0, so by Schwarz’s lemma,
[¢(0)] < 1 from which (46) follows.

Let h(z) denote the analytic branch on D of %log((l + f(2))/(1 = f(2)))
which vanishes at z,. Then from (46), |h'(z)] < 1/A(z) on D. Since (1 +
J(2)/(1 = f(2)) = exp(2h(z)) on D, clearly (45) follows immediately.

10. LeMMA E. Let y = 8(x) be a function on (0, + o) such that for some
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€> 0,0 < 8(x) < & for each x, and which satisfies a Lipschitz condition of the
Jorm |8(x)) — 8(xy)| < |x; — x,| for all positive x,, x,. Let D; be the region
bounded by the y-axis and the curves y = §(x) andy = — 8(x) for x > 0. For
each z in Dy, let A(z) denote the distance from z to the boundary of Dgs. Then

(@) A(x) > 8(x)/V2 for x > .

(b) If f is the univalent analytic mapping of Dy onto the unit disk such that
J(e) =0,f(e) > 0, then for x > ¢, f(x) is a positive increasing function and

f() <exp(2\/_f 30 ) for x > e. @7

Proor. For part (a), let x > ¢, and let A, and A, denote the lines of slope 1
and — 1, respectively, through (x, 8 (x)). In view of the Lipschitz condition on
§, it is easy to see that the open triangle bounded by A, A, and the real axis
lies in D;. By the symmetry of the region D; with respect to the real axis, part
(a) now follows easily.

To prove part (b), we observe first that since D; is symmetric with respect
to the real axis, it follows by the uniqueness part of the Riemann mapping
theorem [20, p. 229] that f(z) = f(z). Thus f is real on (0, + o), and since f’
is nowhere zero, it follows that f'(x) > 0 on (0, + o0). Since f(e) = 0, clearly f
is positive and increasing for x > ¢, and f(x) < 1 by the maximum modulus
principle. Part (b) now follows immediately from part (a) and Lemma D
using the segment [¢, x] as the contour of integration.

11. PROOF OF THEOREM 1. Assume the hypothesis and notation of Theorem
1. It is easy to see that the function & (x) defined in Theorem 1 satisfies the
hypothesis of Lemma E, and since the solution y,(z) is obviously defined and
analytic on Dj, the conclusions of Theorem 1 now follow immediately from
Theorem 2 (applied to D;) and Lemma E.

12. Remark. If in Theorem 1 the solution yy(z) is a meromorphic function
on the plane whose growth is known, then one can crudely estimate the
quantity n,(r) since n,(r) < n(r, 1/y,), and the latter quantity can be estimat-
ed from the growth. (E.g., if y, is of finite order less than A, then by [19, p.
221], n(r, 1/y,) < M for all sufficiently large r.) Of course, 1,(r) can be
much smaller than 7(r, 1/y,), as in the case of yy(z) = exp,z — 1, which
satisfies part (b) of Theorem 1 for m = 2in the stripx >0, —1 <y < 1, and
has no zeros in this strip. (Here § (x) = 1.)

PART 2. REAL SOLUTIONS

13A. Preliminaries. Suppose we are given a second-order algebraic

differential equation

Q%2 5,5") =2 fu )y’ (Y ") =0, (48)
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where we assume that the coefficients f;, are polynomials. (More general
classes of coefficients will be discussed in §14.)

Set p = max{i + j + k: f = 0}, and let I be the set of all (i, j, k) with
fix Z0and i +j + k = p.Set A = {j + 2k: for some i, (i, j, k) € I}, say A
consists of g, < g, < - -+ < g,, where r > 1. For 1 < m < r, let J,, be the
subset of I consisting of those (i, j, k) such that j + 2k = g, and let §,, be
the maximum degree of all coefficients f; where (i, j, k) belongs to J,,. If
r>1,set

, A, =max{(8, = 8,)/(q —gn): 1 <m<r}. (49)
Fore > 0, set

0n(x,€) =3 {fu (¥)(1 + &)": (i, j, k) belongs to J,, }. (50)

It is easy to see that there exists g, > 0 with the property that if 0 < & < g,
then the degree in x of the polynomial Q,,(x, ¢)is 6, forallm,1 < m < r.

Set B = min{k: for some (i, /), f = 0} and define A = max{i + j: f;z 2
0}. Letj, < j, < - - - <, be the set of all j for which f, _;; s 2 0, and let d;
denote the degree of this polynomial for j = ji. If s > 1, set

Ay = max{(d, — d,)/ (J; —ji): 1 < k <s}. (51)
With this notation we now prove

13B. THEOREM 3. Let A be a real number defined as follows. If r > 1 and
s> 1, set A=max{A,A,}. If r>1ands=1,set A=A. If r=1 and
s> 1,set A=A, Ifr =1ands =1, let A be any real number. Then if y(x) is
any positive, increasing solution of (48) on an interval (x, + o), having a
continuous second derivative and satisfying the conditions that (i) for every
a>0,y(x)/x*—> +0 as x> +00, and (i) x 4’ /y - + 00 as x > + oo,
then there exist positive constants ¢ and x, such that y(x) < expy(x€) for
X 2 X

Proor. We will first prove that for any ¢, > 0, there exists an x, = x,(¢,)
such that

Y <y on(x,, +o0). (52)
Choose a fixed number ¢ < ¢, with 0 < ¢ < g, (where g, is as in §13A)
such that
e<(p—(i+j+k)/2(j + 2k), (53)
if i +j + k < p (where p is as in §13A) and j + 2k > 0. To prove (52) it
obviously suffices to prove y’ < y!'*¢ on an interval (x,, + ).
We assume the contrary. Since the integral [ ;; (' /y'*®) dx converges, it

follows that y* < y'*¢ holds except on a set of finite measure, so by our
assumption and Rolle’s theorem (applied to y’/y'*®) it easily follows that on
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a sequence {{,} — + oo, we have

w"=1+¢€() and y <y'*e (54
Now by isolating the terms in (48) where i + j + k = p, and dividing by y?,
we obtain
S kYO )= -o, (55
i+j+k=p
where ® = 2, 4, hx, and where
yl j yll k
h, =,;j(7)(_y_)yi+f+k-ﬂ fori+j+k<p.  (56)

From (53), (54) and (i) of the hypothesis, it follows that for all sufficiently
large n,

Al < | fl (1 + &) ytitk=p/2 at¢, (57)
and, hence, from (i), it follows that for any a > 0,
®(¢,) = o(8,*) asn—co. (58)

We consider the polynomial

Glro)= 3 On(x o™

m=]

(using the notation of §13A). Since G (x, v) is of degree g, and has polynomial
coefficients, it follows now (e.g. from the factorization theorem of W. Strodt
[23, §62]) that there exist d distinct functions B,(z), . . . , B;(z), each defined
and meromorphic in a region |argz| < m,|z] > K, with the following
properties: (A) If B;(x) 2 0, then there exist a complex constant ¢; and a real
constant a; such that B(x)/¢x%—1 as x — +0co; (B) There exists a real
number b such that x®(B, — B)— oo if i #j; (C) There exist positive
integers my, . .., my such that m; + - - - + m; = g¢,, and

G(x,0) = Q,(x,€)(v — B, ()" - - - (v — By(x))™ (59)
for all functions v = v(x) on (K, + ). From (B), it follows that on some
interval [x,, + o),

|x®B;(x) — x®B(x)| > 2 ifi#j. (60)

Let us denote the left side of (55) by A(x). Then in view of (54) and §13A,

clearly A(,) = G (5, Y’ (§)/y (). If we set u, = £'(§8,)/v(4,), then since
0.(x, €) is a nontrivial polynomial in x, it easily follows from (55), (58) and

(59) that foralla > 0,
(4 = 8B (0 = 80Ba(G)) "= 0(87%) (1)
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as n— oo. If a, denotes the left side of (61), then for some ny, |a,| < (1/2)%
for n > n,. Hence for each n > n; it is clearly impossible for
lu, — $2B,(§,)| > for each j=1,...,d. Thus clearly there is an index ¢,
1 < ¢ < d, such that |u, — {B,(§,)| <1 holds for infinitely many n, say
n < ny < ....In view of (60), if k is sufficiently large, then |u, — {,f’Bj(g',,)I
> 1 for n = n, and all j # ¢, and hence, from (61), when n = n,, it follows
that for any a > 0, u, — {2B,($,) = o($,”*) as k — co. Thus clearly, for any
a > 0,whenn = n,

V() /y(§a) = Bi(S,) = o(§,%) ask—oo. (62)
If B, =0, this is impossible, since by hypothesis, x ~4’/y — + 00 as x >
+ oo for some constant 4. If B, Z 0, then clearly » > 1, and the algorithm in
[23, §28, p. 236] (or [24, §2.85, p. 28]) shows that the constant a, in Property
(A), satisfies a, < A, where A4, is defined by (49). Thus {,"4B,({,) tends to a
finite limit as n — oo, which by (62) would contradict the hypothesis that
x~4'/y > + 00 as x - + c0. This proves (52).

We now assert that for any ¢, > 0, there is an x; such that

W <(1+&)») on[xs, +w). (63)

To prove (63), choose & < ¢, as in the previous part (i.e. 0 < € < g and
satisfying (53)), and we will show that

w" <(1+¢)(y)’ onaninterval [x;, + o). (64)
First, it is clear that it is impossible for yy” > (1 + €)(»")* to hold on an
interval [x,, + o), for this would imply that y’/y'** is increasing on [x,,
+ 00) which would contradict y’/y'** -0 as x - + oo from (52). Thus if
(64) were false, then in view of (52), there would be a sequence {§,} - +
at which (54) is valid, and this would lead to the same contradiction as in the

proof of (52). Thus (63) holds.
We now assert that

y” >0 onaninterval [xs, + o). (65)

To prove (65), we note first that by hypothesis (i), it is impossible that
»” < 0 on an interval [x;, +00). Hence if we assume that (65) is false, then
the set where y” > 0 certainly contains a union of nonempty disjoint open
intervals (a,, {,), where {{,} > + 00 as n — o0. Of course, y”(§,) = 0. Now
by definition of 8 (see §13A)), we may write (48) in the form

O Z f YO =0,
k>8
and hence

S LYo =0
k>
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on each interval (a,, §,). By continuity, this relation must hold at ¢, also, and
since y”(§,) = 0, we thus have Zfzp'(y"Y = 0 at each §,. Isolating those
terms where i + j = A (see §13A), and dividing by y*, we obtain

S i P
2 Aiis /Y= = 2 S /Yy (66)
k=1 i+j<A
at {. If we choose ¢ >0 such that e <A — (i +))/2j if i +j <X and
J >0, and apply (52) and (i) of the hypothesis, it easily follows that at §,, the
right side of (66) is o(§, *) for any a > 0. We consider the polynomial

s
G(x0)= kzl P 8%

and by the Strodt factorization theorem as before, G (x, v) factors as in (59),
where the roots B; have Properties (A) and (B). From (66) it follows as before
that (62) is valid for some index ¢ and a sequence n, < n, < ..., and this is
impossible as before by the definitions of 4 and A4,. This proves (65).

Returning now to the original equation in the form (55), and choosing
€ > 0 satisfying (53), it is clear from (63) (using ¢, = 1), (65), (52) (applied to
€), and (i) of the hypothesis that for any a > 0, ®(x) = o(x~*) as x — + 0.
If we set v, = y’/y, then (55) can be written

> 88 (v0)"= —®(x), 67)

where the g,,, are polynomials. By [5, p. 57] not all g,,, can be identically zero,
and it is not possible by (67) that g, be the only nontrivial coefficient. Thus if
we set A, = g,,, if (m, n) # (0, 0), and hy, = gy, + DP(x), then v, satisfies the
first-order algebraic differential equation

> ho™(V) =0, (68)

h,, is a polynomial if (m, n) # (0, 0), hy, differs from a polynomial by a
function o(x®) for all @ as x —» + o0, and some h,, with m+n >0 is
nontrivial. As mentioned in §1, it was shown by Lindelof [17] (see also [8, pp.
95-97)), that if all A, are polynomials, then a real-valued solution vy(x) of
(68) on an interval [x,, + 00) would satisfy

log(x)| < exp(x**!/ (k + 1)) on[x,, +), (69)

where k can be taken to be d + ¢ for any ¢ > 0, where 4 is the maximum of
the degrees of the coefficients. It is not difficult to verify that Lindel6f’s proof
is valid without any changes for our equation (68), and so (69) is valid for our
v (where, in the calculation of k, the “degree” of A, is taken to be the degree
of gy). Since v, = y’/y, the conclusion of Theorem 3 now follows
immediately, where we may takec = d + 1 + ¢, forany e > 0.
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14. REMARK. We now show that Theorem 3 holds for more general classes
of coefficients than polynomials.

DEFINITION [23, §§61, 66-68]. Let 8 be a real number, 0 < 6 < =, and for
each r > 0, let D(r) consist of all points z in the sector |arg z| < @ satisfying
|z| > r. The set of all D(r) for r > 0 is denoted F(#) and is clearly a filter
base which converges to co. Let L be a set of functions, each meromorphic in
an element of F (@), with the following properties: (i) L is a field (where, as
usual, we identify two elements of L if they agree on an element of F(8)); (ii)
L contains all functions of the form Kz*, where K is a complex number and
a is a real number; and (iii) for every element f in L except zero, there exist a
nonzero complex number ¢ and a real number a such that f/cz*—1 as
z—> o0 in |arg z| < 6. Then we will call L a Strodt field (briefly,an SF) over
F(0). If f/cz* — 1, we will denote a by &y(f). For a function g satisfying
g =o(x~") foreach N > 0, as x — + co, we will write §,(g) = — 0.

The simplest example of an SF over any F (@) is the field generated by all
the functions Kz* where K is complex and « is real. This field contains the
field of rational functions (and hence the ring of polynomials). A more
extensive SF (see [23, §71.3, p. 247)) is the set of all functions having, in an
element of F(@), a representation u,G(u,, ..., u), where s is a positive
integer, G is analytic at (0,0, ...,0), and u; = ¢;z% where o; <0 for j =
1,...,s. This SF clearly contains the coefficients treated by Fowler in [12]
(see §1).

It is not difficult to verify that the statement of Theorem 3 remains true if
the coefficients of equation (48) are assumed to belong to any SF over some
F(8), provided that in the definitions of 4, and A4, (see (49) and (51)), we
replace 8,, by the maximum of all §y(f;), where i + j + k = p andj + 2k =
4,.» and we replace d, by 8y(f,_;;p) for j =ji. The Strodt factorization
theorem [23, §62] used in the proof states, in part, that for any algebraic
polynomial with coefficients in an SF over F(8), there exists an SF over F(6)
in which the polynomial factors completely. When (48) has coefficients in an
SF, Lindel6f’s proof of (69) for real-valued solutions of (68) is easily seen to
be valid when we take k to be 2(max|8y(h,,,)|) + € for any ¢ > 0.
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