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Abstract. In the adelic definition of the zeta function by Täte and

Iwasawa, especially in the form given by Weil, one uses all Schwartz-Bruhat

functions as "test functions"; we have found that such an adelic zeta

function relative to Q contains the Dedekind zeta function of any finite

normal extension of Q and that the normality assumption can be removed if

Artin's conjecture is true.

Introduction. We shall first review the definition of the zeta distribution

associated with a number field K: let A^ resp. A£ denote the adele resp. idele

groups of K, dxx a Haar measure on A£, and ^>(A.K) the Schwartz-Bruhat

space of the locally compact additive group AK; the topological dual S (A^)'

of S(AX) is then the space of tempered distributions on A^-. Let |x| denote

the modulus of an idele x; then

*K(s)[*]=[   *(x)\xfd*x

defines the zeta distribution on AK, which is an S (A^'-valued holomorphic

function in Re(s) > 1 and it has a meromorphic continuation to the whole

complex i-plane with simple poles at s = 0, 1 and satisfies the well-known

functional equation. Furthermore if we take the "standard function" <J>0 on

A^ as 0, then we get

M')[*o] - const(2-^-^)sr(^)"r(,)^(i),

in which /•„ resp. r2, are the numbers of real, resp. complex, conjugates of K,

n = r, + 2r2 = [K : Q], and ÇK(s) is the Dedekind zeta function of K. We

refer to [12] for the details; we recall that in op. cit. Weil gave a "reinterpreta-

tion" of the work of Täte [9], independently of Iwasawa, on Hecke's zeta

functions. We further recall that we have only one choice for A > 0 so that

kK{s) = A'T{\SfT{Sy>SK{s)

becomes invariant under 5 -» 1 — s; and the unique A is given by
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A =2-r2-n-n'2\d\"2,

in which d is the discriminant of K; cf. [5].

We shall explain the content of this paper: we take Q as K and <ï>y ® <I>M as

4>, in which $f is the finite part of the standard function on Aq, i.e., the

characteristic function of the product of all Zp, and <bx is, for a moment, an

arbitrary Schwartz function on Q^ = R; we normalize the Haar measure

dxxonA£ in the usual manner so that we get

*<,(*)[*, <8> exp(-TTX2x)] = Aq(í).

Then every number field K determines an even Schwartz function FK on R

satisfying

AQ(s)[^f^>FK]=AK(s)

provided that Çk(s)/Çq(s) is an entire function; we recall that this condition

is satisfied if K is normal over Q and that it is always satisfied if Artin's

conjecture is true; cf. [1], [2], [3]. We can therefore say, more suggestively,

that the zeta function (multiplied by the usual gamma factors) of an arbitrary

finite (normal) extension of Q can be obtained as a "special value" of the zeta

distribution Aq(j) on Aq. We might also say that Fq(xo0) = exp(- itx^) is the

first member of the infinite sequence {FK}K of functions FK on R indexed by

the set of all finite (normal) extensions K of Q. We have examined some

properties of FK in the general case and given an explicit expression for

FK(xM) in the case where AT is a quadratic field.

1. Some lemmas. We shall recall some lemmas on the classical Mellin

transformation; for the sake of simplicity we shall denote a real variable

(which will later become a complex variable) by x instead of xM as in the

Introduction. Let F denote a continuous function on R+, the multiplicative

group of positive real numbers, such that F(x)xs, where s is restricted as

Re(j) > a0 for some a0, is absolutely integrable with respect to d log x; then

Z(s) = f* F(x)x'd log x
•'o

defines a holomorphic function Z in Re(s) > a0. We call Z the Mellin

transform of F and the correspondence F -» Z the Mellin transformation.

For instance T(s) is the Mellin transform of exp( — x); and as in that case

Z (s) often has a meromorphic continuation to the whole s-plane. We observe

that if Z is the Mellin transform of F, then a~sZ(s), resp. a~lZ(a~xs), for

any a > 0 are the Mellin transforms of F (ax), resp. F(xa). In the following

we put a = Re(s), t = lm(s) so that we can write s = o + ti; the following

lemma plays a crucial role in this paper:

Lemma 1. Let (F) denote the space of even Schwartz functions on R and (Z)
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the space of meromorphic functions Z (s) on the s-plane with simple poles at

most at s = 0, —2, — 4, . . . and such that P(s)Z(s) for any polynomial P(s)

tends uniformly to 0 as |/| —> oo in any strip ax < a < a2 of finite width: then

the Mellin transformation gives a C-linear bijection of (F) to (Z). Furthermore

if
00

F(x) « 2   ckx2k
k = 0

is the Maclaurin expansion of F(x) in (F) and Z(s) is the corresponding

function in (Z), then

ck = Ress= _2k Z (s) =   lim   (s + 2k)Z(s)
s-* —2k

for k = 0, 1, 2.

This follows, e.g., from Proposition 3 in [6, p. 117] in view of the fact that

(F) can be identified with the space of functions of type (F^ with

{0, 2, 4, ... } as the sequence {Xk}k (in that paper) and with mk = 1 for

k = 1, 2, 3,_

We shall use various properties of T(s); of these we shall mention just one

as a lemma:

Lemma 2. We have

\V(s)\ = (2^2\t\<-^2eW{-^\t\){\ + o(l)),

in which o(l) denotes a quantity which tends uniformly to 0 as \t\ —> oo in any

strip ax < a < a2 affinité width.

We refer to [7, §2, pp. 307-309] for the proof. In the following lemma x is a

complex variable:

Lemma 3. For any given 90 > 0 let ^ denote the space of holomorphic

functions F(x) in the angular region |arg x\ < 0O (of the universal covering

space ofCx) such that \x\aF(x) is bounded if a, x are restricted as a, < a < a2,

|arg x\ < 90 — efor every e > 0 and 1 < a, < o2 < oo; let 2 denote the space

of holomorphic functions Z(s) in Re(s) > 1 such that e\p(0t)Z(s) is bounded if

9, s are restricted as \9\ < 90 — e, a, < a < a2for the same e, a„ a2 as above.

Then the Mellin transformation gives a C-linear bijection of IF to %.

This is a special case of the "reciprocity" in Mellin (op. cit., §8, pp.

318-324).

We shall change the subject: let/(i) denote a meromorphic function on the

j-plane (different from the constant 0); then it has an order, ord(/), satisfying

0 < ord(/) < oo, ord(l//) = ord(/). li fx(s), f2(s) are two meromorphic func-

tions, then
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ord(/,/2) < max{ord(/,), ord(/2)};

in view of ord(l//2) = ord(/2) the left-hand side can be replaced by

ord(/,//2). Furthermore if f(s) is an entire function of finite order, then

X = ord(/) is the smallest nonnegative real number such that

iog|/(i)i < me • i*r«

for |j| > 1, in which e > 0 is arbitrary and Me is a constant depending on e.

For instance \/T(s) is an entire function of order 1. We refer to [8, Chapter

VIII] for a general theory.

We recall that s(l — s)AK(s) for any number field K is an entire function

of order 1 and is invariant under s -* 1 — s; cf. [5], [11]. Therefore if we put

then EK(s) is a meromorphic function of order at most 1, and it is invariant

under s -» 1 — s.

2. The function FK. We shall use the same notation as before: the problem

is to examine the solvability of the equation AQ(i)[4>/ <8> Q>x] = AK(s) in $x,

which is an unknown even Schwartz function on R. If we put

ZK(s) = AK(s)/2t;Q(s) = \^/2T{\s)EK(s),

then the above equation can be rewritten as

f    <S>K(x)xs d\ogx = ZK(s);

we shall examine this equation by using Lemma 1 :

Suppose that the equation is solvable; then ZK belongs to the space (Z) in

Lemma 1. The relation between ZK(s) and EK(s) then shows that EK(s) is an

entire function. Since l/r(s) is an entire function, by using the duplication

formula

r(J) = 2-V-'/2r(^)r(i(i + i))

if rx = 0, we see that Çk(s)/Çq(s) is an entire function.

Conversely suppose that Sk(s)/Çq(s) is an entire function; then EK(s) is

holomorphic in a > 0. Since EK(s) is invariant under s -* 1 — s, it is also

holomorphic in a < 1; hence EK(s) is an entire function. This implies that

ZK(s) is a meromorphic function with simple poles at most at 5 = 0, —2,

-4, .... On the other hand, by using the duplication formula again if r, = 0,

we see that EK(s) is bounded on Re(s) = a for any a > 1 ; by the invariance

of EK(s) under s -* 1 — s it is also bounded on Re(s) = a for any a < 0.

Furthermore we have

loglM*)! < Me-|s|1+e

for \s\ > 1, in which Me is a constant depending on e > 0. Therefore the
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standard application of Phragmen-Lindelöfs theorem to EK(s) shows that it

is bounded in any strip o, < a < a2 of finite width. Consequently if P(s) is a

polynomial in s, then by Lemma 2 we will have

\P(s)ZK(s)\ < const\P(s)T({-s)\ = o(1)

as | t\ -h> oo in any such strip. Therefore ZK is in (Z); hence by Lemma 1 the

equation is solvable. We have thus completed the proof of the following

theorem:

Theorem 1. Let K denote an arbitrary number field and fy the characteristic

function of the product of all Zp; then the equation Aq(s)[<&j ® &„,] = AK(s) is

uniquely solvable by an even Schwartz function $M on R if and only if

Hk(s)/Çq(s) or> equivalently, EK(s) is an entire function.

We have already mentioned in the Introduction that Çk(s)/Çq(s) is an

entire function if K is normal over Q and that it is always an entire function

if Artin's conjecture is true. In the following we shall proceed under the

assumption that CK(s)/CQ(s) is an entire function: if we denote the unique 0M

in Theorem 1 by FK, then we have FQ(x) = exp(-7rx2); we shall summarize

some properties of FK in the following theorem:

Theorem 2. The function FK is real-valued, is equal to its Fourier transform:

/oo FK(y)<xy) dy = FK(x),
- oo

where e(x) = exp(2irix), and has the following Maclaurin expansion:

00

FK(x)^ 2   EK(2k + \)-(-TTx2f/k\,
k = 0

in which

FK(0) = EK(\) =(2<rVl1/2- Resi=,U*).

The radius of convergence of this power series depends on n = [K : Q]; it is oo,

\d\~ijf2, or 0 according as n = 1, n — 2, or n > 3. Furthermore FK(x) has a

holomorphic continuation to Re(x) =£ 0; it even has a holomorphic continuation

beyond Re(x) = 0, x ¥= 0 if n > 3.

Proof. We observe that x* and ZK(s) take complex-conjugate values at

complex-conjugate variables; hence FK(s) is real-valued. If \p is a nontrivial

character of Aq/Q and if we define the Fourier transformation $ -> 3>* in

S (Aq) with respect to the bicharacter \p(xy) and the corresponding autodual

measure, then we will have Aq(j)[<Ï>*] = Aq(1 - i)[$] for every $. We take <Ey

® FK as 4> and, at the same time, normalize 41 or rather its local components

as 4>p(xp) = e(-fractional part of xp) for every/?, ^(xj = e(xx); then, by

using AK(s) = AK(\ — s), we see that FK and its Fourier transform have the
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same Mellin transform. Therefore FK is equal to its Fourier transform.

According to Lemma 1 we have

*"*(*) »2   Resi=_2, ZK(s)-x2k,
k = 0

in which

Res,--2Ä(» = \irkEK(-2k) ■ Ress=_2kT(\s)

= trkEK(2k + l)-(-l)k/k\

for k = 0, 1, 2, ... ; the expression for £^(1) follows from the definition of

EK(s).

We shall determine the radius of convergence of the Maclaurin series: if

s -> oo along the real axis, then by Stirling's formula we have

log T(s) = s log s — s — j log s + 0(1);

we also have $k(s)/Çq(s) -» 1. Therefore we get

(1/2Â:) logl^A: + l)//i!|

-i(» - 2)(log(k/v) - 1) + logM>/2 + o(l)

as A:—»oo; hence by Cauchy's formula the radius of convergence is oo,

\d\~1/2, or 0 according as n = 1, n = 2, or n > 3.

Finally we put 90 = \ tm; we observe that A sÇk(s)/Çq(s) is bounded in any

strip a, < a < a2 if 1 < a, < a2 < oo. Therefore for any small e > 0 we

have

lexp^OZ^)! < const exp((0o - e)|#|)|rí»'T(í)'>|

if 9, s are restricted as \9\ < 90 — e, a, < a < o2; and by Lemma 2 the

right-hand side is bounded. Since ZK is the Mellin transform of FK, we see by

Lemma 3 that FK(x) is holomorphic in the angular region |arg x\ < 90. If we

exclude the known case where n = 1, we will have 90 > {-ir; we even have

90 > \ it if n > 3. This completes the proof.

We might mention that in [4] Hardy and Titchmarsh characterized the

subspace of L2(RX, dx) consisting of all/(x) satisfying

f(x) =(2tt-1)1/2- f°° cos(xy)/(v) dy;

the condition they found is that/(x) be of the form

f(x) -(1/2«) f,/2+00'<¡>(s)x-*ds,
J\/2-<xi

in which <K2 + ft") is 'n L2(R, dt) and satisfies the following functional

equation:
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<b(s) =(2tt-1)1/2T(s) cos^tw^O - s).

Among their examples of such/(x) we find exp(- \ x2) and sech(5 7r)1/2x; in

our notation they are, respectively, FQ((2ir)~l/2x) and 4 • FK((2ir)~i/2x) for

K = Q(0.

3. FK for [K : Q] = 2. We shall determine the function FK in the special

case where [K : Q] = 2. We have ÇK(s) = ÇQ(s)L(s), in which
00

L(s) = 2   (¿/i)«"'

is the L-series associated with the special Dirichlet character (d/n) with

conductor \d\ called Kronecker's symbol; we shall use the following classical

lemma:

Lemma 4. For any integer m we have

2     (d/n)e(mn/\d\) =(d/m)dl/\
n mod d

in which dx'2 = \d\x'2i if d < 0.

We refer to [10, pp. 328-329] for the proof. We shall also use Abel's

inequality which can be stated as follows: let

É*0) ûl> • • • ' an>     "0> bx, . . . , £>„,     C0, C,, . . . , C„

denote not necessarily real numbers satisfying the following conditions:

laol> \ao + «il»..., log + a, + • • • + a„\ < M;

l*o - b\\ < co - Cu    \bi - b2\ < cx - c2, . . . ,   \b„\ < c„;

then \a0b0 + axbx + • • • + a„bn\ < Mc0. In most applications we will have

¿»o = c0, bx — c„ . . . , b„ = c„. Since the explicit form of FK(x) depends on

the sign of d, we shall separately treat the two cases where d < 0 and d > 0:

Theorem 3. In the case where d < 0 we have

FK{x) =G)     2     (¿/»OeOVI-'^O/O - e(W'/*x));
1<7!<|</|

/Ae expression on the right-hand side represents a meromorphic function of x

with a simple pole at mld]*1^ and with (4iri)~i(d/m) as the corresponding

residue for every integer m relatively prime to d.

Proof. By Abel's inequality we get

N

2   (d/k)e(i\d\~l/2kx)
k-n

<  IrfleOVr'/2/!*)

for every x > 0 and N > n > 1 ; we also have

eOVr'/2«*)** ¿log x = (2nr\d\-^2nyST(s)f
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for Re(s) > 0, and this tends to 0 as n -» oo. Therefore

FW=(i)  2   (d/n)e(i\d\-l/2nx)
n = l

defines a continuous function F on R*. Furthermore F(x)xs for Re(s) > 1 is

absolutely integrable with respect to d log x and for Re(s) > 0 the following

calculation is legitimate:

C F(x)xsdlogx=({)  2   (d/n) f^eOVr'/^xWlogx
■'o „=i Jo

= {\)(2tr\d\-V2)-sY(s)L(s) = ZK(s)-

Finally F(x) can be written as in the theorem and that expression represents

an even meromorphic function of the complex variable x with simple poles at

most at m\d\~x/2i for m = 0, ± 1, ± 2, ... ; by Lemma 4 the corresponding

residue is (4iri)~1(d/m), hence F(x) is holomorphic at m\d\~l/2i if m is not

relatively prime to d, e.g., for m = 0. Therefore F(x) coincides with /^(jc).

Q.E.D.

Theorem 4. /« iAe case w/iere d > Owe have

FK{x)= 2   (¿/hX^ + o--1«2)-1/2;
n=l

//¡e sev/ei o/i iAe right-hand side is uniformly convergent for — oo < x < oo and

/or a«y m > I if we omit the first m — 1 íe/ras, í/ie« /At* remaining series in the

complex variable x is uniformly convergent for \x\ < md~^2 provided that we

choose the square roots in the right-half plane.

Proof. We shall first recall the following fact: suppose that F is a

continuous function on R+ such that F(x)xs for Re(s) > a0 is absolutely

integrable with respect to d log x and that Z (s) is its Mellin transform; put

log x = 2fl-£; then

Z(s) = P  2irx°F(x) ■ e(tQ d£
J -co

for every a = Re(s) > o0. In other words Z (s) considered as a function of t is

the Fourier transform of 2ttx"F(x) considered as a function of £. Therefore if

Fx(x), F2(x) are two such functions with the additional property that their

Mellin transforms Zx(s), Z2(s) are absolutely integrable with respect to dt for

every a > a0, then Zx(s)Z2(s) is the Mellin transform of the convolution-

product of Fx(x), F2(x).

After this remark we write ZK(s) = Zx(s)Z2(s), in which

Zx(s) = K(H       Z2(s) ={-nd-V2)-sT{\s)L(s);

then in the above notation we will have
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Fx (x) = exp( - x2),       F2(x) = 2- 2   (d/n)exp( -d~l (mx)2)
n=l

with o0 = 1. This is clear for Fx(x) and the verification for F2(x) is similar to

the handling of F(x) in the proof of Theorem 3; the absolute integrability of

Zx(s), Z2(s) with respect to dt follows, e.g., from Lemma 2. Therefore ZK(s) is

the Mellin transform of

F(x) = T Fx(xy)F2{y-')d\ogy.
Ja

We apply the classical Poisson formula to F2(y   '); then by using Lemma 4

we get

F2(y-i) = 2tr-i/2y 2   (d/n)exp{-d-x(ny)2),
n = l

hence

/•oo /    ^

F(x) = 2^-1/2- |        2   (¿/«)exp(-(x2 + d
Jo     \„=1

-wjW.
As in the proof of Theorem 3 we can interchange the order of integration and

summation and we get

F(x) = 2   (d/n)(x2 + d~ln2yl/2.
n=\

We have so far assumed that x > 0; by Abel's inequality this series is

uniformly convergent for — oo < x < oo and represents an even continuous

function of x. Therefore F(x) coincides with FK(x).

Finally we shall show that for every m > 1 if we omit the first m — 1 terms,

then the remaining series in the complex variable x is uniformly convergent

for |;c| < md~x!2 (provided that we take positive square roots in the right-

half plane): for every k > m and \x\ < md~xl2 we put

bk =(x2 + d-V)-l/2,       ck = (d~x(k2- m2)Yi/2;

then ck tends to 0 as k —> oo, and we have \bk\ < ck. We also have

\bk - bk+x\ = \bkbk+x(bkl + bk:xy\bk2x - bk2)

< Wk + liCk ' + ck+\)    (<*+i - ck 2) = ck - c,k + \-

Therefore by Abel's inequality we get

2 (d/k)(x2 + d-xk2yx'2
k = n

2   (d/k)bk
k = n

< d-c„

for every N > n > m; this implies the assertion.   Q.E.D.

We note that the function FK(x) in Theorem 4 has an analytic (but
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nonmeromorphic) continuation to the whole *-plane with an algebraic singu-

larity at md~x/2i for every integer m relatively prime to d.

Appendix (added in December of 1977). We shall make two remarks to take

care of the referee's suggestions conveyed to us via Professor Shatz, the editor

of the Transactions: the first remark concerns the relationship between this

paper and a paper by M. Riesz in Acta Math. 40 (1916), 185-190 entitled Sur

T hypothèse de Riemann. In that paper Riesz proved the following formula:

Jf 00
F(x-l)x'd\ogx, (*)

0

in which F(x) is an entire function of x with the following Maclaurin

expansion:

F(*)-- 2 (-xy/T(n)U2n);
n = \

he then showed that the Riemann hypothesis is equivalent to the growth

condition F(x) = 0(xx/4+s) as^^oo for any Ô > 0. And on p. 188 he

stated that "... la méthode que nous avons suivie permet aussi d'exprimer la

valeur réciproque d'une fonction quelconque représentée par une série de

Dirichlet."

The above-recalled results of Riesz can be reproduced as follows: the

known properties of T(s) and 1/?(■*) snow tnat T(l - s)/f (2s) for \ <

Re(s) = a < 1 is a continuous absolutely integrable function of Im(j) with

absolutely integrable Fourier transform; hence if we denote its inverse Mellin

transform by F(x ~~ '), i.e., if we put

F(x) =(1/2ot) r+°°' T(l - s)/£(2s) ■ xs ds,
•'a — ooi

then by Fourier's inversion theorem we get (*). And by shifting the line of

integration indefinitely to the right, we get the Maclaurin expansion of F(x);

the rest is as in Riesz's paper.

The above-outlined proof is simple enough that we can axiomatize the

properties of T(s) and l/?(i) to formulate a general theorem. Riesz's paper

and ours are closely related because both talk about the inverse Mellin

transformation. However there is a remarkable difference: disregarding T-fac-

tors the function to be transformed is the inverse of a Dirichlet series in

Riesz's case while it is not so in our case; the transformed function is a

Schwartz function in our case, and that is precisely the point which we have

emphasized, while it is not so in Riesz's case.

The second remark concerns possible generalizations. As far as a generali-

zation of our paper is concerned, it was known to us when we submitted it. In

the following we shall quote the mathematical part from two private letters

both written on October 14, 1977:
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"... "Theorem 1' can be generalized as follows: let k denote an arbitrary

number field and put

Ak(s)[$] = f    $(x)|x|^xx;

take a special $ of the form <E>„ $„, in which $„ is the standard function for

all v except for one archimedean valuation, say w. Then for any finite

algebraic extension K of k the equation

M*)[*] = M*)
is solvable by $w in S (kw) if and only if $k divides $K.

Theorem 1 has an exact analogue in the function-field case if k has a prime

divisor of degree 1 and if we take the corresponding valuation as w and if we

consider only those extensions K of k which have the same constant field as

A:. In both cases if we require that $w(xw) depend only on \xw\, then it

becomes unique. Furthermore in the number-field case if we exclude the

classical case where K = k, then [the Maclaurin expansion of] this unique <f>w

is rarely analytic around 0. In fact except for the case where k = Q,

[K : k] - 2 treated in 'Theorem 2' and 'Theorem 3,' the only new case is the

case where k is imaginary quadratic (over Q) and [K : k] = 2; and in that

case $>w(xw) can be expanded into a series involving the modified Bessel

function of the second kind of order 0."
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