transactions
of the
american mathematical
Volume 251, July 1979

society

COMPLETE CHARACTERIZATIONOF FUNCTIONS
WHICH ACT, VTASUPERPOSITION, ON SOBOLEVSPACES
BY
MOSHE MARCUS1 AND VICTOR J. MIZEL2
Abstract. Given a domain Í2 c RN and a Borel function h: /?„-»/?,
conditions on h are sought ensuring that for every m-tuple of functions u¡
belonging to the first order Sobolev space W'*(Í2), the function
A(w,(),. . ., «„(•)) will belong to a first order Sobolev space W '•'(Q),
1 < r < p < oo. In this paper conditions are found which are both necessary and sufficient in order that h have the above property. This result is
based on a characterization obtained here for those Borel functions g:
/lm X (RN)m -* R satisfying the requirement that for every m-tuple of functions u, e Wl*(Q,) the function
g(ux(-)."„()>
Vu,(-).
. .., V«„,(•)) belongs to I/(Q). A needed result on the measurability of the
set of Ä^-Lebesgue points of a function on RN is presented in an appendix.

1. Introduction. Let ñ be a domain in RN and let 9R,(n) denote the space of
real measurable functions in ß. Given a Borel function A^^fiwe
define

the superposition mapping Th: "311(0)-» 911(ñ) by
Thu = h ° u,

u = (ux, ...,um)E

91t(Q)m

(1.1)

Let WXj>(íl),1 < p < oo, denote the space of functions in Lp(ü) whose first
order distribution derivatives belong to Lp(Q). The standard norm in this
space is

ll«lk,w>
-IMk«»+q=\
2 ||A«||Mq). « e w„(0),

(1.2)

where Dxu, . . ., DNu denote the first order distribution derivatives of u with
respect to some coordinate system in RN.
Suppose that ß is bounded and satisfies the cone condition. If n is locally
Lipschitz and if the first order partial derivatives of h satisfy a.e. in Rm
polynomial growth conditions, then Th maps WXjl(ß)m into WXr(Q), where
1 < r < p < oo and the relation between p and r depends on the order of
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the polynomials in the growth conditions. Furthermore, this mapping is
bounded. This result, in a somewhat different form, was obtained in [5]. For
m = 1 the result was previously obtained by Stampacchia [9] when h is
uniformly Lipschitz and by Serrín in the general case. Serrin's result also
shows that D¡(Thu) can be computed by the standard chain rule. (For details
see [4].)
The question whether the above mentioned conditions are also necessary in
order that Th should map WXj)(Q)minto Wx r(0) proved to be considerably
more difficult and it remained open for several years. The main purpose of

the present paper is to provide an affirmative answer to this question. To
achieve this result we first consider a related problem for superposition
operators which map Sobolev spaces into Lebesgue spaces.

Let g: Rm X RmN-> R be a Borel function and let Sg: Wxxf(tt)m-> 911(0)
be the mapping defined by
Sgu = g(ux, ...,um,

Dxux„ ...,

DNux, ...,

Dxum, ...,

DNum)

(1.3)

where u = (ux, ..., um). We show that if Sg maps WXj)(Q)m into Lr(0),
1 < r < p < oo, then g must satisfy certain polynomial growth conditions

depending onp and r. For instance, if p < N the condition is

| g(t r,)\ < const(l + |||íA + \v\p/r),

with q = Np/ (N - p),

for every tj in R^, for a.e. | in Rm. This result leads almost directly to the
necessity of the conditions on n when m = 1. This is due to the fact that,
when m = 1, the chain rule for D¡(Thu) is available. When m > 1 the chain
rule for D¡(Thu) does not hold in general. In this case the necessity of the
conditions on n is established by combining the result already proved for
m = 1 with the result concerning the mapping Sg for m > 1.
Results similar to those described above hold also in the case where 0 is
unbounded. In this case the conditions are stronger than in the case of

bounded domains.
The plan of the paper is as follows. In §2 we state the main results in the
case of bounded domains. §3 and §4 (together with an appendix) are devoted
to the development of auxiliary results. The main result for the mapping Sg is
proved in §5 and for the mapping Th in §6 and §7. The parallel results in the
case of unbounded domains are presented in §8. Finally in §9 and §10 we
discuss some additional results and open questions related to the mappings Sg
and Th.

2. Statement of main results. In this section 0 denotes a domain in RN
satisfying the cone condition. The generic points in RN, Rm and RmN will be
denoted
by x = (xx, . . . , xn), £ - (|„ . . . , £m) and
n =
Oh.n • • • » Vi,n, ■■-, T)m,\,■■■, Vm,N) respectively. The norm | • | of such a
point will always mean Euclidean norm.
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The first result concerns superposition mappings of the type (1.1).
Theorem 1. Suppose that 0 is bounded. Let h: Rm -* R be a Borel function
and let p, r be two numbers such that 1 < r < p < N. Then Th maps Wx „(0)m
into Wx r(0) if and only if the following conditions hold:

(i) h is locally Lipschitz in Rm.
(ii) The first order partial derivatives of h satisfy the inequality

-(0
ai, w

< aoO +1{|")

a.e. in Rm,i = 1, . . . , m,

(2.1)

where a0 is a constant and v — N(p — r)/(r(N —p)).
If N <p (or N = 1 and 1 < p) and 1 <r < p then Th maps WXj,(Q)minto

Wxr(0) if and only if condition (i) holds.
In either case, if Th maps WXj>(ü)minto Wu(ß)

then the mapping is bounded

and the following inequalities hold:

IF*u||^(o)<60(l + S H?¿»
\ i=i

ifp < N

F/,u|ku(Q)< b(M)ll + 2 ||u,||^(S2)j, ifp >N(orN=\

andp > 1)

m

and 2 |Nk,(0) < M. (2.2)
/=i
The constants b0 and b(M) depend on m, a0, n(0) and 0. (Of course, b(M)
depends also on M.)

The second result concerns superposition mappings of the type (1.3).

Theorem 2. Suppose that 0 is bounded. Let g: Rm X RmN-» R be a Borel
function and let p, r be two numbers such that 1 < r < p < oo. Suppose that Sg
maps WXp(ü)m into Lr(ß). Then g satisfies the following conditions.
Ifp < N, there exists a constant c0 such that

\g(t, rj)| < c0(l +1€|*/' + |t,|'A),

withq = Np/ (N - p),

(2.3)

for every r/ in RmN and a.e. £ in Rm. The exceptional null set in Rm may vary

with r/.
If p > A (or N = 1 andp > 1), then for every M > 0 there exists a constant

c(M) such that

\g(t,r,)\<c(M)(l+\i,f/r)

(2.4)

for every -q in A^ and a.e. £ in Rm such that ||| < M. Again, the exceptional
null set in Rm may vary with rj.
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If a function g satisfies (2.3) or (2.4) everywhere in Rm X RmN, then (in view
of the Sobolev imbedding theorem) Sg maps WXj,(U)m into Lr(0) for the

appropriate values of p and r. Therefore if g is continuous the conditions
described in Theorem 2 are necessary and sufficient for Sg to map WXj!(ü)m
into L,(0). However the assumption of continuity can be replaced by various
weaker assumptions. Results of this type will be discussed in §9.
Results similar to those stated above hold also in the case where 0 is
unbounded. These will be presented in §8.
3. Construction of a class of elementary functions. The proof of Theorems 1
and 2 calls for the construction of functions in WXj>(ü¡)according to a given
set of specifications. One of the requirements is that the gradient of the
function should attain a prescribed sequence of values on sets of prescribed
measure and at the same time the values of the function should he within a
given range in each of these sets. In the construction of these functions we use
certain piecewise linear functions which we describe below.
Lemma 1. Let z E RN, z t^ 0, and let a be a positive number. Then there
exists a piecewise linear function w in the cube Ea = {x E RN: \x¡\ < a/2,

i «■ 1, . . ., N} such that,
(i) w = 0 on dEa,
(ii) |Vw| is either zero or \z\ in Ea,
(iii) Vw = z in a cube F contained in Ea, whose sides are parallel to the axes

and which satisfies
pN(F)/oN

>aN>0.

(3.1)

Here ¡iN denotes N-dimensional Lebesgue measure and aN is a constant which
depends only on N.

Proof. Let b = 0/2VÑ

and let T be a cube in RN of side length b such

that one of its vertices (say P) lies in the half space z ■x > 0, the N vertices
nearest to P lie in the hyperplane z ■x = 0 and one of these vertices is at the
origin. Let T = In {z ■x > 0} and define a function w0 in T as follows:
w(x) = z • x

in 7",

w(x) = 0

in T \ T.

Note that nN(T')/¡xN(T) depends only on N.
Let P' be that vertex of T for which PP' is one of the main diagonals of T.
Let U be a closed cube of side 2b such that U d T, the sides of U are parallel
to those of T and P' is a vertex of U. We extend w0 to U by N successive
reflexions. In order to describe these reflexions we use a set of coordinates
(3c,, ... , xN) whose origin is at P' and with respect to which T = [x:
0 < x¡ < b, i = 1, . . . , A}. Let T* be the image of T by reflexion with
respect to xx = b and set Tx = Tu T*. We extend w0 to Tx by reflexion with
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respect to xx = b. Let k be an integer, 1 < k < A, and set Tk = {x:

0 < x, < 2b for / = 1, . . . , k and 0 < x, < b for / = k + 1, . . ., A}.
If k < N, denote by T£ the image of Tk by reflexion with respect to
xk+x = b. Then Tk+X= Tk u 7£. Assuming that w0 is defined in Tk we extend it to Tk+Xby reflexion with respect to xk+x = b. Thus after A steps we
obtain an extension of w0 to the entire cube U.
Next let V be a cube whose sides are parallel to the axes (*,, . . . , xN),
whose center is at the center of U and whose side length is 2\TÑb. We extend
vv0to V by setting w0 = 0 in V \ U. Let B be the largest ball contained in T
and let F' be the cube inscribed in B whose sides are parallel to the axes.
Then pN(F')/bN depends only on A. Finally, let x° be the center of V and set
w(x) = w0(x + x°)for every x in Ea = —x0 + V. Clearly the function w
satisfies all the assumptions of the lemma. In particular (iii) holds with respect
to the cube F = - x0 + F'.
We shall often use a variant of Lemma 1 which, for purposes of reference,
we shall state separately.
Lemma 2. Let zx, . . ., zm E RN, z' ¥= 0 (i = I, . . . , m), and let a be a
positive number. Then there exist piecewise linear functions wx, . . . ,wm in Ea
such that w¡ satisfies the conditions of Lemma 1 with z = z' but with F
independent of i such that

[iN(F)/oN

> <

(3.2)

Proof. Let wxbe as in Lemma 1 with z = zx. Let Fx be the cube mentioned
in (iii) where Vwx = z1. Let xl be the center of Fx and ax its side length.
Denote by w2 the function described in Lemma 1 when o = o, and z = z2,
and define w2 in Ea as follows:
w2(x) = w2(x - xx)

Vx E Fx,

w2(x) =0

Vx G Ea\ F.

Proceeding in this manner we obtain functions wx,. . ., wm and cubes
Fx, . . . ,Fm such that w, satisfies conditions (i)—(iii)of Lemma 1 with z and F
replaced by z' and F¡. Moreover, Fx d F2 d . . . d Fm, and ¡iN(Fx)/aN

> an

and ^N(F¡+x)/fiN(Fi) > aN for /' = 1, . . ., m - 1. Thus the lemma holds with
F=

Fmnx

Remark.

In the set F the functions w¡, i = 1, . . . , m, are of the form

z' • (x - y') where |y'| < 2VÄ o. Thus
N

Wi(X)= 2

Z'nXn+ bi

V* G F, and

n=l

J61|<2VAo-|z'|.

(33)

f
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4. Auxiliary results. Let g: Rm x AmA,—>[0,oo) be a Borel function. As
before, we denote by Sg the mapping from WXj>(Çl)m
into 911(0) given by
(«li ■••.««)-*

S(«l» • • • . Um, V"l. • • • ' V"m)-

Here, as before, 0 is a domain in RN.
With

every

point

t) G RmN, tj = (tjm, . . ., n1<lftr,. . . , r\mX, . . ., TjmAr), we

associate the m X N matrix

■^(^"Wi-i.»v-i,.:.;*;
The rank of this matrix will be denoted by A;(tj).The image of RN by the
linear transformation x —>A(t\)x will be denoted by Mr Thus A/,, is a
subspace of Am of dimension /c(tj).
Suppose that S^ maps WXj,(ü)m into L^O). Then, for every tj in RmN and
every £° in Am, the function /(• ; £°, tj) : A^ -» A given by

f(x-A°,ri)=g(A(v)x+^,v)

VxEfi,

(4.1)

is locally integrable in RN. Using this fact we shall show that for every tj in
RmN, the function £—»g(£, tj) is locally integrable in £° + AL, (with respect to
k(r¡)-dimensional

Hausdorff measure) for every fixed £° in Rm.

Let us assume (as we may) that the first k(r¡) columns of A(j¡) are linearly
independent. We assume of course that tj t^ 0 so that k(i\) > 0. Set
B(y)

= (yij)i=i,...,mJ=i.*

where k = k(r¡). If k < N and f G RN_k set
"*(£)

= {X ^ ^V

*fc+l = ^H • • • ' XN = ?JV-* }•

If k = A set 77¿= 77^(0)= RN. Clearly, the transformation x -^ A(r¡)x maps
irk(S) onto A/,, in a (1-1) manner.
Now, let £° be a point in Rm and denote by U0(-) = t/(-;|°, 17) the
mapping given by C/0(x) = A(r¡)x + £°, x E RN. Let f be a point in RN_k
such that/(- ; £°, tj) restricted to wfc(£)is locally integrable with respect to nk
(= /c-dimensional Lebesgue measure). Let A be a ¡ik-measurable set in Trk(Ç).
Then by the change of variables formula for integration (see e.g. [1, p. 244])
we have

f

JU0(E)

g(|, V)d%k(t)= JEf g(A (V)x + |°, r,yk (B(7¡))dlik(x), (4.2)

where %k denotes ^-dimensional Hausdroff measure and Jk(B(r¡)) is the
square root of the sum of the squares of the A:X A:minors of B(r¡). By our
choice of f the right-hand side of (4.2) is finite for every bounded E.
Therefore g(-, tj) is locally integrable with respect to %k in |° + M .
From the last assertion we deduce (again using (4.2)) that /(• ; Io, tj)
restricted to Trk(Ç)is locally integrable for every f in RN-k.
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Given tj =£ 0 in A^ we denote by P(tj) the set of points
that £ is a (regular) Lebesgue point of the function g(-,
£ + Mv, with respect to the measure %k(yiySome properties
needed in the next section. These properties are the subject
two lemmas.

{£} in Rm such
tj) restricted to
of P(rj) will be
of the following

Lemma 3. P(tj) is a set of total measure in Rm, i.e. its complement is a
Lebesgue null set.
Lemma 4. Let £' G P(tj). Let £° and x' be points in A„ and RN respectively

such that

? = A(v)x'+ £°.

(4.3)

Then x' is a Lebesgue point of /(• ; £°, tj) with respect to ¡iN.
We defer the proof of Lemma 3 to the appendix where it will be presented
in a slightly more general form. Here we turn to

Proof of Lemma 4. As before we may assume that rank A(r¡) = rank P(tj)
= k. In this proof we shall use the notations previously introduced in this
section.
First we note that by (4.2), if A is a ¡ik-measurable subset of irk(Ç) (for some
f in RN_k) then

%k(U0(E))

= Jk(B(V))pk(E).

(4.4)

Let c be a positive constant. We denote by &c(x') the family of cubes in RN
whose sides are parallel to the axes, such that
E G &c(x') =* 3r > 0 such that E c {x E Rn: \x - x'\ < r}
and nN(E)/rN

> c.

Further we denote by %(£') the family of %k-measurable subsets of £' + A/,,

such that

F E %(Ç) =>3r > 0 such that F c {£ G f + A/„: |£ - f | < r)
and %k(F)/rk

> c.

Now let us consider the case k = N. U E E &c(x') then E* = U0(E) E
%■(£'), where c' is a positive number depending only on c and tj. Indeed, if E
is contained in a ball of radius r around x' then (in view of (4.3)) the set E* is
contained in a ball of radius |Tj|r around £'. From this and (4.4) it follows
that E* E %(%) if we choose, for instance, c' = Jn(B(t\))c\i\\~N. Further-

more, by (4.2) and (4.4),

—L-

/M-fc)

/ /(*; |°, r,)dpN= 7jn^ïr
JE

/

J^NK^ ) JE*

g(|, r,)dXN(Ç).

(4.5)
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Since £' G P(rj), the right-hand side of (4.5) tends to g(f, tj) when %N(E*) -»
0. This imples the assertion of the lemma when k = N.
Next, assume that k < N. If E is a set in RN we denote by Ek(Ç) the set

E n 7^(0. f e ÄN-*>and bv EN-kthe set
{£ e RN_k: (xx, . . . , xk, f „ . . . , SN-k ) G A for some xx, . . ., xk}.

If E E &c(x') then U0(Ek(Ç)) E fc-(0
/^(^(tj^c*/^!-»}!-*.

for every f in £„_*, where c' =

This can be verified in the same way as before. Now let

A be a cube in &c(x') of side length 5. Then, by (4.2) and (4.4),

8~NJEf f(x;e,v)d(iN

= 8~Nf If
= 8-»+kf

f(x;{»ii)dh(xx,
..., *¿)W-*(0
l%k(F(nyl

j

g(î,v)d%k)dfiN_k(n

(4.6)

where A(f) = U0(Ek($)).Since f G P(tj), F(f) G $;,(£') and aC*(A(0) =
const 5* for every f in EN_k it follows that

^(Ftf))-1

f

g(£,T,)</X^g(£',T,)

when 5 -» 0 uniformly with respect to f in EN_k. Hence, by (4.6),

ME)'1

( /(*; ¿°>v)diiN(x)-*/(*'; £°>îj)

JE

when A G Sc(x') and /%(£) -»0. This completes the proof of the lemma.

5. Proof of Theorem 2. First we note that it is sufficient to prove the
theorem in the case where g > 0 and r = 1. The result in the general case will
follow immediately from this by considering the function g = \g\l/r.
Secondly, we may assume that 0 is the unit cube {x E RN: 0 < x, < 1}.
Indeed, if Sg maps WXj>(ß)into Lr(0) for some domain 0 in RN, then
(i) Sg maps WXj,(Ü')m-» Lr(0') for any bounded domain 0' contained in 0,
whose boundary is Lipschitz;
(ii) Sg maps WXj,(Û)m-» Lr(Ô), where Ô is the image of 0 by a translation.
The first of these statements follows from the fact that any function in
1^,^(0') can be extended to a function in WXj,(RN). The second statement is
obvious.
Therefore in this section we shall consider Theorem 2 when g > 0, r = 1
and 0 is the unit cube mentioned before.
Let P(tj) be defined as in §4 and let M be a positive number. Set
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£ E P(tj)},

[QM-{(i,r,)eQ:\i\<M}.

(5.1)

Further denote by Gp the real function on Rm X RmNgiven by

G,(€,ii)-l+|i|'

+|T,f,

(5.2)

where q = Np/(N - p) if p < N and q = 0 if p > N.
We shall prove the following assertions:

(5.3), If 1 < p < N condition (2.3) holds everywhere in Q.
(5.3)2 If p > N or p > 1 and A = 1 condition (2.4) holds everywhere in

QmSince P(tj) is a set of total measure in Rm (Lemma 3) these assertions imply
the statement of the theorem.
Suppose that assertion (5.3), (respectively (5.3)2) does not hold. Then there
exists a sequence {(£", tj")} in Q (resp. QM) such that

g(V, T\")/Gp(t", tj") = a„ -» oo
We wish to show that this leads
consider several cases, in each
functions wx, . . . ,wm in WliP(0)
Case I. Suppose that 1 < p <
such that

(5.4)

to a contradiction. To this purpose we shall
of which, using (5.4), we shall construct
such that Sg(wx, . . ., wm) is not in L,(0).
N and that there exists a positive number ß

ß < |£"|7 (1 + \n"f),
Let 9„ = l/a„.

when n -> oo.

whereq = Np/ (N - p).

(5.5)

By considering a subsequence if necessary, we may assume

that
OO

*

2V/N<^l/N
Set

"-1

*„"- W

and
*.

00

S f "p)/"< «•
"=1

«=1,2,....

(5-6)
(5.7)

Note that, in view of (5.5) and (5.6), 2" 8„ < {.
By assumption |" G P(rj"). Therefore, by Lemma 4, x = 0 is a Lebesgue
point of the function /(•; £", tj") defined in (4.1). Hence, for every c > 0
there exists a positive p„ such that

pN(B)~xf /(•;€", î»-Vftv> *(í", Tj")/2,

(5.8)

■'s
for every cube P in A^, such that nN(B) < p^ and the distance between B
and the origin is not larger than c[iN(B)x/N. In the sequel p„ will correspond
to c = VÂ a^m/N, where aN is the constant appearing in (3.1) and (3.2).
Let an be the largest number of the form 8n/2j, j = 1,2, ... , such that
on < pn. Let {vin}™=x be a set of functions in E* = {x: \x¡\ < on/2, i =

1, . . . , A}, constructed as in Lemma 2 with a = o„ and z' = (tj"„ . . ., tj"^),
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/ = 1, . . ., m. The cube F mentioned in Lemma 2 will be denoted here by

F¡¡. By (3.3) we have
N

V¡,n(X)= 2

■n¡!sxs
+ hn,

i=l

X<EFÏ,

and
\bj

< 2VÄ a„|(T,,„ . .. , tj(JV)|.

Let

Y,,«= Í" - hn,

i=\,...,m,

Vi,„(x) = vit„(x) + y,.„

Vx G E*, i = l,.

m.

(5.9)

Then,
N

*iAx)= 2 1Û*,+ £"

v* e F*,i - I,..., m,

J— 1

«,,„(•*) = Y,,„

Vx G dE*, and

| y,„| < \i*\ + 2VA a„|(Tj^,. . . , tj^)|.

(5.10)

Next let En = {x: \x,\ < 8„/2, i = 1, . . ., A} and let {£„,„}*_, be a family
of cubes whose interiors are disjoint such that each cube En is a translate of
E* and (jj-i £n,„ = A„. (These conditions uniquely determine the family
{Enr}.) Denote by x" the center of the cube £„„. Then we define functions
u¡n, i = 1, . . . , m, in En as follows

«,,„(*) - M* - *')•

Vx e 3m*r - 1,..., *.

(5.11)

Let
A:

3,- »=i
U (*"+ ^)Then by (5.8),(5.10),(5.11)and (3.2)we have
/

Sg(uhn, ...,
''n

umn)dpN = k f

Sg(vx<„,...,

vmn)dnN

*n

>kv,N(F*n)g(t",T]")l2

> k^(E*n )a%g(t", „»)/2 = M"*(i", u")

(5.12)

where bx = a™/2. (Note that the distance between F* and the origin is not
larger than VÑ (¡iN(F^)/a^)x^N.)
Finally, set D„ = {x: \x,\ < 8n,i = I, . . . , N} and

A,., = {x: 8J2 <\xr\ < 8n, \xv\>\xk\, k = 1, . . ., A},

v=\,...,N.

Thus, D„ = (U T=i A,,,) U A„. In Z)„ we define m functions wXn, . . . , wmn as

follows:
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VX G E„,

{ ",,„(*) = 2(y,„/«J • (*„ - N)

Vx G />„,„,v=l,...,N.

(5.13)

The functions wx , . . ., w
are continuous, piecewise linear in Dn, they
vanish on dDn and their gradients satisfy the inequalities

J|V*g<y|

in£„;

{ | Vw,„|< 2|y,„|V ' < 2VÄ (|Î-|V ' + |tj"|)

in Dn\ En,i = \, . . . , m.
(5.14)

For the second inequality we used (5.10).
Let y" be the point (rn, {,...,
\) E RN, where t„ = 2 2""1 8k + 8n>
n = 1,2, ... , and set D„ = y" + £>„. Clearly, the interiors of the cubes Dn
are disjoint and (in view of the fact that 2 Sj° S„ < 1) Dn c Ô, n = 1, 2,Now, we define m functions wx, . . . , wm in 0 as follows:
wi(x) = wi,n(x - y")

iriD„,n

= 1,2,
00

w¡(x) = 0

in Ö \ U D„.

(5.15)

We claim that
w, E WXj,(Q),

i=\,...,m,

(5.16),

f Sg(wx, ...,

wm)dnN= oo.

(5.16)2

and

By construction the functions
the point (2 2f §„, j, . . . , 5),
Lipschitz and, in fact, piecewise
away from the point mentioned

wx, . . . , wm are continuous in 0, except at
and vanish on 30. Furthermore they are
linear in every subset of 0 which is bounded
above. Therefore, in order to prove (5.16), it

is sufficient to show that Vw, G L^O)", / = 1, . . . , m. By (5.14) and (5.15)
we have

f. |Vw,fdfiN= JD„\E„
f
|Vw,/ dpN+ JE„
f |Vw,/ dpN

JD„

< (2*- i)o„^(2VA)/,(|r|ô„-1
+\r\)"+ «„vf
< const(8„N->>\t"\p
+ 8nN\v"f),

i - 1,...,«;«

- 1,2, ....

(5.17)

By (5.5) and (5.7),

«„Vf'< «„^Y'/ß = OJß

and

8rp\Hn\P=0(nN-pyN-
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Therefore, by (5.6) and (5.17),

f IVw/ dpN < const) 2
JQ

%N->)/N+ ß-l 2 8„) < oo

\« = 1

1

(/ - 1,....

m),

/

This proves (5.16),.
Now, by (5.15), (5.13) and (5.12) we have
f. S (wx, ...,

wm)dfiN= f

JD„

S (wXn,...,

wmJdtiN

JDn

> f Sg(uhn,..., V„)rfuN> bxg(£",V")S„N. (5.18)
E„

Hence, using (5.4) and (5.7), we obtain

/ Sg(wx,
..., Wm)dpN
> bx f SMè",V) = bxf 8^anGp(i",
tj")
■'0

n=\

1

= ¿, S Ô„X-'(1
+IÍ-I«4-ItjY)> 6, 2 C|«"|V = +«>.
i
i
This proves (5.16)2. Therefore we have proved that (5.4) and (5.5) lead to a
contradiction.
Case II. Suppose that 1 < p < N and that

|I"|V(1 +\v"f) < y and ßx/p <|Tjn|

(5.19)

for some positive numbers ß, y. Let #„ = \/a„. By considering a subsequence
if necessary, we may assume that (5.6) holds. Set

8nN= 9n\rfP,
"=1,2,....
In view of (5.19) and (5.6) we have 2J° 8n < f.

(5.20)

Let wx, . . . , wm be defined exactly as in Case I. As before we shall show

that (5.16) holds.

By (5.19)and (5.20)

tf-'irr- wr\T~p)'"< ^st(8¡/(\+\v"\p)f-p)/N
= const(S/ + 9„f-pVN < const 9J,N~^N,

n = 1,2, . . . .

From this inequality together with (5.17) and (5.20) we obtain

/. |Vw,f dpN < const^"»'*

+ 9„)

(i = 1,. . ., m; n = 1,2, . . . ).

Hence, by (5.6)

J \Vw,fd¡iN< constíf Of-py» + f Ö„j < oo, i - 1,.
This implies (5.16),.

m.
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Next, by (5.18)and (5.20),

/ Sg(wx,..., wm)dnN>bxf

8?g(Z\ tj") - bx 2

J®

n=\

SnNanGp(è",
tj")

n=l

00

00

> K 2 s>„Kf = 6, 2 «A = oo.
n= l

1

Thus we have shown that (5.16) holds. Therefore (5.4) and (5.19) lead to a
contradiction.

Case III. Suppose that 1 < p < oo and that

in + K|<C

»-1,2,...,

(5.21)

for some constant C.
By considering a subsequence if necessary, we may assume that
00

r-+£°

and 2 |r-£0|<°°'
i

(5.22)

and also that

2 «„-'<! •
i

(5-23)

Let p„, o„ and vin be as in Case I with 8n = a~x. Set

J„ = {x: 0 < xx < 8„, 0 < x, < 1, / = 2, . . . , A },
/„ = {x: 0 < xx < 8n, 0 < x,. < k„, i = 2, . . ., A},

where k„ is the largest integral multiple of an such that k„ < 1. Note that,
since on < \, we have k„ > \.
Let {•/„_„}*„_!
be a family of cubes whose interiors are disjoint such that the
union of the cubes equals Jn and each cube Jnv is a translate of A*. Denote by
x" the center of the cube /„ . Now we define in Jn functions «,„,...,
umn as

follows:
f «/,»(x) = «,•„(* - x"),

Vx G Jnv, v=\,...,s;

\ U¡ÁX) = Y,>,

Vx G /„ \ Jn,

(5.24)

with y,„ as in (5.9). Let F„ = (J í-iíx" + P£) where Ff is as in Case I. Then,

by (5.24), (5.10),(5.8), (5.4) and (3.2) we have
/ Sg("\*, • • • i "m,")^

= ■* /

> ^(A„*)a-g(r,

> «/4)a-'g(r,

^(«U«

■• • ' VnMrV

î?")/2 = 8nKnaZg(Í",tj")/2

rj") > </4.

(5.25)
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Next let ß - 2 2? |r„+1 - Tn\, where Tn = (y,„,. .., ym>„).Note that by

(5.21H5.23)and (5.9)ß is finite. Indeed,

\Tn-t"\<2VÑo„\r1"\<VÑ8n\-n"\

(5.26)

and hence,

\rn+x- T„\<\è"+X- e"\+ VÑ (8n+x\r+l\+ 84r\) <r+l - Í"\ + VÑ C.
Let/* = {x: 0 < x, < 8*, 0 < x, < 1, i = 2, . . ., A}, where

á*= i|r»+i-rn|/ß-'
"
[0

if/?*o,
if /S = 0.

In /* we define functions u*„ (i = 1, . . . , m) by

Í «&(*) = ((y,,n+. - y,>)/«n*)*i + y,,„ if 5n*> o,

U*„00 = V,>

if5* = 0,VxG7*. (5.27)

We are now ready to define functions wx,. . . , wm in 0 which will be shown

to satisfy (5.16). Let e' = (1, 0, . . . , 0) and set /„ = ß„ex + J„, I* = ß*el +
J* where

0i=O,

A, «2

i

(8k+ 8t), n = 2,3,...;

&* = &+.-«:,

« = i,2....

Let
Wi(X) = Ui,n(x - ßnßl),
- H>,(x) = u*n(x - &V),

w,(x) = |°,

V* E h,

» = 1. 2 • • • ,

Vx G /„*, n = 1, 2 . . .,

Vx G Ö \ U TO« + 4*)i ' = 1, • • • , ™,
(5.28)

with |° as in (5.22).
The function w¡ is bounded and continuous in 0 and it is piecewise linear
in every subdomain bounded away from the hyperplane x, = Sfiô",, + 5*).

Furthermore, by (5.21),(5.24),(5.27)and (5.28),
|Vw;|< Cin/„
Hence w,. G WI>ao(ß).

and

|Vw,|< ßinl*.

FUNCTIONS WHICH ACT ON SOBOLEV SPACES

It remains to show that wx, ...,
\ Sg(wx, ...,

wm)dfiN> 2

J0

= 2

„=i

201

wmsatisfy (5.16)2.By (5.28) and (5.25),

I Sg(wx,...,

•*/,,

/ Sg(uhm,...,umJdtiN

n = l JJn

> 2
«=1

wm)dpN

I Sg("\,n,
JF„

, <wM%
= °°.

Thus (5.4) and (5.21) lead to a contradiction.
Case IV. Suppose that 1 < p < oo and that

|!"|<C0,

C, <|t,Y

(5.29)

for some positive C0, C,. By considering a subsequence if necessary we may

assume 2r «„"' < C,/2 and that (5.22)holds. Set

Sn= («„KIT
Note that 2^„ < SfKC,)-

(5.30)
' < 5. Let /3 be as in Case III. By (5.22),(5.26),

(5.29) and (5.30), ß is finite. Indeed,

|rB+,-rfl|<|r+,-€"|+VÄ(ai)+1|t,»+,j+^(tI"|)
<||"+1 - i"\ + VÂ7 C\P-xyp(a;xx + a"1).
Let 5* be as in Case III. Define uin, »,*„and w, as in the previous case.
The function w¡ is piecewise linear in /„ and

wt = y,„ on dln,

IVw,| < |tj"| in /„

Thus \w¡ - y,„| < |tj"|5„ < C[p'xypa~x

(n = 1, 2, ... ).

everywhere in /„. Furthermore,

by

(5.26), \i" - y,.„| < VÑ SJtj"! < const a'1 (n = 1, 2, . .. ). Finally, in /„*
(n = 1, 2, . . . ), w¡ is linear and its range lies between y,„ and y1>n+i.Therefore (in view of (5.22)) w, is bounded and continuous in 0 and w¡ is piecewise
linear in every subdomain bounded away from the hyperplane x, =

2?(8n + «„*).In addition, by (5.24),(5.27),(5.28)and (5.30)

/ \Vw,fd^=f,If |Vn/4*+/ |Vw,|>„)
"

1

<2

\

■*/!

I n,Ps¡ ■ Í I n+1
|T? '

"

\ -^-

'n

/

"I 1 so,
j

"

= 2 «„-' + /*'-' 2 |rn+1-r„|<oo.
Thus (5.16), holds.
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By (5.4), (5.25), (5.28)and (5.30),
f

I S (wx, ...,

Jn

(Qm

v^ f

wm)dfiN > 2

!

\

/

Jf„

S (ux

CO

/ qM

...,
\

umn)diLN
CO

-f ) 2 8.8(im,r)
>(-f ) 2 Kh-D"«-(i+|n"D= ».

Thus (5.16)2holds. This shows that (5.4) and (5.29) lead to a contradiction.
We claim that the contradictions

obtained in Cases I-IV prove (5.3), and

(5.3)2. Clearly, if one of the assumptions (5.5), (5.19), (5.21) or (5.29) holds for
a subsequence of {(£", tj")} then (5.4) is impossible. Thus, Case III shows that
if {(£", tj")} contains a bounded subsequence then we cannot have (5.4). Now
suppose that {£"} is bounded. Then we must have |tj"| -+ oo and Case IV
show that (5.4) is impossible. This already proves (5.3)2.
Next, if 1 < p < N, Case I shows that (5.4) cannot hold unless

lim|í"|Y0 +Kf) = 0-

(5-31)

If (5.31) holds and if (tj") contains a subsequence that is bounded away from
zero then Case II shows that (5.4) is impossible. On the other hand if (5.31)
holds and tj"->0 then the sequence {(I", tj")} is bounded and this again
contradicts (5.4). This proves (5.3), and completes the proof of the theorem.

6. Proof of Theorem 1; the necessity of the conditions. We start with the
case m = 1. Thus n: R -^ R is a Borel function such that Th maps WXj,(ß)
into Wxr(0). Without loss of generality we may assume that 0 is the unit

cube {x: 0 < x, < 1, / = 1, . . . , A}.
First we claim that n is Lax. (i.e. locally absolutely continuous) in R. Let
u(x) = x, — c where c is an arbitrary constant. Since u E WXj,(Q,),we have
h ° u E W,r(0). This implies that there exists an l.a.c. function n0: R—>R
such that n = h0 a.e. in R. Suppose that there exists a point £0 such that
n(£0) ^ n0(£0).Consider the function u given by
, v
\(xi-ï)+$p
u(x) = ]

[É0.

i <*i<l.

°<*i

<5,VxG0.

Let v = h ° u. Thus v(x) = n(x, - \ +£0) = n0(x, — \ +£0) a.e. in the set
(x G 0: \ < x,} and v(x) = n(|0) ^ n0(|0) in {x G 0: x, < \}. Therefore
3u/3x, (in the distribution sense) is not a function. On the other hand, by
assumption, v E Wx r(0) because u G WXj,(ß). This contradiction shows that

h is identical with n0.
Let u E W\^(Q). Since n is l.a.c, n ° u E WXo^(ü)if and only if (h* ° u)Vu
E L'i^íO)^, where h*: R -+ R is any Borel function which is equivalent to h!.
Moreover V(n ° u) = (h* ° u)Vu a.e. in 0. For a proof of this result see [4].
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Therefore, if g: R X RN -» R is defined by

g(l tj) = |n*(£)Tj|,

(I tj) G R X RN,

(6.1)

then Sg maps 11^(0) into L,(0). Hence, by Theorem 2, if 1 < r < p < N,
we have

g(£, tj) < const(l + mq/r + \Vf/r),

q = Ap/ (A - p),

(6.2)

for every tj in RN and every £ in A \ Cv where C, is a null subset of R which
may depend on r¡. In the present case, g is continuous with respect to tj.
Therefore the above statement implies that there exists a null subset of R, say
A, such that (6.2) holds for every (£, tj) in (R \ A) X RN. In fact if D is a
countable dense subset of RN we could set A = UveDC .

Similarly, if p > N (or p > 1 and A = 1) and M > 0, we have

g(£,T,)<c(M)0+|T,fA),

(6.3)

for every (£, rj) in (A \ A) X RN such that |£| < M, with A (as before) a null

subset of R.
From (6.1), (6.3) we deduce that h* is locally essentially bounded and
hence that n is locally Lipschitz in R.

Up < N, (6.2) implies that
\h*(£)\ < const

inf

0<y<oo

H(\&,y),
mi/

ÇeR\A,

(6.4)

(0 < /?, Y).

(6-5)

where

H(ß,y)

= (l + ß«/' + y»/r)/y

A simple computation show that (6.4) and (6.5) imply that

|n*(£)| < const(l + |||")

V| G R \ A, where v = N(p - r)/ (r(N - p)).

(6.6)
This completes the proof in the case m = 1.
Next we consider the case m > 1. Thus n: Rm -> R is a Borel function such
that 7^ maps IP,^(0)m into W],r(0). Again we may assume that 0 is the unit

cube.
Let f: R -» R, i = 1, . . ., m, be uniformly Lipschitz functions. Let h:
R -* R be the function given by

h(t) = h(fx(t),...,fm(t)),
If m G 1*^(0) then f; ° w G 1*^(0),

VtER.

(6.7)

i = 1, . . ., m. Therefore 7A-maps

1^,^(0) into WXr(ü). Hence, by the first part of the proof, h is locally
Lipschitz in R. This implies in particular that h is locally Lipschitz on every
line parallel to one of the axes.
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Now we claim that h is continuous and moreover

lim sup \h(t) - h(i°)\/\i

- i°\= M(è°) < oo,

V¿° G Rm. (6.8)

Suppose that (6.8) fails at some point £°. Then there exists a sequence {£"} in
Rm such that |"^>£° and

\h(V) - h(i°)\ > »II" - €°|,

n = 1,2,. . . .

(6.9)

By considering a subsequence if necessary, we may assume that

||"-f°|>2H"+1-^,

n = l,2,....

(6.10)

Let

a=2

/t= i

|€*+1-€*|.

««+.= 2 |€*+I-€*|
*=i

(« = l,2,...)anda,=0.

In view of (6.10) a is finite. We define a curve £ = £(/), 0 < t < a, as follows.

«o = {- + ((/ - «„)/ («n+,- «n))(r+1 - r),
' e[a„,

Ê(«)= Io.

an+1],n

= 1,2,

Clearly, |£(r) - £(r')| < \t - t'\ for every t, t' in [0, a]. Therefore the function
h given by h(t) = n(|(/)) is Lipschitz in [0, a]. Thus, using (6.10),

\h(i") - h(£°)\ =\h(an) - h(a)\ < consta" - £°|,

n = 1, 2, . . . .

But this contradicts (6.9).
By Stepanov's theorem [1, p. 218], (6.8) implies that n possesses a differential a.e. in Rm. Furthermore, since n is continuous, the set B where its
differential is defined is a Borel set and the partial derivatives dh/d£¡,
i = 1, . . ., m, are Borel functions on B [1, p. 211].
Let g: Rmx RmN -» [0, oo) be the function given by

g(i

T?) =

2 ^r(^)(v¡,i,•
■• ,\N)
"S,

»-1

0,

if I G A,
iUGAOT\£.

(6.11)

(As usual we write tj = (tj, „ . . . , VlN, . . ., ijm „ .. ., TjmjAr).)Clearly g is a
Borel function. We claim that

u = («„ . . . , um)E WXp(0)"W Sg(u) G Lr(0).

(6.12)

Since u belongs to WXj)(ß)m,it is equivalent to a function u* such that, for a.e.
line t parallel to one of the axes in A^, u*|TnS is l.a.c. Furthermore
8u*/9x, (the partial derivative in the classical sense) exists a.e. in 0 and is
equivalent to the corresponding distribution derivative of u,j = 1, . . ., m
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(see [7, §3.1]). Without loss of generality we may assume that u is identical
with u*. Then the function h ° u, which by assumption belongs to Wx?r(0), is

continuous in t n 0 for a.e. line t parallel to one of the axes. (Recall that n is
continuous.) It follows from this that n ° u is Lax. in t n 0 for a.e. t as
above. Now, if x° is a point in 0 such that u(x°) G B and such that 9u/9xy
exists at x° then 9 (h ° u)/9xy exists at x° and

Hence, by (6.11), Sg(u) = |V(n ° u)| a.e. in B* = {x E 0: u(x) G B} and
Sg(u) = 0 in 0 \ B*. Since h ° u G Wu(ti), this implies that Sg(u) E Lf(0).
Suppose that 1 < r < p < N. By Theorem 2, (6.12) implies that g satisfies
inequality (6.2) for every tj in A^ and every £ in Rm \ Cv, where Cv is a null
set. From this we deduce, by the same argument as in the case m = 1, that
the partial derivatives of n satisfy the inequality

||

(|) < consul + |!f )

a.e. in Rm,i = 1,. . ., m,

(6.13)

with v as in (2.2).
Similarly whenp > N (orp > 1 if A = 1) we deduce that for every M > 0
there exists a constant km such that

— (I)

< km

a.e. in the sphere |£| < A/, / = 1,. . . , m.

(6.14)

By (6.13) and (6.14) the partial derivatives 9n/9£, (i = I, . . ., m) are
locally essentially bounded in Rm. This, together with the fact that n is
continuous in A^, and locally Lipschitz on every line parallel to one of the
axes, implies that n is locally Lipschitz in Am. This completes the proof of the
necessity part of Theorem 1.

7. Proof of Theorem 1; the sufficiency of the conditions.. The sufficiency of
the conditions of Theorem 1 could be derived from [5, Theorems 2.1 and 3.3]
in which a much more general situation was considered. However in order to
apply the results of [5] directly to our case we would have to assume that the
inequality in (2.1) holds at every point where 9n/9£, exists. An examination
of the arguments in [5] shows that, in the present case, this stronger condition
can be replaced by (2.1). However, for the convenience of the reader we shall
present here a simple, independent proof of the sufficiency part of Theorem

1.
First some general remarks. Let ,4(0) denote the space of real measurable
functions in 0 such that v G A(ü) iff for almost every line t parallel to one of
the axes v\TnSi is Lax. (i.e. locally absolutely continuous). A function u
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belongs to WXj)(Sl)if and only if u is equivalent to a function u* belonging to
A(Sl) such that u* and du*/dx¡ (/ = 1, . . ., N) belong to 7^,(0). Here du*/dx¡
denotes the classical partial derivative of u*. (It is known that du*/dx¡ is
defined a.e. in 0 and is measurable.) Furthermore 9m*/9x, is equivalent to the

corresponding distribution derivative of u. (See [7], [2].)
If h: Am-> A is locally Lipschitz and u = (ux, . . . , um) E A(ti)m then,

clearly n ° u G A (0).
We turn now to the proof of the sufficiency part of Theorem 1 and we start
with the case where p > N or A = 1 and p > 1. In this case every function
u E ^^(0) is equivalent to a function in C(0) and

ll«lk(o)< ciHk,«2)

C7-1)

where c, is a constant which depends on 0.
Let u G WXp(ß)m. Without loss of generality we may assume that u G
C(0)m. This implies that u G A(ti)m and hence h ° u G .4(0). Let ||«||h, (jq
< M and let bM be the Lipschitz constant of n in the sphere |£| < cxM. Then,

by (7.1)
\h o u(x) - n(0)| < b„\u(x)\

and therefore

||«° «M) <l*(°)l/*(0)1/J,+
Mlulk<°>-

C7-2)

Let t be a line parallel to the x,-axis such that u|TnQ is l.a.c. and let x, x' be
two points in t n 0. Since
\h » u(x) - h « u(x')| < bM\u(x) - u(x')|,
dividing by |x — x'| and letting x' tend to x we obtain

|9 (n ° u)/9x,| < bM\du/dx¿\

u,-a.e. on t n 0.

(7.3)

In view of the fact that h ° u G A (0), (7.2) and (7.3) imply that h ° u G
^1,(0)

and
||A ° a||WxAa)< \h(0)\vN(Sl)l/p + bM\\u\\tv,Aar.

(7.4)

Next we consider the case where 1 < r < p < A. Let Zk (k = 1, . . . , m)
be the family of lines {t} in Rm, parallel to the £k axis, such that (2.1) holds
jti,-a.e. on t. The projection of Zk on the hyperplane £k = 0 is a set of total
measure (with respect to /!>„_,) in this hyperplane.
Given two points £, £' in Rm we shall say that they are connected through
Z„ . . . , Zm if there exists a continuous piecewise linear curve C connecting £
with £', which consists of j linear segments Cx, . . ., Cj such that C¡ is a
segment of a line belonging to Zk (i = 1, . . . ,j) and &,, . . ., k- are distinct.
Suppose that £, £' have this property. Then, by (2.1),
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#■ *i < ««0(1+|{|r+|f Olí - ¿1-

J

Now, if ¿, I' are two arbitrary points in Rm there exist sequences of points in
Rm, say {{"} and {£'"}, such that ('-».&€?-»?
and each pair {",(" is
connected through Z,, . . ., Zm. Therefore

|n(|") - A(D| < ma0(\ + |£"|' + |€"*|')|í" - P|
for every n and by continuity

i*© - a(oi < mflb(i+i«r+1?Di«- n-

(7-5>

Now let u G W^O)"1. Without loss of generality we may assume that u
belongs also to A(Sl)mand so A ° u G .4(0). By (7.5),
|A « u(*)| <|A(0)| +ma0(l + |u(x)|>(x)|.
Hence, by Sobolev's imbedding theorem

||«»«IaoH<|A(0)|ftv(ß),/,+
m«o(||»|k(i»
+Ilull2,(«)llulk<n>)
< |A(0)|MO)'-' + const||u||^;(a)

(7.6)

where the constant depends on 0 and q = Np/(N —p).
Let t be a line parallel to the x,-axis such that u|Tni2 is l.a.c. and let

x, x' G t n 0. Then by (7.5),
|A o u(x) - A ° u(x')| < ma0(\ + |u(jc)|' +|u(x')f)|u(x)

- u(x')|.

Hence

|9(A » u)/9x,|< ma0(l + 2|u(x)f)|9u/9x,|
u,-a.e. in t n 0. This inequaUty implies
||9(A o u)/9x,.||MS2) < 2ma0(||9u/9x,||z.,(n) +||u||I,(Q)||9u/9x(.||i>(a))

< const||uf¿;>)

(7.7)

where the constant depends on 0. In view of the fact that A ° u G ^(0), (7.6)
and (7.7) imply that A ° u G W, r(0) and

II«° «IIPMO)< const(l + ||u||^(u)).

(7.8)

This completes the proof of Theorem 1.
8. The case of unbounded domains. Let 0 be an unbounded domain in RN
satisfying the cone condition. Then we have the following result, parallel to
Theorems 1 and 2.
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Theorem 3. Let h: Am -» R be a Borel function and let r,p be two numbers
such that 1 < r < p < N. Then Th maps WXj)(ü)minto WXr(Q) if and only if
the following conditionshold.
(i) A(0) = 0 and A is locally Lipschitz in Am.
(ii) The first order partial derivatives of h satisfy the inequality

J|

(|) < a0(|||" + ||f)

a.e. in Rm,i = 1, . . . , m,

where a0 is a constant, and v = N(p — r)/(r(N

If p >N

(8.1)

—p)) and v' = (p - r)/r.

(or N = 1 and p > 1) and r = p then Th maps WXj,(Q)minto

WlJfß) if and only if (i) holds.
In either case, if Th maps WXj)($t)minto WXr(Q) then the mapping is bounded

and the following inequalities hold:
m

F*»lk„«»
< *o12—1 (INK«»+INK(4

ifp< N;

m

F*n|k„0» < KM) 2 ||«/|k„(0). HP > N (orp > 1wAoiA = 1)
/= 1
m

w 2 Nm

< m-

(8-2)

1=1

7Ae constants b0 and b(M) depend on m, aQ and 0.
Theorem 4. Let g,p, r be as in Theorem 2. Suppose that Sg maps WXp(Q)m
into Lr(Q) (where 0 is unbounded). Then g satisfies the conditions described in
Theorem 2 with (2.3) and (2.4) replaced by the first and second of the
inequalities below:

\g(t-n)\<c0(\^/r+\^/r+\v\p/r),

(8.3)

|g(|,Tj)|<C(A/)(||f/r+|Tjf/r).

(8.4)

In addition we have g(0, 0) = 0.
We shall start with the proof of Theorem 4, in which we use the result of
Theorem 2. Then, using Theorems 1 and 4, we shall prove Theorem 3.
Proof of Theorem 4. Without loss of generality we shall assume that
g > 0 and r = 1. As in the proof of Theorem 2 we shall show that:

(8.5), If 1 < p < N then (8.3) holds everywhere in Q.
(8.5)2 If p > N orp > 1 and A = 1 then (8.4) holds everywhere in QM.
If 0' is a cube contained in 0 then Sg maps WXj)(Sl')minto L,(0'). Therefore
g satisfies inequality (2.3) in Q when p < N and inequality (2.4) in QM when
p > N or p > 1 and A = 1. But inequality (8.3) (resp. (8.4)) is equivalent to
inequality (2.3) (resp. (2.4)) in every domain of the form {(£, tj): ||| + |tj| > a
> 0}. Therefore, if either (8.5), or (8.5)2 fails then there must exist a sequence
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{(£", tj")} in Q such that

|É"|+ |ij"|->°

(8-6)

and
g(ï",*n")/(\iï"\P

+ \v"\p) = an^co

asn-*oo.

(8.7)

We shall show that (8.6) and (8.7) lead to a contradiction. But first some
general remarks.
By considering a subsequence of {(£", rj")} if necessary, we may assume

that

2 «T' < »o and 2 (HT+h"D < »•
i
i

(8-8)

Since 0 is unbounded and satisfies the cone condition, it follows that there
exists an infinite family â of disjoint closed cubes of equal volume such that
each cube is contained in 0 and its sides are parallel to the axes. We shall
denote by 2X the side length of these cubes.
Now we shall consider two cases in each of which we shall show that (8.6)
and (8.7) lead to a contradiction to the assumptions of the theorem. The
conclusion of the theorem will follow directly from these results.
Case (a). Suppose that there exists a positive ß such that

g(t", tj") = a„(|rf + |n"f) < ß,

n = 1,2, . ...

(8.9)

In view of (8.7) it is clear that g(Tj", tj") =£ 0 for sufficiently large n; we may
assume that g(£", tj") ¥= 0 for all n. Let

A, -[&(€",*")-*]

+1

(8.10)

where (for b > 0) [b] denotes the largest integer that is not larger than b. Note

that, in view of (8.9),
An<2/3g(í",Tj")-1.

(8.11)

Let {â„}°° be a partition of & such that &Hconsists of exactly A„ cubes,
Anj (j = 1, •• • , A„). Let win be defined as in the proof of Theorem 2 (see
(5.13)) with Dn, E„ replaced by

D = {x: |x,| < X, i = 1, . . . , R },

E = {x: |x,| < A/2, i=l,...,N).

Then, by (5.9H5.11),(5.13)and (5.14)we have

k„(*)| < IrJ + à|tj"| < const(|£"|+|r,"|),
■ | v"*«U*)|<},»!,
|Vw,„(x)| < 2|y,.„|X-' < const(|É-| + |i»"|),

Vx G D,
a.e.inA,
a.e. in D \ E,

(8.12)
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n = 1, 2.Now

we define m functions wx, . . ., wm in 0 as follows:

**(*) - wi,n(x - X"J),

Vx G AnJ (n=l,2,...;j=l,...,K„),

w,(x) = 0,

xGO\00,

(8.13)

where xnJ is the center of the cube AnJ and 00 = U {A: A E &}.

Let Dn = u£, AnJ.Then by (8.9M8.13),
/.

¡»{dp» < const K„XN(|€-| + |ij"|)'<
< const a~l,

const Kn(\t"\p +\v"\")

n = 1, 2, . . .

and

f Nwfdpt, < const ANA"(|£"| + |îi"|)'< const a"',

n = 1, 2,_

Therefore, by (8.8), w, and |Vh>,|belong to 7^,(0), i = 1, .. ., m. In addition,
w, is locally Lipschitz in 0; hence, w¡ G WXj)(Sl),i = 1, . . . , m.

On the other hand, by (8.10),(8.11),(8.13)and (5.12),(5.13)we have
J

JD„

Sg(wx, ...,

>KÍ

wm)d¡xN= A

JE

Sg(uUn, ...,

f S (wXn, ...,

•'D

wmn)dpN

umJd,xN > Knbx\Ng(£", tj") > bxX%

Hence Sg(wx, . . . , wm) G L,(0) and we have reached a contradiction.

Case (b). Suppose that

g(P,T,") = an(|rf+|T)"f;H00

asn^oo.

(8.14)

Then we may assume that

g(r,Tj")-'

<XN,

»-1,2,....

(8.15)

Let

8nN= g(H",rVl.

(8.16)

Note that 8n < X.
Let uin, i — 1,...,

m, be m functions

defined

in the cube En = (x:

|x,| < 8J2, i = 1, . . . , A} as in the proof of Theorem 2 (see (5.11)). Set
Dn = D = {x: |x,.|« A,/=

1, ...,A}

and
Dnv = (x:S„/2

<|x„|< X,\xp\>\xk\,k=

\,...,N},

v = \,...,N.

Note that D — (-UjLj D„t„) U En. Now, for every n we define functions win,

i = 1, . . ., m, in D as follows,
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V* e En,

IM*) = Itofr - ô«/2)"'(X- W)>

V* e A,„ " - 1.- - - »■*>(8.17)

Then,by(5.9H5.11),

»Vl < |yj + *„h"| < const(||"| + |tj"|),

in A

^m.I<M.

in£„,

. |Vh-,„|< |yJ(A - 8J2)~X < const(||"| + |tj"|),

in D \ E„.

(8.18)

Here we have used also the fact that 8n < X.

Let us denote the cubes in â by A„, n = 1,2,...,
and let x" be the center
of A„. Then we define functions wx, . . . , wmin 0 as follows,

\wt(x) = w,.„(x - x"),

Vx G 4,, n = 1, 2, . ..

\y»,(x) = 0,

Vx G Q \ U ?A„, i = 1,. .., m.

(8.19)

By (8.18).
/

MPdpN = [ K„\pdpN < omst(|{"| + |ii"|)V

and

/" \VwtfdpN= JDr |Vw,„|^

JA„

< const(|n + |Tj"|)V.

Hence, by (8.8), w¡ and |Vw,| belong to 7^(0) and so w, G 1^(0).

On the

other hand, by (8.19),(8.17),(8.16)and (5.12),
f

A„

Sg(wx, ...,

wm)dpN= f Sg(wUn, ...,
JD

wmn)dpN

>' ) Sg(uXn,...,um„)dnN
'E„
•r R

> bx8?g(ï", TJ") = bx.
Thus Sg(wx, . . ., wm) & L,(0) and again we have reached a contradiction.
To complete the proof of the theorem we note that the sequence {(£", tj")}
must contain a subsequence for which either (8.9) or (8.14) holds. Therefore
(8.6) and (8.7) are incompatible with the assumption that S? maps WXj,(ü)m

into 7,(0).This establishes (8.5), and (8.5)2and hence (8.3) and (8.4).
Finally, since 0 is unbounded and satisfies the cone condition it has infinite
measure. Therefore the fact that g vanishes for (£, tj) = (0, 0) is obvious;
otherwise Sg(0, . . . , 0) would not belong to 7,(0).
Next we turn to
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Proof of Theorem 3. Suppose that Th maps WXj)(Q)minto Wxr(0). If 0' is
a bounded subdomain of 0 whose boundary is Lipschitz, then Th maps
WXj)(Q')m into Wx r(0'). Therefore,

by Theorem 2, A is locally Lipschitz in Am.

The fact that A(0) = 0 is obvious. In order to prove the growth estimate in the
case p < N we apply Theorem 4. Using this theorem one can show, by the
same arguments that were used in §6, that
< const

t«>

inf

0<y<oo

r7(|||,

'

y)

a.e. in Rm, i = I, . . . , m,

where
H(ß,y)

= (ßp/r

+ ßq/r

+ Y'/r)/Y,

ß, y > 0.

Hence (considering the cases |£| < 1 and |£| > 1 separately) one obtains (8.1)
by a simple calculation.
The sufficiency of the conditions stated in the theorem and inequality (8.2)
can be verified by the same arguments that were used in the proof of

Theorem 1 (§7).
9. Further remarks and open questions. In this section we shall discuss two
additional problems related to the mappings Sg and Th, for which only partial
results are available. For simplicity we shall consider only the case where 0 is
a bounded domain in RN satisfying the cone condition.
The first problem is to obtain necessary and sufficient conditions in order
that Sg map WXj}(Q)minto Lr(0). Theorem 2 provides necessary conditions.
However, when m > 1, these conditions are obviously not sufficient because
of the exceptional sets where the inequalities (2.3) or (2.4) may fail. We
describe below several results which may help to clarify the problem stated
above. But first a definition.
Given a measurable set B in Rm we shall say that it is a null projection set if
the projection of B on each of the coordinate axes is a u,-null set.
Theorem 5. Let g: Rm X RmN —►
A be a Borel function and let p, r be two
numbers such that 1 < r < p < oo. Suppose that

g(|,0)=0

V|GAm.

(9.1)

Suppose that there exists a null projection set B in Rm such that ifp < N then

(2.3) holds everywhere in (Rm \ B) X R^ and ifp > N (or N = 1 and p > 1)
then (2.4) holds everywhere in (Rm \ B) X RmN. Then Sg maps WXj)(ü)m into

7f(0).

Proof. Let w = (wx,.. . ,wm) E WXj,(Q)m.Denote by B(l) the projection of
B on the £ axis (i — 1, . . . , m). Since Pw is null it follows that Vw, = 0 a.e.
in w,._1(A(i>)(see [4]). Therefore, by (9.1), 5g(w) = 0 a.e. in w~'CB). In view of

this fact, applying Sobolev's imbedding theorem, (2.3) and (2.4) imply that
S,(w) G Lr(0).
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Using Theorems 2 and 5 we obtain,
Theorem 6. Suppose that g: Rm X RmN is a Borel function satisfying (9.1)
and suppose that there exists a constant K0 such that

|g(fctj)| < A0 lim sup /•-"■f
r-*0

\g(i + & 7,)\dÇ,

J\('\<r

V(fcr,)E (R„\B)X

R^,

(9.2)

vvAereA is a null projection set.
Then the conditions stated in Theorem 2 are necessary and sufficient in order

that Sg should map WXj,(Q)minto 7,(0).
Proof. We have to verify only the sufficiency of the conditions. In view of
(9.2) it is clear that (2.3) or (2.4) hold everywhere in (Rm \ B) X RmN.
Therefore by Theorem 5 these conditions are sufficient.
Theorem 7. Suppose that g: R X RN -> R is a Borel function satisfying (9.1),
such that g(£, • ) is continuous in RN for a.e. | in R. Then the conditions stated
in Theorem 2 are necessary and sufficient for Sg to map WXj)(Qi)into Lr(0).

Proof. Again we have to verify only the sufficiency of the conditions
stated in Theorem 2. The continuity of g with respect to tj implies that (2.3) or
(2.4) holds everywhere in (R \ B) X RN, where A is a null subset of A.
Therefore, by Theorem 5 these conditions are sufficient.
We conjecture that the result of Theorem 7 holds without the assumption
that g is continuous with respect to tj. At present we have established this
conjecture in the case N — 1. However the proof is rather lengthy and we
shall not present it here.
The second problem that we wish to mention is that of the continuity of the
mapping Th. It is known that if A G CX(R„,) and A satisfies the conditions of
Theorem 1 then Th: WXj,(ü)m-» WXj,(Q) is continuous. However, if m — 1,
the assumption that A G Cx(Rm) is not necessary. Indeed, in [6] we showed
that, if m = 1, Th is a continuous mapping of 1^,^(0) into Wxr(0) whenever
A satisfies the conditions of Theorem 1. The question of whether this result is
valid when m > 1 is still unresolved.

10. An additional result concerning the mapping Th. In this section we
consider superposition mappings of the type (1.1) where A depends also on
the space variable x. As before we shall assume that 0 is a domain in RN
satisfying the cone condition.
Let A be a real function on 0 X Rm and set

(T„u)(x) = A(x, u(x)),

Vx G 0,

(10.1)

for every Am-valued function u in 0. We shall present below an extension of
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the sufficiency part of Theorem 1 for mappings of this type. The sufficient
conditions are quite general and they may provide a good indication of the
type of conditions that are also necessary in order that Th should map
WXp(ti)minto Wxr(0). However the problem of obtaining a full extension of
Theorem 1 to mappings of the type (10.1) is still unresolved.
The following notations will be used: Dxv will denote the distribution
derivative with respect to x, of a function v in 71,oc(0); 9F/9£,

will denote the

(classical) partial derivative with respect to £, of a function V in Rm.

First we bring,
Lemma 5. Let 0 be bounded and let p, r be two numbers such that either
1 < r < p < oo and p ¥= N or r = p = 1. Suppose that A is a real function on
0 X Rm satisfying the conditions:
(i) «(-, I) G Whr(Q)for every £ in Rm.
(ii) A(x, • ) is locally Lipschitz in Rmfor a.e. x in 0.

In addition, ifp < N assume that:
(iii) There exists a countable set E, dense in Rm, such that

\Dxh(x, i)\ < f(x) + b\£\q/r,

V| G E, a.e. x in 0, i - 1.N,

where f E 7r(0), b is a constant and q = Np/(N

(10.2)

—p).

(iv) For a.e. x in 0,

|(9A/9£,.)(x,i)\ < f*(x) + A*|£f,

a.e. in R„, i - 1.m,

(10.3)

where f* E 7,(0) with s = pr/(p — r), b* is a constant and v = N(p —
r)/(r(N —p)). (The exceptional null set in R„, where (10.3) does not hold may
vary with x.)
If p > N or p > 1 and A = 1, assume that the following conditions hold for
every a > 0. (Here E and s will be as before.)

(iii)' There exists fa E 7r(0) such that

\Dxh(x, £)\ < fa(x),

/=1,...,A,

(10.4)

for every £ in E such that |£| < a and a.e. x in 0.
(iv)' Fore a.e. x in 0,

|(9A/9£,.)(x, |)| < % (x),

a.e. in {£ G Rm: ||| < a}, i = 1, . . ., m,

(10.5)
whereft E 4(0).
Under these assumptions Th maps WXj)(ü)m into W, r(0) and the mapping is
bounded. Furthermore, the following pointwise estimates hold for u G WXj>(ß)m.

Ifp<N

then

|7>(x)| < const(|A(x, 0)| +/*(x)|u(x)|

+|u(x)r+1);

IA,(7Au)(x)| < const([/(x)| + |u(x)|*/' + (f*(x) +|u(x)f)|^.u|),

(10.6)
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a.e. in 0, i = 1, . . ., A. Ifp > N or p > 1 and A = 1, and ess supß|u(x)| < a
then

\Thu(x)\ < const(|A(x, 0)| +£(x)|u(x)|);

|^(7Au)(x)|

< const(/a(x) +£(x)|ZVi|)

(10.7)

a.e. in 0, i — 1, . . . , A. The constants depend only on m, and b*.

Remark 1. In the case r = 1, r < p the lemma remains valid if we make
the following additional assumptions:

A G C(0 X Rm); h(x, ■) is locally Lipschitz for every x in 0;

(10.3) and (10.5) hold for every x in 0 andf*,ft are finite
everywhere in 0.
Remark 2. If 0 is an arbitrary domain in RN, the assumptions of the lemma
imply that for every u in Wx¡p(Si)m,the function Thu is in 1^(0)
and

inequalities (10.6), (10.7) hold a.e. in 0. This is obtained by applying the
lemma in an appropriate neighborhood of each point x in 0.
Using this fact, together with Sobolev's imbedding theorem, we conclude
that the lemma is valid also for unbounded domains satisfying the cone
condition, provided that A(x, 0) = 0 a.e. in 0.
The lemma is essentially a consequence of [5, Theorem 2.1 and Corollary
2.1] (for the case 1 < r < p < oo) and [5, Theorem 3.1] (for the case
r = p = 1). However some details in conditions (iii), (iv) (or(iii)', (iv)') do not
formally fit in the general framework of [5]; therefore a few comments are in
order. In these comments we shall refer to Theorem 2.1 of [5] which deals
with the case 1 < r < p < oo; but they apply equally well to Theorem 3.1 of

[5] which deals with the case r = p = 1.
Conditions (i) and (ii) of the lemma are stronger than the parallel
conditions in [5, Theorem 2.1]. However condition (iii) (resp. (iv)) is weaker in
some respect than the parallel condition I (resp. II) of [5, Theorem 2.1].
In (iii) we require that the inequality holds for every ¿ in a countable dense
set in Rm, while in I it is required that the parallel inequality holds for every £
in Rm. An examination of the proof of Theorem 2.1 of [5] reveals that
condition I was used, first in order to show that A(-, ¿) G WXr(ß) for every £
in Rm (a fact which we assume in the lemma), and secondly in order to obtain
an estimate for |A(x', £) - A(x", |)|, namely inequality (2.19) of [5]. However,
for the second application, condition I was used only with respect to a dense
countable set in Rm, as we assume here in condition (iii).
In (iv) we require that the inequality holds (for a.e. x in 0) a.e. in Rm, while
in II it is required that the parallel inequality holds (for a.e. x in 0) at every
point £ where 9A/9|, exists. In the proof of Theorem 2.1 of [5] condition II
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was used in order to derive an estimate for |A(x, £) - A(x, |')|, namely
inequality (2.15) of [5]. In the special case that is considered in the lemma this

estimate will be

|A(x, £) - A(x, |')| < const(/*(x) +|{|' +|f |')|{ -f |,

| (10.8),

for all £, £' in Rm and every x in 0 \ M (M a null set), whenp < A;

|A(x, Ö - A(x, r)| < const£(x)|£ - f |,

(Va > 0),

(10.8)2

for all |, £' bounded in norm by a and every x in 0 \ M, when p > N,

where the constants depend only on m, b and b*. However (10.8), (resp.
(10.8)2) can be derived from conditions (ii) and (iv) (resp. (iv)') of the lemma,
by the same argument that was used in §7 to prove inequality (7.5).

We note that inequalities (10.6) and (10.7) follow from (10.8) (for Thu) and
from [5, Corollary 2.1] (for Dx(Thu)). Finally the statement made in Remark
1 follows from [5, Theorem 3.3] and our previous comments here. In fact the
additional assumptions mentioned in this remark are stronger than those

required in [5].
Using Lemma 5 one can derive a more refined set of sufficient conditions
for Th to map WXj)(Q,)minto WXr(ß). The next theorem gives such a set of

conditions.
Theorem 8. Let 0 be a domain in RN satisfying the cone condition and let
p, r be two numbers such that either 1 < r < p < oo and p ^ N or r = p = 1.
Suppose that A is a real continuous function on 0 X R^ satisfying conditions (i)
and (ii) of Lemma 5. If il is unbounded suppose also that h(x, 0) = 0 everywhere
in 0. Further, ifp < N, suppose that there exist
a bounded sequence {f„} in 7r(0),

a bounded sequence {ff}

in Ls(ti) with s = rp/ (p — r),

an increasing sequence of open subsets of il, say {0„},

such that

(A) v E I*V(0)<=>v E WU(W)where0' = U T 0«.
(B) A satisfies conditions (iii), (iv) of Lemma 5 in every set 0„, with f and f*
replaced by fn and ft and with constants b and b* independent of n.
Finally, if p > N or p > 1 and A = 1, suppose that for every a > 0 there
exist sequences {fna} and {fta} as before such that (with {0„} as before) A
satisfies conditions (iii)', (iv)' in every set 0„ with fa,ft replaced by f„ya,fta.
Suppose also that condition (A) holds.
Then Th maps WXj>(il)minto Wx r(0) and the mapping is bounded.

It is known that, if r > 1 and the set 0 \ 0' is (1, r) polar and (1, r') polar,
then condition (A) holds (see e.g. [3, p. 22]).
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Proof. Let u G WXj,(H)m.Applying Lemma 5 and Remark 2 to each of the
sets Q„, n = 1, 2, . . ., we conclude that TAuG 1^(0')
and that TAu
satisfies the inequalities (10.6) or (10.7) with 0,/,/* . . . replaced by
il„,f„,f* . . . . Note that the constants appearing in these inequalities will be
independent of n. Further, applying Sobolev's imbedding theorem to the
space WXj!(Sl)and using (10.6) or (10.7) we conclude that Thu G Wxr(0') and

|| T„u\\Wtm < const(l + ||u|k>r),

ifp < A,

\\Thn\\wUv)< c011^1 +IMk„<ar)>
ifp >Norp > landA=

1.

(10.9)

Finally, in view of condition (A), TAuG Wxf (0).
Remark 3. Using Remark 1 it is easily seen that the result of the theorem
remains valid in the case 1 = r < p < oo if we assume the additional
conditions mentioned in that remark.
Appendix. The purpose of this Appendix is to give a proof of Lemma 3
(§4). First we introduce some notations. Let k, N be two positive integers,
k < N. If x — (x„ . . ., X/y)is a point in RN we shall denote it also by (x', x")
where x' = (x„ . . ., xk) and x" = (xk+x, . . ., x^).
Lemma 3 is a consequence of the following more general result.
Proposition.

Suppose that f is a measurable function in RN such that

/(•, x") G 7¡oc(A;t) for a.e. x" in RN_k. Let Px„ denote the set of regular
Lebesguepoints of f(-, x") and set P = U {Px-: x" G RN_k}. Then P is a set
of total measure in RN.

Remark. This proposition is probably known, but we do not know of a
reference for it in this general form. (In the case where / is the characteristic
function of a measurable set, a proof can be found in [8].) Therefore we give
its proof here.
Proof. For a.e. x" in RN_k, Px» is a set of total measure in Rk. Therefore,
to prove the proposition we have to show only that P is measurable. Given
p < 0 and x in RN, set

A(x, p) = H(B'(x, p))~Xf

JB'(x,p)

where B'(x, p) = {yGA^:|y
the form

f(y, x")dnk(y)

(A.1)

— x'| < p}. This formula can be rewritten in

F(x, P) = ck f f(x' + py, x")dtik(y),

(A.2)

where B\ is the unit ball, centered at the origin, in Rk and ck ' is the volume
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of B'x.The function/„: RNXRk^R

given by/p(x', x",y) = f(x' + py, x")

is obviously measurable, for every p. Therefore, applying Fubini's theorem to
the positive part and the negative part of /p, we conclude that F(-, p) is
measurable in RN, for every p > 0. Therefore the set

Q=

x G RN:f(x) =

lim

A(x, p)

p rational

is measurable. Obviously Q D P; but if x" is a point in RN-k such that
/(•, x") G Lxloc(Rk)then A(x, • ) is continuous for p in (0, oo) and so
ßx» = {x'GA,|(x',x")Gß}=Px„.

Since this equality holds for a.e. x" in RN_kit follows that Q \ P is a null set
and hence that P is measurable.
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