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ON NATURAL RADII OFp-ADIC CONVERGENCE

BY

B. DWORK AND P. ROBBA

Abstract. We study the radius of /»-adic convergence of power series which

represent algebraic functions. We apply the/>-adic theory of ordinary linear

differential equations to show that the radius of convergence is the natural

one, provided the degree of the function is less than/). The study of similar

questions for solutions of linear differential equations is indicated.

Introduction. It is well known classically that if a power series £ in one

variable represents an algebraic function (resp., a solution of an ordinary

linear differential equation with analytic coefficients) then the series | con-

verges at least up to the nearest singularity as given by the coefficients of the

polynomial equation (resp., differential equation) satisfied by £. The example

of the binomial expansion

t-2(;),vr-(1-">""'

shows that this is not the case/>-adically.

Scott Brown [1] has shown that this/>-adic failure to converge in the natural

disk cannot occur in the algebraic case if p exceeds a suitable exponential

function of n, the degree of £. Following methods developed for the />-adic

study of linear differential equations [9] we have given a new proof of

Brown's result and show furthermore that his exponential function of n may

be replaced by n itself. (For a precise statement see Theorem 2.1 below.)

Our result may best be explained in relation to Eisenstein's theorem [4, p.

327] concerning elements of Q[[x]] which represent algebraic functions. For

each prime p of Q we consider the p-adic Gauss valuation of Q(x) (the

residue class field is the field Fp(x) of rational functions over the field of p

elements). Let AT be a finite extension of Q(x) of degree n. Trivially, this

p-adic valuation of Q(x) is unramified in K for almost all p. This is the main

point of Eisenstein's theorem. Trivially again nontame ramification is ex-

cluded if p exceeds the degree n of K over Q(x). This is the basis of the

present refinement (3.1.3.1) and (3.1.3.2) of Eisenstein's theorem, since the

correct formulation of Brown's theorem is that p-&dic failure to converge in
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the natural disk is associated with ramification and indeed can only occur in

the event of wild ramification.

For completeness we give yet another proof of Eisenstein's theorem based

on Newton's lemma as applied to Q((x)). Here we followed a suggestion of

Katz.

Finally we give a brief discussion of the question of nonnatural radii of

convergence for solutions of ordinary linear differential equations. Our results

are inconclusive.

1. Fields of analytic functions. Let ß be an algebraically closed field of

characteristic zero, complete under a nonarchimedean valuation with residue

class field of characteristic/?.

We choose an arbitrary "open" disk in ß, say D(t, 1~) = {x| |x — t\ < 1}

in ß. Let W be the ring of bounded analytic functions on D(t, \~) taking

values in ß. We introduce a valuation

||„||=     sup     |t>(x)| (1.01)
j£ß((,r)

on W. Let M be a field contained by the ring W. Thus v G M implies that v

has neither zero nor pole in D(t, 1 ~) and hence [8, 3.3.2]:

|o(/)| =|o(x)|,       Vx E D(t, I"). (1.02)

This shows that

|»(0|-H.       Vu EM. (1.03)

This remains valid if we replace M by its completion in W. We shall in the

following assume M to be complete.

The field M may be imbedded in O,, the ring of germs of holomorphic

functions at / and equation (1.03) is equivalent to the assertion that "||o|| may

be calculated by taking the valuation (in ß) of the specialization at t of the

germ corresponding to v".

If now v is algebraic over the field M, say

i" + a/-' + • • • +an = 0 (1.04)

with each a, E M and an =£ 0, then since all the a¡ are analytic at /, the same

holds for the solutions. Thus we may view v as an element of O, and indeed

we may imbed the algebraic closure M*** of M in O, and v —» \v(t)\ represents

a valuation of M* which extends by (1.03) the valuation of M. Since M is

complete this valuation must be the unique valuation of M*1* extending the

valuation of M. We summarize

1.1 Lemma. The field M*1* may be imbedded in O, and the valuation on Mút

may be calculated by applying equation (1.03) to elements v G M*18. In particu-

lar v(t) = 0 only if v is the zero element.

We may now state the central lemma of this note.
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1.2 Lemma. Let M0 be a complete subfield of W. Let M be an extension of

M0 of degree n prime to p. Then M (as subfield of M^s and hence by the

previous lemma identified with a subfield of Ot) lies in W, i.e. each element of

M converges on the disk D(t, l~). This is automatically valid if p = 0.

Proof. By Ostrowski's defect theorem [7].

n = eß (1.2.1)

where e is the relative ramification, / is the residue class degree and 8 is the

defect. Since 8 is a power of p, clearly 5=1 and/is prime top. This shows

that the residue class field M of M is a separable extension of Mq, the residue

class field of M0. Thus we have an inertial subfield T with T over M0

unramified and M totally and tamely ramified over T. It is enough therefore

to consider these two separate cases.

Case 1. M/M0 unramified. Since M is separable over Mq, we have

M = M0(u) and the irreducible monk polynomial g for ¿7 over M0 has monk

lifting g of same degree and g has root u in Mq 8 whose residue class coincides

with Ü. Furthermore,

M = M0(u). (1.2.2)

Since g is separable, the roots uv u^, .. ., u„ of g he in distinct residue classes

in A/"18, i.e.,

\\U¡ - Uj\\= 1 - 80       Vi,j (1.2.3)

and so, by (1.03),

h(')-",(0|=i-«(l,     v/,;. (1.2.4)

Now «,(/), ..., «„(/) are the n roots of g(t,y), i.e.,

g(t,y)= ïï(.y-K,.(0) (1.2.5)
¿-i

and so

gy{t, u,(t)) = ñ|«,(/)-»%</)|. (1.2.6)
i-2

Thus by (1.2.4) we have

g(t, ux(t)) = 0,

1*0,11,(0)1-1. (1.2.7)
Fix r < 1, view g(x,y) as polynomial in>> with coefficients in Wf, the ring of

bounded analytic functions on D(t, r~). Letting || ||r denote the supremum

norm on this disk,

||g(x, «,(0)t < r < 1,

|M*. «,0))||, - 1- (I-2-»)
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Thus we view v0 = ux(t) as an approximate solution in W¡ of the equation

g(x,y) = 0 (1.2.9)

and we define recursively

Vs+i - », - g(x, vs)/gy(x, vs) (1.2.10)

and show that || gy(x, vs)\\r = 1 for all s and that the limit vs = v, an element

of W* which satisfies the equation

g(x,t>) = 0,       0O)-«i(O> (1.2.11)

These conditions uniquely characterize t> and hence letting r -» 1, we con-

clude that m, (= v) converges in D(t, l~) as asserted.

Case 2. M/M0 totally and tamely ramified (we do not assume that MQ is

discretely valuated).

It is well known [10, p. 64] that M is a radical extension of Af0, i.e., there

exists a sequence of fields

M = Mv D M0_, D • • • D M0 (1.2.12)

such that for i = 0, 1, . . ., v — 1, there exist /?, £ M¡ and /t, divisor of n for

which

M.+x - M&ß,)1'*). (1.2.13)

Thus we may reduce to the case in which

M = M0(b1/") = M0[b^n] (1.2.13)'

with b G M0.

We use (1.02) to conclude that b(x)/b(t) is an element of W bounded by 1

on D(t, 1 ~) and taking the value 1 at x = /. Thus z = b(x)/b(t) - 1 is

represented by a power series in (x — t) with no constant term and

coefficients bounded by unity. Consequently,

|z(x)| < r       Vx E D(t, r~). (1.2.14)

On the other hand, l/n GZp since/? \ n and hence the series

(\ + z)l/n= 2 (l/n)zs (1.2.15)
s-o\    s    I

converges for \z\ < 1. Writing

(b)l/n = (&(0)I7"(1 + z)W" (1.2.16)

it is now clear from (1.2.13)' that M lies in W.

2. Theorem of Brown. Our object is to describe the p-&dic radius of

convergence of a series representing an algebraic function. Following Brown

we proceed with a little more generality.
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2.1 Theorem. Let K be a field of characteristic zero with nonarchimedean

valuation and residue class field of characteristic p. Let

fiy) = A0y* +■■■ +AnG K[[x]][y] (2.1.1)

be a polynomial in y of degree n with coefficients Aj G AT[[x]] and which lie in

the ring H of functions analytic on D(0, 1+) (= {x| |x| < 1}). Suppose f and fy

are relatively prime in H[y] and that at each x0 G D(0, l~) (except possibly at

x0 = 0) the equation

f(y) = 0 (2.2)
has n distinct locally analytic solutions. Then the solutions of (2.2) at x = 0 are

of the form

y = x-m/c|(x1/c) (2.3)

where m £ N, c is a positive integral divisor of n\ and i is a power series with

coefficients algebraic over K. The point is that the radius of convergence of £ is

at least unity if p is either zero or strictly greater than the degree n.

Notes. (1) The result is independent of the choice of the extension of the

valuation of K to the valuation of K^.

(2) There is no need to assume that the A} he in H; convergence and

boundedness in D(0, 1 ~) are sufficient as it is enough to show that £ E

(D(0, r~)) for each r < 1.

(3) Regardless of p, if £ converges on D(0, r~) (r < 1) then £ is bounded on

D(0, r~). In general, a function y algebraic over H is bounded on its domain

of convergence. Thus, in particular, if £ converges on Z>(0, 1~) then it is

bounded there.

Proof. We view / as a polynomial in y with coefficients in K^^x)). Let c

be the degree of the splitting field of / over this field. Then c divides n! and

the spitting field is, in fact, K^x1^)). This explains the form of (2.3).

We imbed the field K in a complete field ß containing an element t whose

residue class is transcendental over K, the residue class field of K. The

restrictions to D(t, 1~) of the coefficients AQ, . .. ,Am generate over Q a

subfield of the ring W of analytic bounded functions on D(t, \~). We take

M0 to be the completion of that field under the valuation of W (§ 1). We apply

Lemma 1.2, noting that / need not be irreducible over M but that its

irreducible factors have degrees strictly less than p. We conclude that the

solutions at / of (2.2) he in W.

We will use a previously employed procedure [9, Lemma 4.25] to transfer

this information to the origin. We replace x by xc and y by x"y where v is a

sufficiently large integer. With these changes, each solution at t of (2.2)

remains in W but now we are sure that at each x0 E D(0, 1~) (including

x0 = 0) equation (2.2) has n distinct analytic solutions.
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If v is an arbitrary solution of (2.2) then the derivation d/dx of the

quotient field H0 of H may be extended to the field H( y) and indeed, letting

X = (l,v, ....v"-1), we have

f-XG (2.4)
where G is an « X « matrix with coefficients in H0; the singularities of the

coefficients in D(0, 1 ~) he among the zeros of A^ (A = discriminant of fiy))

inZ>(0, 1_).

We deduce from (2.4) that for each s G N there exist Gs, an n X n matrix

with coefficients in H0 and singularities in D(0, 1~) among the zeros of Açk,

such that

l^-XG,. (2.5)

Since (2.2) has n solutions in W, equation (2.4) has a solution matrix at /

which lies in W. It follows that

IG.U--0O)   asj-*oo. (2.6)

The symbol on the left denotes the supremum of the values assumed at t by

the coefficients of Gs.

By hypothesis for each x0 E D(0, 1~) there exists a locally analytic solution

matrix V (depending upon x0) of (2.4). Thus

1  d*V
s\ dxs

= VG.

which shows that VG, is analytic at x0. But (det V) V 'is also analytic and

hence

det V- Gs is analytic at x0. (2.7)

Now det V is the wronskian with logarithmic derivative equal to the trace of

G. This shows that (det F)(x0) = 0 for only a finite set of x0 E D(0, 1 ~) and

that the zeros are of uniformly bounded order. It follows that there exists a

fixed polynomial P G K[x] such that PGS has no pole in D(0, l~) for any

s G N.

Fix b £ D(0, 1~), such that P(b) ^ 0. By the maximum principle,

P(b)Gs(b) is coefficient-wise bounded by \P(t)\ iGjg,^ = 0(1). A solution

matrix of (2.4) at b is given by

S Gs(b)(x - bY (2.8)

which clearly converges for x £ D(b, 1 ~) = D(Q, 1 ~). The theorem of Brown

now follows, taking into account that we have changed the exponent c in

equation (2.3).
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3. Theorem of Eisenstein

3.1 Theorem. Let f £ Z[x,y] be a polynomial of degree n with coefficients in

Z[x],

f(x,y) = A0y" + A,y"-1 + ■ ■ ■ +A0 (3.1.0)

with A (EZ[x]) as discriminant. Let S be the set of zeros of Açà other than

x = 0. For each prime p, let 0^(0, S) be the distance between the origin and the

set S, the distance to be measured in any valuation o/Q"18 extending p. Let

€- fbjX>eQ[[x]] (3.1.1)
y-o

be a formal solution of

fix, £) = 0. (3.1.2)

There exist integers m, m0 such that

m.ybjmJ G Z (3.1.3)

for all j G N. We may choose m such that its prime divisors satisfy one of the

two conditions

p <n, (3.1.3.1)

dp(0,S)<l. (3.1.3.2)

(These restrictions on m seem to be new.)

Proof. It follows from Brown's theorem that £ converges /»-adkally in

D(0, 1~) unless/) satisfies conditions (3.1.3.1), (3.1.3.2). In any case £ has at

each p a nontrivial radius of convergence (for example, by Clark [2], as the

solution of a linear differential equation with rational exponents). Thus we

may choose m with prime factors as indicated such that

£(wx) converges in D(0, l~) for every/?. (3-1.4)

It only remains to choose m0 such that

m£(mx) is bounded/»-adically by 1 in D(0, l~) for each/?.     (3.1.5)

To prove this, it is simplest to suppose that / has been transformed so that

(3.1.4) holds with m — \. For almost all/» we have

Molgauss = I. I4L- < 1 0' = 1, 2,..., n).

It follows that, for x E D(0, 1 ~), \Aj(x)\ < 1 (j = 1,2, ..., n) and that

l^o(*)|-*l ^ 1*1-»1 from below. By (3.1.0) it follows easily that |£(x)|

approaches an upper bound less than or equal to 1 as |x| -» 1. This shows that

£ is bounded by 1 on D(0, l~) for almost all/». It is bounded on D(0, 1~) at

the remaining primes and hence equation (3.1.5) follows for a suitable choice

of mQ. This completes the proof.

Of course this does not characterize algebraic functions. The example
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F(\, \; 1; X) shows that radii of convergence cannot characterize such func-

tions. Christol [3] has studied (and characterized) algebraic elements (i.e.

uniform limits on D(0, 1~) of algebraic functions). The same example shows

that a power series may represent an algebraic element for almost all p

without representing an algebraic function.

Notes. (3.2) One may obtain (3.1.4) (without any interpretation of the

divisors of m) by noting that, for almost all/», A(/) is a/»-adk unit and hence

for almost all p if z is algebraic over Q(t) and /(/, z) = 0 then fy(t, z) is a

/»-adic unit. By Newton's lemma this implies that the solutions of fix, y) = 0

at / converge in D(t, 1~) for almost all />. This then gives a proof of

Eisenstein's theorem without using Brown's theorem.

(3.3) A different proof of (3.1.4) may be based upon the existence of

Frobenius structure "for differential equations arising from algebraic geome-

try". The essential principles may be found in Katz's article [6, Proposition

3.1].

(3.4) For/» satisfying (3.1.3.1), (3.1.3.2) one may find upper bounds for the

power of/» which divides m. Such bounds would be based upon the ramifica-

tion of the/»-adic gauss valuation of Q(x) in the splitting field of/over Q(X).

(see §§6, 7).

(3.5) We state without proof the generalization of (3.1) to the case of an

algebraic number field K.

Let/(given by (3.1.0)) he in K[x,y]. Let A £ K[x] be the discriminant. Let

S (C Qú% = A'8'8) be the set of zeros of A^, excluding x = 0. For each

prime to of K, let d^O, S) denote the distance between the origin and the set S

measured in any valuation of AT*18 extending to. Let £ as given by (3.1.1) he in

K[[x]] and be a formal solution of 3.1.2. Then

for almost all to,   ord„è, > 0   for ally £ N, (3.5.1)

for fixed to,   ord„¿>, = 0(1)   asy'-x», (3.5.2)

unless either

to divides/»,   p rational prime,/» < n, (3.5.2.1)

4,(0, S)<1, (3.5.2.2)

for arbitrary to,    (ord„è,)//= 0(1)   asy'-^oo. (3.5.3)

4. Proof of Eisenstein's theorem based on Newton's lemma. Let/ be as in §3

and let £ satisfy (3.1.1), (3.1.2). We may assume that

fy(x, £) - V1 + (*I+')>       h * 0, (4.1)

but we may not assume that

fy(0, a0) * 0.
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We choose

i70 = a0 + axx + • • - +a2jx2i = £ mod x2**1. (4.2)

Replacing x by mx if necessary, we may assume that a0, ax,.. ., a^ G Z. We

now have

/(x.^^Omodx2*-1,

fy(x, tjo) m box' mod xs+\       b0 * 0. (4.3)

Hence by Newton's lemma for Q((x)) we know that fiy) = 0 has a unique

solution £ satisfying (4.2) and that this solution is the limit (in the x-adic

topology) of the sequence tj. constructed recursively (starting with tj„) by

Vj+i = Vj - f(x, -n^/fyix, tj,.).

Clearly fy(x, r0 =b0xs(x*+l) and by induction one shows that only powers

of b0 appear as denominators in the series representation of tj.. Furthermore,

one checks that the coefficient of xs+J has at worst b\{ in the denominator.

This completes our sketch of a proof of the usual form of Eisenstein's

theorem.

Note. If we exclude (3.5.2), then the extension of Eisenstein's theorem to

algebraic number fields indicated in (3.5) above may be obtained by the

argument of this section.

5. Linear differential equations. Let

1 = Dn + axD"-x + • • • +an       (D = d/dx)

be a linear differential operator whose coefficients a, are bounded analytic

functions on D(0, 1_). Let /£ = 0, £ a germ of analytic function at the origin.

We are interested in the case in which £ fails to converge in D(0, 1 ~). The

example exp X suggests a false conjecture.

5.0 False Conjecture. The solution £ is, for each r < 1, algebraic over the

ring W¿fi of functions analytic and bounded on D(0, r~).

5.1 Lemma. The conjecture is true for n = 1.

Proof. / = D + a,. Let

- *i - S b¡X\       ord bj > Yo,       V/ £ N. (5.1.1)
y-0

If £ is a solution then

£*' = exp/»"f jl-rbjXJ+K (5.1.2)
j-oJ + 1

We recall that there exists y > 0 such that

ord y < y logy       V/ E N. (5.1.3)
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We consider the disk

ordx>e>0 (5.1.4)

and calculate

Inf (je - ordy) > Inf (je - y logy) > y(l + log e/y).
yeN y>i

For each e we may choose v such that

1
Yo + " + y0 + 1°S e/y) > p-\

and so (?' converges on the disk (5.1.4).

5.2 Lemma. The conjecture is false for n = 2.

Proof. We again [5, §7] consider the confluent hypergeometric series

<P(*,c,x) = 2^ff. (5.2.1)

Letting c = \/p", we consider <p(a, c, c(l — x)) which satisfies the linear

differential equation

La,y = p'(l - x)D2 - xD - a. (5.2.2)

There is a unique formal solution x~"V where

V=  f (-*rmBJ*)m, (5-2.3)
m-0

the Bm being given by the generating function

(1 + p'z)-l-'exp(-z + /»-log(l + p'z)) = 2 Bmzm.      (5.2.4)
m-0

It follows that, for a fixed \a\ — 1 (a not necessarily in Zp) and with suitable

v, there exists e > 0 such that F converges for

|x| > 1 - e. (5.2.5)

We choose a real number r and a point b such that

1 > r > \b\ > 1 - e. (5.2.6)

Since Lar has no singularity in D(b, 1~), the solution

£ = x-"F (5.2.7)

at b is conjecturally algebraic over JF¿'° (= ring of functions analytic and

bounded in D(b, r~)). Let T be the annulus

r= {x|l - e<|x|<r} (5.2.8)

and let Wv denote the ring of bounded analytic functions on T. Clearly

WT d W^° and hence conjecturally £ is algebraic over WT. However V E WT

and so the conjecture implies that x~" is algebraic over W&.



ON NATURAL RADII OF /»-ADIC CONVERGENCE 209

We show that this cannot be true if a £ Q. Let tj = x" and consider the

irreducible monic polynomial for x~a over the quotient field of WT. We write

this in the form

B0t}s + Brf-1 + • • • +B,_xr] + 1 = 0. (5.2.9)

There exists a possibly smaller annulus T, such that each B} G WT¡. By

definition

x^ = an (5.2.10)

and hence

(xB'0 + saB0)r,> + ■■■ + (xB,'_, + aBs_x)V = 0. (5.2.11)

Since s is minimal in (5.2.9),

xB'0= -saBo, (5.2.12)

but since B0 G WT, B0 may be represented by a nontrivial Laurent series,

and hence sa G Z, i.e., a E Q as asserted.

It is not clear that a counterexample is given by this example with

a G Q n Zp.

6. Wild ramification. Our object is to examine Lemma 1.2 in the case of

wild ramification. Thus we again let M0 be a field of functions analytic on a

disk D(t, 1 ~), complete under the natural valuation provided by the supre-

mum norm. We consider a totally ramified extension M of degree q = pc. We

introduce two hypotheses:

(6.01) the valuation of M0 is discrete;

(6.02) there exists a chain of intermediate fields M0 c Mx c • • ■ C Mc =

M such that deg M¡/M¡_x = p for i = 1, 2,..., c.

6.1 Lemma. If M is a totally ramified extension of M0 of degree pc satisfying

conditions (6.01), (6.02) then each element of M converges in the set

ord(x - t) > c + 1/ (/» - 1). (6.1.1)

To carry out an induction proof we introduce a slightly stronger statement.

6.2 Lemma. For each nonzero element 9 of the field M (of Lemma 6.1) and

for ord(x — t) > c + \/(p — 1) we have

OTd(9(x) - 9(t)) > ord(x - /) + ord 9(t) - c (6.2.1)

Proof. The assertion is trivial for c = 0 and so it is sufficient to suppose

both lemmas valid for M and to consider AT, a ramified extension of M of

degree/». We verify the corresponding assertions for M'.

Let c be the ramification of M, i.e., if w is prime element of M then

ord w = l/e, it being understood that ord/» = 1.

Let u be a prime element of M' so M' = M(u) and u is root of an
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Eisenstein polynomial

/(x,y) =/(v) = y" + Axy"~1 + • • • +Ap_xy + Ap G M[y]  (6.2.2)

where

ord ,4, = l/e,

ord A, = IJe,       /,. > 1       (i - 1, 2,...,/» - 1). (6.2.3)

We will show that u (EO, by Lemma 1.1) satisfies the conditions

w converges for ord(x — /) > c + 1 H-——. (6.2.4.1)

oxd(u(x) - u(t)) > ord(x - t) - (c + 1) + — (6.2.4.2)

(x being as in (6.2.4.1)).

For tj E M' we have

p-\

tj = 2 Gju> (6.2.5)
y-o

with Gj:G M (j = 0, 1, ...,/» - 1) and

ord Tj(i) < ord Gj(t) + j ord «(0- (6.2.6)

The proof of Lemma 6.1 would follow from (6.2.5), (6.2.4.1) and the induc-

tion hypothesis for M. The proof of Lemma 6.2 would follow from (6.2.5),

(6.2.6), (6.2.4.2) and the induction hypothesis for M. Thus it is enough to

verify (6.2.4.1), (6.2.4.2).

We write u(t) = $ Gil. Hence,

fit, £) = 0. (6.2.7)

We write

fix, £ + z) = zp + Bp_xzp-X + ■ ■ ■ +Bxz + Bq. (6.2.8)

The left side is the same as

fix, £ + z) - fit, £) = (z + £>» - ¥ + 2 {Ap-,(x)(t + z)' - A^Me }
Í-0 '

and so

p-\

B0 = Ap(x) - Ap(t) + 2 fH-/W - Ap-M)- (6-2-9-l)
1—1

p-i

Bi = Pt"-1 + 2 ^-if»/*'-1, (6.2.9.2)
/-i

B< = t^)1"-' + % A>-W( /)*'"'       (/ = 2' 3> •••-/' - !)•    (6-2.9.3)
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The verification consists of two parts. We fix x such that

ord(x - 0 > e + 1 + —l—r ; (6.2.10)

we consider the convex closure (Newton polygon) of the points {/', ord B¡(x)}

(Bp = 1). We show that the first side joins the first two points, i.e.,

(0, ord B0(x)), (1, ord Bx(x)), that all the other points he strictly above this

first side and that the first side has negative slope. In particular we will show

ord B0(x) - ord Bx(x) > ord(x - t) - (c + 1) + \/pe.    (6.2.11)

The equation of the line joining the first two points is

Y = ord B0(x) + X(ord Bx(x) - ord B0(x))

and so we assert that subject to (6.2.10); we have

ord B¡(x) > ord B0(x) + /"(ord J?,(x) - ord B0(x))       (i = 2, 3,

From (6.2.9.1), (6.2.10) and the induction hypothesis for M we have

ord B0(x) > - + ord(x - t) c>i + i+ _L_
e p — 1

..,/»).

(6.2.12)

(6.2.13)

Likewise from (6.2.9.2) we have

ord .8,(x) = Infi 1 +
>-i *-;
-,  inf
pe       ¡-i

0 - O
pe

+ ord i + ord A ,-,(')])•

(6.2.14)

(Of course ord i = 0 in this equation, we retain this term as well as the ordQ

term in (6.2.16.2) below to indicate in (6.2.16.2)' the difficulty in treating an

extension of degreepc without intermediate fields.)

It follows from (6.2.13) that to prove (6.2.12) it is enough to show that

ord B¡(x) > i ord Bx(x) - (i - 1)
1      , 1-+ 1 +--
e p — 1 (2 < i < /»).

(62.15)

It follows from (6.2.9.3) that (6.2.15) is valid for 2 < / </> if both

(2 </</» - 1),— > i ord Bx(x) - (/ - 1)
pe

1      , 1-+ 1 +-
e p - 1

and

ord(5)+ord^_f0)
s — i

pe
> i ord Bx(x) - (i - 1)

(6.2.16.1)

1-+1 +
e p — 1

V2 < i < s < p - 1.

(6.2.16.2)
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To verify (6.2.15) for i = p, we need

(/» - l)íl + -e + —rj) >P ord 5i(*)- (6.2.16.3)

It follows from equation (6.2.14) that

ord Bx(x) < 1 + P-^- = S^ll(\ + —i— + -), (6.2.17.1)
1 pe p    \       p - I      ef

ord Bx(x) < ^—!- + ord AB_, + ord s,       2 < s < p - 1.       (6.2.17.2)
pe p

By means of this last relation, equation (6.2.16.2) is certainly valid if

o > o - i) ord51w_(1+£_l)]_i^j+ordJ_ord(J)(

2 < i < s < p - 1.

(6.2.16.2)'

Equations (6.2.16.1), (6.2.16.2)', (6.2.16.3) are all direct consequences of

(6.2.17.1). This completes the verification of (6.2.15) and hence of (6.2.12).

Note. In equation (6.2.16.2)', ord s = 0 = ordQ. The purpose of condition

(6.02) is to make it possible to discard these terms.

Finally equation (6.2.11) follows directly from equations (6.2.13) and

(6.2.17.1).
We have thus shown that for each x in the disk (6.2.4.1) the Newton

polygon for (6.2.8) has a distinguished first side of projected length one and

of predicted slope. The lemma follows without difficulty.

7. Inseparable residue class field. To discuss this topic briefly we put

ourselves in the induction part of the proofs of §6.

Lemma. Let M be a field of analytic functions on the disk ord(x — t) > c +

\/(p — 1) with the property that for each x in the disk and each 9 E M, 9 ¥= 0,

we have

oid(9(x) - 9(t)) > ord(x - 0 - c + ord 9(t).

We further assume that M has discrete valuation. Let M' be an extension of M

of degree p with residue class degree p but with M' inseparable over M. Then

M' is afield of functions analytic on the disk ord(x — i) > c + 1 + l/(/> — 1)

and for each nonzero v E M ' and each x in this disk we have

ord v(x) - v(t) > ord(x - r) - c - 1 + ord v(t).

Proof. We know that M ' = M(u) where ¿7 is root of an inseparable

polynomial Yp + Ap = 0 over M. Thus u is root of polynomial (6.2.2) but

now ord Ap(t) = 0 (instead of l/e as in (6.2.3)). We again set £ = u(t) and we

now have ord £ = 0. We may prove the lemma by repeating all the calcula-
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tions in §6 starting with (6.2.4). We find that at each step we must drop the

terms in l/e. (The only exception is in the expression for ord A¡, (6.2.3).) The

key relations (6.2.6), (6.2.14) no longer depend on distinctness of cosets of the

valuation group, but rather on the fact that M' = M(u). This completes our

discussion of the proof of this lemma.

Corollary. Lemma 6.1 remains valid with the words "totally ramified"

removed, i.e., M is an extension of M0 containing no proper intermediate field

tamely ramified over M and which satisfies (6.01), (6.02).
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