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ON THE CONTACT BETWEEN COMPLEX MANIFOLDS
AND REAL HYPERSURFACES IN C3
BY
THOMAS BLOOM1
Abstract.
Let m be a real G°° hypersurface of an open subset of C3 and let
p e M. Let a'(M,p) denote the maximal order of contact of a one-dimensional
complex submanifold of a neighborhood of p in C3 with M at p. Let cl(M,p)
denote the sup{m e Zj for all tangential holomorphic vector fields L with L(p) ^

0 then L'°/> . . . Z>Z>(ßM(L)X/>) = 0} where /„.i„;

jo, ■■■J„ are positive

integers such that 2"_0 i, + j, = m — 3 and £.M(L) denotes the Levi form of M
evaluated on the vector field L.
Theorem. // M is pseudoconvex near p G M then a'(M,p) = cl(M,p).

Introduction. The notion of type of a point on a real hypersurface in C2 was
introduced by J. J. Kohn [12]. In [1] this notion was generalized to C. The type of
a point p on a real hypersurface M is an integer > 2 or + oo. It may be
characterized geometrically as the maximal order of contact of a nonsingular
complex hypersurface with the real hypersurface M at p. It may be characterized
algebraically as the minimal length of commutator of the tangential holomorphic
vector fields and their conjugates needed to obtain the "missing direction".
For domains D in C2 the type of a boundary point is an important invariant. For
D pseudoconvex with smooth boundary bD, Kohn showed [12] that if p E. bD is of
type m there is a local subelliptic estimate in the 9-Neumann problem of order
l/m. P. Greiner showed that this is the best possible estimate [11] (see also [16],

[18]).
Recent progress [8], [15] has established subelliptic estimates on pseudoconvex
domains in C with smooth real-analytic boundaries. The type of a boundary point
gives the best possible subelliptic estimate for (p, n — 1) forms. However it is clear
that in C (n > 2) other invariants will be needed.
The work of Diederich-Fornaess and Kohn suggests that the order of contact of
(possibly singular) subvarieties with bD at a point p £\ bD is an important invariant. (The best possible order of subelliptic estimates in the 9-Neumann problem
or even sufficient conditions in the case of Q°° boundaries are currently open
problems [5].)
In this paper we consider a real pseudoconvex hypersurface M in C3 and the
order of contact with one-dimensional complex submanifolds with M at p £\ M.
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We give an algebraic characterization of the maximal order of contact (Theorem
2.14) in terms of properties of tangential holomorphic vector fields.
We state a conjecture for M c C and the orders of contact of complex
submanifolds of any dimension. The main difficulty in proving this conjecture is
the generalization of Theorem 4.2. This theorem gives, in fact, a stronger version of
Theorem 2.14 in the special case that M is weighted homogeneous.
The methods used in this paper are somewhat different from those of [1] or [3]
which were almost entirely algebraic. Here we use results of Freeman and Nagano
[9] and Diederich-Fornaess [8] which are less algebraic.
Also Theorem 2.14 (in contrast to the results of [1] or [2]) does depend on the
pseudoconvexity of M. The example of 5.9 shows that Theorem 2.14 is not valid in
general.
The paper is organized as follows: §1 contains notation and definitions. §2
contains the statement of the main result (Theorem 2.14) and related conjectures
(2.16). §3 reviews the notion of weighted holomorphic coordinates. The idea of
weighted coordinates (see also [2], [10] and [18]) is used extensively. §4 contains a
special case of Theorem 2.14 (Theorem 4.2). §5 reduces the general case of a
pseudoconvex hypersurface in C3 to the special case handled in Theorem 4.2.
1. Notation and definitions.

1.1. Let Z be a real 6°° submanifold of an open subset U c C. Let/7 G Z.
We denote by T(Z,p) the real tangent space to Z at p and by CT(Z,p) its
complexification. We denote by Tx,0(Z,p) the subspace of CT(Z,p) consisting of
holomorphic tangent vectors and by T0,X(Z,p) the subspace of conjugate holomorphic vectors.

We let T\Z,p)

= {Re(T)|r

G TXß(Z,p)}. Th(Z,p)

is the maximal complex

subspace of T(Z,p) with respect to the canonical almost complex structure of C.
Th(Z, p) and TX,0(Z, p) are canonically isomorphic.
1.2. Let M be a real G°° hypersurface of an open set U c C. Let/7 G M. Then
Th(M,p) is of (real) codimension one in T(M,p) and Tlfi(M,p) © Tox(M,p) is of
(complex) codimension one in C T(M, p).
\JqEM TX,0(M, q) is a complex bundle which we denote by TX0(M). Analo-

gously, we have the bundles T°-\M), T(M), CT(M) and Th(M).
We consider M to be a portion of the boundary of an open set G in C. If B is a
small ball centered at p then B — M n B has two connected components, one of
which is G n B. By a local defining function p for M near p we mean a real 6°°
function defined on an open ball B centered at/7 such that

M n B = {z G B\p(z) = 0),

(1.2.1)

dp ¥-0 on M r\ B,

(1.2.2)

G n B = {z G 7i|p(z) < 0).

(1.2.3)

We may choose local holomorphic coordinates (z,, . . ., z„_„ w) centered at p
such that p has the form
p = 2 Re(vv) + R(z, w)
(1.2.4)
where R vanishes to order > 2 at p.
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1.3. Definitions.
A holomorphic vector field on an open subset U c C
vector field F which can be written in the form

F=¿s^

7=1

dZJ

where a,- G &°(U).

is a

(1.3.1)

The conjugate vector field is denoted by F.

F= ¿ 5,— .
Let Z be a real C°° submanifold

(1.3.2)

of Í7. F is a tangential holomorphic vector field to Z

if F(q) G CT(Z, <?)for all q G Z and F(?) G T'^C", <?)for all q G [/.
1.4. Let A/ be a real 6°° hypersurface of a neighborhood of a point p G C, and
let p be a defining function for M near p. Then the holomorphic vector field F is

tangential to M if, for all q £\ M,

±aj(q)^(q)
7=1

= 0

(1.4.1)

°ZJ

where Fis given in the form (1.3.1).
If one chooses local holomorphic coordinates such that p has the form (1.2.4)
then the tangential holomorphic vector fields given by

L, = (9p/9z,)(9/9w) - (9p/9w)(9/9z,)

for i = 1, . . . , n - I,

(1.4.2)

span TXi0(M, q) for all points q near p.

1.5. The Levi form of M will be denoted £M(q, T) where q G M and T G
TX,0(M, q). If L is a tangential holomorphic

vector field to M then

ZM(q,L(q)) = ([L,L],dp)(q)

(1.5.1)

where [ , ] denotes the commutator of vector fields and the brackets < , ) denote
the pairing between vectors and covectors.
Following Diederich and Fornaess [8] we will consider the Levi form on vectors
in Th(M, q). Let 77 G Th(M, q). There is a unique T G TXfi(M, q) such that

Re(r)

= 77. Then one sets £M(q, 77) = £M(q, T).

Let Z denote a real (2°° submanifold

TN(Z, q) = (77 G T\M,

andr"(Z)=

of M. Then [8] one defines

q) n T(Z, q)\tM(q, 77) = 0}

U,ez TN(Z, q).

2. The main result.
2.1. Let M be a real 6°° hypersurface of an open set U c C and let p G M. In
this section we define various numerical invariants attached to the germ of M
at p. There are three sets of invariants:
as(M,p)
(Definition
2.3); ts(M,p)
(Definition 2.6); and cs(M,p) (Definition 2.10). Each is defined for s an integer,
1 < s < n — 1. Each invariant is an integer > 2 or +oo.
The invariants as(M,p) are geometric in nature and measure the maximal order
of contact of ¿-dimensional complex submanifolds with M at p. The other sets of
invariants are algebraic in nature and depend on properties of tangential holomor-

phic vector fields.
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We conjecture (see Conjecture 2.16) relations between these invariants. This
conjecture has been proven in the case s = n — 1 in [1], [11] (see Theorems 2.12
and 2.13). That is, the equivalence between algebraic and geometric characterizations of the maximal contact between complex (nonsingular) hypersurfaces and
real hypersurfaces has been established.
In this paper we prove (Theorem 2.14) that ax(M,p) = cx(M,p) for M pseudoconvex in C3. This result establishes equivalence between algebraic and geometric
characterizations
of the maximal contact between lower-dimensional
complex
submanifolds and real hypersurfaces (see also [6]).
The proofs of Theorems 2.12 and 2.13 are almost entirely algebraic. The proof of
Theorem 2.14 is less so and relies on work of Diederich and Fornaess [8] and
Freeman and Nagano [9].
2.2. Definition. Let M be a real C°° hypersurface of an open set U c C and
p G M. Let p be a defining function for M near p. Let A' be a complex submanifold
of a neighborhood of p with p G X. We define X to have contact of order r with M
at p if the restriction of p to X, p\X vanishes to order r at p.
The order of contact is independent of the choice of defining function for M.
2.3. Definition. For s an integer, 1 < 5 < n — 1, we set
as(M,p)

= sup{r\ there exists an j-dimensional
submanifold

complex

X with contact of order r with M at/?}.

2.4. Let F,, . . . , F be u vector fields (or more generally, noncommuting indeterminates). Then the iterated commutator [FM,[F ,, [ • • • [F2, Fx]]]] is said to be
of length jn.

Let B be an ¿-dimensional (complex) subbundle of TXR(M). We let 911,(75)
denote the module (over 6°°(t/)) spanned by tangential holomorphic vector fields
L such that L(q) G B(q) for all q G M together with the conjugates of such vector
fields. For ¡u. an integer > 1 we let 9H/1(7>')denote the module (over &X(U))
spanned by commutators of length < fi of vector fields in 911,(B).
2.5. Definition. We define the integral invariant t(B, p) as follows.

t(B,p) = m if <F, 9p>(/7) = 0 for all F G 91Lm_,(B)
but,
(G, ap)(p) ¥> 0

for some G G 91tm(fi).

2.6. Definition.
We define the integral invariants
1 < s < n — 1) as follows.
ts(M,p)

= sup{t(B,p)\B

is an s-dimensional

ts(M,p)

subbundle

(for s an integer
of TX,0(M)).

2.7. Remark. t"~x(M,p) is the type of the point p G M as defined in [1].
2.8. Let B be an i-dimensional complex subbundle of TX,0(M). We denote by
trfl \ZMthe trace of the Levi form of M restricted to B.
2.9. Definition. We define the integral invariant c(B,p) as follows. c(B,p) = m

if for

any

m — 3 vector

fields

F,, . . . , Fm_3 of

911,(5)

we

F, • • • Fm_3(trB tM)(p) = 0, but for some choice of m — 2 vector
(?„...,
Gm_2 of 911,(75) we have G, •• ■ Gm_2(trB £„)(/,) # 0.

have
fields
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2.10. Definition.
We define the integral invariant
1 < s < n — 1) as follows.
cs(M,p)

= sup[c(B,p)|B

is an ¿-dimensional

cs(M,p)

(for s an integer

subbundle of TX,0(M)).

2.11. Remark. The invariants t(B,p), c(B,p), ts(M,p)
independent of the choice of defining function p for M.

and cs(M,p)

are all

2.12. Theorem [1, Theorem 2.4]. tn~x(M,p) = a"~x(M,p).
2.13. Theorem
a"-x(M,p).

[3, Addendum].

If M is pseudoconvex near p then c"~x(M,p)

=

2.14. Theorem. Let M be a real 6°° hypersurface in an open set U c C3 and let
p G M. Suppose M is pseudoconvex near p. Then cx(M,p) = ax(M,p).

This is the main result of this paper. The proof is carried out in §§4 and 5.
2.15. We will give a slightly different formulation of the invariant cx(M,p)
(Definition 2.10).
Let L be a tangential holomorphic vector field with L(p) ¥= 0. We define the
integral invariant c(L, p) as follows. c(L, p) = m if for any choice of positive
integers k, i0, . . . , ik,j0, . . . ,jk, with 2*_0(i, + J,) = m ~ 3> we nave

/>/> . . . />/><[L,

L], ap)(p) = 0,

(2.15.1)

whereas for some choice of positive integers k, i0, . . . , ik,j0, . . . ,jk, with
k

2 (', + J<)= m-2,
t=o
then the expression on the left side of (2.15.1) is ¥= 0.
It is easy to show that cx(M,p) = sup{c(L,p)\L
is a tangential

holomorphic

vector field to M and L(p) =£ 0}.
It is the above formulation

of the invariant cx(M,p)

which we will use in the

proof of Theorem 2.14.
We also note that if / is a 6°° function

such that fip) =£ 0 then c(L, p) =

c(fL,p).
2.16. Conjecture.
Let M be a real (3°° hypersurface in an open set U c C and
let/7 G M. Suppose M is pseudoconvex near/7. Then for 1 < s < n — 2,
ts(M,p)
The

inequalities

as(M,p)

= c*(M,p)

< cs(M,p)

and

= a*(M,p).
as(M,p)

< ts(M,p)

are proved

in

Lemma 2.19 and do not use the pseudoconvexity of M.
Thus, using the result of Lemma 2.19 to prove Theorem 2.14 one need only show
that cx(M,p) < ax(M,p).

2.17. Remark. Example 5.9 shows that Theorem 2.14 is not valid, in general, if M
is not pseudoconvex. Also Example 5.9 or the examples of [4, §3] provide simple
examples of real hypersurfaces M c C3 for which tx(M,p) =£ax(M,p). This situation contrasts with Theorem 2.12 where no assumption on the pseudoconvexity of
M is required.
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2.18. Remark.

Let M be a real-analytic

pseudoconvex

hypersurface

in an open

set U c C" and let p G M. The work of J. J. Kohn [13] and Diederich and
Fornaess [8] shows that there is a subelliptic estimate at p in the 9-Neumann
problem on forms of type (r, s) if there are no germs of ¿-dimensional complex

subvarieties V with p G V c M.
In view of Lemma 2.19 this theorem may be reformulated as follows: Let M be a
real analytic pseudoconvex hypersurface in an open set i/cC
and let p G M.
Then there is a subelliptic estimate at p in the 9-Neumann problem for (r, s) forms
if for all q near p we have cs(M,p) < + oo, or for all q near p we have
ts(M,p)

< + oo.

This formulation

is similar to a conjecture of J. J. Kohn [14]. (The conjecture as

formulated by Kohn [14] is false.)
Combining Theorem 2.14 with a recent result of D. Catlin [5] one obtains that if
p G M c C3 where M is a ß°° pseudoconvex hypersurface, then an e-subelliptic
estimate does not hold at/7 for (0, 1) forms if e > l/cx(M,p).
2.19. Lemma. Let M be a real C°° hypersurface of an open set U c C and let
p G M. For each integer

s, 1 < s < n — 1, as(M,p)

< ts(M,p)

and as(M,p)

<

c'(M,p).
Proof. Let A" be an ¿-dimensional complex submanifold of a neighborhood of p
in C having contact of order r with A/ at/7. It suffices to show that ts(M,p) > r
and cs(M, p) > r.
We may assume
we have chosen
local
holomorphic
coordinates
(z,, . . . , zn_x, w) centered at p so that X = {w = zJ+1 = • • • = z„_, = 0} and
the defining function p for M is in the form (1.2.4). Thus p(zx, . . . , zs, 0 . . . 0)
vanishes to order > r at the origin.

Let Lx, . . . , Ls be the standard vector fields given by (1.4.2). Let B be the
subbundle of TX,0(M) which they span.
Now, if g is a ß°° function such that g\X vanishes to order > I atp then L¡(g)\X
vanishes to order > min(/ — 1, r — 1) at p (for / = 1, . . . , s); similarly for
L¡(g). Also, the coefficient of 9/9w in L¡, namely 9p/9z(, has the property that
(dp/dz¿)\X vanishes to order > r — 1 at p (for /' = 1, . . . , s); similarly for the
coefficient of 9/9vv in L¡, namely 9p/9z,. Thus, if F is an iterated commutator of u
of the vector fields Lx, . . . , Ls, Lx, . . . , Ls, we have

where

an\X and

bn\X vanish

to order

> r - p. at p. We may conclude

that

<F, 9p>(/7) = 0 for all F G 91tr_,(ß) and hence t(B,p) > r. Thus ts(M,p) > r.
With the same bundle B as above, trÄ £M, the trace of the Levi form of M
restricted to B, vanishes on X to order > r — 2. Thus, in a similar manner, we have

c\M,

p) > r.
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3. Weighted coordinates.
3.1. Definition.

A weighted holomorphic

coordinate

system (z; a) consists of

the following.
(1) A local holomorphic coordinate system (z,, . . . , z„).
(2) Weights ax, . . . , a„ assigned to the corresponding coordinates. Each a, is an
integer > 1 or + oo.
For the problems considered in this paper the geometry of real submanifolds of
C will be used to assign weights to the different directions in C. For the use of
weighted coordinates in various problems in analysis see [10] and [18].
3.2. Given a weighted holomorphic coordinate system (z; a) centered at/7 G C
we assign a weight to any C°° function <j>defined in a neighbourhood
of p as
follows. The function z, is assigned the same weight as the coordinate function z„
namely a¡.
A monomial in z, z is assigned as weight the sum of the weights of all the z, and

z, occurring as a factor in it.
A 6°° function <f>is assigned the weight y if, in the formal Taylor series
expansion of <f>at p, there is at least one monomial of weight y and all monomials
are of weight > y.
We use the notation wt(<¿>)= y. Thus wt(<» = + oo if <j>is flat at p.
3.3. Immediate properties are (<pand \p are G°° functions defined in a neighbour-

hood of p)
wt(<t>\p)= wt(<i>)+ wt(xp).

(3.3.1)

wt(<f>+ \p) > min(wt(<i>),wt(»//)).

(3.3.2)

wt(9</>/9z,)> wt(<f>)- a,-.

(3.3.3)

wt(9<i»/9z,.)> wt(<>)- a,..

(3.3.4)

If wt(<f>)
> 0 then <¡>(p)= 0.

(3.3.5)

3.4. Definition.
A polynomial <f>is homogeneous of weight u if it is a sum of
monomials each of which is of weight p..
3.5. We assign a weight to partial differential operators with 6°° coefficients
defined in a neighbourhood of p as follows (we do not assign a weight to operators
involving differentiation in a coordinate assigned the weight +oo. Thus the weight
of a partial differential operator will be a positive or negative integer or + oo).
9/9z, and 9/9z, are assigned the weight —a,.

An operator (9/9z)/(9/9z)y
is assigned as weight the sum of the weights 9/9z,
and 9/9z, occurring as a factor in it.
An operator

e"2*»(¿)(¿)

<3-5»

is assigned as weight

min (wt(<f>/y)+ wt((9/9z)7(9/9z)y)}.
We use the notation wt(Q).

(3.5.2)
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We will denote by S the set of pairs of «-tuples for which the minimum in (3.5.2)

is attained. That is

S = {(7, /)|wt(ß)

= wtfo/y) + wt((9/9z)7(9/9z-)y)}.

(3.5.3)

3.6. Definition.
A partial differential operator ß is homogeneous if in the
expression (3.5.1) the functions <p/yare weighted homogeneous polynomials and
each nonzero term <$>u(o/dz)'(d/dz)J in (3.5.1) is of the same weight.
3.7. Immediate properties are (Qx and Q2 are partial differential operators with
&°° coefficients defined in a neighbourhood of p)

wt(ß,ß2)

> wt(Ô.) + wt(ß2).

(3.7.1)

If Qx and Q2 are homogeneous,

then QXQ2 is homogeneous

and if QXQ2* 0 then wt(ß,ß2)

= wt(ß,) + wtißj).

,_ _ »,

If <f>
is a C°° function defined near/7 G C then wt(ß(<p)) >
wt(<í>)+ wt(ß).

In

particular,

if

wt(<p) > |wt(ß)|

then

(3.7.3)

Q(4>)(p)
= o.
3.8. For <j>a 6°° function defined near/7 we denote by <i>°the sum of the nonzero
monomials in the Taylor series for <J>at p which are of lowest weight. <p° is thus
homogeneous of weight wt(<f>).
Similarly, for ß a partial differential operator given in the form (3.5.1) we denote

by ß° the sum

?^mw-

I,J e S

4. The homogeneous case.
4.1. In this section we will solve (Theorem 4.2) a special case of Theorem 2.14.
Then in §5 we reduce the general case of a pseudoconvex hypersurface in C3 to this
special case.
Theorem 4.2 states that for M homogeneous in an appropriate sense (condition
(a)) and pseudoconvex, if there is a tangential holomorphic vector field L of a
special form (condition (b)) with c(L,p) = +co there is a 2-dimensional complex
manifold contained in M near/7 (and hence a2(M,p) = +oo).
The conclusion of Theorem 4.2 is thus stronger than that of Theorem 2.14. This
stronger conclusion is needed to carry out the process of reducing the general case
to the special case of Theorem 4.2. It is the generalization of Theorem 4.2 which we
have been unable to prove in C (n > 3).
4.2. Theorem. Let M be a real G°° hypersurface in C3 and let p G M. Suppose that
M is pseudoconvex and that conditions (a) and (b) which follow are satisfied. Then
there is a 2-dimensional complex manifold X with p G X C M.
(a) There is a weighted holomorphic coordinate system (z,, z2, w) centered at p with
wt(z,) = 1, wt(z2) = k, wt(u>) = u where l<k<p<+oo.
The defining function
p for M is in the form (1.2.4) and is weighted homogeneous. Thus we may write

p = 2 Re(w) + h(zx, z„ z2, z2)

(4.2.1)
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where h is a weighted homogeneous polynomial of weight p.
(b) There is a tangential holomorphic vector field L such that

L(p) ^ 0,
c(L,p)=

(4.2.2)

+00,

(4.2.3)

L = L, + <bL2 where Lx and L2 are the standard

vector fields

given by (1.4.2) and <bis a nonzero polynomial in z,, z,, which
is homogeneous of degree k — 1 and not holomorphic.

(4-2.4)

4.3. Corollary.
In (4.2.1) if the polynomial h has no pure terms (that is, h has no
monomials in z,, z2 only or z„ z2 only) then h = 0.

Proof

(of Corollary

4.3 from Theorem

4.2). Let u, v be holomorphic

coordinates in a neighbourhood of (0, 0) G C2. Let w(u, v), zx(u, v), z2(u, v) be a
complex parametrization of X near p. Since CT(X,p) ^ Tx,0(M,p) © T0,x(M,p)
we may assume that (9(z,, z2)/9(m, v))(0, 0) ¥= 0.
Substituting into the expression for p we have
Re(w(u, v)) = - h(zx(u, v), zx(u, v), z2(u, v), z2(u, v)).

(4.3.1)

The left-hand side of (4.3.1) involves only pure monomials while the right-hand
side has no pure terms. Hence h = 0.

4.4. The proof of Theorem 4.2 will be completed in §4.9.
We will begin by considering the module 9H (over the complex-valued real-analytic functions) generated by L, L and their commutators of all orders. The module
is bracket closed and in the terminology of Freeman [9, §3] it is a real module, i.e.

91L= 9ÎL. Then Re(91t) = {Re(D)\D G 911} is bracket closed and by a theorem
of Nagano [9] there is a unique integral manifold Z passing through p. Thus Z is a
real-analytic submanifold of a neighbourhood of p and for all q G Z near/7

T(Z, q) = {Re(D)(q)\D G 911}
and

CT(Z, q) ^ {D(q)\D G 911}.
It follows that
dimR Z = dimR{Re(7)(/7))|Z> G 911} = dimc{D(p)\D

G 91t}.

It is clear from the characterization of Z given by Freeman [9, Theorem 2.1] that
since L and L are weighted homogeneous of weight -1 then Z is also weighted
homogeneous. That is Z is defined by the vanishing of weighted homogeneous
polynomials. Z will thus be, in fact, an algebraic submanifold of C.
4.5. Now we use the assumption that c(L,p) = + oo. Thus, for all sets of
positive integers k, i0, . . . , ik,j0, ... ,jk we have

/>/> . . . z>7><[L, L], op)(p) = 0.
We conclude that <[L, L], 9p> vanishes on Z. Alternatively,

all q£\Z.

tM(q, L(q)) = 0 for
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Let A = Re(L) and B = Im(L). Then, using the notation of 1.5 we have A,
B G TN(Z). We also note that the module over the real-valued real-analytic
functions generated by A and B together with their commutators of all lengths is

Re(91t).
4.6. Lemma. dimR(Z) = 3 or 4.
Proof. Since A and B G TN(Z) and M is pseudoconvex, all commutators of A
and B are in TN(Z) [8, Proposition 2]. In particular, these commutators are all in

Th(M). That is {Re D(p)\D G 911} c Th(M,p). Since dim« Th(M,p) = 4 we
may conclude that dimR Z < 4.
To show that dimR Z > 3 we will show that dimc{D(p)\D G 91L} > 3. To this
end we introduce the operator

5 = 9/9z, + <i>(9/9z2) where <pis given by (4.2.4).

(4.6.1)

It follows from (1.4.2) that

L = S - S(p)(a/dw).
(4.6.2)
It is clear that 9/9z, and 9/9z, G {D(p)\D G 91L}. We must show there is an
iterated

commutator

of L, L whose value at p is not in the span of 9/9z,

and

9/9z,. This will be done in Lemma 4.8.
4.7. Let C be an iterated commutator in the noncommuting indeterminates X, Y.
We denote by C, the sum of those monomials in the expansion of C(X, Y) with X
on the right and by C2 the sum of those monomials with Y on the right.
For ß, and ß2 partial differential operators we denote by C(ß,, Qfj the partial
differential operator obtained by substituting ß, and ß2 for X and Y respectively
in C(X, Y); similarly for C, and C2.

For L and 5 the vector fields given by (4.2.4) and (4.6.2) it follows from [2,
Lemma 5.11] that

C(L, L) = C(S, S) - CX(S, S)(p)(d/aw)
4.8. Lemma. There is a commutator

- C2(S, S)(p)(d/dw).

(4.7.1)

C of length k in S, S, such that C(S, S) is not

in the span of 9/9z, and 9/9z,.
Proof.

Direct computation shows that

[S,S]

- (9^/9z,)(9/9z2) - (9<f>/9z,)(9/9z2).

For k = 2 the proof is now complete since, in
with a =£ 0, and hence the coefficients of 9/9z2
For k > 2 we first note that since <pdepends
with <i>(9/9z2).Thus if we consider an iterated

(4.8.1)

this case, <?is of the form azx + ßzx
and 9/9z2 in (4.8.1) are nonzero.
only on z,, z, then [S, S] commutes
commutator of the form C(S, S) =

[ . . . [S, S]] involving y of 5 and 8 of S (y + 8 = k, y > 1, 8 > 1) we have

Since <pis homogeneous of degree k - 1 and not holomorphic one may choose y
and 8 so that the coefficient of 9/9z2, or that of 9/9z2, is nonzero.
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The proof of Lemma 4.8 is now complete. We note that Lemma 4.8 together with

(4.7.1) completes the proof of Lemma 4.6.
4.9. We will now complete the proof of Theorem 4.2. First we consider the case
that dimR Z = 4. Since A, B and their commutators of all lengths have values in
Th(M, q) forq£\Z
(see 4.5) we may conclude that L, L and their commutators of

all lengths span TU0(M, q) © T°'X(M, q) for q£\Z.

Thus CF(Z, q) is invariant

under the almost complex structure of C3 and we may conclude that Z is a
complex submanifold.
Next we must consider the case that dimR Z = 3. In this case TX'°(Z, q) is of
constant dimension one, being spanned at each point q G Z by L(q). Z is thus a

C — R submanifold.
By a result of Rossi [16] (see also [8, Proposition 1]) we may choose new local
holomorphic coordinates (z,, z2, w) centered at/7 such that Z c {w = 0}.
Now conditions (a), (b) and (c) of Proposition 3 of Diederich and Fornaess [8]
are satisfied. We may conclude that in a neighbourhood of/7, {(z,, z2, w)\w = 0} c

M.
5. Reduction to the homogeneous case.
5.1. In this chapter we will reduce the general case of Theorem 2.14 to the special
case of Theorem 4.2.
There are a number of special cases in which Theorem 2.14 holds without the
pseudoconvexity assumption on M near p G M. Some of these are dealt with in
Remark 5.3 and 5.4. Once these cases are eliminated and correct local holomorphic
coordinates are chosen the reduction to the homogeneous case (i.e., Theorem 4.2) is
carried out in 5.7 and 5.8.
In 5.9 we give an example to show that Theorem 2.14 (or Theorem 4.2) is not
valid, in general, without a pseudoconvexity assumption on M.
First, we need a lemma which will give the effect of certain holomorphic changes
of coordinates on the standard vector fields L, (see (1.4.2)).
5.2. Lemma. Let M be a real G°° hypersurface

in an open set U C C" and p G M

the origin of coordinates. Let p be a defining function for M in the form (1.2.4).
(1) Let w, z\, ...,z'n_x
be new local holomorphic coordinates
where

Zj(zx, . . . , zn_x)forj

= 1, ...,«-

z', =

1. Then

t^.1 az,

L¡- 2 ~¿h

fori=l,...,n-l.

(2) Let w' = w'(w, z,, . . . , zn_x) be a new complex
z,, . . . , z„„|, unchanged. Then

L¡ = (dw/dw')L¡

normal

coordinate

for i = I, . . . , n - 1.

Here L¡ denotes the standard vector field with respect to the new coordinates.
We assume that in the new coordinates p again has the form ( 1.2.4).

with
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Proof. Chain rule.
5.3. Remark. If ax(M,p) = + oo then Theorem 2.14 follows from Lemma 2.19
(without any pseudoconvexity assumption on M in the statement of Theorem 2.14).
5.4. We now restrict ourselves to the case M c C3. Let p(zx, z2, w) be a defining
function for M near p G M in the form (1.2.4). Suppose that p(zx, 0, 0) vanishes at
z, = 0 to order ¿ and let Q(zx) denote the terms of order s in the Taylor series for
p(zx, 0, 0) at z, = 0. If Q(zx) is harmonic, say Q(zx) = Re(7/(z,)) where H(zx) is
analytic, we may introduce a new complex normal coordinate

w = w — 77(Z|).

(5.4.1)

Then, with respect to the new coordinates (z,, z2, w'), p(zx, 0, 0) vanishes at
z, = 0 to order > s. The above procedure may be repeated if the lowest-order
terms in the Taylor series of p(zx, 0, 0) at z, =0 are again harmonic.
If the above procedure does not stop, that is, if at all stages the lowest-order
terms in p(zx, 0, 0) are harmonic then ax(M,p) = + oo.
5.5. Lemma. Let p be a defining function near p G M for M c C3 and suppose
p(zx, 0, 0) vanishes at z, = 0 to order s and Q(zx) is not harmonic. Let L = L, +
<j>L2be a tangential holomorphic vector field where Lx, L2 are the standard vector
fields, <bis ß°° and <b(zx,0, 0) vanishes to order k — 1 at z, = 0. Assume k > 2. Then

s < k implies that c(L, p) < s.
Proof.

For some integers a, ß with a + ß = s, a > l, ß > 1, we have

(a/ozx)a(d/dzx)ßp(zx,

0, 0) # 0.

(5.5.1)

Consider La~x(L)ß~x([L,
L], ap/(p). We will show this is nonzero. First we note
that if g is 6°° near p and g(zx, 0, 0) vanishes at z, = 0 to order / then
Lx(g)(zx, 0, 0) vanishes at z, = 0 to order > min(/ — 1, s — 1) (similarly for
Lx(g)(zx, 0, 0)). Hence if La-\L)ß'x
= (L, + <pL2)a-x(Lx + ~$L2)ß-x is expanded
as a sum of monomials in Lx, Lx, L2, L2 the only term with a coefficient which is

nonzero at/7 is LfTf"1.

Also <[L, L], 9p> = <[L„ Lx], dp} + h where h is (2°°

near/7 and h(zx, 0, 0) vanishes to order > k — 2 > s — 1 at z,=0.
Thus, combining the above with (5.5.1) and the result [3, Theorem 3] that

Lr x{Lxy~\[Lx, Lx], dp)(p) = (9/9z,)a(9/9z-,)V^„

0, 0),

we conclude that c(L, p) < s.

5.6. Let L = L, + <j>L2
be a tangential holomorphic vector field with <p(zx,0, 0)
vanishing at z, = 0 to order k — I. Suppose that the terms of order k — 1 in the
Taylor series of <b(zx,0, 0) at z, =0 are analytic. That is, they are of the form czx~ '
with c =£ 0. We then introduce a new z, coordinate
z\ = z, + czxk~xz2.

(5.6.1)

u(Lx + <?L2) = L'x - czxk~xL2 + ucz\~xL'2

(5.6.2)

Applying Lemma 5.2 we have

where u is a ß°° function with u(p) = 1. Thus, the vector field L' = L'x + \pL'2for
i^ = czx~x(u - 1) has the properties
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(l)c(L',p)=c(L,p),
(2) \p(z'x, 0, 0) vanishes at z\ = 0 to order > k.
We also note that under the change of coordinate (5.6.1) {(z„ z2, w)|z2 = w = 0}
remains fixed. Thus, for example the function p(zx, 0, 0) remains fixed.

5.7. Let M be a real (2°° hypersurface in C3 and p G M. Let p be a defining
function for M near p.
To prove Theorem 2.14 we must show that if M is pseudoconvex near p then
cx(M,p) < ax(M,p) and we may assume that ax(M,p) < + oo.
Thus, let L be a tangential holomorphic vector field with L(p) ¥= 0 and assume
c(L,p) > ax(M,p). We will proceed by contradiction. The contradiction will be

obtained in 5.8 based on Theorem 4.2.
Assume the zx, z2 coordinates are chosen so that L(p) = Lx(p). We first proceed
as in 5.4 and change the complex normal coordinate so that the lowest-order terms
in the Taylor series of p(zx, 0, 0) at z, =0 are not harmonic. Suppose that after this
change, p(zx, 0, 0) vanishes to order s at z, = 0. We then do one more change in
the complex normal coordinate of the form (5.4.1) to remove any pure monomials
in the lowest order terms in the Taylor series of p(zx, 0, 0) at z, = 0.
After multiplying L by a nowhere zero (2°° function we may assume it is in the

form

L= Lx+ <bL2 where </>(0)= 0.

(5.7.1)

Then we use the procedure of 5.6 to change the z,-coordinate in the case that the
lowest-order term in the Taylor series of <i>(z,,0, 0) at z, = 0 is analytic. We may
still assume L is in the form (5.7.1) and that p(z,, 0, 0) is unaffected by these
changes.
Suppose that <f>(z,,0, 0) vanishes to order k — 1 at z, = 0. Then, since c(L,p) >
ax(M,p) > s we must have, by Lemma 5.5, that k < s. In particular, since the
procedure of 5.6 increases the order of vanishing of (¡>(zx,0, 0) at z, = 0 by at least
one, the procedure must stop after a finite number of steps. We thus may assume
that the lowest-order terms in the Taylor series of 4>(zx,0, 0) at z, = 0 are not
analytic. We still denote its order of vanishing by k — 1.
We now introduce weights for the local holomorphic coordinate system. We set
wt(z,) = 1, wt(z2) = k. We then introduce a new complex normal coordinate
w' = w - F(zx, z2)

(5.7.2)

where Re(F(z,, z2)) denotes the sum of the pure monomials of lowest weight in the
Taylor series of p(zx, z2, 0) at the origin.
Since the terms of lowest order in the Taylor series of p(z,, 0, 0) at z, =0
contain no pure monomials we have F(zx, 0) = 0 since F can have no monomials
in z, or z, only. Thus the change of coordinate (5.7.2) leaves the z,-axis, <p(zx,0, 0),
p(zx, 0, 0), and the integers s and k fixed. We repeat the change of coordinate
(5.7.2) as often as possible. Then, we assign to the final complex normal coordinate
n>the weight
wt(vv) = wt(p(z„

which we will denote by p.

z2, 0))
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5.8. Thus we may assume we are in the following situation. We have local
analytic coordinates (z,, z2, w) with weights wt(z,) = 1, wtiz^ = k > 1 and wt(w)
= p. The defining function is in the form (1.2.4) and wt(p) = p = wt(p(z,, z2, 0)).
There are no pure terms in (p(zx, z2, 0)) so we have p > k.
There is a tangential holomorphic vector field L = L, + <f>L2where <b(zx,0, 0)
vanishes at z, =0 to order k — 1. <£° is not analytic. c(L,p) = m > s > p. We will
derive a contradiction by showing that m > p is impossible.

Now wt(L) = -1. Then (see 3.8)

L° = L°x+ fL2°

(5.8.1)

where

L° = (9p°/9z,)(9/9w) - (9p°/3w)(9/9z,)

for i = 1, 2.

We note that wt(L - L°) > 0.
We will show that p < m implies that (p(zx, z2, 0))° = 0 and this contradiction

will establish the result.
p° = 2 Re(w) + (p(zx, z2, 0))° and L° is a tangential holomorphic vector field to
the manifold A/° = (p° = 0}. Furthermore M° is pseudoconvex if M is [3, §2].
<[L°, L°], 3p°> is either = 0 or homogeneous of weight u — 2. Thus, since L° is
homogeneous of weight -1 either c(L°,p) = u or c(L°,p) = + oo. However, by
Corollary 4.3, c(L°,p) = + oo implies that (p(zx, z2, 0))° = 0. Hence we need only
show that c(L°,p) = + oo.

If <[L°, L°], 9p°> is not zs 0 then <[L, f], 9p>° = <[L°, L°], 9p°> and for any
sets of integers n, i0, . . . , i„,j0, ■■■,j„ with S"_0 i, + j, = u — 2 we have

7>7> . . . 7>7><[L,

L], 9p>(/7)

= (L^'-ÍL0/"1 . . . (L°y"(L°Y"([L°,

¿°]. 9p°>(/7). (5.8.2)

Thus if c(L, p) = m > p then c(L°, p) = + oo.
5.9. Example. Let p = 2 Re(w) + (z2 + z2 + |z,|2)2 and let Af = {(z,, z2; w) G
C3|p = 0}. Let/7 = (0, 0, 0). Then we will show that ax(M,p) = 4 but c'(A/,/7) =
tx(M,p)

= + oo.

Af is not pseudoconvex near/7 and this example shows that Theorem 2.14 is not
valid, in general, if M is not pseudoconvex.
It is easy to check that ax(M,p) — 4 and the maximum order of contact is
realized by, for example, the z,-axis.

Let L=
5 = 9/9z,

Lx-

zxL2. Then (see (4.6.1) and (4.6.2)) L=

— z,(9/9z2).

However, direct computation

S - S(p)(a/dw) where

shows that, in this example,

S(p) = 0 so that L = S. Now
<[L, TT], 9p> = 2(z2 + z2+|z,|2)
Thus c(L,p) = +00 and so cx(M,p)
Since all commutators of length
tx(M,p) = -(-oo.

and

L(z2 + z2+\z2\)

= 0.

= +oo.
> 3 in L, L are = 0 we may conclude

A related set of examples may be found in [4, §3].

that
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We also note that with wt(z,) = 1, wt(z2) = 2 and wt(vv) = 4, M satisfies the
conditions of Theorem 4.2 except that it is not pseudoconvex. Thus pseudoconvexity is necessary, in general, in Theorem 4.2 also.
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