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AN IMPROVEMENT OF THE

POINCARÉ-BIRKHOFF FDŒD POINT THEOREM1

BY

PATRICIA H. CARTER

Abstract. If g is a twist homeomorphism of an annulus A in the plane which

leaves at most one point in the interior of A fixed, then there is an essential simple

closed curve in the interior of A which meets its image in at most one point; hence

the annular region bounded by this simple closed curve and the inside component

of the boundary of A is mapped onto either a proper subset or a proper superset of

itself.

1. Introduction. In 1912 Poincaré stated, and proved for some special cases, his

Geometric Theorem for twist homeomorphisms of the annulus [16]:

// g is an area preserving homeomorphism of the annulus 1 < r < 2 onto itself

which moves points on r = 1 and r = 2 in opposite angular directions to their new

positions on r = 1 and r = 2 respectively, then g has at least two distinct fixed points.

G. D. Birkhoff offered the first proof of this theorem in 1913 [3]; however, his

proof of the existence of the second fixed point was incomplete. In 1925 Birkhoff

announced [4] an extension of Poincaré's theorem in which he replaced the area

preserving requirement by a more general topological condition, and no longer

required the annulus to be the standard one, or the homeomorphism g to be onto.

This extension, which we will call the Poincaré-Birkhoff Fixed Point Theorem, may

be stated as follows:

Suppose A is an annulus in the plane bounded by r = 1 and a simple closed curve y

which lies in r > 1 and intersects each radial in exactly one point. Suppose g is a

homeomorphism of A onto the annulus g(A), where g(A) is bounded by r = 1 and the

simple closed curve g(y) which lies in r > 1 and intersects each radial in exactly one

point. If g moves points on r = 1 and y in opposite angular directions to their new

positions on r = 1 and g(y) respectively, then either there is a ring S which has r = 1

as its inner boundary and which is mapped onto a proper subset of itself by g or g~x,

or else, g has at least two fixed points.
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The most important difference between this theorem and Poincaré's is the

replacement of area preserving by the requirement that no ring with inner

boundary r = 1 is mapped onto a proper subset of itself by g or g~ '. By a ring with

inner boundary r = 1 Birkhoff meant [4] a region bounded by r = 1 and a

continuum C in r > 1, where the continuum C has the property that it is the

common boundary of a bounded, connected, simply connected open set and the

closure of its complement. He did not require the continuum C to be a simple

closed curve. The requirement that g move the points on the two components of

the boundary of the annulus in opposite directions, that is, that g be a twist

homeomorphism, is ambiguous and needs a rigorous formulation (which is done

for the standard annulus and the onto homeomorphism in [6]).

The topological condition in Birkhoffs theorem has frequently been misquoted

in the literature; for example, in [18] the theorem is quoted as saying that either

there is a simple closed curve that surrounds r = 1 and does not intersect its image

or there are two fixed points; and in [15] the theorem is quoted as saying if every

simple closed curve surrounding r = 1 intersects its image in at least two points,

then there are two fixed points in the interior of A. In [7] the author gives an

explicit example of a homeomorphism of a standard annulus for which the ring S,

as constructed by Birkhoff in [4], has boundary the union of r = 1 and a

continuum C which is not a simple closed curve. Further, the intersection of C with

its image contains a nondegenerate continuum.

Doubt about the correctness of Birkhoffs arguments for these theorems (espe-

cially about the correctness of his argument for the second fixed point) [2], [6], [17]

has led to considerable effort towards finding convincing proofs. M. Brown and W.

D. Neumann have given in [6] a precise and convincing proof, following Birkhoffs

methods, for the area preserving theorem. In [10] and [11] Jacobowitz proves an

area preserving version of the theorem more general than Poincaré's, and applies it

to finding solutions of certain differential equations. Several arguments have been

given for the analogous theorem for area preserving flows on the standard annulus,

see for example Abelson and Stanton [1], and Hermann [9]. The theorem has been

generalized to a theorem about the number of components of the set of fixed points

by W. D. Neumann in [14]. Proofs for the existence of at least one fixed point in

the topological version of the theorem have been given by Kerékjarto [12] and by

Barrar [2]; their lines of attack are quite different from Birkhoffs, and Barrar, in

particular, finds a place for his version of the theorem in the context of a

constellation of several important theorems of plane topology. Another method for

proving the existence of at least one fixed point, using P.L. maps, can be found in

Garcia [8].

An equivalent formulation of Birkhoffs topological version of the theorem is

(briefly):

If g is a twist homeomorphism of the annulus A with at most one fixed point, then

there is some ring S with r = 1 as its inner boundary which is mapped onto either a

proper subset or a proper superset of itself.
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The theorem I propose to prove is the following (a precise formulation of the

hypothesis is given in the next section):

If g is a twist homeomorphism of the annulus A with at most one fixed point in the

interior of A, then there is an essential simple closed curve C in the interior of A which

intersects its image in at most one point.

The conclusion guarantees that the annulus bounded by r = 1 and C will be

mapped onto either a proper subset or a proper superset of itself; thus this theorem

implies Birkhoffs. There is no restriction on fixed points of g on the boundary of

A. One reason that this is desirable is because in Birkhoffs analysis of the billiard

ball problem in [5] the (area preserving) twist homeomorphism of the annulus

produced fixes every point of the boundary.

2. Statement of the theorem. Let y be a simple closed curve in the plane that lies

in the exterior of the unit circle T and intersects each radial in exactly one point.

Let A be the annulus bounded by T and y. Suppose g is a homeomorphism of the

annulus A into the plane so that g(T) = T and g(y) lies in the exterior of T and

intersects each radial in exactly one point. Let it be the covering map from {(x, y):

y > -1} onto the punctured plane given by tr(x,y) = ((1 + y)cos x, (1 4- >>)sin x),

and let A = m~x(A). Since A is the universal covering space of A there is a

homeomorphism g from A into the plane so that g ° tr = m ° g, that is, so that g

makes the following diagram commute:

Ä     i     g(Ä)

A      i>     g(A)

The homeomorphism g is a twist homeomorphism if g can be chosen so that g

moves points of one of m~X(T) and T~x(y) to the left, and points of the other to the

right. (We do not require g to be fixed point free on T u y.) A simple closed curve

in A is essential if it separates T from y.

Theorem. If g is a twist homeomorphism of the annulus A, and if g has at most one

fixed point in the interior of A, then there is an essential simple closed curve in the

interior of A which meets its image in at most one point. (If the curve found intersects

its image, the point of intersection must be the fixed point of g in the interior of A.)

This theorem cannot be improved in the direction of requiring the essential

simple closed curve to miss its image. Figure 1 indicates a flow whose time / map,

for small positive t, is a twist homeomorphism which has one fixed point and no

essential simple closed curve misses its image.2

21 thank the referee for suggesting this example.
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Figure 1

For (a, b) and (c, d) in the Cartesian plane (a, b) + (c, d) = (a + c, b + d).

The plane will be denoted by E2, and the upper half-plane by E + . The e-neighbor-

hood of the point P will be denoted by N(P, e), and the e-neighborhood of a set B,

that is the set UP^B N(P, e), will be denoted by N(B, e). The usual distance

between points P and Q will be denoted by d(P, Q).

3. The homeomorphism h. If we let F denote the continuous function from "31

into 'SI whose graph is vr_1(y), then A = {(x,y): 0 < y < F(x)}. Assume, without

loss of generality, that g moves points on tr~x(T) to the right and points on 7r_1(y)

to the left; that is, for every x, g(x, 0) = (x', 0) for some x' greater than x and

g(x, F(x)) = (x",y) for some x" less than x. Extend g to a homeomorphism h of

the plane onto itself by requiring:

h(x,y) =

g(x,y) if (x, y) is in Ä,

g(x,0) + (0,y) ify<0,

g(x, F(x)) + (0,y- F(x))    ify> F(x).

From its definition we see that h moves points of y < 0 to the right and points of

y > F(x) to the left; h is periodic in the sense that h(x + 2it,y) = h(x,y) +

(2it, 0); and for (x, y) in Ä, h(x, y) = (x + 2mr, y), for some integer n if and only if

Tr(x,y) is a fixed point of g. If g is fixed point free in the interior of A, then h is

fixed point free in the whole plane. If g has exactly one fixed point W in the

interior of A, then either h has ÍF = tt ~ x( W) as its set of fixed points or h is fixed

point free.

4. The minimal 5-chain P0, Px, . . . , PN. Since h is fixed point free on>> = 0 and

on y = F(x), and since h is periodic, it follows that

| =} inf{|x - x'\: (x', 0) = h(x, 0)or(x',y) = h(x, F(x))}
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is a positive number. There is a positive number p less than £ so that for every point

P in the boundary of Ä, the diameter of h(N(P, p)) is less than £. Finally, there is a

continuous, nonnegative function 8 from ,4 into "31 with the following properties:

(l)8(x + 2m,y) = 8(x,y),

(2) 8(P) = 0 if and only if P is in f,

(3) 8(P) < d(<$, P) if P is not in 9",

(4) N(P, 25(F)) n hN(P, 28(P)) = 0 if F is not in f,

(5) AT(P, 25(F)) n Ä - XN(P, 25(F)) = 0 if F is not in f, and

(6) 5(F) < p.
Extend 5 to all of y > 0 by requiring 5(x, .y) = 5(x, F(x)) for >> > F(x). Observe

that if h is fixed point free then there is a constant map 5 with these properties.

A 5-chain F0, F„ . . . , PN is a finite sequence of points from >> > 0 with F0 in

y = 0, Pk in Ä for 0 < k < N, and i/(P*+„ /i(P*)) < 8(h(Pk)) for 0 < k < N. A

5-chain P0, Px, . . . , PN is terminating if PN is in>> > F(x).

Figure 2. A 5-chain

For each nonnegative integer n, let K„ be the set of all points P such that there is

a 5-chain F0, F„ . . . , P„ with P = Pn. It follows immediately that VQ is y = 0, and

for positive n, V„ « U {^(F, 5(F)) n F + : F G h(Ä n F,.,)}. H F0, Px, . . ., Pn

is a 5-chain, then h~x(P0), P0, F,, . . . , F„ is a 5-chain; hence K„ c Vn+X. The sets

F„ are periodic in the sense that Vn + (2w, 0) = Vn. Let V = U "_0 Fn. If we let e

be the minimum of 5 on y = 0, and 17 be the maximum of 5 on E +, then both e

and 17 are positive, and {(x,y): 0<y<e}GVxGVG N(A, tj). Now let M„ =

tr(V„) and M = Un°°_0 M„; then M0 = T, Mn c M„+1, ^(F) = M and {(/, f?):

Ur<l+£)cM,cMc ^(/i, n).

Let 5 be the unbounded component of the complement of M; the open unit disk

U is one of the bounded components of the complement of M. If we let S be the

complement of B u U, then M g S G N(A, 17) and the set S u U is open and

bounded.

Lemma 4.1. If there is no terminating 8-chain, then S is homeomorphic to the

half-open annular region {(r, 6): 1 < r < 2), andg(S) G S G A.
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Proof. Suppose there is no terminating 5-chain. Since under this assumption

h( V„_x) is a subset of A, it follows that, for positive n,

Vn - U {N(P, 5(F)) n E + : P G h(Vn_x)}.

This characterization shows that Vn is connected, and Vn \ {(x,y): y = 0} is open

and connected. Since V is the increasing union of connected sets it is connected,

and since V \ {(x,y): y = 0} is the increasing union of open connected sets it is

open and connected. Thus, since M is connected and M \ T is open and con-

nected, M u U is open and connected. Since 5 u U is the interior of the closure

of the set that consists of the union of M u U and the bounded components of its

complement, S u U is connected. It is simply connected because its complement B

is connected. Since S u U is open, bounded, connected and simply connected it is

homeomorphic to the open unit disk. This, together with the fact that {(r, 9):

K K 1 + e) c i, implies S is homeomorphic to the half-open annular region

{(/-, 0): 1< r <2).

Since Vn G A it follows that M„ c A for every n; thus M c A. Hence B

includes the unbounded component of E2\y, and therefore 5 is a subset of A.

Since h(Vn) g Vn+X, and therefore, g(Mn) = g » *(KJ = * » A(^) c «<F.+I) =

M„+1 it follows that g(M) c M. Thus, since E2\M c g(F^\ Af) and 5 is the

only unbounded component of E2 \ M, it follows that B c g(B); therefore g(S) G

S.   □

The boundary of S has exactly two components; let ßS denote that component

which is not T. The continuum ßS is a subset of the interior of A which separates T

from y but it may not be a simple closed curve.

Lemma 4.2. If there is no terminating 8-chain, then there is an essential simple

closed curve in the interior of A which meets its image in at most one point.

Proof. Let W be the only fixed point of g in the interior of A (if any). First we

show that g maps ßS into S except perhaps for the point W. Let X be any point in

ßS different from W, and let P be in m~ X(X); in this case 8(h(P)) > 0. Since F is a

limit point of V there is a point Q in V close enough to F so that both

S(h(Q)) > |5(/i(F)) and d(h(P), h(Q)) < \8(h(P)). If « is a positive integer so that

Q is in Vn, then h(Q) is in Vn+X. From the assumption that no 5-chain terminates it

follows that

N(h(Q), 8(h(Q))) n E+ c Vn+X c n~\S).

Thus since h(P) is in N(h(Q), 8(h(Q))), it follows that h(P) is in w_1(,S)- Hence

g(X) is in S.

If g has no fixed points in the interior of A, then ßS and g(ßS) are disjoint

continua, and thus can be separated by a simple closed curve $. The curve \p is an

essential simple closed curve in the interior of A which does not intersect its image.

If g has the one fixed point W in the interior of A then either ßS and g(ßS) are

disjoint, in which case the argument of the last paragraph applies, or else ßS n

g(ßS) = {W}. In the latter case, since each of ßS and g(ßS) is the common

boundary of a bounded, connected, simply connected open set and its complement,
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each of ßS \ { W) and g(ßS) \ { W} is connected. Therefore the continua ßS and

g( ßS) satisfy the hypotheses of Theorem 44 of [13] which states:

If H and K are continua in the plane such that K does not separate any two points

of H, H n K is totally disconnected, and K \ H is connected, then there is a simple

closed curve which separates K\ H from H \ K and contains H C\ K but no other

points of H or K.

Thus, there is a simple closed curve \p which separates ßS \ {W) from

g(ßS)\{W) and contains W. The curve $ is an essential simple closed curve

in the interior of A which intersects its image in exactly one point.

In the sequel we assume that there is some terminating 5-chain for g.

Choose a terminating 5-chain F0, P,, . . . , PN of minimal length N. As a result of

this minimality requirement this particular terminating 5-chain has the following

additional properties: The points F0, F„ . . ., PN_X, and PN are distinct, and so are

their images under h; h(P¡) may be F7 only if y = /' + 1. If / >j + 1, then F, is not

in N(h(Pj), 8(h(Pf)); ifi<N-l, then N(h(Pt), 8(h(P¡))) is a subset of y < F(x).

5. The isotopy i>. In this section we give an isotopy $ of the plane for which

$(•, 0) is the identity, $(•, 1) moves h(P¡_x) to F„ and $(-, t) is the identity on the

complement of the union of a neighborhood of y = 0 and a set of small disjoint

topological disks D¡ containing the points h(P¡_x) and F,.

For Ki<N, let G, - N^P^J, 5(A(F,._,))) n {(x,y): y > 0}. Note that for

1 < i < N, G j is contained in A.

Figure 3
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Lemma 5.1. There is a collection {a¡: 1 < / < A/} of pairwise disjoint arcs so that

each a, is a simple (or degenerate) polygonal arc in G¡ from h(P¡_x) to P¡.

Proof. If k is less than N, a set {17,: 1 < i < k) satisfying the lemma will be

called a set of connecting arcs for the subchain F0, Px, . . . , Pk of F„, F„ . . ., PN.

By minimality F, must be in.y > 0. Let tj, be a simple polygonal arc from h(P0) to

F, in G, U {h(P0)} which misses every point of {Q: Q = h(P¡) or F, + 1, 1 < / <

N). The arc tj, is a connecting arc for the subchain F0, F,.

Suppose now that for k less than N a set of connecting arcs {n,: 1 < / < k) has

been constructed for F0, F„ . . . , P¿, with the additional property that:

k

U U n {ß: ß = h(Pt) or F,+1 for k < 1 < A} = 0.
;=1

It remains to show there is a set of connecting arcs for F0, F„ . . . , P¿, P¿+i.

If Pk+i = ^(^t)* tnen let Vk+i De tne maP whose image is h(Pk). The set {17,:

1 < / < k + 1} is a set of connecting arcs for F0, F,, . . . , P¿, Ffc+1.

Now suppose Pk+X =£h(Pk). The set U{tj,: 1< 1 < it) n Gt+] has at most

finitely many components, each with closure a polygonal arc. Let Bx be the set of

all the components of U {tj,: 1 < i < k) n G>+1 that do not separate Pk+X from

¿(Pj.) in Gk+X, and let 2?2 be the set of all the components that do. Let V be the

component of

Ct+1\(UB, U {ß: ß = h(P¡) or Pi+X for k+ 1 < / <N})

that contains h(Pk) and Pk+X. The elements of B2 may be labeled ßx, ß2, . . ., ß, in

such a way that /3, separates A(F^) from ßj in F if and only if i <j. Let the map/

from {1,2,...,/} into {1, 2, . . ., k] be defined by: /(/) = y if and only if /?, is a

subset of tj.. The set F is a topological disk minus at most finitely many points and

contains U B2. Since ß, is a subset of G^ which separates Pk + X from h(Pk) in V,

and since Pk + X is not in GA¡) by the minimality of the length of Pq, Px, . . . , PN,

from the geometry it follows that h(Pk) is in G^0 and a component of 3o^0 n V

separates h(Pk) from Pk+X.

There is a simple polygonal arc a in F from h(Pk) to Pk+X so that, for each /', a

intersects each of /?, and dG^ in exactly one point and the subarc of a from h(Pk)

to o n ßi is contained in G^. There is a polygonal simple closed curve f in V so

that, for each i, f intersects each of ßj and BG^ in exactly two points, and so that

the topological disk D bounded by f contains o in its interior. The arc /?, n D

separates h(Pk) from the arc 36^ n D, and the component of D \ dG^ containing

h(Pk) is a subset of Gf(i). There is a homeomorphism T of D onto itself that is the

identity on f, and maps each /?, n # onto a simple polygonal arc in (D \ a) n G*a.

For each /, let ß[ be the simple polygonal arc obtained from ß, by replacing /?, n ¿>

with its image under Ï. If we let tj' be the polygonal arc resulting from the

replacement of ßt by /?,' for each j3, in fi2 that is a subset of tj. (if any), then {tj,':

1 < / < &} u {o} is a set of connecting arcs for F0, F„ . . . , P¿, Ffc+1. Hence, by

induction, there is a set of connecting arcs {a¡: 1 < /' < N) for Pq, Px, . . . , PN.

D
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Figure 4

For 1 < i < N there are disjoint topological disks D¡ so that a, is in the interior

of £>,, D¡ is disjoint from a,, DN is a subset of GN, and, for 1 <i < N, D¡ is a subset

of G, and hence also of {(x,y): 0 <y < F(x)}. There is a positive number v,

numbers xx and x2, and a topological disk Dx, so that v is less than each of the

minimum value of 5 on y = 0 and half the distance from U fl2 A to>' = 0, so that

the disk Z), is a subset of N(h(P0), 8 ° h(P0)) that contains a, in its interior and is

disjoint from U£L2 A ana<> further, so that 3D, D {(x,.y): 7 < 2v) is the union of

{(x,y): -2v < y < 2v and x = xx or x = x2} and {(x,y): x, < x < x2 and

y = -2v). Let D0 be the divided strip {(x,y): x < x, or x > x2, and -2v < _y <

2,}.
If a and 6 are two points in the interior of a topological disk D, then there is a

continuous map $ from Z) X [0, 1] onto D so that $(•, i) is a homeomorphism of

D onto D for each / in [0, 1], 3>(F, 0) = F for all F in Z), $(P, i) = F for all F in

dD and all / in [0, 1], and <P(a, 1) = b. Applying this to each of the sets D¡, for

1 < i < N, there is a continuous map <J>, from D¡ X [0, 1] onto D, so that (J>,(-, r) is

a homeomorphism of /_), onto itself for each / in [0, 1], <¡>¡(P, 0) = P for every F in

£)„ $/(-p. t) = P for every F in 3£>, and all í in [0, 1], and 4>,(/l(/J,-1). 0 = ^,-

Let / be the homeomorphism of \-2v, 2v] onto itself which maps [-2»% -v]

linearly onto \-2v, 0], \-v, 0] linearly onto [0, v], and [0, 2v] linearly onto [v, 2v].

Let 3>0 be the continuous map from D0 X [0, 1] onto D0 given by <S>0((x,y), t) =

(x, (1 — t)y + tfiy)). For each t in [0, 1], 4>0(-, t) is a homeomorphism of D0 onto

itself, %(P, 0) = F for every F in Dq, and 4>0(F, t) = P for all P in y = -2v or

7 = 2»' and all / in [0, 1]. There is a continuous map <J>, from Dx X [0, 1] into Dx so

that, for all / in [0, 1], $,(•, /) is a homeomorphism of Dx onto itself, <J>,(P, 0) = F

for all F in Z>„ ̂ ^F, /) = F for all F in 3£>, n {(x,^): y > 2v) and all r in [0, 1],

®x((x,y), t) = (x, (1 - t)y + tf(y)) for (x,.y) in D0 n Dx or {(x,>»): x, < x < x2,

-2v <y < -v), and 4>,(/j(F0), 1) = F,.
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Let 4> be the continuous map from E2 X [0, 1] onto E2 defined by $(F, t) =

$,(F, 0 if P is in (J £0 D, and $(F, i) = F if F is not in U f.0 D¡. For every t in

[0, 1], 4>(-, /) is a homeomorphism of the plane onto itself which is the identity on

the complement of UJ10A- The homeomorphism $(-,()) is the identity, and

$(-, 1) maps h(P¡_x) to F, and the infinite strip -v < y < 0 onto an infinite strip

bounded below by y =0.

Figure 5. The image of- v<y <0 under$(•, 1)

6. The homeomorphism hx. Let 7f be the continuous map from E2 X [0, 1] onto

F2 defined by H(P, t) = i>(/i(F), f)- For every r in [0, 1], H(-, t) is a homeomor-

phism of the plane onto itself that moves points in y < 0 to the right and points in

y > F(x) to the left. Since $>(•, 0) is the identity H(-, 0) = h. For each r in [0, 1] let

h, = H(-,t).

Lemma 6.1. For every t in [0, 1] the homeomorphism h, has the same fixed points as

Proof. Let D = U f_0 Dr If ß is in E2 \ hf '(/>), then h,(Q) is in F2 \ D. Since
$ is the identity on F2 \ D, ht(Q) = ®(h(Q), t) = h(Q); thus h, has exactly the

same fixed points as h in F2 \ hf X(D).

If ß is in hfx(D), then A,(ß) is in D. The homeomorphism A-1 has no fixed

points in D; to show that h,(Q) ^ Q fox Q in hfx(D) there are two cases to
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consider. First, if A,(ß) is in D¡ for some positive /', then h,(Q) is in

N(h(Pi_x), 8 o h(Pj_x)); h(Q) is in this neighborhood of A(F,_,) by the construc-

tion of 4>, but ß is not since 5 was chosen so that

N(P, 25(F)) n A"1 N(P, 25(F)) =0

for F not a fixed point of A; therefore, h,(Q) ¥= Q- If h,(Q) is in Dq, then by the

choice of v and 5, d(h,(Q), h(Q)) < \d(h(Q), Q); therefore, h,(Q) ^ ß so that h,

has the same fixed points as h in hf X(D). Thus A, has exactly the same fixed points

as h.   □

7. The simple arc C. Let F_, = hx X(P0). If A: is an integer with -1 < k < N, then

hx(Pk) = Pk+X. Define the continuous map C from [-1, N + 1] into the plane

inductively: let C: [-1, 0] -» F2 be the straight line segment from F_, to F0, and

for each nonnegative integer k let C: [k, k + 1] —» F2 by C(t) = hx(C(t — 1)).

Let Uq = {(x,y): -v <y < 0), and for each i with i > -1 let U¡ = A{(£/„). Since

U_, n i/0 = 0 and i/_, is separated from Uxby y = -v/2, therefore by induc-

tion: if i ¥=j, then U¡ n Uj - 0, and if |i - y'| > 1, then ¿7 n ¿/ = 0.

Lemma 7.1. FAe continuous map C from [-1, Af + 1] j'/ifo the plane is a simple arc

with C(k) = Pk.

Proof. Since C((0, 1]) is a subset of U0, for each positive integer k, C((k — 1, k])

= Af(C((-l, 0])) is a subset of Uk. Thus, if k ^ k', then

C((k - 1, A:]) n C((k' - 1, k']) = 0;

and if \k - k'\ > 1, then C([k - 1, ¿]) n C([k' - 1, k']) = 0. Thus C is a simple
arc.

Since C(0) = F0, and C(A) = A,(C(A - 1)), by induction, C(k) = Pk for all

integers k with -1 < k < A.   □

Figure 6. The simple curve C*
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Lemma 7.2. There is a number q in (N — 1, N] so that C([-l, q]) crosses A and

intersects y = F(x) in exactly one point Q = C(q).

Proof. Since C([-l, N]) contains the point F0 of y < 0 and the point PN of

y > F(x), C([-l, N]) must intersect y = F(x). Let q be the first number in [-1, N]

for which ß = C(q) is in y = F(x). Let the sets V¡ be defined as in §4. Since

Ux G Vx and 3>(A(F,), 1) c Vi+X for 1 < / < N, by induction:

C((k - 1, k]) GUk = hx(Uk_x) = *(A(Í4_,), 1)

G*(h(Vk_x),l)GVkGV„_x

for 0 < k < N - I. Thus C((0, N - I]) c VN_X. Since the 5-chain F0, Px, . . . ,PN

is of minimal length, VN_X does not intersect y = F(x); thus C([-l, A — 1]) does

not intersect y = F(x). Hence N — I <q < N.    fj

Let C* be the map C restricted to [-1, ^].

8. Using the index of curves crossing A to obtain a contradiction. Suppose / is a

homeomorphism of the plane onto itself and a is a continuous map of the interval

[a, b] into the plane so that / has no fixed points on a([a, b]). As t varies from a to

b the vector from P = a(t) to fiP) = fia(t)) rotates; the index is a precise way of

measuring this rotation. Let D(P, Q) be the unit vector in the same direction as

Q - P, that is, D(P, Q) = (Q - P)/\\Q - P\\. Let / be the map from a([a, b])

into S ' given by f(P) = D(P, fiP)). If it is the covering map from "31 to S ' given

by it(x) = (cos x, sin x), then there is a map ä from [a, b] into <3l so that

•n ° à =/ ° a, that is so that the following diagram commutes:

[a,b]     f^     Sx

Define the index of the curve a under the homeomorphism/by

Ind[/a] = (a(b) - à(a))/2m.

For details about the properties of the index see [6] or [14]. The remainder of the

argument is similar to corresponding arguments in [4], [6], and [14]; so some details

have been omitted.

Lemma 8.1. If P is a point of y < 0, and Q is a point of y > F\x), then for any arc

a from P to Q containing no fixed points of h, 1/8 < Ind[A„ a] < 3/4 mod 1.

Proof. Let 9X be the angle from P, P + (1, 0) to F, A,(F), and let 92 be the angle

from Q, Q + (1, 0) to Q, h,(Q) (both counterclockwise). Since the angles 0X and 92

satisfy 0 < 9X < tt/4, and tt/2 <92< 3tt/2, we have 7r/4 <92- 9X< 3w/2.

Since Ind[A„ a] = (92 - 9x)/2w mod 1, this implies that 1/8 < Ind[A„ a] < 3/4

mod 1.    □

Lemma 8.2. If P is a point in y < 0 and Q is a point in y > F(x), then lnd[h, a] is

the same for every arc a from P to Q that contains no fixed points of h.
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Proof. The proof of this is essentially the same as given on p. 24 of [6] and so is

omitted.

Lemma 8.3. For the arc C*, 1/8 < Ind[A,, C*] < 3/4.

Proof. Let 9X be the counterclockwise angle from F_„ F_, + (1,0) to

F_!lA1(F_1), and let 92 be the counterclockwise angle from Q, Q + (1,0) to

Q, A,(ß). Since C* is a flow line for A, a homotopy essentially the same as the one

given on pp. 29-30 of [6] can be defined to show that Ind[A,, C*] = (92 — 9x)/2ir.

The lemma follows from the fact that 1/8 < (92 - 9x)/2tt < 3/4.   □

Lemma 8.4. The following inequality holds for the curve:

l/4<Ind[A, C*] <3/4.

Proof. For each t in [0, 1]N let 9{ be the counterclockwise angle from

P_„ F_, + (1, 0) to P_,, ht(P_x) and let 9'2 be the counterclockwise angle from

Q, Q + (1, 0) to Q, h,(Q). For every /, Ind[A„ C*] = (9'2 - 9[)/2tt mod 1. Since
Ind[A(, C*] is a continuous function of t, and since Ind[A„ C*] = (02 — 9xx)/2ir, we

have Ind[A„ C*] = (92 - 9'x)/2tt for every t; in particular it holds for / = 0.

Therefore, Ind[A, C*] = (0° - 9x°)/2ir where 9X° = 0, and 02° is strictly between

m/2 and 3tt/2. Hence 1/4 < Ind[A, C*] < 3/4. _ □
The homeomorphism g~x from g(A) onto A satisfies g~x ° tt = it ° g~x, the

homeomorphism A"1 is an extension of g~x to the plane, and A-1 moves points of

y = 0 to the left and points of 77-"'(g(y)) to the right. Applying the procedure of

the preceding sections to the homeomorphism A-1, we obtain a simple curve B

from a point Z in y < 0 to a point W in Tr~x(g(y)) which satisfies -3/4 <

Ind[A"', B] < -1/4. Since Ind[A~\ B] = Ind[A, h~x(B)], we have -3/4 <

Ind[A, h~x(B)] < -1/4. Let a be an arc iny < 0 from F_, to h~x(Z), and let ß be

an arc in y = F(x) from A ~ '( W) to ß. Then each of the arcs a + h~ X(B) + ß and

C* is an arc from F_, to Q which misses any fixed points of A. However,

-5/4 < Ind[A, a + A"X(B) + ß] < 1/4, a contradiction of Lemma 8.2.

9. Generalizing the theorem to components of Fix(g).3 With appropriate modifi-

cations of the argument given in the preceding sections, the following result may be

obtained:

Theorem. If g is a twist homeomorphism of the annulus A so that the intersection F

of Fix(g) with the interior of A is a continuum which does not separate the boundary

components of A, then there is an annular region R which is mapped onto a proper

subset of itself by g or g~x, and whose boundary consists either of the unit circle and a

simple closed curve in the interior of A which misses Fix( g), or of the unit circle and

the union of a subcontinuum of F and a simple open arc in the interior of A which

misses Fix(g).

'These results suggested by the referee in answer to questions posed by author.
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This theorem cannot be strengthened to require the annular region R to have

outer boundary a simple closed curve. For example, start with the twist homeomor-

phism whose flow lines are indicated in Figure 1 ; expand the one fixed point to a

"sin 1/x continuum" of fixed points, modifying the flow lines close to the fixed

point as indicated in Figure 7. Any annular region satisfying the conclusion of the

theorem must contain the "sin 1/x continuum" as part of its boundary.

Figure 7
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