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ON THE SINGULARSTRUCTUREOF
THREE-DIMENSIONAL,AREA-MINIMIZINGSURFACES'
BY
FRANK MORGAN
Abstract. A sufficient condition is given for the union of two three-dimensional
planes through the origin in R" to be area-minimizing. The condition is in terms of
the three angles 0 < yx < y2 *s y-¡ which characterize the geometric relationship
between the planes. If y3 < yx + y2, the union of the planes is area-minimizing.

Introduction. Surfaces which are absolutely area-minimizing in the class of locally
integral currents in R" have small and interesting singular sets, m-dimensional
area-minimizing surfaces in Rm+1 are smooth manifolds for m < 6, and for m > 7
their singular sets have Hausdorff dimension at most m — 1. Larger singular sets
occur in higher codimensions. For example, complex analytic varieties, which are
automatically area-minimizing, provide real m-dimensional surfaces with («7 — 2)dimensional singular sets. Recent work of Almgren [1] seems to show that the
dimension of a singular set never exceeds m — 2.
Little is known about the structure of the singular set. Only for two-dimensional
area-minimizing surfaces is even the first order structure of singularities understood

[5]; cf. also [6].
This paper studies the first order structure of singularities in three-dimensional
area-minimizing surfaces. At each point in the surface there is a tangent cone (not
known to be unique), itself area-minimizing, which records first order behavior. If a
tangent cone is a plane with multiplicity one, the surface is locally a smooth
manifold. Since the next simplest cone is a sum (i.e., union) of planes, we address the
following basic question:
Question. When is the sum of two oriented 3-planes through the origin in R"

area-minimizing"!
The geometric relationship between two oriented 3-planes in R" is characterized
by three angles: 0 < y, < y2 < w/2, y2 < y3 *s m — y2. (See Lemma 1 and remarks.)
We prove a sufficient condition in terms of these three angles.
Theorem. 7/y3 =s y, + y2, the sum of the planes is area-minimizing.

We conjecture that the converse holds as well (except for the trivial case of the
same plane with opposite orientations).
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Stability. This theorem provides open sets of pairs of planes whose union is areaminimizing. These examples indicate that singularities in compact area-minimizing
surfaces with boundary may be stable—may persist under small variations of the
boundaries. Previous work and examples pointed to the instability of singularities.
Other possible tangent cones. This paper does not address the question of when the
sum of more than two 3-planes through the origin in R" is area-minimizing. It is of
course necessary that the planes be pairwise area-minimizing. That necessary condition proved to be sufficient for two-dimensional planes, and may be sufficient in
higher dimensions as well.
It is an open question whether every three-dimensional area-minimizing cone in R5
is a sum of planes. Harvey and Lawson give an example of a three-dimensional
area-minimizing cone in R6 which is not a sum of planes [4, III.3.1]. Bryant gives
many examples in R7 [2].
Higher-order behavior at singularities. If a tangent cone at a singularity in a
three-dimensional area-niinimizing surface is a sum of k distinct planes all occurring
with multiplicity one, the surface locally separates into k smooth sheets.
With higher multiplicities, branching may occur. For example, by applying a
result of Harvey and Lawson [4, III.3.16] to a minimal surface in R3 with a branch
point at the origin, one obtains a three-dimensional area-minimizing surface in R6
with a branch point at the origin. The tangent cone is a 3-plane with multiplicity.
Generalizations to m-dimensional surfaces. The geometric relationship between two
oriented m-planes in R" is characterized by m angles: 0 < y, < y2 < • • • < ym-\ <

»AYm-i<Y*<*~V-v
Conjecture.

The nonzero sum of two m-planes is area-minimizing <=>
ym < y0

+ ••• +ym-v
Remark. If ym = Yo + * ■■ +Ym-i»

the two planes

are simultaneously

Special

Langrangian for some symplectic structure on some R2m containing them. Therefore,
their sum is automatically area-minimizing.
In general, two m planes in R2m are simultaneously Special Lagrangian for some
symplectic structure <=>
2JL, ± y, = 0 for some sequence of ± signs.
For w^3,
an application of the implicit function theorem to m-covectors
establishes an open set of pairs of m-planes whose sum is area-minimizing.
Proof of the theorem. The theorem is proved by exhibiting a 3-covector <j>
which attains its maximum M on the two given planes (in competition with all other
unit simple 3-vectors). Hence the sum of the planes is area-minimizing as follows.
Let S be the portion of the sum of the two planes inside a large ball about 0, and
let T be any other surface with the same boundary. Then

(<¡>= (areaS)M,

í<¡>« (area T)M.

Js

JT

But since d<¡>= 0, /s<#>= fT4> and hence area S < area T. (We have informally
written "area" for the mass of the integral current.)
The theorem. We begin with a canonical form for a pair ¿+ , £_ of »i-planes
through the origin in R2m which exhibits m angles that characterize their geometric
relationship.
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1. Lemma. Let £+ , £_ be unit simple m-vectors in AmR2m. Then there is an
orthonormal basis ex,...,em,iex,...,

(1)

iem for R2 m = Cm such that

£± = exp(±,ai)ei

A • • • A exp(±7«Jem,

with 0 < a, < • • • < am_x < tt/4- «m-i < «« < V2 ~ ««-iRemark 1. The ay are unique. Another sum of planes £'++ £'_ is related to |++£_
by an isometry of R2m if and only if a'j = ctj.

Remark 2. The proof is the same as the proof for 2-planes in [5, Lemma 1], which
gives a geometric interpretation to the characterizing angles y, = 2ay (called a and ß
in [5]) between the planes. In an alternative proof [4, II.7.5], Harvey and Lawson let
m denote projection of £+ into £_ and consider the bilinear form on £+ defined by
B(u, v) = m(u) ■m(v). The eigenvalues of B turn out to be the cosines of the angles

Before proceeding to the theorem, we give a trigonometric lemma we will need
later.

2. Lemma. Suppose
(a) 0 < a,. < a, + ak< tt/2 for {i, j, k} = {1,2,3}.
Then
(b)

2 cos a, cos a2 cos a3 > cos2 a, + cos2 a2 + cos2 a3 — 1 > 0.

//

(c,)

2 cos2 a,

u,.= cot a-cot a J--f-

\ cos a,ix +i cos
v^OS a,
0!2 +
"T cos
^v^a a,
w-. — 1

- 1 ,
/

/«e«

(d)

u, + u7>0,

|u,|<l,

and

1 -u,

_

Pj + Pk

tana,

< i

tan(ctj + ak)

Proof. All statements apply for {i, j, k} = {1,2,3}. Abbreviate c, = cosa,,
s¡ = sin a,, 7, = tan a,., C — c2 + c\ + c\ — 1. By (a), two of the a¡ are less than tt/4
and hence C > 0. Now
0 < | a, — a2 | < a3 < ax + a2<

7r/2

=>cos(a, — a2) > cos a3 > cos(a, + a2)
=»|c3-c,c2|<í,í2.

Squaring both sides yields
c32-2clC2c3

+ c2c2<(l-c2)(l-c2).

Therefore
2c,c2c3 > c\ + c\ + c\ - 1,

proving (b).
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Now using (c) we compute that

tjCi-tfattfs

+ tkPj + tjpk - ts)

= -i2(2cos2 a, - C) + (2cos2 a, - c) + (2cos2 ak - C) - i,2C

= 0.
Therefore

(f,)

-tihhP-i + '¿My+ tjPk = '/•

Adding equations (f;) and (f ) and dividing by 1 —t.t, yields
(gk)

(1 - uA)tan(a,

+ a¡) = (u, + Pj)tonak.

Now for convenience we assume a, < a2 < a3. It follows immediately from (c) that
u, > u2 > u3, u, and u2 are positive, and then by (g3) that
(h)

u,+u2

+ u3>l.

Also, u2 + u3 > 0, because if u2 + u3 < 0, by (g,) u, + u2 + u3 < 1, a contradiction of (h). By (g,) and (g2), px < 1 and u2 < 1. Since u3 < u2 and u2 + u3 > 0,
| u31 < 1, and (d) is proved. Now (g) implies the equality in (e). The inequality in (e)

follows from (a).
3. Theorem. Let £+ , ¿_ be unit simple 3-vectors in R", and let Sx, S2 be the locally
integral currents associated with those planes. Let 0 < a, < a2 < a3 be the associated
angles as in Lemma 1. Then if a3 < a, + a2, Sx + S2 is area-minimizing.

Proof. We can assume « = 6. Also, it suffices to consider a, > 0, a3 < a, + a2,
since other cases are limits of such. By Lemma 1, we can assume
(1)

|± = exp(±ia,)e,

A exp(±/a2)e2

A exp(±i'a3)e3.

Now we are ready to define a 3-covector <i>
which will attain its maximum on £+ and
€..
Define numbers px, p2, u3 as in 2(c). Let e*, e2, e*, (iex)*, (ie2)*, (ie3)* be the

dual basis for A2R6, and put
4>= e* Ae* Ae* + u,<?f A (ie2)* A (/e3)*
+ p2{iex)* A e* A (ie3)* + p3{iex)* A {ie2)* A e*.

The rest of the proof will show that
(2)

<i>(£+) = </>(£_)= max{<i>(£): £ unit, simple 3-vector},

from which it follows easily that Sx + S2 is area-minimizing.
4. Lemma. Consider R2m s Cm with orthonormal
$E Am(R2m) satisfy

(1)

<t>lejAieJ = 0

basis ex,...,em,

iex,...,iem.

Let

{Kj<m).

Then on the space of unit, simple m-vectors, </jattains its maximum on an m-vector of

the form
exp(,f,)e,

A exp(tf2)«r2 A ■■■ A exp(/?m)eM.
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Proof. Let £ be a unit, simple «i-vector on which </>
attains its maximum. Choose
a unit vector u in the plane £ to maximize u-ex. Choose a unit vector v in £ with
v ■u = 0 to maximize v ■iiex). For any vector x denote by x* the dual covector. Let
7}= £L(w* A v*), so that £ = u A v A tj. By choice of u and u,

(2)

ijLef = ijLfe?= 0.

For any x E R2m, letx'

= (x-ex)ex

u'=

+ (x ■iex)iex, x" = x — x'. Let

(cos k0)û',

v' = (cosX0)t3',

u" = (sin k0)û",

o" = (sin \0)v",

and consider variations in u and t>of the form

«(«) = (cosk)w' + (sinK)jû",

v{\) = (cosX)û' + (sinX)û".

To compute </>("(
»0 A v(X) A tj), we note that by (1), <p(û'A c' A t|) = 0; also by
(1), since every term in the expansion of û" A v" A tj has some e} A ie^ as a factor,

<p(û" A v" A tj) = 0. Therefore
</>(«(«)Av(X) Atj)
= <î>((cosk)û' A (sinX)t3" A tj) + <fj((sink)û" A (cosa)ü'

Atj)

= a cos k sin X + ¿)sin Kcos X,
for some a, b independent of k, X.
Since this function of k and X has a maximum at k0, X0, its partial derivatives
vanish there:
-asin K0sin X0 + ecos k0cos X0 = 0,
-bsin K0sin X0 + acos/c0cosX0 = 0.
Subtracting b times the second from a times the first, and a times the second from b

times the first yields
(b2 — a2) sin K0sin X0 = (b2 — a2)cos/c0cosX0

= 0.

If a = ±b,
a cos Ksin X + bsin /ecos X = r7sin(ic ± X),

and we can assume k0 = 0, X0 = ±tt/2. Otherwise, sin k0 = cos X0 = 0 or cos k0 =
sin X0 = 0. In any case, £ is of the form
£ = exp(/f,)el

A£',

with £' a simple unit (m — 1)-vector in
Am_,(span{e2,

ie2,.. .,em, iem}) = Am_,R2<»-').

Now <¡>Lexp(i¡;x)exE Am_1(R2(m"1)) and (¡>Lexp(i^x)ex attains its maximum on £'.
Hence by induction we can assume

£' = (exp iS2)e2 A • • • A (exp i$m)em
and the lemma is proved.
Now to establish 3(2), it suffices to show that

«KexpO'J,)«?,A exp(if2)e2 A exp(if3)e3)
attains its maximum at ?, = ±a¡.
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5. Lemma.Define
/(?i. ¿2>&) = ^(expO'fi^i
77zen the 48 critical points of fimod2m)
(IL -+- IL

2 -2>

tz-t-S.

H—2L -\—sZ\

are

i -+-sW 7L -t- S.

-\-is\\

— 2 > — 2/> V— 2 > 2 — 2 » — l)i\

S. -+- Z

V2 — 2>2—

A exp(i'f2)e2 A exp(tf3)e3).

ï + îi

2>2—

H-f/v

-4- S -I- 2

/v

( -\-sl.

-4- - -•-— ÍV -4-2-l--^

27»— V"l T 2 — 2 > "2 ^

f attains its maximum at ±(ax,a2,

-+- sT 2L -+- H.\

— 2 > — 2 > 2 — 2 J>

2 — 2 > «3 ^

2 — 2 J-

a3).

Proof. All statements apply for {/, j, k} = (1,2,3}. We compute that
/(?1, ?2 » ?3 ) = COSf 1 "'S ¿2 COS?3 + «1 COSf 1 Sin Í2 Sin ?3

+ u2 sin f, cos f2 sin f3 + u3 sin f, sin f2 cos f3.
Let (/?,, ß2, /33) be a critical point, and abbreviate c, = cos ß,, s¡ = sin /?,. The partial
derivative of/with respect to f, must vanish at (ßx, ß2, ß3):
(a,)

-siCjck - lifts'

+ PjCiCjSk + pkcisJck = 0.

Adding equations (a;) and (a^) yields
(b,)

-cssmißj

+ ßk){l - fi,) + ipj + pk)ssCosißj + ßk) = 0.

Case I. Some ßt-,E f Z or some /3, + /3, e f Z.
// c, = 0, since pj + pk>0, by 2(d), (b,) imphes that CjCk— SjSk = 0. By (a,),
CjCk+ PtSjSk = 0. Hence, (1 + p¿)SjSk = 0. Since | u, |< 1, either Sj = 0 and ck = 0
or sk = 0 and cy = 0.
Ifs, — 0, (b,) implies that CjSk+ SjCk = 0. By (ak), -CjSk + pisjck = 0. Now either
Sj = 0 and sk = 0 or c, = 0 and ck = 0.

///3,*fZ,by(b,.),/3, + /3,<2?Z.
Therefore, Case I yields the following 32 critical points:
(7T _i_ 7T _)_ 7r

2 — 2'—

Ii

-s- 2l\

— 2)s\

( -+- H.

IL -t- IL

— 111—

-f- Í I

( -+- S.

2>— 2)>\—

It

-+- sW sW-+- ?l\

— lil—

l)i\1

ÍíT -+- "K. H. -+- IL

— 111

HT-t—IT \

— 2>2—

2 J-

Case II. No /3,.or ß} + ßk E f Z. By (b) and 2(e),
tan ßt

1 — u,

tan a,

tan(/3, + /3,) " u, + Pk ~~ tan(ay + aj

~'P"

and 0 < />,< 1. But if (tan Q/tantf,. + &) = />„ t, = tan £,
(c,)

-t,+Pttj

+ P,tk + txt2t3 = 0.

Multiplying (c,) by -(1 + pj), (c,) by (1 + p¡), (c*.)by (pj —p¡) and adding yields
[l + 2pj + p,Pj + Pjpk - PiPk]t¡ =[PiPj + 2p¡ + 1 -pjpk

+ p,pk]tj.

Since 0 </?,•< 1, both coefficients are positive. Since these equations hold for
t¡ = tan/3, and for ti = tana,, we conclude that for some k E R, tan/3, = A:tan a,.

Then (c,) imphes k Ê {-1,0,1}. Since ß, É fZ, k = ±1. The 16 critical points of
Case II are ± (a, + f ±f ,a2 + f ±f, a3 + f ±f).
Finally, we show that/attains
its maximum at ±(a,, a2, a3). The values of /at its
critical points are ±px, ±p2, ±p3, ±1, ±/(a,, a2, a3). Since | u, |< 1 and
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f(ax, a2, a3) - f(-ax, -a2, -a3), it suffices to show that f(ax, a2, <x3)> 1. But, abbreviating i, = tan a,,

f(ax,a2,a3)

= cosa, cosa2cosa3(l

+ t2t3px + txt3p2 + txt2p3)
(2

cos2 a, + 2 cos2 a2 + 2 cos2 a3

\

cos a, + cos a2 + cos a3 — 1

/

1 H-3

by the definition of the u,
2 cos a, cos a, cos a3

cos2 a, + cos2 a2 + cos2 a3 — 1

>1

. ,

by 2(b).

Completion of Proof. By Lemmas 4 and 5, <§>
attains its maximum on £+ and on
£_. Hence, by a well-known argument (see Introduction) S, + S2 is area-minimizing.
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