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WEIGHTED NORM INEQUALITIES FOR

STRONGLY SINGULAR CONVOLUTION OPERATORS

BY

SAGUN CHANILLO

Abstract. We derive sharp function estimates for convolution operators whose

kernels are more singular than Calderon-Zygmund kernels. This leads to weighted

norm inequalities. Weighted weak (1,1) results are also proved. All the results

obtained are in the context of Ap weights.

0. Introduction. We begin by recalling notations relevant to R". Given a function

f(x), its Fourier transform will be denoted by

fU) = f f(x)e-'^>dx.
JR"

Throughout this paper v(x) and w(x) will denote nonnegative locally integrable

functions. We let

ll/ll,.w = (fjfV^dx)     ,       0<p<oo.

When w = 1. we simply write \\f\\p. Given E c R". We let w(E) = jFwdx and |£|

will, as usual, stand for the Lebesgue measure of E. Given a cube 7 c R", cl, c > 0,

will denote a cube concentric with 7 but with diameter c times that of 7.

Let (9(|) be a smooth radial cut-off function 0(£) = 1 if |£| > 1 and 0(£) = 0 if

||| < 1/2. In this paper we wish to study the multipliers

Th.Jtt) = 8U)^f(i),

where 0 < b < 1 and 0 < a < «6/2. When a = nb/2 the resulting operator will be

denoted by Thf(x). These operators have been the subject of much study. In the

periodic situation they were investigated by Hardy-Littlewood and A. Zygmund [18],

and also I. I. Hirschman [8]. The study of these operators in the context of Lp spaces

was carried out by Hirschman [8], and S. Wainger [17]. Sharp endpoint estimates

were obtained by C. FefTerman and E. M. Stein in [7] using the duality of 77' and

BMO. To be more precise, one has

(0.1) \\Thf\\p<cp\\f\\p,        Kp <ao.
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,     v If 0 < a < «6/2, then for p, such that |l/p - 1/2| < a/nb,

we have,

\\ThJ\\p < cp\\f\\p.

Moreover,

(0.3) |{x: |V(*)I > Ml < fll/lli.       ̂ >0.

The inequality (0.3) is due to C. Fefferman [6]. Thep ranges in (0.1) and (0.2) are

best possible as has been shown by Wainger [17]. The operators Th u are not

Hörmander-Mihlin multipliers but furnish examples of multipliers with S""™ sym-

bols, with m > 0, p < 1. In this context these multipliers were studied by L.

Hörmander [9].

Our aim is to examine conditions on w(x) so that the estimate \\Thaf\\ . <

c/>ll/ll/>,>v holds. This question has been the subject of much study by several authors

in the case when the multipliers are Hörmander multipliers or Calderón-Zygmund

kernels like, say, the Hilbert transform on the line. For example, in [10, 2] it was

shown that a necessary and sufficient condition on w(x), for the validity of the

estimate ||77/1|pw < cp\\f\\pti„ 1 < p < oo (77 = Hilbert transform), is

(0.4) suv(±Jwdx)(±fw-^dx)P   '<c.

Here 7 denotes an interval in R; in R", I is taken to be a cube. (0.4) is referred to

as the Ap condition. The techniques of estimating Calderón-Zygmund kernels so as

to derive weighted estimates are not adequate in the case of the strongly singular

operators Th. The reason is rather simple. The kernel for Th is very singular. Roughly

speaking, it looks like Kh,(x) = e'|x| /\x\", b' = b/(\ — b). Indeed the cancellation

is minimal and if one makes a quick computation for \x\ > 2\y\, one gets

\Kh,(x-y)-Kh,(x)\^c\y\/\x\" + h'+].

Thus, in comparison with the term |.y|/W+1 obtained from Calderón-Zygmund

kernels, we expect local problems. The point of view we adopt to estimate the

strongly singular kernels is through a function called the sharp function introduced

by Fefferman and Stein in [7]. This is given by

f*(x) = supr\-f\f-fl\dx,

where 7 is a cube in R" and/, = |7|" xj¡fdx. The use of the sharp function for weight

problems in the context of Calderón-Zygmund kernels has been made before by D.

Kurtz and R. L. Wheeden in [11]. The motivation behind this comes from Theorem

1 in [7]. It is proved there that the operator Th maps bounded functions into BMO.

BMO is the class of locally integrable functions such that ll/*!!^ < oo. However, the

proof in [7] is L2 in nature and will not yield sharp results in the context of Ap

weights. For example, one fact that one could get is that, for 2 < p < oo and

w G A /2, \\Thf\\p w < cp\\f\\pw. The way to get sharper results is to make more

effective use of the minimal cancellation present in the kernel for Tb. This is the
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content of Lemma (2.1). This enables us to show the following

Theorem A. Let w g Ap, 1 < p < oo. Then

(0.5) IIVII,.« < cp\\f\\PtW.

Theorem A and interpolation allows us to prove the next result.

Theorem B. Let a = nb\\/p - 1/2|, and w G A . Then for 1 < p < oo, a < a <

nb/2, and for y, such that y = (a - a)/(nb/2 - a), we have

\\TbJ\\P,Wi < C,||/||,,wT.

We now consider the casep = 1. We say w g Ax if \I\~lf,wdx < cessin^w. The

main result then is as follows.

Theorem C. Let w g A,. Then for X > 0

w{x:\Tbf(x)\>X)^f\\f\\Uw.

The proof of Theorem C is through an analysis of the multiplier, while for

Theorem A it is through the kernel. As pointed out for w = 1, Theorem C is due to

Fefferman [6]. The proof of (0.3) is L2 in nature. For weight functions in A, this is

not adequate and an L' proof is needed for 1 < p < 2. The reason is that

Plancherel's formula fails for A, weights. This is done here by using the theory of

weighted Hp spaces. We say a tempered distribution / is in Hp, 0 < p < oo, if

ll^(/)llp w < °°- M(f)(x) is the maximal function defined by

M(f)(x)=    sup   |/*<i>,(v)l-
\x-y\<t

Here <f> g C^(R") with fR„<p(x)dx = 1 and <j>,(x) = r"<j>(x/t). The spaces Hp have

been investigated in detail by J.-O. Strömberg and A. Torchinsky [14-16]. However,

just by making up an Lp proof of (0.3) the proof of Theorem C does not follow.

There is a deeper objection. In the proof of Theorem C, it is necessary to localize the

problem onto selected intervals. At this stage one uses estimates related to fractional

integrals. The presence of the weight prevents us from employing thes_e estimates

right away. One way, one would hope as in the case of Calderón-Zygmund kernels,

is to use the so-called reverse Holder inequality; but this worsens the estimates. The

idea then is to effectively localize the weight in a manner which is compatible with

the Calderón-Zygmund decomposition of /. This is Lemma (3.9). This lemma has

also proved helpful in other situations, with other types of oscillating kernels. This

will be discussed in a forthcoming paper on oscillating kernels with D. Kurtz and G.

Sampson.

We would like to point out that the condition Ap is not necessary for Theorem A

to hold. For example, if w(x) = (1 + \x\)a, a g R, then for anyp, 1 < p < oo, (0.5)

does hold. This is very easy to see and is shown in §5. In the context of Ap weights,

however, Theorem A is sharp as the next result shows.
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Theorem D. Let w(x) = |x|a, a < -« or a > «(p - 1). Then for 1 < p < oo,

lin/H,,w< c,ll/ll,.w /a/fa.

This paper is organized as follows. § 1 contains some basic results for A weights

and maximal functions. §2 contains the proof of Theorem A. In §3 we collect facts

about weighted Hardy spaces Hp and develop the machinery needed to obtain a

proof of Theorem C. §4 contains the proof of Theorem C, and the last section, §5,

contains the proofs of Theorems B and D. To maintain the presentation short and

clear we present complete proofs of all the results only when « = 1. The extension to

«-dimensions is discussed in remarks following the proofs of the lemmas. The

extension to R" in most cases is evident. The R" version of Lemma (2.1) may be

deduced by using Hankel transform formulas of Chapter 4 of [13]. The basic outline

of the proof in R" still follows the n = 1 case. There are, however, more error terms

to handle arising from the asymptotics of Bessel functions and the resulting

computation is tedious and unilluminating and not central to the main develop-

ments. A partial example of what one may encounter in such a computation is in the

remarks following Theorem D, where the «-dimensional proof of Theorem D is

sketched. The one exception to this is the main Lemma (3.9) which is geometric and

a proof has been provided for R". The symbol c will as usual denote a generic

constant dependent on the dimension and possibly on the parameters b, a of the

operator Th a. C™0 will be the dense subspace of Hp of smooth functions such that

/ g C™(R") and such that 0 does not lie in the support of/; see [16].

I would like to thank Richard Wheeden for his constant support and encourage-

ment. I also wish to thank Jan-Olov Strömberg and Alberto Torchinsky for sharing

with me their results on weighted Hardy spaces and, in particular, the interpolation

Theorem (3.2).

1. Preliminary lemmas.

Theorem (1.1). The kernel for the multiplier operator Thf(x) is given by

c^r-XÍW <!) + «(*)>       b' = b/(\-b),

with   \h(x)\ < c(l + \x\y(n+]) + c\x\-" + ex(\x\ < 1),   £ > 0.   Here   ah = 6ft/(i-*> _

¿i/e-'') an¿ £ depends only on b.

Theorem (1.1) is due to Wainger [17, p. 41].

We define the Hardy-Littlewood maximal function as follows:

(l/r)*'A(*) = sup(-^|/r¿*)    ,       l<r<oo,

7 a cube in R".

The following lemma follows from Theorem (1.1) by a standard argument.

Lemma (1.2). Let

ei<*k\x\-b

M*) = -r-75r-x(W < O,
\x\

b' = b/(\-b)    and   ab = bb^-b)-b]A'-b).
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Then

\TJ(x)\<c(\Kh,*f(x)\+f*(x)).

Moreover, in the inequality above the roles of Thf(x) and Kh,*f(x) may be inter-

changed.

From the lemma above and the Lp results for Thf(x) it follows by changing

variables, that for any ah * 0 and real if we let

ei"h\A~h

Kbix) = -r-nrxi\x\*k\),       0</3<co,
\x\

then

(1.3) \\K„*f\\P<cp\\f\\p,       1</><oo.

Theorem (1.4). Let w g A . Then there exists an r0, 1 < r0 < p, such that for all r,

1 < r < r0,

(1) ||(l/r)*1/r|U < *,II/H,.w.        Kp<oo.

Let w G A,. Then

(2) *{x:f*(x)>X}^(c/X)\\f\\Uw.

The result above is basic and due to B. Muckenhoupt. A proof may be found in

[2]. The next result we need is due to A. Cordoba and Fefferman [5]. To write it

down, recall that we say w g Ax if w g Ap, for somep, 1 < p < oo.

Theorem (1.5). Letw g Ax and\\f*\\pw < oo. Then for 0 < p < oo,

\\f%,w < c,||/*||,>w.

For a further discussion of Ap weights we refer to [2]. However, in the sequel the

following facts prove useful. The proofs of the statements below may be found in [2].

Theorem (1.6). Let w g Ax, then:

(1) There exists an r, 1 < r < oo, such that for any cube I c R",

l   r .A1* . c
T\i?rdx)    ^W\lwdx-

(2) LetB(x0,r) = {x: \x - x0\ < r). Then,fort > 1,

w(B(x0,tr))^ctndw(B(x0,r)),

for some d ^ 1. We will refer to this fact by saying that w is doubling.

(3) If w G Ap, then w G Aq, for q> p.

2. The Lp inequalities for 1 < p < oo. For x g R, let

ei\x\-b

Kh „(x) =-„   í ,   ,        0 < b < oo, 2 < p < oo.
I jc I(      >/jP
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Lemma (2.1). Let (2 + b)/p < 1. Then,

\\K,P*f\p^cp\\f\\p„    i/p+ \/p'= i.

Proof. We shall prove the lemma by using Stein's theorem on complex interpola-

tion of operators [13]. We now define, for z = u + iy, 0 < u < 1/2,

if |*| > e,
Kl:(x)={ W<2+»*'

[0, if|*|<e.

We then define the operator A\ : by A\ J(x) = Keh , * f(x). It is easily seen that for

fixed e > 0, A\z is an analytic family of operators in the sense of [13, p. 205]. It may

be seen from the definitions that if Rez = 0, then trivially,

(2-2) IMl.z/L < cll/lh,
the constant c being independent of e. Our aim then is to show that if Rez = 1/2,

(2-3) Kz/||2 < c(l + M,/2)||/||2,

the constant c being independent of e. To prove (2.3) it is enough to show that if

Rez = 1/2, then

(2-4) lr*U0|L < c(l + W2).

We now let Rez = 1/2 and define

8h = min((\/by/h,(3/2by/ib+l)).

Then

KlAx) = 7^7x(e < \x\ < V) + J^)JX(W > «i')

= g(x) + h(x).

Since Rez = 1/2 and b > 0, ||«||, < c, and hence, ||«(¿)lloc < c- We are tnen leIt

with estimating g(£). By definition,

„0       .m   /■       «pidxr* - (2 + ¿>) viogi*i - *g) J

We will henceforth write (2 + b)y as y.

In (2.5) we set x = \/t and 1/e = A to get

expiQ/f + yloglfl-ft-1)
,1-6/2

g(£) = /* ^F'vi'i  n-^uaM-c    y ^

7«,,<|r|</:|<|<JV |f|

In the above integral we simply consider the case t > 0, the process of estimating

t < 0 being similar. So we are left to estimate

(2.6) fN e*M<b + y^<-¿A) dt
\ |i|'-ft/2
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We will denote th + yiogt - it   ' by ip(r). The estimation is done by breaking

into two main cases. We pick a number 17 > 0 large enough so that

(2.7) b/4 < 6/3 - (b/V)(2b/3)h/(h+,).

Clearly tj depends only on b.

Case 1. HI > max(l, (ij|y\/b){b+ u/b). We let t0 = (3|£|/2¿>)'/(í,+ 1). If t0 < N we

split (2.6) as

rt    p'^u) rN  pW>

If A < r0, we just consider

(2-9) j  -
Jsh t

N  fi'+tO

I-6/2
Ji = c.

We note since |£| > 1, i0 > V

The estimates for A and C are similar and we do these first. We claim that in both

¿andC, if£> 0, then |i//(r)| > c|||r2, and if £ < 0, then W(t)\ > c\£\r3.

Now, if £ > 0, then since / > 0 we get

|*'(/)| = \bt"-] +yrl + £r2\ > £r2 - |v|r' = r2(£ - t\y\).

But in both A and C, t < i0. Hence, we get

M < (3/2ft)'A*+1 vVi>)líl < IÍIA

for large tj. The choice 17 is again compatible with (2.7). It follows then that

(2.10) if £3*0, then   |t//(r)| > c|£|r2,       t < t0.

We next consider £ < 0 and compute ^"(0- We show

(2.11) if ¿<0, then   \^"(t)\ > c|£|r3,       / </„.

Now, ^"(0 = b(b - \)tb~2 - yt~2 - 2£r  3. To get (2.11) we consider the two cases

b > 1 andO < b < 1.

If ¿> > 1, and since £ < 0, we have

\r(t)\> 2\è\t-i - \y\r2 = r'(2\è\ - t\y\).

But we have seen that if t < t0, then t\y\ < |£|/2. Thus \ip"(t)\ > 3/2|£|r3.

If 0 < b < 1, clearly

\r(t)\ > 2|£|r3 - |j|r2 - ¿(1 - b)t»-2 = r3(2|£| - t\y\ - b(\ - b)tb+i)

>r3(2|£|-|!|/2-è(i-M'rJ+1)

because t < t0. Substituting the value of f0, the term on the right is bounded below

by F~3(3|£|/2 - 3(1 - 6)|||/2). Thus we see that if t < t0, ^"(t)\ > 3Z>|£|r3/2.

If (2.10) holds, integrating by parts A or C we get for, say, A,

ie¡<H»

/■-*/V(i)
/v. e'*(,)      dt r¡0 ei<H,)   j>"(t)dt
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For C, we replace t0 by N at each occurrence above. In both cases, though, t < t0.

We now use the fact that \\p'(t)\ > c|£|i~2 to get

Mi<cir'(i + 'r/2) + e'iV^

+ c\t\-2('°(t]+3b/2 + |v|f1+*/2 + \i\tb/1)dt-

The term C is also majorized by the term on the right side above. Using the fact that

t\y\ < c|£|, if t < t0, and substituting the value for t0 after performing the indicated

integrations, we get

\A\ < c|£|-' +c|£|-*/2("+1).

Since |£| > 1, it follows that \A\ and |C| are both bounded by a constant.

We now consider the situation (2.11). We define f(ü) = fg e"l'(')dt. By Van der

Corput's lemma [18, Volume 1, p. 197] and because (2.11) holds, |f(u)| <

c|u|3/2|£|~ 1/2. Integrating/! or C by parts we get, say, for A,

A--®*-
( 1-6/2 hh t

"'> *.
2-6/2

For C, we replace t0 by A at each occurrence above. We now substitute the estimate

for f(r) obtained above, to get

\a\ < cir1/2 + -±— + c\èA/2f°tb/2-i/2dt.

Substituting the value for t0 and using |£| > 1, we conclude that |v4| and |C| are both

bounded by a constant.

We now estimate 77. We claim here that since t0 < t < N, \\p'(t)\ 5* ctb~x. To see

this we note

|*'(Ol«|fa*-1 +y<~] +èr2\^ tb-l(b-\y\rh -mr^b+])),

but since t0 < t and b > 0,

b - \y\rh - |£|r-<ft+" > b - \y\t¿" - \è\t?b+i\

Substituting in the value of t0 and using \y\ < (b/i\)\i\bAb+ ", we get

* - \y\tob - W+,) > b - (b/T,)(2b/3)bAb+u - 2b/3.

In view of the choice of 17, as determined by (2.7), it follows that \^'(t)\ > cr6~ '.

We now estimate 77. Integrating by parts we get

r[N-mJ_! , .      *"(0
í'-"/V(0

Substituting the estimate for \p'(t) obtained above, we get

77 = cf e'*A   ,      '        - + -   -*-^¿--\dt.
J,0 \t2-»/2V(t)      /-V2(^(i))2

r-     dt      ,   _/■»_!_   ¡M   ,   lil,      1c r^   at r™   i       v      4

•'-»
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Using the fact that | v| < (b/t\)\i\b/(b+ '», |£| > 1, and the value for /0, we easily see

that|5| < ct0h/2 < c.

We now consider the next case that arises.

Case 2. |£| < max(l, (r¡\y\/b)(b+l)/b). We pick a number a > 1; a will depend

only on b and its choice will be made later. We then define

/0 = max((«//3),/ft,(«r,W/c,2)1/A).

Note that i0 > 8h. We split (2.6) exactly as in (2.8) and (2.9), dependent on r0 < A

or N < t0. We dispose of A and C by simply noting that both A and C are majorized

by

dtr'o_<

4 /•6/2
cW/2 + r)^(i + w/2).

We now estimate 77. We shall show that if i0 < t < N, then |t|/'(OI > ct''~ '■ This will

be shown by considering the two cases tj|>>| < b and ?j|j| > b. Recall now that

»//(<) = btb-A +yr] +£r2.

We first consider the case tj| v| < b. Then by the definition of t0, t0 = (a/b)]/h.

Thus we get

W(t)\> tb~\b - \y\rb - \tAb+").

But since t0 < t < N,

(2.12) l*'(Ol >'*"'(*-Wí*-Iíl'¿<*+I))-

Moreover, if tj|j>| < b, it follows that |£| < 1, hence

W(t)\>tb^{b-b2/(ay])-(b/afh+Wh).

A suitable large value of a then ensures that b2/(ai\) + (b/a)ib+ V)/b < b/2. It then

follows that |^'(01 > ci*"1.

We now let ij|^| > b. Then t0 = (ar¡\y\/b2)]/b and |£| < (t/|y\/b)(b+ u/h. Using

these estimates in (2.12) we get

|*'(0l > t»-l{b - \y\t0b - (v\y\/bf+i)/bt^^).

The term in brackets on the right side is bounded below by b — b2/(ar¡) -

(b/a)(b+ l)/b > b/2. So we have now proved that \4>'(t)\ > ctb~\

Hence, integrating 77 by parts we get

B
iel*M

t]'b^'(t)

N
rN

+ C " *M- w
t2-b/2nt)  ti-t/2ivit))

Hence, using the estimate \\p'(t)\ > ctb    we get

\B\ < cV/2 + c
7(     ^1 + 6/2 ,1+36/2 ,2 + 36/2 j

Using the value for t0 and performing the integrations, it follows that the right side

is bounded by a constant. This proves (2.4) and hence (2.3). Using the result of [13]
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it follows that for fixed e > 0, and z = \/p, we have by interpolating between (2.2)

and (2.3),

(2.13) \\Klp*f\\p^cp\\f\\p,,       l/p+l//=l.

Up to this stage we have not made use of the hypothesis (b + 2)/p < 1. We shall

now make use of it for the limiting argument which will yield the lemma. Pick

/ g Lf'', p' * 1. Note that it is only necessary to consider the case p' =*= 1. Now

/ = /■ + f2, where \\f2\\p< < 8, 8 > 0 any preassigned number and /, g C™(R). We

now show that Kh   * /is a Cauchy sequence in the norm of Lp. For e, < e2, then

(2.14) \\Kb\p*f-K<¿p> J

<!(*?., - *?.,)*/i|, +\\klp*h\P +lfe,*/2t

But

*?„(*) - *?„(*) = ̂ £^e> < 1*1 < O-

Hence, ||Ä£,(x) - A^p(x)||, < ce[-°,+2)/p since (6 + 2)/p < 1. Hence, the right

side of (2.14) may be estimated by 2<5 + e2~(b+2)/p\\fx\\p. Hence, Kehp*f(x) is

convergent in Lp norm. This proves our lemma.    Q.E.D.

Remarks. 1. For purposes of application it is enough to prove Lemma (2.1) for

the truncated kernels

*U*) = ̂ ^/X(*<W<1).

2. Lemma (2.1) is valid in «-dimensions too. The kernels we consider then are

Kh,p(x) =

Since these are radial functions, we can use the formulas for the Fourier transform in

Chapter 4 of [13].

The computation, however, follows the same outline as above. The point to

observe is that one makes the choice of t0 at those points where the phase <¿-(f) is

stationary.

3. By a simple change of variable and from Lemma (2.1) it follows that, if we let

eiab\x\-b

Kb,p(x)= lx](b+2)/p,       «6 * 0 and real,

then for (b + 2)/p < 1, 0 < b < oo,

\\Kb,P*f\\P^cpUf\\p'>       1/P+ 1/F'=1-

We will now use the lemma above to prove the basic estimate which will yield

Theorem A. For ah =*= 0 and real, x g R, recall that

ei"b\x\'b

Kb(x) = ——x(\x\<\),       0<b<œ.
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Lemma (2.15). Letf(x) g C0°°(/?). Then, for r> 1,

(Kh*f)*(x)^cA\f\r)*Vr(x).

Proof. Since the operators we are dealing with are convolution operators it will

be enough to verify the above estimate for an interval centered at the origin. Let this

interval be called I, and let |7| = 8. We fix a number, 80(b) > 0, such that

ô0 + 5¿/(6+1)< 1/8 and 2<50 < Sy(b+]). This is to avoid some trivial technical

problems. Moreover, it is clearly enough to prove the lemma for r, near to 1, i.e. we

assume that 0 < (b + 2)/r' < 1, where \/r + \/r' = 1.

Case 1. 8 > 80. We let f(x) = fx(x) + f2(x), fx(x) = f(x)x(20/so),(x">- li follows

that

f\Kh*f\dx < ¡\Kh*fx\dx + f\Kh*f2(x)\dx.j, j, j,

By the location of the support of f2(x), the last term vanishes. For the first term, on

the right we have

f\Kb*fx\dx < ^j\Kh*fxYdx}    «>/'';        \/r + \/r' = 1.

By (0.1) the right side above is majorized by

\fx\rdx
/(20/S0)
/    \fx\rdx\ s1/"'<cô(i/r)*,/r(o).
■'(20/Sn)/ /

Hence, 8~ {j,\Kb * f\dx < c(|/|r)*1/r(0). This verifies the lemma in this case.

Case 2. 8 < Ô0. Let/(x) = fx(x) + f2(x) + f3(x) + f4(x) + f5(x),

fx(x) =f(x)x2,(x),h(x) =f(x)x(x: 28 < |x| < 8^b+")(x),

hix) = f(x)X{x: «w+1) < \x\ < \/2)(x),   f4(x) = f(x)X{\/2 < \x\ < 4)(x).

We estimate/,(x) first:

/ \'AJjK^fJdx^yjK^Wdx}    S,/r'

tclfjftfdx]    8^Ac8(\fO*]/r(0).

Hence we get the desired estimate. We now note that if x g 7, due to the location of

the support of f5(x), Kb* fs(x) = 0. Now using the fact that \Kh(x)\ < l/|x|, it

follows that for any x g 7, \Kb */4(x)| < c/*(0). Hence we only have to estimate

f3(x) and/2(x). Define

c,=f—-f3(t)dt.
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Note that because/(x) is locally integrable and by the location of the support of

f3(t), c, is a finite number. For x g 7,

(2.16)    \Kb*f3(x)-c,\

/l/3(0l
,i«b\*-t\~ ,<<*b\t\~

Tpx(l*-*l< i) - —¡tj—x(|í| < Odt.

But if t lies in the support of f3, and x g 7,

e'<»A|x-'r 3'«/,IT

U-i -x(l*-'l< O-—nrr-xfl'K 0

ei<*b\*-i\ e'"M~

x- t\
^c(\x\/\t\h + 2).

The last estimate follows from the mean value theorem and because 2|x| < |r| < 1.

Substituting the last estimate in (2.16) we get

l/3(0l
\Kb*f3(X)-c^cj\f3(X)\-^dt<c8f^ßdt

^cSzZ
1

k-o(2k8)(b+2)Ab+U

< cf*(0).

Hence, (I/\I\)f,\Kh * f3(x) - c,\dx < c/*(0).

We now estimate f2(x). Now

We split the above into two terms as follows:

,iab\x-trb      1 1

f l/siOl*
^2*S|/e>+i)<|,|<2*+is'/<*+i)

-/2(0*.

Ä:6*/2(JC)-/)jc_i|(2+6)A'[|;c_  f|l-<2+*)A*  '     |,|l-<2 + 6)A'  1^(0*

hit),»»*l-*-'l

J   \x _ i((2 + 6)A'     |,|l-(2 + 6)A'
rff

= y4 + 77.

Using the mean value theorem for the term in brackets in the integrand of A, we get,

by noting |;I > 2|x|, that

Ml < c|*| f    ^r * <cS £ —*-7 Í      1/(01* < c/*(0).

Now 77 = ¿6,r-*(/2(r)/|r|1_<2+6)/'"X^)- Here

,'«fci^r

^•r''*' |vl(2 + 6)A'-
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Hence, by inserting the estimates for A and 77, we have

hit)
(2.17) (\Kh*f2\dx^c8f*(0)+f Kh  .*,

I   ,i|l-(2 + 6)/r'
7 \ix) dx.

We estimate the second term on the right above as follows:

IK„y*
hit)

il-(2 + 6)/r'
-\ix) dx^8]/r\ f Kby*

hit)
,l-(2 + 6)/r' 7 \(X)

\W

dx

We now use Lemma (2.1) (see Remark 3, following Lemma (2.1) too) to estimate the

right side above to get

(2.18) < c8

< c5'/'

i/
i/2(or

i;ir-(2 + 6X/-l)
dt

i A

Ei2ksf-,)(6+,)¿í  j/(or*
4=0 2*8 J\t\~2kS

■A

Here fc0 is an integer such that 2k«~ 'S < SlAb+ n < 2*°5. We thus estimate (2.18) by

/     *0

c6'/'

'A

o/r)*1A(o)Z (2*8)(r-])(b+])\

\k-Q I

< c8lA5(r-l)(6+l)A(6+l)(|y|r),lA(0) < CO(|/|r)*1/r(0).

Hence (2.17) is majorized by co(|/|r)*1/r(0), the desired estimate.   Q.E.D.

Remark. It is evident that the proof given above may be easily adapted to R".

Lemma (2.19). Let w g Ap. Then, ifl<p<oo, \\Kh * f\\pw < cp\\f\\p¡w.

Proof. Our aim is to use Theorems (1.4) and (1.5). We recall that if w g A then

w g Ax. With no loss of generality we will assume that / g C0°°. The lemma then

follows by a standard density argument. Note that to apply Theorem (1.5) we need

to show that \\Kb* f\\pw < oo. Now we recall that if w g Ap, then by Theorem (1.6)

there exists a number r, 1 < r < oo, such that J[wr(x)dx < oo, where 7 is any

interval. Hence, noting that Kb(x) has compact support and f(x) has compact

support, Kh * f(x) has its support in some interval 7. Thus, by Theorem (1.4),

/ \1/r7 \1/r

II*** /IU < cpf¡K»* f\P">(x)dx < cpyj\Kb* f\pr'dxj      {fw'ix)dx}

< c fifr'dx)

where \/r + \/r' = 1. Hence, applying Theorems (1.4) and (1.5) we have for

\\Kb*f\\P,w^cp\\iKb*f)*\\p>w,       Kp<oo.

But applying Lemma (2.15) to the right side above we get

ii*6*/iu<gi(i/r)*1Aiu-
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Choosing r sufficiently close to one, we immediately get, by Theorem ( 1.4),

ii*6*/iu<<gi/iu-   i<p<oo.

This is the desired result.   Q.E.D.

We now are in a position to give a proof of Theorem A of the Introduction.

Proof of Theorem A. Using Lemma ( 1.2) we see

\\Tbf\\p,K^cp\\Kh,*f\\pw + \\f*\\pK.

Applying Lemma (2.19) to the first term on the right side, and Theorem (1.4) to the

second term it follows immediately that \\Tbf\\pw < c||/||   w, 1 < p < oo.    Q.E.D.

3. Preliminary lemmas for the weak (1,1) estimate. The aim of this section will be

to bring together the ingredients needed to prove Theorem C of the Introduction.

The emphasis of the proof, as pointed out before, will be on the multiplier. The first

result we wish to recall is a theorem of R. Coifman and R. Rochberg [3].

Theorem (3.1). Let w(x) g Ax. Then there exists o, 0 < a < 1, and functions g(x)

and h(x) such that w(x) = h(x)(g*(x))a. The function h(x) is essentially a constant,

i.e. there is a number c > 0, such that c_1 < h(x) < c. Moreover, if g(x) is any

locally integrable function such that g*(x) < oo a.e. and c~ ' < h(x) < c, then for any

o, 0 < a < 1, h(x)(g*(x))a is in Ax.

We now wish to write down some results for weighted 77 ' spaces which will prove

crucial in the subsequent development. The sequence of Theorems (3.2)-(3.4) is due

to Strömberg and Torchinsky and may be found in [14-16].

Theorem (3.2) (Analytic interpolation). Let w(x) g Ax. Let Tz be an analytic

family of operators in the following sense. For g G U° with compact support, f(x) G

L2 n H¿, consider

U(z)=( TJ(x)^\g(x)\p'<>-A»Ax)y-p°-:)dx.
JK" \g\X)\

Here 1/p + 1/p' = 1 and we(x) = w(x)xE(x), E = {x: e < w(x) < l/e). Sup-

pose U(z) is an analytic function for z G S, the strip in the complex plane = {z:

1/2 < Rez < 1), and let 77(z) be continuous for Rez = 1 and Rez = 1/2. More-

over, assume that, for some N > 0,

\\TJ\\u^c(l+\y\N)\\f\\Hl,       Rez=l,

and

||FZ/||2 < c||/||2,       Rez = 1/2;

then if Rez = 1/p, 1 < p < 2, we have

Fr/ll, V < Cp\\f\\p^-f.

We remark that the result of Strömberg and Torchinsky is much more general than

the statement here. However, we need only this special case of the general theorem

of [16]. For example, the above result is valid for w g Ax, provided we replace the

norm on the right side in the conclusion by the Hpi-P norm.
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The next result we need is the atomic decomposition of Hi. An atom is a function

a(x) suchthat:

(1) a(x) is supported in a cube 7,

(2) f,a(x)dx = 0, and

(3)11^« \/w(I).
Then from [15] we have the following result.

Theorem (3.3). Let w(x) g Ax. Then if f ^ Hi, there is a sequence of atoms (ak)

such that f ~ HXkak and \\f\\Hi ~ T\Xk\.

We need one more fact on the imaginary fractional integral. For/ g Cq0(R") and

y g R, define RJ(£) = |£|'7(£). Since |£|'> = eiy)o*M, the multiplier operator Ry is

a Hörmander multiplier. Then from [14] we have the next result.

Theorem (3.4). Let w(x) g Ax. Then

\\Ryf\\HlAc(\+\y\N)\\f\\Hl.

The constant N depends only on the dimension and is positive.

Theorem (3.4) stated here is a special case of a general multiplier result in [14].

The next aim will be to employ the results above to prove the following lemma.

Lemma (3.5). Let w g Ax. Then there exists p0 = p0(w), 1 < p0 < 2, such that

\\Tb,J\\Po,w < c\\f\\Po,w with a = b(\/Po - 1/2).

Before we go about proving this lemma, we wish to remark that in «-dimensions

the above result is also valid except that the value of a = nb(\/p0 — 1/2). The proof

of the lemma is atomic. The first step hence is the next lemma.

Lemma (3.6). Let v g Ax. Then \\TJ\\Xv < c||/||„,.

Proof. Let a(x) be an atom in //„', supported in an interval 7, centered at x0. To

prove the lemma it is enough to show that \\Tba\\x 0 < c. Since v g Ax, by Theorem

(1.6) we get

(3.7) [^fvp'dxy\^fvdx

for some p', 1 < p' < oo, and all intervals I. Choose p such that \/p + 1/p' = 1.

The estimates break up into two cases. We choose a number ô0 > 0 dependent only

on/), by250<50-fc, 2S0 + ô0-"< 1/8.

Case 1.17| > 80. This is the trivial case. Let I* = (10/S0)7. Now

f\Tba\vdx < f \Tba\vdx + f     \Tba\vdx = A + 77.
JR J,» JR\r

The estimates for B are trivial ones. From (1.1) we see that, if x g R\I*,
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Substituting this estimate in B we get

CI7I   vr dx < —++- > .

(2*171)

_      i   c|7|  \ r v(x)      J c\I\    ™ 1        r
B < I -J-L   / -y—!—- dx < —+^r- £- / vdx.

vil)JJ\x-x0\>\r\\x-x0|2 u(7) i = 0(2'i|7|)2V-Aol-2*|/|

Since u g ^4,, the last term is majorized by

c|/|    £ (»ÍI

c

«(/),tol   I'l   /l2*|/|i"

Using the fact that |7| > 2, the above term is bounded above by a constant. To

estimate A,

Using (0.1), (3.7) and the fact that u is doubling, the right side may be estimated by

(/„'H'lmH*'-
Cose 2. |/| < 60. To estimate this case we use the kernel estimates. Let |7| = 8, and

7 = the interval concentric with 7, but with length ô1 ~b. Let I* = 27. Now

/ \Tba\vdx < / \Tba\vdx + j      \Tba\vdx = A + B.
JR Jr JR\r*

Now

A < (fjM'dx)1*^*)1* < c[f\a\pdxyP^ß < c.

We now estimate the term 77. Now note by (1.1), for x g R \I*, and b' = b/(\ — b)

we get

\Tba(x)\^c\Kb,*a(x)\ + c[\a(t)\
1 |  xi\x-x0\^2)\

(|1 + |* - *o|)2

-^r (     ((1 +\x- x0\y2 + x(|JC - x0\ < 2)|x - x0|-,+e)ü(^)^ < c.
u(7) 7ÄV»V

< c\Kb,*a(x)\ + 4yy((l + I* ~ *ol)  * + x(l* ~ *ol < 2)|x - x0p,+£)-

But since |7| < 1 and v g Ax, the second term, when substituted into the integrand

of 77, yields

'«v*

Consequently, we are only left to estimate \Kb, * a(x)\ for x g R \ I*. Now

f     \Kb.*a\vdx < f     \Kb,*a\vdx + f    \Kb.* a\vdx = C + D.
JR\I* JJ\1* JR\J

The technique we use to estimate the terms C and 77 is the same as for the sharp

function estimates of Lemma (2.15). By the moment conditions on a(x), iix G R\J,

,1 ei<*b\x-yFb' eiah\x-xB\-h' \

Kb*a^ -c) hr^i—f^oT ry)dy-
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Clearly then, by the mean value theorem,

c8
K» *«(*)!< ;—c—¡^-2 i\°iy)\dy

c\I\

\x-x0\<b' + 2)\v(I)

Hence,

V(I) J\x-xn\>

v(x)

i(6' + 2)
dx

<

(l)J\x~x0\>8>-" \X - X0\

c\I\2    y 1 f     1
»(/) k=k0 (2ksf'+l) 1(2*6)-,/

dx \,

k0 is a positive integer such that 2k° < 8l~b < 2Ar°+1S. Using the fact that V =

b/(\ - b) and u g Ax, the above is easily seen to be majorized by a constant. We

now estimate the term C. By the choice of 80, the term C does arise. For x g 7 \ 7*,

we split ATA. * a(x) as follows:

,t<*b\x-y\

/e "'    ■"
-,Va.->W|X __j,|(ft+2)A

1 1

+ c ( ¿fc, „**(*))-

I*-71
1

I-(6'+ 2) A il-(6' + 2)A
a(y)dy

_        il-(6' + 2)A
= E + F.

\x — x 01

Applying the mean value theorem to the term in brackets in the integrand of E, and

noting that for>> g 7, and x g J \ I*, \x - y\ > c\x - jc0|, we have

\x - x0\¿Ji \x - x0\¿ \v(I ) I

Substituting the estimate above for E and the term F in C we have

c|7|2  r vjx)    JL. L_r ,-     _, t)(x)
|C|<

cJ      { v\x       J r . v{x)
,   .   / --dx + ct \Kh. „*a\-^^-

u(7)V.vol>«l*-*ol W-*ol<«'-»    *•'      l|x-x0|1-",' + 2)/''
dx.

By a standard argument since v ^ Ax, the first term is majorized by a constant. For

the second term we use Holder's inequality to get

*a
vjx)

J\x-x0\>8 X - X,
il-(6' + 2)A

dx

\(\Kh.p*a\pdx

i/p p"'(*)/• _H1ÜL!_^
•W-*n|<S'-* |JC - XnK'^6'"1"2^'-0

'/>'

Note that p' may be chosen close to one; this means that (b' + 2)/p < 1 and

Lemma (2.1) applies on the first term above. Hence, the term on the right is

majorized by

iA' /  *o

clfWdx) E (2*5)(P'-')(6'+,)¿/ Vdx
V I \k = 0 2k8J\x-x0\^2k8

l/p'
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Here, 2*»-' < Ô1" < 2*°fi. Now using b' = b/(\ - b), and (3.7), the above is

majorized by

\i\w(viiy

(if) £(«H   ...»(') v   .--   /\*-o

This proves Lemma (3.6).    Q.E.D.

Proof of Lemma (3.5). Since w g ^,, by Theorem (3.1), w(x) = h(x)(g*(x))a,

0 < a < 1. With no loss of generality, to prove Lemma (3.5) we may take h(x) = 1.

Pick a number tj such that a < t] < 1. Consider the weight (g*(x))r> = v(x). The

weight v & Ax by Theorem (3.1). Now there exists a p0, 1 < p0 < 2, such that

(2 — p0)r/ = o. This is the choice of p0 for Lemma (3.5). Let us now define the

family of operators {Tb ) for/ g Co"0 by

n./(€)-»(0j¡¡5^A€).

We now wish to see that the family {Tb ,) is analytic in the sense of Theorem (3.2).

We have

U(z)=f(TbJ(x))^\g(x)\p^-Ave(x)y-^-')dx.

If /g L2 n Hi and g(x) has compact support, note the integral above converges

absolutely. If 1/2 < Re z < 1, by differentiating in z under the integral we get

U\z)= j j-(TbJ)(x)f^\g(x)\p'^-^(vE(x)rp^-:)dx
JR az \g(x)\

If/G L2 and 1/2 < Rez < 1, (d/dz)(TbJ)(x) is also in L2, for it is nothing but

the L2-multiplier,

¿(Ffc,J)(£) = /,t7(£)(log|£|)-^----/(£).

This yields the boundedness of the first term. The boundedness of the second term

follows by a straightforward differentiation as indicated. Likewise, when Rez = 1 or

Rez = 1/2, it may be easily seen that U(z) is a continuous function. We now verify

the remaining hypotheses of Theorem (3.2).

If Rez = 1, note that TbJ = TbRyf. Here R is the Hörmander multiplier given

by RjXè) =/(£)/|£r*v', /e ¿"ao- By using Theorem (3.4) on the operator Ry and

Lemma (3.6) on Tb, we get for Rez = 1,

\\TbJ\\Uo < c(\ + \y\N)\\f\\H>.

By Plancherei's formula, if Rez = 1/2, we get

\\TbJ\\2 < c\\f\\2,       Rez = 1/2.
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Thus, by the conclusion of Theorem (3.2) in view of the two inequalities above we

get

\\TbA/,af\\Pa.*->o < c||

But TbX/pJ'= TbJ, a = b(l/p0 - 1/2) and w(x) = v2~p«; the lemma follows.

Q.E.D.
Having accomplished the interpolation aspects of Theorem C, we now turn to the

geometric aspects of the proof of Theorem C. Before we proceed any further we wish

to write down some properties of Whitney decompositions of open sets. All these

properties are well known and their proofs may be found in Chapter VI of the book

by Stein [12].

Lemma (3.8). Let ß be any open set in R" such that R"\ti is nonempty. Then:

(a) ß = U 7 , 7 are cubes, whose interiors are pairwise disjoint. Moreover, the sides

of the Ij's are parallel to the coordinate axes.

(b) diamlj < dist(Ij,R" \ ß) < 4diam7/,

(c)LetI* = (9/8)/,.; then |diam/y. < dist(I*,R"\tt) < 4diam//.

(d) Each point o/ß is contained in at most (12)" of the cubes I*. This is the bounded

overlap property.

We are now ready to state the basic lemma for localizing the weights.

Lemma (3.9). Let ß be any open set in R", such that R"\Q is nonempty. Let

g(x) > 0 be such that g(x) = 0 if x G R" \ ß and g*(x) < oo a.e. Then there exists a

function p(x) > 0 such that p*(x) < oo a.e. x with the properties that, for ß = UZ, a

Whitney decomposition satisfying properties (a)-(d) of the previous lemma, we have:

(1) c~ lg*(x) < p*(x) < cg*(x) a.e. x g R" \ ß, and c> 0.

(2) suP;ce/;p*(x) < cessinf,g*(x), I* = (9/8)/,.

Proof. We define p(x) by

P(
x)JM8it)dt'xelj'

[0, r£Ä"\8.

p(x) is well defined as the cubes / are disjoint. Clearly p(x) > 0 and since

g(x) G L'loc, p(x) g L'loc. Since g*(x) < oo a.e., note that it follows from (1) and (2)

that p*(x) < oo a.e. We now show the left-hand inequality of (1). For x g R"\ti,

pick an interval / such that x g /, and consider \I\~xf,g(t)dt. Since g(x) has

support in ß, consider those Whitney cubes Ik, such that / n Ik =* 0. The above

average then may be estimated by

(3.10) Tyy     E     /*(<)*-r?;     E    \Ik\7j-Jgit)dt

<777     E     [ Pit)dt.
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Now since x g R" \ ß, and x g /, there exists a number a > 1 dependent only on

the dimension such that if / n Ik =*= 0, then Ik c / = a/. This follows from (b) of

Lemma (3.8). Hence the last term in the chain of estimates above may be estimated

by

■j.   E   /p(0*<t7-/p(0*<]jjAt)dt.
\!\ fntk*0Jh \I\J't \I\JI

Hence it follows that since x g /, too, then for any xeü"\ ß, g*(x) < cp*(x). The

other half of the inequality (1) may be proved as follows. Fix /, x G /, where

x g R"\Q. Then using the definition of p(x) we get

1   /• 1 /•
777 MO* < 777     E     / P(0*.
10'z lyl mik~0Jh

But (, p(t)dt = ¡hg(t)dt. Hence the right side above is majorized by

E    l)i/^í)j?<^/   s(0*<7fï/j,(0*.
/n/t*0 10 ̂  IOyU/A |/K/

Here / = ai as before. The last term on the right side is bounded by g*(x). We have

hence proved that p*(x) < cg*(x) if x g /?" \ ß. This yields (1).

We now show (2). For x g /*, fix /, x g /. With no loss of generality we assume

that / has its faces parallel to the axes. There are two natural cases which the

estimates for (2) split into.

Case 1. diam/< Yodiam/,. Consider now those Whitney cubes Ik, such that

/ n Ik =*= 0. We now claim that there is a constant c dependent only on the

dimension such that the number of //s is bounded above by c. Moreover, we claim

that ¿diam/- < diam/A < 10 diam/,. The first claim really follows from the second

one. For, by (a) of Lemma (3.8), if / n Ik =*= 0 and Ik's are disjoint and both Ik and

I have faces parallel to the axes, then indeed, if diam/A > ¿diam/, > ¿diam/, the

number of such Ik's has to be bounded by a constant c. So now we verify the second

claim. Pick any x0 in R" \ ß. Now since / Pi Ik *= 0, / n If =* 0, and since

diam/ < jo diam/., it follows that dist(Ik,I*) < i diam/,. But we have

(3.11) |diam/,. < dist( jc0 ,//) < dist(x0>4) + dist(Ik,If ).

Substituting the estimate for dist(/*,/*) into (3.11) we get

|diam/, < dist(x0,/J = dist(/A.,/?"\ß).

The last equality follows because x0 was arbitrary. By Lemma (3.8) we know that

dist(Ik,R" \ ß) < 4diam//í. Thus, substituting this above we see at once that

I diam/, < diam4. Hence we have verified one-half of the claim.

We prove the remaining part of the claim by contradiction. Assume diam/, <

jö diam/A.. Since we know that dist(I*,Ik) < ¿diam/,, it follows that dist(I*,Ik) <

¿ diam/A. and since diam/A. < dist(x0,/A) < dist(x0,I*) + dist(I*,Ik) it follows

that

diam/A < dist(x0,/*) + ¿diam/A.
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Since x0 is arbitrary the inequality above yields

|jdiam/A < dist(xQ,If) < dist(//,/v"\ö) < 4diam/,.

But since diam/, < 75 diamIk,  the inequality above yields the contradiction,

|j diam/A < | diam4. Thus, diam/A < 10diam7, as desired.

Now consider

jTi/^O* ¡77   E   /   p{^dt
IO /n/A.0 J/n4

777      E     \mik\rj-jgit)
IO/n/t*0 I7*!"'/*

dt.

But from the claim the number of terms in the sum above is bounded by a fixed

constant c(n). So we can estimate further by

1       t      ,    v    .     1    <^.. „   . 1
max 777 f g(0*777£l/n4l<       max       77lis(0*.

,<■(«)  141-'/, 10   1. *=1,2.c(n)  \h\Jl,k =1,2,.. I   A.

Using the fact that dist(/A,//) < ¿diam/,, and ¿diam/, < diam/A < 10diam/,, we

can find a cube /, such that /D Ik,k = 1,2,..., c(«), /, c /and |/|/|/J < c for all

fc = 1,2,..., c(n). Hence, we estimate the term above by

77 fgit)dt < cessinfg*(x)
|/| Jj ij

Case 2. diam/ > tö diam/,. We wish to consider |/|" ]f,p(t)dt. It is evident that by

simply expanding /, one may simply consider the case diam/ > lOdiam/-. We claim

that if {/A} is the subcollection of Whitney cubes such that / n Ik =*= 0, then one can

find a number a = a(n) such that a/ = / d /A for all /c. To verify this it is enough to

show that if / n Ik * 0; then, diam/ > jödiam/A. We proceed by contradiction.

Assume diam/ < 75 diam/A. From these assumptions it follows that diam/, <

-¡¿o diam/A. Pick any x0 g R" \ ß such that dist(x0,/,*) < 5diam/, < ¿ diam/^. But

(3.12) dist(x0,/A) < dist(x0,/,*) + dist(/,*,/A).

Now since / n /,* * 0, and I C\ Ik* 0, we have that dist(/,*,/A) < diam/ <

75 diam/A. So from (3.12) it follows that

dist(x0,/A) < ¿diam/A + jo diamIk < ¿diam/A.

But diam/A < dist(jc0,/A). Thus we arrive at a contradiction. Hence, diam/ >

To diam/A, and our claim is verified.

Letting diam/ > 10diam/,, we have

— ipit)dt<—     E     /p(0*<77T     D     f«(0*
IO-V 10 icMk*e>Jh 10 mik*0Jh

= i7ií,/')<*si7¡//')'"-

The last term on the right is bounded by cessinf, g*(x). The lemma has been proved

in entirety.   Q.E.D.
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4. The weak (1,1) inequality. At this stage we are ready to prove Theorem C.

Proof of Theorem C. We consider the open set ß = {t: f*(t) > X). Since

\\f\\\.w < °°. it Is evident from (1.4) that w(ß) < c||/||, W/X < oo, because w g Ax.

Thus R \ ß is nonempty. One can then obtain a Whitney decomposition for ß from

Lemma (3.8). Using (b) of Lemma (3.8) it follows that if ß = U / , then

^1/(01*.        „dt^cX.

Moreover, if x g R\Q then \f(x)\ < X. We write/(x) = ^(x) + Ljfj(x), >p(x) =

f(x.)xR\a(x) and fj(x) = f(x)x,j(x)- We aIso let "(*) = £//}(*)• We also assume

that/ g C". If we prove Theorem C under this hypothesis, then the theorem follows

by a routine density argument. Now

(4.1) w{x: \TJ(x)\ > X) < w(x: \Tb^(x)\ > X/2) + w{x: \Tbh(x)\ > X/2).

By Chebychev's inequality the first term on the right side is bounded by

^f\Tb^\2wdx < ±jW\2wdx < f 11/11,,w.
X2 JR X¿ JR A

Note that for the first inequality we used Theorem A and the fact that if w G A, then

w g A2. For the second inequality, we used the definition of \p(x). Hence we are left

to estimate the second term on the right side in (4.1).

Letting ß = U 41 j, we have

w{x: \Tbh(x)\ > X/2) < w{x: R\Û, \Tbh(x)\ > X/2) + w(Û).

But since w is doubling, we have

w(Ù) < I>(4/,) < czZw(lj) < cw(ß) < £||/||IiW.
j j

Now choose a function <j> g C™(R) and <#> > 0 such that j<j>(x)dx = 1 and <¡>(x) is

supported in (-1/2,1/2). We let 5, = |/,|, and let <*>,(*) = 8A/0~b)<t>(x/8Ji/(i-b)).

We eliminate the trivial terms very much like [6]. Let

h(x)=   E  /,(*) +   E  fj(x) = hiix) + h2iX).

|//l<a* I7I>S*

Here 8b is such that 5,, = [1/100]° -b)/b. By (1.1) we get

(4.2) w{x:R\Û,\Tbh2(x)\>X/2}^^Z       ff       \f(t)\™{_x)^2dtdx,
>,

\x~Xj\>2\Ij\

I-       Xjl

Xj = center of/,.

Since |/,| > 8b and w g Ax, a standard argument yields

r                w(x)dx .  -   /   \
/- < cessinf w(x).

J\x-xJ\>2\tJ\ \X - Xj\¿ I,

Substituting this in the right side of (4.2) we easily see that

c
w{x: R\tt,\Tbh2(x)\> X/2) ^^ l,w
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We will show that

(4.3) w{x:R\Û,\Tbhx(x)\>X/2)

Now, consider the difference,

Tb(hx)(x) - Tbl   E   V/  W'       xeR\Ü.

If/I«*»

Using (1.1) we may estimate the term above as follows:

|F/,(«,)(x)-FftÍE<>/*/)(^)l<Eir/1(/0(^)-r6(^*/)(^)|.
A j

Note that one is allowed the interchange of the summation and Tb since fj(x) comes

from/(x) which is smooth. Now for x g R \ ß and b' = b/(\ - b),

in(i)(*) -Ii(*, •/,)(*)!

< c

+ c

e'"fti^-.v-'i        g'Oftix-^r

|x-v-í|        |*-.y|
|/,.(>0l<i>,(0**

/l/v(>')l*'
1 x(l^ - Xj\ < c)

+

10 + 1*-*/      l*-V
Using the mean value theorem for the first term we see that for x not in 4/,

(4.4)    |rfc(/,)(x)-Ffc(<#>,*/,)(x)|

< c jfiz/jOi*
gl/0-6)

(5,. + |x - x,|f+2)

x(l* - *yl < c)

u-x,r-e (l + |*-*y|)

Thus, from (4.4) it follows that

(4.5)    E/   Ä(/,)-^//>a

cE \f\fj\dy \f
, \Ji, rí 'R\4/j

gl/(l-6)

(2-6M1-6)
(6, + |x-x,|)

x(|*-x,|<c)
+-^-+

\x — X
il-t

(1 + |* - x,|)2

wdx.

But since w is in A,, the second integral on the right is easily seen to be bounded by

cessinf, w. Thus the right side of (4.5) is bounded by

:E(essinf w\f \ff\dy < ll,w
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Thus the term on the left in (4.3) is bounded by

,,„ + 4* g «\ß: |F,(EV/y)(*)l > Aa4}.b
the sum over/ being of course taken over those /, for which |/,| < 8b.

It is at this stage the estimates become delicate. Using Chebychev's inequality,

(4.6)    wlx^R\Û: Th[L*j*fj)ix) >x/4)^LA^*fj wdx.

The number p0 is the same for which Lemma (3.5) holds. Now by Theorem (3.1),

w(x) < c(g*(x))a, for some a, 0 < a < 1. Let g(x) = g(x)Xsi(x) + g(x)xRxa(x)

= £,(*) + g2(x). Hence, w(x) < c((g*(x))° + (g2*(x))°). The function gx(x)

satisfies all the hypotheses of Lemma (3.9), hence there is a function p(x), such that

for x g R\Û, (gf(x))° < c(p*(x))a. Note that by Theorem (3.1), (p*(x))a is a

weight in Ax. We call this weight wx(x). We denote (g*(x))a as w2(x). By Lemma

(3.9) and Theorem (3.1) we have supx(Erwx(x) < cessinf, w(x), I* = |/,. Note, too,

that w2(x) is also a weight in Ax and w2(x) < cw(x) for all x. So by Lemma (3.9),

(4-7» ¿JUr'te*"'
Po

wdx <
A";/. ?i Efí (w, + w2)í/x.

By construction of w,(x) and w2(x) (the o being the same for both), Lemma (3.5)

applies with p0 being the same for both wx(x) and w2(x). We now claim the

inequality

(4.8)   ¿/Rr6(Ev/;)

/'<.
(w, + w2)dx

Xp
-1Gb/pÁI,4>j*fj

Po

(w, + m>2)í/x.

1/Fo + 1/FÓ = I- The operator Gb/ . is the multiplier.

W(i)
T)(£)

III'
7/(0.

t)(£) is a C°° cut-off function, such that

1,    III > 1/4,
T/(£)  =

0,    III < 1/8.

To see (4.8), we observe that Tb comes in two pieces as follows:

F„/(£) = 0(£)
,i\t\" i(0

IIIb/2-b/p'0   \t\b/p'onr
r/(l).
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Hence,

TJix) = Tba(Gb/pj)(x),       a = b(\/2 - \/p'0).

Applying Lemma (3.5) to the operator Tb a immediately yields (4.8). We now let /,

= \}Ij. Note /,c/-.c /;,/; = I/,.

Our aim is to show that

(4.9) /. Gb/JL<t>j*fj

Po

(4.10) fRGt/,o(l.*j*fi)

wIáx<cX'«-,||/||ItW,

w¡dxKc\" 'lu,.

If the two estimates above are proved then it follows from (4.8), (4.7) and (4.6) that

wlx:R\Q: 7,(EV/,)(*) >xu l,w

This is the desired estimate. Now

(4.11) Gb/pilZ^*f\(x) = Y,Gb/p^J*fJ)(x)xri(x)
^ i ' j

+ ¿ZGb/p^j*fj)ix)xfjix)
j

= A + B.

It is well known that the kernel associated with Gb/p,, which we will also call Gb/ ,,

satisfies the estimates

(4.12) IW*)|< cx(l*l < O   ,  cXi\x\ > 1)
b/p'°y" \x\]~b/p'<>

+ «*(*).

\dy

So using (4.12) in B we get

1*1 < E /* * *jix - y)\fj(y)\dy < c¿Z sup |$ * 4>(x - y)\[\fj
'j j yeij J>,

<cE sup $ •*,(*->>)|/,|\7j-.f\fj\dy

< cXZ /"* * $j(x -y)dy^ cXO * E (*y * X, )(*)•

But $ & Ü   and  ||E,(<i>, * X/)(*)IL ^ c because of bounded  overlaps.  Hence,

II* •£/(*/ * X/Jlloo < c So we'get that |£| < X. Thus,

(4.13) f\B\po(wx(x) + w2(x))dx < cXp'>-] (\B\(wx + w2)dx.
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Now we simply consider JR\B\wxdx. The term that remains may be estimated

similarly:

f\B\wxdx^c\Zf\fHx-y)\4>J*fJ(y)\dy\wxdx
R j   'a 'i I

•E [fMx-xj)^dx\f\fj\dy,
j \ 'i

since ||<f>-||, = 1.  Using (4.12) and a standard argument easily yields that, for

H>,  G Ax,

/ $(x - x )wx(x)dx < c essinf wx(x) < c essinf w.
Jfj h i,

The last estimate is valid because of Lemma (3.9). In case we were estimating the

part with w2(x), in the last inequality above, we would have used the obvious

estimate, cessinf/-w2(x) < cessinf,-w(x). So the right side of (4.13) is majorized by

cXpo~i\\f\\XK. So we need to show that

f\Ar(wx + w2)dx^cXpo-i\\f\\Xw.
JR

Now, by bounded overlaps,

j\A\»°wxdx < cZf.\Gb/p-0*>fj*fjrwiiX)dx.
R j      lj

Using Lemma (3.9) we see the right side is majorized by

(4.14)    clZ sxxçwx(x)(\Gb/p,û^J*fJ\p°dx
J     I '>

KcZ (essinf wix))f\Gb/pi**j*fj\">dx

^c¿ZÍeSsiníw(x))f\Gb/p,o*<¡>J\p»dxíf\fJ\dx
j v     'j >JR \Ji,

But

Po

¡\fj\dx\     <cXp«~%\p°-'j\f\dx.

Moreover, by the Hardy-Littlewood-Sobolev fractional integration theorem,

fR\Gb/p,o*<¡>Jrdx^c\iJ\]-p°.

Hence, (4.14) is majorized by

< cXpo- 'EÍ essinf w) (\f\dx «S cXp°-
j V    'j       'J'j

l.w
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Now,

(4.15) f\A\p°w2(x)dx < c}Zf\Gb/ph*<t>J*fjrMx)dx.
R j     lj

But we recall that w2(x) = [(g(x)xR\a)*(x)]a. We also recall from Lemma (3.8)

that ß = U/,*, /,* = §/,. The cube L = \}L. So evidently by the geometry, for

x g lj, w2(x) < cs[xp,(\I\~xfIg(t)dt)a < cessinf, w(x). The supremum being taken

only over those /, such that /, c /.

Thus (4.15) is majorized by

cZ (essinf "(*))/ \G„/P'0 * <¡>j * fj\Podx.

Hence, proceeding as in (4.14) the term above is bounded by cXPo~ '||/||,¡w as before.

This establishes the estimates (4.9) and (4.10) and hence Theorem C.   Q.E.D.

The following corollary is evident from Theorem (1.4), Theorem C and Lemma

(1-2).

Corollary (4.16). Consider for x g R,

Kb(x)=^x(\x\<\),       0<6<oo.

If we Ax, then w{x: \Kb*f(x)\ > X) < (c/X)||/||,,„, X > 0.

5. Inequalities for Tba and Theorem D.

Proof of Theorem B. The proof is fairly standard. We employ Theorem (5.5.3)

of [1]. To do so we consider the analytic family of operators,

TbjU) = e(^)—fU),       z = u + iy.

By the results of Fefferman and Stein in [7] (see (0.2)), it follows that, if

Rez = nb\\/p - 1/2|, then

(5.1) IfWH,< cp(\ + \y\)N\\f\\p.

But if Rez = «6/2, Theorem A yields for w g A ,

(5-2) \\TbJ\\p,w<cp(l + \y\)N\\f\\p<w.

Interpolating between (5.1) and (5.2) we have that, if y = (a - a)/(nb/2 - a), then

(5-3) \\TbJ\\p,w, < c,||/||/iWT.

Thus we get Theorem B.   Q.E.D.

Remark. It is easy to see that for the operators Tb and weights w(x) = (1 + |x|)a,

a g R, one has for 1 < p < oo,

im/iu < cll/IU.
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It is enough to see this for p = 2, and a an even integer. The remaining cases follow

trivially from interpolation with the unweighted case and hence by duality. Now if

a = 4k,

f \Tbf\2\x\<kdx <   E /
JR" J= , JR"

d2k i e'M"   ■

' ^(1)^-77/(1)
2¿ ^'|¿|„6/2"8t;k\     in

¿£.

Straightforward differentiation by Leibniz's formula yields that the right side is

bounded by fRn\f\2(\ + |x|)4*¿x. Hence, it follows that for w(x) = (1 + |x|)4*,

k = 0,1,2...,

\\Tbf\\2,w < c||/||2,w.

The remark follows.

Theorem (5.4). Let w(x) = |x|Q. // a < -« or a > «(p - 1) then the inequality

\\T„f\\p.w<c\\f\\p,w is false.

Proof. The proof is by contradiction. We give a proof for « = 1. Note that by

duality it is enough to show that when a = p - 1, the inequality is false. Having

made this reduction we proceed with the proof.

Let <i>(£) g C^(R) such that

1,    |il<2,

We let tf>N(£) = <i>(£/A), A > 4. Consider the functioned) = «f^iO- Trivially, we

see that

(5.5) fNÍx) = Nf(Nx),   where/(x) is a Schwartz function.

Thus from (5.5) and changing variables we get

(5.6) ¡\fN\p\x\p-'dx^c.
JR

Our next aim is to estimate TbfN(x) from below. In particular, we will show that, for

x < 0 and 2bNb- ' < 2b~\ 0 < b < 1,

(5-7) \TbfN(x)\>c/\x\.

If (5.7) is established then the lemma follows. For if (5.7) were true, then, if x < 0,

Nb~] < |x| < 2b-\

(5.8) [\ThfN\p\x\"-ldx > cf-4 > clogA   for large A.
JR J  |x|

But if \\Tbf\\p^,-\ ^ cp\\f\\p%w,-\ were true, it follows from (5.6) and (5.8) that

log A < c. By letting A -» oo we get a contradiction.

We now verify (5.7). Clearly,

, eH\t\"+(x)

TJAx) = f oitHAt)—itt-^I-
JR |£|0/2
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We now simply do a stationary phase computation. First we change variables in the

integral above by setting £ = t\x\x/(b~ V). Using x < 0 we get

/|jc|M»-l>(|,|*_f)

dt.TbfN(x) = W<'-*/^*-'>/♦Jr(/|x|W-'>)*(/W1A*-t))*—-
JR \!

We split the integral above into two pieces as follows:

6/2

= |x|('-V2,/(6-l)    (2k) ^   (I|x|lA»-l))fl(r|x|I/(»-D)f-     -rf/
/(ft/2) I/l'-*) |r|ft/2

+ remainder.

We note that for the remainder the phase function tb — t does not possess a

stationary point. Thus the remainder may be treated by an integration by parts.

We note that the remainder is given by

1^1(1-6/2)/(6-l)

(/ +/ )'\-'|I|«(6/2)|/<1-'>1    •/(2/>)l/('-'"«:|,|5i;vi*r'/<''-17

Recall too that \x\> 2bN(b  ]), 0 < b < I, hence the last term above in brackets

does not appear. Consider, then, just the part / > 0 of the first integral above to get

|x|(l-6/2)/(6-l) /W2)
/•/ L  /")\l/(l-ß) P'\-*-\ V ' I

>/(ft/2)        ^(,WW»-i>)*(/WW-o £__-¿t.
J0 \t\ '

Integration by parts gives us

|jc|(.-6/2)/(6-IV|x|^-'V-0)j);v(f|;c|l/(6-l))g(f|;c|l/(6-l))

(btb~l - l)\x\b/(b-])tb/2

(A/2)

0

/<!-*)

((b/2)' i,,(l-36/2ïA6-n     e

(btb'x - i)fV2
+ c/-(é/2)^'-í>|;c|(1-36/2)/(6-l)

•'o

x [<#»;(í|x|1^-'))o(í|x|1/<''-10 + <í>^+ M dt.

But if 0 < / < (V2)1/(1"d), we see that, 1er6-1 - 1| > ctb~\ thus for the terms

above we get, keeping the supports of 8 and <f>N in mind,

c|jc|(,-36A)/(*-.)|1  +  Jf(^)—,,-36/2^^, + ^m +   LMilj^j.

Using 2bNb~l < |x| < 1 and performing the integrations above, we easily see the

remainder is 0(\/\x\l-b/2°-b)).

For the dominant term above, if |x|1/(i,_1) < N, from the definitions,

<pAf(r|jc|1/(,'-1)) = 1. Likewise, if Ixl1^*-" > 2 then 8(t\x\XAb~X)) = 1. Thus for

A*" ' ^ |x| < 2b~ ', the integral equals

(5.9) |,.0-»/?)A»-i)p»),A,-*>e'W»'«-V-O,i|-»/aA.
7(6/2)i/o-i,)
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Using the stationary phase principle (for example, [4, p. 31]), we see immediately

that as |x| -» 0 the integral above is equal to

- + 0\-   ,       0<b< l,ah = bb^-b)-b]/0~h\
\x\ llxl1-"/2"-*»/

The remainder too is 0(l/|x|'_i,/2(l_i>)), 0 < b < 1. Since |x| -» 0, or what is in

other words A -» oo, (5.7) is now evident.   Q.E.D.

Remarks. 1. For the case when « > 1, we define fN(x) in an analogous manner.

However, we need to show here that the estimate corresponding to (5.7) is

\TbfNix)\> c/\X\n   ifA"-1<|x|<2"-1.

Using the Hankel transform formula from [13],

(5.10)    TJN(x) = c|xr<-2»/2/   8(r)^N(r)r"^b)/2e'rJ(n_2)/2(r\x\)dr.

7(„_2)/2(r) is the Bessel function of order (« - 2)/2. 8(r) is the function 8(\x\) and

likewise <t>N(r). We now use the asymptotics of the Bessel function (see, for example,

[17, p. 42]):

'("-2)/2
(r) = (e'r + e,r) £ «,r^+,/2) + 0(rm^2).

Choose m so that m + 3/2 > «(1 - b)/2. The error term in (5.10) is thus

0(|x|"(""2)/2). By integration by parts one may readily see that the dominant term

in (5.10) is

c\x\-("-^2r6(r)<t>N(r)r"0~h)/2-]/2e,(rh~rM)dr.

This term arises if, in (5.10), we substitute just the first term of the asymptotic

expansion for 7(„_2)/2(r). Note that we ignore the terms in e'r for the simple reason

that they do not have a stationary point in the phase, and thus integration by parts

can easily handle them. In the integral above, we change variables by setting

r = |x|,/(6-1)f toget

c]x ,-„ + 6/2(6-1) r8(t\x\^b->))<i>N(t\x\iAb-]))t"0-b)/2-]/2e^b/^^'h-')dt.

We break up the integral into two pieces by splitting up the integral for (b/2)x/(X~b)

< t < (2b)x/<-]~b) and the remainder. This is now exactly the case for « = 1. The

remainder is handled by integration by parts as usual. Applying the principle of

stationary phase to the dominant term we get

^.■«»1*1»"*-''
+ L7(|x|-" + fc/2(,-ft)).

1*1"
ab, as when n = 1, is equal to bb/0~b) - b]/0~b).

2. The techniques used above may also be used to show that in the context of A

weights, Theorem B is sharp.
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