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ASYMPTOTIC PERIODICITY OF THE ITERATES
OF MARKOV OPERATORS

BY

A. LASOTA, T. Y. LI1 AND J. A. YORKE2

ABSTRACT. We say P: L1 -. L1 is a Markov operator if (i) Pf > 0 for / > 0

and (ii) ||P/|| = U/H if / > 0. It is shown that any Markov operator P has

certain spectral decomposition if, for any / 6 ¿' with / > 0 and ||/|| = 1,

Pnf —> 7 when n —> oo, where 7 is a strongly compact subset of L1. It follows

from this decomposition that Pn f is asymptotically periodic for any / G Ll.

Introduction. In the theory of stationary discrete time Markov processes, the

sequence {Pn} of the iterates of a linear operator P: L1 —♦ L1 plays an important

role. This operator is positive, bounded and generalizes the notion of the transition

function [2, 4]. Asymptotic behavior of {Pn} depends heavily on the spectral

properties of P [12], but the construction of the spectral decomposition for P is

not an easy problem. It can be solved under some additional hypothesis such as

quasicompactness [14] of P or the uniform stability of {Pn} in mean [6]. In general,

there is no technique available for studying the asymptotic behavior of {Pn} even

if P is given by a simple explicit formula. A typical example where such a situation

occurs is the statistical theory of deterministic systems. If 5 is a mapping of the

unit interval into itself and / is a probability density, then the sequence {Pg }, with

(0.1) Psf{x) = -¡¡-f f(y)dy,

describes the evolution of densities generated by the deterministic system {Sn}.

Despite the simplicity of the formula (0.1) the behavior of {Pg} is well under-

stood only for a narrow class of transformations. In particular, F. Hofbauer and G.

Keller proved in [3] that for piecewise expanding transformations S the sequences

{PJ/} (/ € L1) are asymptotically periodic and M. Misiurewicz obtained a some-

what analogous result [13] for a class of transformations with negative Schwarzian

derivative.

In the present paper we prove an asymptotic decomposition theorem for a class

of Markov operators acting on an arbitrary space L1(X, T,,p) with a er-finite mea-

sure p. For these operators all the sequences {Pnf} with f € Ll are asymptotically

periodic. Our main assumption is the convergence of {Pnf} with normalized non-

negative / to a common compact set J. This pointwise convergence is sometimes
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easy to verify and we give applications to Markov operators studied by G. Keller

and to Markov semigroups arising in the theory of integral equations with an ap-

plication to the linear Boltzmann equation.

The proof of our main result is quite long, so it will be presented at the end of

the paper. Thus the organization of the paper goes as follows. §1 contains the main

result—the decomposition theorem. §2 gives some examples of application. §§3-6

are devoted to the proof. Namely, in §§3-4, we derive some simple properties of

the limit set of {Pnf} under additional assumptions that PI = 1 and p. is finite.

Then in §5 the proof of the decomposition theorem is given with the same additional

conditons. §6 shows how the conditions PI = 1 and finiteness of p. may be released.

1. Let (X, E,/i) be a measure space with a nonnegative a-finite measure p..

Write L1 = L1(X,T,,p). A linear operator P: L1 —► Ll will be called a Markov

operator if it satisfies the following two conditions:

(a) P/>0for/>0, feL1,

(b) ||P/|| = 11/11 for />0,/6L',
where || • || stands for the norm in L1. By D = Z)(X, £,//) we shall denote the set

of all (normalized) densities on X, that is,

D={/GL1:/>0and ||/|| = 1}.

We say that an operator P is strongly constrictive if there exists a strongly compact

set 7 C Ll such that

lim d(Pnf, 7) = 0   for / e D,
n—>oo

where d(g, 7) denotes the distance between g and 7, that is, the infimum of \\g- f\\

for / e 7. For g e L1, the support of g, denoted by suppg, is definned to be the

set {x: g(x)¿0}.

Our main result, Theorem 1.1, describes how Pnf must approach a finite-

dimensional space which is independent of /. Crucial to this result is showing that

there are densities gx, ■ ■ ■, gr which are a basis for that finite-dimensional space and

which permute under the action of P.

THEOREM 1.1. Let P be a strongly constrictive Markov operator. Then there

exists a sequence of densities gx,..., gT and a sequence of bounded linear functionals

\\,..., Xr such that

(1.1) lim
71—»OO

= 0    for feL1.
V    t=i

The densities {gx} have mutually disjoint supports (gxgx = 0 for i ^ j) and

(1.2) Pgi = ga(i),

where {a(l),..., ct(r)} is a permutation of the integers {1,..., r}.

From Theorem 1.1 it follows immediately that the nth iterate P" of P can be

written in a very special form.

COROLLARY  1.2.   If P is a strongly constrictive Markov operator, then

r

(1.3) Pn/-^Al(/)9an(l) + PTl/    for feL1,
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where o" denotes the nth iterate of the permuation a and the remainder Rn con-

verges strongly to zero as n —► oo. Thus every sequence {Pnf} is asymptotically

periodic with a period which does not exceed r!.

It is easy to find an evaluation of the integer r in (1.1). In fact, since P is strongly

constrictive there exists a function g e Ll which bounds all sequences {Pn/} with

f e D. More precisely, g has the property that

(1.4) Hm  \\(Pnf-g)+\\=0   iorfeD,
n—»oo

where (u)+ = max(0, u). Then, according to (1.3) and (1.4),

T

Lf =  Urn Pr'nf = V \x(f)gx <g    iorfeD.
n—»oo *-^

1=1

In particular, setting / = gk, we have Lgk = gk < g. Let g = £Jm, gt. Then g < g,

since the supports of <?¿ are disjoint. Integrating g over X, we have

/  gdp > /  gdp = Y] /  gxdp = r
Jx Jx T-,Jx

which means that

(1.5) r<||j||.

Condition (1.5) enables us to study more precisely the properties of the Markov

process {Pn}- In some general cases it also guarantees the asymptotical stability

of {Pn}.

A Markov operator is said to be asymptotically stable if there is a unique f.eD

such that

lim  ||P"/-/.|| =0    for all f e D.
n—»oo

From Theorem 1.1 and inequality (1.5) follows

COROLLARY 1.3 (SEE ALSO [10]). If P is strongly constrictive and \\g\\ < 2,
then P is asymptotically stable.

From the point of view of applications, the condition ||g|| < 2 is quite restrictive.

Therefore we give the following alternative.

COROLLARY 1.4. Let P be a strongly constrictive Markov operator. Assume

that there is a set A e E with nonzero measure with the property that for every

f e D there is an integer nrj(/) such that

(1.6) Pnf(x) > 0    for xeA, n> n0(f).

Then P is asymptotically stable.

PROOF. It is sufficient to show that r = 1 in (1.1). But if r > 1, then there exists

an integer k such that A is not contained in the support of gk and the sequence

{Pn/} with / = gk does not satisfy (1.6). Thus r = 1.    D

REMARK 1.5. Observe that in order to prove that an operator P is strongly

constrictive it is not necessary to verify the condition d(Pn f, 7) —> 0 for all possible

f e D. Due to the fact that Markov operators are linear contractions, it is sufficient

to verify this condition for all / belonging to an arbitrary dense subset of D.
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2. Our first application refers to piecewise expanding transformations. Here

we consider the domain as the unit interval. This class of mapping was recently

studied by G. Keller [7] who proved a decomposition theorem for the corresponding

Markov operators based on the spectral theorem of Ionescu Tulcea and Marinescu

[5] ; see [7] for a description of how these techniques extended to piecewise analytic

maps on [0,1] x [0,1]. For simplicity of notation we restrict our attention here to

maps on [0,1]. We shall show that such a decomposition immediately follows from

Theorem 1.1.

Consider a transformation S : [0,1] —♦ [0,1] which satisfies the following condi-

tions:

(i) There is a partition 0 = ac¡ < ■ ■ ■ < am = 1 such that for each integer i the

restriction 5, of S to the interval (o,_i,at) is a C2 function;

(ii)inf|S'(i)|>l (*#<*);
(iii) sup(|S"(x)|/(S'(x))2) < oo (x ¿ ai).

Conditions (i) and (ii) are quite understandable; condition (iii) is equivalent to

the requirement that

sup(|<p"(x)|/|<^(x)|) < oo    for x e S((a,_i,at)),
I

where Kpx denotes the inverse function to Sz. It is easy to write an explicit formula

for Ps, namely
m

Ps/(«) = £>í(*)l/te(*))lc«(*),
t=l

where lc, denotes the characteristic function on the set Cx = Sx((ax-x,ax)). It is

easy to evaluate the total variation, denoted V, of the functions Pgf for large n.

Namely, if S satisfies (i)-(iii), then there exists a constant K independent of / such

that

(2.1) lim sup VP^/ < K
n—»oo

for every / e D[0,1] of bounded variation (see [10]). The set

7= {heD[0,l}: Vh<K}

is compact in L1 and, by virtue of (2.1), {Pgf} converges to 7. Thus we may

summarize our results in the following

PROPOSITION 2.1. If S: [0,1] -+ [0,1] satisfies conditions (i)-(iii), then the

operator Pg is strongly constrictive. Consequently, for every f e L'[0,1] the iterates

Pgf can be written in the form (1.3) and the sequence {Pgf} is asymptotically

periodic.

The next examples concern integral operators. We begin with a simple illustra-

tive example. Let

(2.2) (Pu)(x)= f  b(x,y)u(y)dy,
Jo

where b: (0,1) x (0,1) —<■ [0, oo) is measurable and is stochastic, that is,

/   b(x,y)dx = 1    for ye (0,1).
Jo

Assume for some 6n > 0 that b(x, y) < bo for all x and y in (0,1).
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PROPOSITION 2.2.   The operator P in (2.2) is strongly constrictive.

For some choices of b, the periodicity of P is nontrivial; that is, the number r of

densities mentioned in Theorem 1.1 is at least 2. Suppose, for example, b(x,y) > 0

implies that either x < \ and y > \ or that x > ^ and y < \. It follows that the

number r of densities with disjoint supports will be at least 2, one having support

in [0, ^] and the other having support in [5,1].

PROOF OF PROPOSITION 2.2. Notice that (P/)(x) < 60 for every / e D. Let

7x be {/: 0 < / < 60} and let 7 = P(7x). Krasnosel'skii [8] proves that since 7x is

weakly compact, 7 is strongly compact. Since P2/ e 7, we may trivially conclude

Pnf — 7.    U

This application does not use the full power of Theorem 1.1 since the conver-

gence to 7 is very strong and uniform. Nonetheless variations on this theme sug-

gest themselves: if the problem is defined on R rather than (0,1), and we assume

b(x,y) < bç>(x) for all x,y £ R, where bo e Ll, then the result is still true: P is

still strongly constrictive. Here, however, it is necessary to use the compactness

results in Krasnosel'skii with a little more subtlety to show P2(D) lies in a strongly

compact set. The next example is another variation on the theme, in which the

convergence to the compact set 7 is not at all uniform and the computations are

less trivial.

We now consider a linear version of the Boltzmann equation (see [9] )

(2.3) ^fel + u(t, x) =  H b(x, y)u(t, y) dy,        t > 0, x > 0,

where the kernel b(x, y) satisfies the following conditions:

(I) The function b: (0,00) x (0,00) —► (0,00) is measurable and b(x,y) > 0 for

x, y > 0 and stochastic, i.e.,

fJo
b(x, y)dy = 1    for x > 0.

/o

(II) There is a function g e Ll(0, 00) such that

b(x,y)<g(x)(l + y)    for x > 0, y > 0.

(III) There are constants a > 0, 0 < ß < Í such that

fJo
xb(x, y)dx < a + ßy   for y > 0.

All these conditions are automatically satisfied when 6 is a kernel corresponding

to the Tjon-Wu representation of the Boltzmann equation (see [9]); that is,

Mr ,.n_ Í  -eyEi(-y)    forx<y,
°^y>      y _eyEi(-x)    forx>y,

where Ei is the exponential integral

r°° e-y
-Ex(-x) = /     -dy.

Jx    y
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It is easy to verify that the operator Bf(x) = f0°° b(x,y)f(y)dy maps L*(0, oo)

into itself and is Markovian. Thus we may avoid the difficulties related with classical

solutions and consider (2.3) as an evolution equation

du
(2.4) — +u = 5u,        u(0) = uo

at

in the space ¿'(0, oo). Since S is a bounded operator, (2.4) has a unique solution

for each uq e Ll and it is given by the formula

(2.5) u(t) = e{B-')tu0 = e-tY-Bnu0.
to n!

We are going to prove the following result.

PROPOSITION 2.3. If b satisfies (I) —(III), then for every u0 e D the solution
u(t) of (2.4) has a limt u» = lim^oc u(t) in L1 norm, and the limiting function u,

is independent of the initial condition urj.

PROOF. Formula (2.5) implies

lim u(t) =  lim Bnu0
t—»oo n—»oo

whenever the limit on the right-hand side exists. Thus it is enough to prove that

{Bn} is asymptotically stable. From (I) it follows that, for every / G D(0,oo),

Bnf(x) >0    forx>0, n = 1,2,....

Thus the condition (1.6) of Corollary 1.4 is satisfied. It remains to verify that B is

strongly constrictive. From (III) an easy calculation gives

/»OO /»oo

/     (l+x)Bnf(x)dx<o\\f\\+ßn (l + x)|/(x)|rix,
Jo Jo

where a = (1 + a - ß)/(l - ß), and from (II) it follows that

/•OO

\Bnf(x)\< b(x,y)\Bn-1 f(y)\dy
Jo

roo

<g(x)        (l+y)\Bn-lf(y)\dy.
Jo

Thus finally,

\Bnf(x)\ < g(x) (o\\f\\ + /?"-' £°(1 + î,)|/(î,)| dy^j .

In particular, when / £ D(0, oo) and

roo

(2.5) /    (l + x)f(x)dx < oo
Jo

we have

(2.6) Bnf(x)<gx(x) + en(x),

where gx = og e Ll(0,oo) and ||en|| -* 0. Inequality (2.6) implies that for every

f e D that satisfies (2.5) the sequence {Bnf} converges to the set 7x — {/: 0 <

f < gx} and consequently also to 72 = B(7x).   Every bounded positive integral
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operator from L1 to L1 maps sets of the form 7x into compact sets. Hence 72 is

compact, so B is constrictive.    D

A result analogous to Proposition 2.3 with the additional assumption that b(x,y)

is decreasing in x, was proved in [9].

Observe that in the last example we have established only convergence of Pnf

to 7 for each /, not uniform convergence with respect to / e D.

3. In this section and next, we will suppose a strongly constrictive Markov

operator P on (X, S,/x) is given with the additional assumption that PI = 1 and

p(X) < oo. For / e D, we also assume Pn f converges to a set 7 which is a strongly

compact subset of L1. If A e S, we shall denote the characteristic function of A

by U-
DEFINITION 3.1. A set A e E will be called a nice set if P"1a is the characteristic

function for each positive integer n. The characteristic function I a of a nice set A

will be called a nice function. The following lemma establishes that the family A

of all nice sets forms an algebra A.

LEMMA 3.2.   (I) If A is a nice set, then X - A is a nice set.

(2) If Ax, A2 are nice sets, then Ax U A2 is a nice set.

PROOF.  (1) Since 1X-A = lx - 1a, it follows that

Pnlx-A = Pnl - PnU = 1 - P"1a = lx-B„,

where Bn is the set which has PuIa as its characteristic function. Hence X - A is

a nice set.

(2) Since Ax, A2 are nice sets, for fixed n we have

PnU,=lBl    and    P"U2 = 1B2

for some sets Bx and B2 contained in X. For i ~ 1, 2, we have

(3.1) 1a, < 1/4,ua2 < 1a, + 1a2-

Hence,

(3.2) Is, <PnlA,uA2 < Iß, +lß2-

While the inequality on the right-hand side of (3.2) implies that Pnl/4lU/i2 = 0

for x £ BxU B2, the inequality on the left, along with the inequality PnÍA¡uA2 <

Pnl = 1, gives P"1a,ua2 = 1 for x e Pi U B2. Hence Ax U A2 is a nice set.    □

The following corollary with be used later.

COROLLARY 3.3. Let Ax,A2 be two nice sets with disjoint supports and let

PI a, = Bx, i = 1,2.  Then Bx D B2 = 0.

PROOF. Since 1a,ua2 = 1a, + 1a2, it follows that

P1a,ua2 = P1a, + P1a2 = Iß, + lß2-

On the other hand, P1a,ua2 < PI = 1; so Ib1+Íb1 < 1- That is, BX^B2 = 0.    G

The following two lemmas show that the algebra A of nice sets is finite, that is,

there are only finitely many nice sets.



758 A. LASOTA, T. Y. LI AND J. A. YORKE

LEMMA 3.4.   There exists 6 > 0 such that p(A) > 6 for nonempty sets Ae A.

PROOF. Choose A e A and define / = lA/p.(A). Since / G D, we have Pnf ->

7 as n —» oo. Thus, given e G (0,1), there is a sequence {gn} C 7 such that

(3.3) ||Pn/ - f?„|| < 1 - e   for large n.

Since J as a compact set is also weakly compact, there is <$ > 0, such that for any

set B with p(B) < 6, we have JB gn dp < e. Let An = supp Pnf. Then it is easy

to see that p(An) = p,(A) for all n. We claim that ^(^n) > <$• Suppose this is not

the case. Then fA   gndp, < e implies that

\\Pnf-gn\\>[   \Pnf-gn\dp>[   Pnfdp- f   gndp>l-e,
Ja„ Ja„ Ja„

which is a contradiction to (3.3).    D

A nonempty set B is an algebra B of sets is called an atom if the only subsets

of B that are in S are B and 0. Hence, the set of atoms in an algebra must be

mutually disjoint. From Lemma 3.4, the number of atoms in A must be finite since

ß(X) < oo. Let {Ax,... ,Ar} be the set of atoms in A, and write lx = 1^, for

1 < i < r.

LEMMA 3.5. There exists a permutation a of the intergers l,...,r such that

PU = !<*(»)•

PROOF. It follows easily from the definition of nice function that Plj is a nice

function for each 1 < i < r. Let Iß, = Pli.

By Corollary 3.3, lßt = Plt and lß} = Plj has disjoint supports for i ^ j and

Pi,..., BT is a collection of mutually disjoint elements of A. Since the algebra A is

finite, Bx must be atoms and consequently the sequence Bx, ■ ■ ■, Br is a permutation

of Ax,... ,Ar.    D

4. For feL1, {Pnf} is precompact since P is strongly constrictive. Let f2(/)

be the set of limit points of {Pn/} and Q — U/ez.1 ^(/)- ^e show that Q is a

linear subspace of L1. It is clear that all nice sets are in Q. The main result of this

section is the following

THEOREM 4.1.   Q is finite dimensional with basis {11,..., lr}.

We begin the proof of this theorem with a set of lemmas. The first two, in fact,

are quite special results from the general theory of dynamical systems. We state

them in their simple forms for the convenience of the reader.

LEMMA 4.2.   If f eQ, then f eü(f).

PROOF. Let g e L1 be such that Pn"g -> f as k -»• oo. That is, given e > 0,

there is a positive integer N such that

ll-Pn*ff-/ll<e/2    forrc>AT.

It follows that, for k > N,

\\Pn*-n»f - f\\ < e.

Thus, the sequence {Pn/} contains a subsequence which converges to /.    G
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LEMMA 4.3.   IffeQ, then \\Pf\\ = ||/||.

PROOF. First notice ||/|| > ||P/|| > ■•• > HP"/!! > •••• By Lemma 4.2, there

is a subsequence {nk} such that Pnt/ —> / as k —> oo. Hence ||Pnfc/|| —» ||/||, and

||Pn/|| is constant.    G

For a real number u, we shall write u+ = max(0, u) and u~ = max(0, -u).

LEMMA 4.4.   // ||P/|| = ||/||, then suppP/+ and suppP/" are (essentially)

disjoint.

PROOF. Let h = min(P/+,P/~).   Suppose suppP/+ and suppP/- are not

disjoint. Then, h ^ 0. We then have

HP/11 = ||P/+ - P/-|| = ||(P/+ - h) - (Pf~ - h)\\

<||P/+-/l|| + ||P/--/l||<||P/+|| + ||P/-||

= ii/+ii + iirii = f f+dp+ I f-dp = \\f\\,
Jx Jx

which is a contradiction.    G

LEMMA  4.5.   If fx and f2 are nonnegative and have the same support, then

Pfx and Pf2 have the same support.

PROOF.  We only need to show that suppP/i C suppP/2. Let suppP/2 = B2.

Write

P/i=P/ilß2+P/ilx-ß2-

For c > 2, define fc = min(cf2, fx). Then fc has the following obvious properties:

(1) fc < fi,
(2) lim^oo fc(x) = fx(x),

(3) suppP/c c suppP/2 = B2.

By (1) and (2) and the Lebesgue dominated convergence theorem, we have

IIP/i - P/e|| = / P(/i - fc) dp = [ (fi - fc) dp - 0   asc - 00.
Jx Jx

By (1) and (3),

IIP/i - P/c|| > /        (P/i - Pfc) dp = [        Pfx dp

= \\Pf1-lX-B>\\.

Hence, Pfx ■ lx-B2 = 0- That is, suppP/i C B2 — suppPf2.    G

PROPOSITION   4.6.   // /   G   Q(g) for some g  G   L1,   then for each real v,
f~1(—oo,v) is a nice set.

PROOF.  We first assume that p(f_1(v)) — 0.   Write hx  =  l/-i(_oo,u) and

h2 = ly-i[V)-f-oo)- Then, letting go = f — v, v/e see that go G Q and

supp g,} = {x: f(x) > v} = supp/i2,

supp go = {x: f(x) < v} = supp/ii.

By Lemmas 4.3, 4.4 and 4.5, we have supp Pnhl D supp Pnh2 are disjoint. Hence,

PI = 1 implies that Pnhx +Pnh2 = 1. Therefore, Pnhx is a characteristic function

for each n > 0.
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Suppose p(f~l(v)) t¿ 0. Then, since p(X) < oo and /-1(c) are disjoint for differ-

ent c > 0, the set of c with p(f~l (c)) ^ 0 is at most countable. Thus its complement

is dense. Let t>t be an increasing sequence with vx —► v and ¿i(/-1(vt)) = 0. Then,

since /_1(-oo,i>) = (J¿ /_1(-oo, V{) and the nice sets are an algebra, /-1(—oo,t>)

is also a nice set.    G

PROOF OF THEOREM 4.1. It suffices to prove that every / G Q can be written

as a linear combination of the 1,. By Proposition 4.6, for each real v, f~l(—oo, u) is

a nice set. Since the family of nice sets is finite, there is a finite number of different

values, say vx < ■■■ < vk, for which f~l(—oc,vx),...,f~1(—<x>,vk) are different

sets. Thus, / has the form for appropriate choice of real number A,,

k-l

f = Zx^1 f->(-oo,v, + l) /"'(-oo ,«*))•

Since If-
the L.    G

'(-OO.Vi+i ) -1
/- -oo,v, ) are nice functions, / is a linear combination of

5. Let P: L1 —► L1 be a Markov operator and let a sequence of densities {gx}

(i = 1,..., r) with mutually disjoint supports be given. We assume that P permutes

the densities g,, i.e.,

(5.1) Pgt = 9a(i),

where a is a permutation of the integers 1,..., r.

DEFINITION 5.1. We say that the {gx} give an asymptotic decomposition of P if

there is a sequence of linear functionals {Xx} on Ll such that

(5-2) lim
n—*-oo

*** (/ - ¿-M/ta 0    for/GL1.

Observe that since gx,...,gr are linearly independent, the functionals At are

necessarily bounded. In verifying that the {gx} give an asymptotic decomposition

the following criterion is quite useful.

LEMMA 5.2. The densities {gx} give an asymptotic decomposition if and only

if for every feL1 and e > 0, there are constants t?i,... ,Cr and a positive integer

no such that

(5.3)
pnoj

t=l

Cxgx < e.

PROOF. The "only if" part is obvious. To prove the "if" part let nk and C\,

i = 1,..., r, be chosen such that, with indices rearranged if necessary,

Pn-f-^C^gQnk (0
t=i

0.

Since {C*} is a bounded sequence for each i, by choosing a subsequence if necessary,

we suppose that, for each i, Cx converges to a constant At(/). Write

£n=     P"(/-¿At (/)<?.)      ■
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It follows from the subsequence construction that enk —► 0 as n —> oo. Furthermore,

en is a decreasing sequence since HP"«!! is nonincreasing for each h G L1. Hence

£n -» 0.

It remains to show that A¿(/) are linear.  Observe that A,(/), i = 1,... ,r, are

uniquely defined since the gx are linearly independent. Moreover, conditions

pn U - £>(/»>?.) - ° and pn If* - E w)* ) - °

imply that

Pn (fi +Í2- ¿(A,(/i) + Ai(/2))g, ) - 0.
i=i

Hence, At(/,) + At(/2) = \x(fx + f2) for each i.    G

PROPOSITION 5.3. Let P be a strongly constrictive Markov operator on mea-

sure space (X,T,,p). Assume PI = 1 and p(X) < oo. Then, there is a sequence of

densities {gx}, i = 1,... ,r, with mutually disjoint supports, which gives an asymp-

totic decomposition of P.

PROOF. Let {A,},{lt} and a be as in Lemma 3.5. Define gt = lx/p,(At). By

virtue of Theorem 4.1, all elements of Q are of the form ^Jx=lCigx. Thus, for

feL1, there is a subsequence of {Pn/} convergent to a function of the form

m=i Cigi. Consequently for every e > 0, condition (5.3) is satisfied by infinitely

many integers.    G

6. In this section, we shall eliminate the conditions PI -= 1 and p(X) < oo of

Proposition 5.3 and thus give a proof of our main result Theorem 1.1. We assume

that the measure space (X, T,,p) is cr-finite and that for any feL1, Pnf converges

to a strongly compact set 7 C L1.

Since p. is <T-finite, there exists a density /n with /o(x) > 0 for (almost) all x.

Since {P"/o} is precompact, the mean ergodic theorem [1] implies the limit

1 n_1

lim  -YPkf = g
n^oo n *-*•

fc=0

must exist and the limiting function g satisfies ||g|| = 1 and Pg = g. Write G =

suppg. Now, for every A G E, define p(A) - fAgdp, and let L — Lx(X,T.,p).

Denote the norm in L by 111 • 111. Define P : L —* L by

Ph = P(hg)/g    for h € L.

where hg is the product h(x)g(x). It is clear that PI = 1 and for h > 0, Ph > 0.
Moreover, for h > 0, we have

|||P/i|||= /  l-P(hg)dp= f P(hg)dp.
(6.1) Y 9 Jx

= /   hgdp =
Jx



762 A. LASOTA, T. Y. LI AND J. A. YORKE

Therefore, P is a Markov operator. To prove that P is strongly constrictive, define

? = {fl9-f^7}. Since

(6.2) m\= [ -dß= f fdfi =
g\\\   Jx g       Jg

II/IgII < 11/11,

7 C L. If {fn/g} C 7, then there is a subsequence {fnk} C 7 such that fnk —* f.

By (6.2) \\\fnk/g - //g||| < \\fnk - /||. Thus, 7 is strongly compact. Further, for

\\\h\\\ = 1 and h > 0 we have \\hg\\ = \\\h\\\ = 1, and since P is strongly constrictive

there exists a sequence {/„} C 7 such that \\Pn(hg) - fn\\ —> 0. Consequently,

p"/l_/»|||=    Í   \lpn(hg)-f±
g W    JG\g g

gdp<\\Pn(hg)-fn\\^0

which shows that Pnh —> 7■ Thus all the conditions of Theorem 5.3 are satisfied

by the operator P acting on L. By virtue of this theorem, we may write

(6.3) Pnh = ^2 At(/i)gQ„(l) + en(h)    for h el,
<=i

where |||£n(''l)||| —* 0 and gt are densities in L.   From (6.3) we have, by letting

9t = g • Hi,

(6.4) Pn(hg) = ¿ At(%an(t) + 9eB(ft)

t=i

with ||gen(/i)|| = ||J£'n(^)||| —► 0. From the identity Pgx — gQ(t) and the definition

of P, it follows that Pgi — ga(i) and from (6.2), gx is a density.

To finish the proof of Theorem 1.1, we first give the following lemma concerning

the /o in the construction of g.

LEMMA 6.1.   For any e > 0, there exists a positive integer m such that

f      Pmf0dp<£.
Jx\G

PROOF. Suppose that is not the case. Then, there is an e > 0 such that

/       Pm/o dp > e    for all m > 0.
Jx\G

It follows that

r I i n_1

Jx\n¿á
Pm/o -g\dp>

r      I i n_1
Pm/o - g

m=0

n-1

dp

C 1
= /       - Y" Pm/0 dp > e   for all n > 0,

Mg n ^0

which contradicts the definition of g.    G

Now we return to the proof of Theorem 1.1.   Let feL1 and £ > 0 be given.

Since /o > 0, there exists a constant c > 0 and qx G L1 with ||çi|| < e/4 such that
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l/l < c/o + Q\- Choose m > 0 in Lemma 6.1 according to e/4c. Then,

f      \Pmf\ dp < [     Pm|/| dp < c f     Pmf0 dp+ f     Pmgx dp
Jx\G Jx\G Jx\G Jx\G>X\G

e     e
<4 + 4

On the other hand, there exists a constant ci > 0 and q2 G L1 with ||<¡>2|| < e/4

and supp q2 C G such that

lG|Pm/l<c1g + (?2.

Write h m (Ig • Pmf - q2)/g. Then lc ■ Pmf = hg + q2, with \\\h\\\ = \\hg\\ < c2 =
ex + e/2. Now,

Pmf = lx\c • Pmf + lo • Pmf

m 1XVG ■ Pmf + hg + q2 = hg + q3,

where

llttll < Px\g • ̂ m/ll + II92II < e/2 + e/4 = 3e/4.

Since h € Li, we have, from (6.4),

r

Pn(^) = SAi(/»)ffan(0-(-ge„(A)
i=i

with ||g£„(/i)|| -+ 0. Choose n large enough to have ||g£„(/i)|| < e/4. Then,

pn + mj = pnifrg) + p"^

t=l

At(/i)ga«(1) + gen(h) + Pnq3.

Hence,

pn + m}_Y^Xl(h)gan(x]

t = l

3       1
<4£+4£ = £'

and the condition of Lemma 5.2 is satisfied with no = n + m and Cx = Ac

for 1 < t < r.    G

i)(h)'(»)
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