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ON THE BOUNDARY BEHAVIOUR
OF GENERALIZED POISSON INTEGRALS
ON SYMMETRIC SPACES
BY
HENRIK SCHLICHTKRULL'

ABSTRACT. On a Riemannian symmetric space X of the noncompact type we
introduce a generalized Poisson transformation from functions on the minimal
boundary to functions on the maximal compactification whose restrictions to X are
eigenfunctions of the invariant differential operators. Some continuity- and
“Fatou”-theorems are proved.

Introduction. Let X = G/K be a Riemannian symmetric space of the noncompact
type. By a theorem of Kashiwara et al. [S] every joint eigenfunction ¢ of the
invariant differential operators on X can be represented as a generalized Poisson
integral of a hyperfunction ¢ on the minimal boundary K/M, and, for “generic”
eigenvalues, @ is the “boundary value” of ¢ in a certain abstract sense. When ¢ is a
continuous function, ¢ is the boundary value of ¢ in a much more concrete way: ¢ is
the limit along geodesics of the ratio ¢ /¢, of ¢ with the spherical function ¢, with
the same eigenvalues as ¢. This result holds under the condition on the eigenvalues
that Re A lies in the positive open Weyl chamber, and it is due to Helgason [1, p.
130]. It was generalized to L*-functions ¢ on K/M with pointwise almost every-
where “admissible” convergence by Michelson [12, Theorem 2.2] and to L!-functions
¢ on K/M with pointwise almost everywhere “restricted admissible”” convergence by
Sjogren [15, Theorem 2]. For ¢ harmonic (which is the same as A = p) these
“Fatou-theorems” had been proved by Helgason, Koranyi, Knapp, Williamson,
Lindahl and Stein [4, 6,7, 8, 11, 16].

In this note we generalize these results of Helgason, Michelson and Sjogren to
take into consideration the full boundary of X. In the maximal Satake-Furstenberg
compactification X of X, K/M is only part of the boundary of X (unless rank
G/K = 1)—it is the unique compact G-orbit. The other G-orbits in the boundary
can be identified with homogeneous spaces of the form G/B, where B is given by
B = (M N K)AN for a parabolic subgroup P = MAN of G. For each such G-orbit
we define a generalized “partial” Poisson transformation from functions on K/M to
sections of line bundles over G/B. We will prove that if ¢ is continuous, the Poisson

Received by the editors March 21, 1984 and, in revised form, August 15, 1984.

1980 Mathematics Subject Classification. Primary 43A85; Secondary 53C35.

Key words and phrases. Poisson integral, symmetric space, compactification, boundary, Fatou theorem.
!'Research supported by The Danish Natural Science Research Council.

©1985 American Mathematical Society
0002-9947,/85 $1.00 + $.25 per page




274 HENRIK SCHLICHTKRULL

transform of @ on G/B is the limit of ¢ on X (after a normalization analogous to the
division with ¢, above). (This is done in §2.) Moreover, forp € L? (1 < p < «), we
prove convergence almost everywhere (in §3). In the harmonic case (A = p) these
results for the full boundary have been proved by Koranyi [9, 10] and Stein [16], and
our method of proof is in fact by developing generalizations of their proofs. For
simplicity we confine ourselves to the maximal compactification, leaving the further
generalization to the other Satake-Furstenberg compactifications (cf. Koranyi [9,
Lemma 1.2]) to the imagination of the reader.

Finally we mention that the theorem of Kashiwara et al. mentioned above, valid
for hyperfunctions ¢, can also be generalized to this setting with the full boundary of
X (see [14, Chapter 6]).

1. The generalized Poisson transformations. Let G be a connected real noncompact
semisimple Lie group with finite center, G = KAN an Iwasawa decomposition of G,
a the Lie algebra of 4 and k: G = K, H: G — a the corresponding projections. Let §
denote the Cartan involution, let N = (N ) and let M be the centralizer of a in K.
Let a* (respectively a*) be the real (complex) dual of a, 2 C a* the system of
restricted roots, =+ the set of positive roots in =, p half the sum of the roots in =+
with multiplicities and a* the Weyl chamber in a* consisting of those A € a* such
that (A, a) > 0 for all « € £*, where ( , ) denotes the Killing form. We write
A€a*asA=ReA + V=1Im A, where Re A\, ImA € a*. Let n = dim a, let A =
{ay,...,a,} be the set of simple roots for Z* and let (H,,...,H,) be the basis for a
dual to A. Fora € 4 and v € a¥ let a” = exp(», H(a)).

For each subset F C A let a, be its annihilator in a, and let aj consist of those
H € a, for which a(H)> 0 for all « € A\ F. Let A =expa, and let Pp=
M. A N, be the corresponding parabolic subgroup with the indicated Langlands
decomposition and Np C N. Let B be the subgroup By = (MzN K)ApNy of Pp,
and let N, = 0(N,), N(F) = M. N N and N(F) = §(N(F)).

Let f be an integrable function on K/M. For each F C A and A € a¥ we define
the ( generalized ) partial Poisson integral of f as the function Z{f on G given by

.@){f(g) = ‘[M an(K(gk))eKK*p.ll(gk»dk

F

(this is well defined for a.a. g € G). Let f, be the function

£i(g) = f(k(g))erPHs)
on G. Then

2= [ N(gh) dk.

r
The transformation 2, = 2% is the (generalized) Poisson transformation which
takes functions on K/M to eigenfunctions on G/K for the invariant differential
operators. When A = p, these Poisson integrals on G/K are harmonic functions.

It is easily seen that

P f(gman) = a**2{(g)
forallge G,me M N K,a€ Agrandn € Np.
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Let 1 denote the constant function with value 1 on K/M and let ¢§ = #1. Then
¢ is the spherical function

ox(g) = [e(rmeHe gk
K

on G. We define the normalized partial Poisson integral of f by

p{f(g)=2{f(g)/dx(g)

for g € {g’ € G|o(g’) # 0}. Then p{f(gh) = p5f(g) for b € By. Notice that if
A € a*, then ¢5(g) # O forallg € G.

If we define an action of G on functions f on K/M by left translation of the
corresponding functions f;, it is obvious that # is a G-map. Clearly b{ is a K-map.

Let X be the maximal Satake-Furstenberg compactification of X. The space X can
be constructed as follows (cf. Oshima [13], or [14, Chapter 4]). Let R", = [0, oo["
and fort € R, let F, = {a; € A|t; # 0} and @, = exp(—}:ajeﬁ(log t;)H)) (and a, =
e). Define an equivalence relation ~ on G X R” by (g, t) ~ (g’, ¢’) if and only if
F,=F, and ga, € g'a,Bg. Then X =G X R"/~ as a topological space. Let =
G X R", - X be the projection. From the action of G on the first factor of G X R",
the space X inherits a natural G-action, and the orbital decomposition is easily seen
to be given by

x=U G6/B;

(disjoint union), each space G/B being identified with the subset 7({(g, 1)|F, = F})
of X. In particular, X = G/K is identified with 7({(g, H|t;>0,V,}) and K/M =
G/P, with 7(G X {0}).

Let X, = {x € X|x = gBr € G/Brand ¢5(g) # 0). If A is real valued on a, then
X, = X. We define the (normalized) Poisson transform on X of f as the function b, f
on X, whose restriction to G/B is p{f for all F ¢ A. In particular, B, f(x) = f(x)
forx € K/M C X.

2. Continuity theorems. Let F C A and A € a*. Then it is well known that the
integral

(2.1) of = [ eAmeurt) g

N

is absolutely convergent and nonzero if Re A € a*. In the following we use the
notation @ = oo for a € Ay and a* = o for all « € A\ F. For any manifold S let

F
C(S) denote the space of continuous functions on S.

THEOREM 1. Let N € a* be such that Re A € a*, and let f € C(K/M). Then

a*= P, f(ga) > §P{f(g)

as a = oo for all g € G. The convergence is uniform in g on compact sets.
F
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PROOF. By a well-known integration formula (see [17, Lemma 4.2.14b]) we have
Pf(8) = [ [ flghn)e A e dn d
MK Y Ng
for g € G, and hence fora € A,

a?Pf(ga) =/ /_ fr(gkaria™") e$=2=0-H g g
MeNK ‘N

Since ara™' — e for a > o, an interchange of the order of going to the limit and
F

integrating proves the theorem. The interchange is justified by the dominated
convergence theorem by the argument of Helgason [1, p. 130], which in fact is
Theorem 1 for F= @. O

From Theorem 1 we get the following generalization. Let F C E C A. Then the
integral
(2.2) H(E)=[ ety

NeNN(E)

is absolutely convergent and nonzero if Re A € a*. This follows from (2.1) applied
to M, instead of G (in fact c{(E) = (cf)7'cf).

COROLLARY 1. Let A € a* be such that Re A € a* and let f € C(K/M). Then for
allge G

a**P{f(ga) - (E)2{f(8)
when a € Apand a — oo in the sense that a® — oo for all a € E\ F.

PROOF. By the G-invariance of Zf and #f we may assume g = e. Then we are
actually only considering the restriction of Zff to M, and the result follows from
Theorem 1 applied to M, instead of G. O

We now consider the normalized Poisson transform b, f on )_(A. First we need a
result about X,

LEMMA 1. Let X € a* and assume Re A € a*. Then X, is open.

PROOF. Fix F C A and let x € X, N G/B;. Let g, € G and ¢, € R, be such that
x = m(gg. to). Then t,, = 0 if a; & F. By choosing g, appropriately we obtain also
to, = lif @; € F. Let @ be a compact neighborhood of g, in G such that ok(g)# 0
for all g € Q. For each s > 0 let

R,={teR\|,=1ifa, € Fand 1, < s otherwise}

and let @, = 7(Q X R,). Then Q, is a neighborhood of x in X.

Let EC A with FCE, and R(E)={t€Q|F,=E}. Then @ N G/Bg =
7(2 X R (E)). From Corollary 1 it follows that
(2.3) a?"¢x(ga,) = cX(E)$5(g)
ast € R (E) and s — 0. The convergence is uniform in g € Q. Since c5(E) # 0 it
follows that ¢p£(ga,) # 0 for all g € Q and ¢ € R (E) for some sufficiently sma_ll
s > 0, that is, @, N G/B; C X,. Since , = U zca(2, N G/B) we have Q, C X,
for sufficiently small s. O




GENERALIZED POISSON INTEGRALS 277

THEOREM 2. Let A € a} and assume Re X € a¥. Then the Poisson transformation
b, maps C(K/M) into C(X,). In particular, if \ € a*, then 5,(C(K/M)) € C(X).

PRrOOF. Fix F C Aand let x € X, N G/B.. Let g, € G be such that x = 7(g,, t,),
where ¢y, =1 if a; € F and t,; = 0 otherwise. Let ¢ > 0 and choose a compact
neighborhood € of g, in G such that ${(g) # 0 and |pff(g) — PLf(g,)| < &/2 for
all g € Q. This is possible because of the continuity of 2] f and ¢¥.

Let R,, R(FE) and @, for s > 0 and E D F be as in the proof of Lemma 1. From
Corollary 1 it follows that

a?*P?ff(ga,) = S(E)P{f(g)

ast € R, (FE) and s = 0, and the convergence is uniform in g € Q. Combining this
with (2.3) gives that b£f(ga,) = pL(g), and the theorem follows. O
For A = p this result is Proposition 4.2 in Koranyi [9]. For G = SL(2,R) and
A = p it is a classical theorem due to H. A. Schwarz (see [2, Theorem 4.20)).
REMARK. If n =1 and A =0 the conclusion of Theorem 2 also holds (cf.
Michelson [12, Theorem 1.3(1)]).

3. Fatou theorems. We will now, in an a.e. sense, extend to L”-functions on K/M
(1 < p < o) the convergence result of Theorem 1. We consider the following types
of convergence. Let FC A,A € a*and g € G.

Admissible convergence. We say that a? ~*%, f(ga) converges to cy?{f(g) admis-
sibly if for all compact sets U C Nyand V C M,

a* P, f(gaim) > c{PTf(gm)
as a — oo, uniformly forn € Uand m € V.
F
Restricted admissible convergence. We say that a®~*2, f(ga) converges to

cfPLf(g) restrictedly admissibly if for all compact sets U € N and ¥V C M, and
each H € a7y,

h 2P f(gh,im) — c{P{f(gm)

as t — co, uniformly forn € Uand m € V. Here h, = exp tH.

Notice that if f is continuous it follows from Theorem 1 that a®?~*2, f(ga)
converges to cy25 f(g) admissibly, because the set {anmalla € A}, n€ U, me
V'} is compact.

THEOREM 3. Let 1 < p < oo andf € LP(K/M). Assume that Re A € a*.
(i) There exists p, < co such that if p > p,, then a® P, f(ga) converges to
cfPLf(g) admissibly for almost all g € G.
(i) For any p we have that a® P, f(ga) converges to cfPLf(g) restrictedly
admissibly for almost all g € G.

PRrOOF. The proof is a simple generalization of the maximal function estimates
given by Koranyi and Stein for the case A = p.

Let L(N;) denote the space of measurable functions on Ny, and let .# be an
operator (not necessarily linear) from L"(IVF X M-NK) to L( ]VF). Let H € a}.
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We say that ./ is an H-restricted maximal operator with respect to p and A if it has
the following properties:

(3.1) la? " P,\®(ria)| < A (®)(7)

foralln € Np,a = exptH (t € R)and ® € L?(N. X M, N K), where

.@)\(D(g) =/ / CI)(ﬁl’ k)e<')"p‘H(3"'_”k)>dﬁldk.
Ne'MenK

If A is an H-restricted maximal operator for each H € a (i.e., (3.1) holds for all
a € Ap) we call it a maximal operator.
Theorem 3 follows once we have proved the following two propositions:

PROPOSITION 1. Let A € a* such that Re A € a%.
(i) There exists p, < oo and a maximal operator with respect to p, and X which is of
weak type ( Py, po)-
(ii) For each H € a7} there exists an H-restricted maximal operator with respect to
p = 1 and X\ which is of weak type (1,1).

PROPOSITION 2. Let 1 < p < o0, f€ LP(K/M) and N as above. Suppose there
exists a maximal operator (respectively for each H € a} an H-restricted maximal
operator) with respect to p and \ which is of weak type ( p, p). Then a*~ P, f(ga)
converges to cYP{(g) admissibly (resp. restrictedly admissibly) for a.a. g € G.

(See Koranyi [10, p. 357] for the definition of weak ( p, p).)

PrROOF OF PROPOSITION 1. (i) For A = p such an operator is constructed in
Koranyi [10, Proof of Theorem 3.4]. It is easily seen that this operator in fact
satisfies (3.1) for all A € a* with Re A € a*.

(ii)) Choose y > 0 such that A = yp + p with Rep € a*. Then since
Re(p, H(n)) = 0 forall i € N, (cf.[3, Chapter 4, Corollary 6.6]) we get that

Ie(—)\—p,H(a'lﬁ-lﬁlka)>| < e(—)\—p‘H(a‘lﬁ'lﬁlku))

Hence we may assume A = yp with y > 0. Then it is easily seen (cf. [16, §8]) that the
kernel exp(-A — p, H(#)) on N satisfies (a), (b) and (c) of [16, Theorem 1], and
the proposition follows. O

PrROOF OF ProposiTioN 2 (cf. [10, Proposition 3.3]). We will prove that
a® P, f(gha) converges to cfPLf(gn) (restrictedly) admissibly for a.a. # € N for
each g € G. For this we may take g = e because of the invariance of Z,.

Let L be a compact neighborhood of the identity in K, contained in the set
k(N-M_). By the invariance of £, we may assume supp f C L. For continuous
functions the convergence holds by Theorem 1. Since f can be approximated in L”
with continuous functions we can thus reduce to the case where || ||, is small. Then
it suffices to prove the following two estimates for each ¢ > 0:

(3.2) mcs{ i € Ny| sup | 2L (7im)| > e} < Ce i,

mevVv
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(3.3) mes{ ne N sup |a? =P, f(ran,m)| > e} < Ge?|If 12,
meUmeV,aeB
where C, and G, are constants and B = A (respectively B = exp RH).

Notice first that from the following two estimates it follows that we may assume
U=V=/{e},f>0andA real:

25 (m)| < [ (k) |dksup{|e$ AP O im e V, k € Me0 K},
MeNK

|2, f(ran,m)| < fK|f,\(ﬁak)|dkSup{|e<->\—p.H(m W), € Uyme V, k e K}.
Now

l‘@ff(’—’)l = ‘[M Kf(x(iik))eU\—p.H(ﬁk))dk

F

from which it follows that the left side of (3.2) is dominated by

e[ [ fle(ik)) e R dk
Ne

MenK
<Cet [ [ f(x(ik)) el dic dn = Coe |y,
NeMenK

where C, = sup{e‘ P H@ |5 € N, k€ M.N K, k(ik) € L}. Since |f||, <
1£1l 55 (3.2) follows. _

Let ®(n, k) = fy(nk) for n € N, k € M. N K. Then we have 2, f(g) = #,0(g)
for g € G, and (3.3) follows from (3.1) and the weak ( p, p) property of #. O

This completes the proof of Theorem 3. O

From Theorem 3 we get the corresponding convergence result for p, f by division
with the spherical function (for simplicity stated only for real A):

COROLLARY 2. Let1 < p < oo andf € LP(K/M). Assume that A € a*.
(i) There exists p, < oo such that if p > p,, then p,f(ga) converges to bi(g)
admissibly for almost all g € G.
(ii) For any p we have that b, f(ga) converges to pi(g) restrictedly admissibly for
almost all g € G.

For F = @ the admissible convergence a.e. was proved in Michelson [12] for
f € L* and the restricted admissible convergence a.e. for f € L' in Sjogren [15]. For
A = p and F arbitrary they were proved in Koranyi [9, 10] and Stein [16].

REMARK. The condition on A that Re A € a* in Theorems 1 and 3, Proposition 2
and Corollary 2 can be weakened slightly to Re(A, @) > 0 for all a € =* with
nonzero restriction to a . This follows easily from the proofs given.

NOTE ADDED IN PROOF. In a recent preprint, Admissible convergence of Poisson
integrals in symmetric spaces (Chalmers University of Technology, the University of
Goteborg, 1985), P. Sjogren obtains admissible convergence for f in L? with any
p > 1 (that is, p; = 1 in Theorem 3(i)).
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