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FACTORIZATION OF DIAGONALLY DOMINANT OPERATORS 
ON L1([0, IJ,X) 

BY 
KEVIN T. ANDREWS AND JOSEPH D. WARD 

ABSTRACT. Let X be a separable Banach space. It is shown that every diag-
onally dominant invertible operator on L1([0, 1], X) can be factored uniquely 
as a product of an invertible upper triangular operator and an invertible unit 
lower triangular operator. 

Recently, the problem of factorization of operators on Banach spaces has at-
tracted a great deal of attention from various workers in analysis. Operator alge-
braists, for example, have considered the problem of factoring an operator (usually 
positive definite) into a product of the form T*T, where T belongs to a given nest 
algebra [1, 6J. Approximation theorists, on the other hand, who view this prob-
lem as one of "infinite dimensional numerical analysis" have obtained factorization 
theorems for totally positive operators and Toeplitz totally positive matrices [3, 4J. 
These theorems have proven useful in connection with spline interpolation problems 
[5J and certain time invariant linear systems [8J. 

Factorization of matrices arises naturally in the solution of systems of linear 
equations via Gauss elimination. In fact, if an invertible matrix can be factored into 
a product of an upper triangular and a lower triangular matrix (with respect to a 
fixed basis), then the upper triangular matrix can be obtained by Gauss elimination. 
Moreover, it is easily checked that an invertible nxn matrix has such a factorization 
if and only if the compressions of the matrix to the span of the first k basis elements 
(k = 1,2, ... ,n) are invertible. Among the matrices which satisfy this compression 
criterion are positive definite matrices viewed as operators on l~ and invertible 
diagonally dominant matrices viewed as operators on f'1. 

Motivated by this last case, the second author and P. W. Smith were able to show 
that any bounded (column) diagonally dominant operator T on h can be factored 
uniquely as a product T = LU, where the operators L, L-1 are unit lower triangular 
and the operators U, U-1 are upper triangular with respect to the canonical basis 
of it [12J. Such a factorization is called an LU-factorization. The object of this 
paper is to prove an analogous result for operators on the space L1 ([0, 1 J, X) of 
Lebesgue-Bochner integrable functions on [O,IJ with values in a separable Banach 
space X. We first show that there are natural classes of operators on L1 ([0, IJ, X) 
to which the terms diagonally dominant, upper triangular and lower triangular 
may and will be applied. We then show that a diagonally dominant invertible 
operator on L1([0, IJ,X) has a unique LU-factorization. We base our work on a 
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representation theorem of Kalton [10] for operators on L1 ([0,1]' X). Our result 
is somewhat surprising in view of the fact that continuous analogues of discrete 
factorization results do not always hold. For example, Arveson [I] has shown that 
every positive invertible operator T on l2 can be factored in the form T = 8·8, 
where 8 is contained in algebra determined by a discrete linearly ordered nest 
of projections. But Larson [11] has shown that positive invertible operators on 
L 2 [0, I] need not have such a factorization relative to the algebra determined by a 
continuous nest of projections. 

Finally, we remark that Barkar and Gohberg [2] have done extensive work on 
the factorization question and have given an abstract set of necessary and sufficient 
conditions for an operator to factor. Unfortunately, we find it difficult to apply 
these criteria in the present case. 

The rest of this paper is divided into three sections. The first section gives some 
basic definitions and fixes some notation; the second collects the necessary facts on 
diagonal and triangular operators that are required in §III which contains the proof 
of the factorization result. 

I. Definitions and notation. Throughout this paper, the letter X will denote 
a separable Banach space. If Y and Z are Banach spaces, we will denote the space 
of all bounded linear operators from Y to Z by B(Y, Z). In the case when Y = Z 
we will write B(Y) for B(Y, Y). We denote the X-valued Borel measures of finite 
variation on [0, I] by M([O, 1], X). If A is such a measure, then its variation is 
denoted by IAI. The symbol L 1([0, 1], X) represents the Banach space of Lebesgue-
Bochner measurable functions on [0, I] taking values in X. Lebesgue measure on 
[0, I] will be denoted by J.L. Following Kalton [10], an operator T on L 1 ([0, 1],X) is 
said to be diagonal iffor every Borel set B in [0, I] and function I in Lt{[O, 1], X), 
we have that I(w) = ° for all w in B implies that (Tf)(w) = ° for all w in B. A 
map g: [0, I] --+ B(Y, Z) is said to be strongly Borel measurable if it is a Borel map 
for the strong operator topology on B(Y, Z). Kalton [10] has shown that for every 
diagonal operator T on L1([0, 1], X), there exists a strongly Borel measurable map 
g: [0,1]--+ B(X) such that TI(') = g(-)/(-) J.L-a.e. for all I in L1([0, 1], X). He also 
showed that there is a norm one projection Pd: B(LdO, 1], X) --+ B(L1 ([0, 1], X)) 
onto the subspace of diagonal operators. Hence an operator T in B(L1 [0, 1],X) is 
said to be diagonally dominant if for each Borel subset E of [0, I] and each x in X 
we have that IIPd(T(xXE))1I ~ II(T-Pd(T))(XXE)II. We note that this is equivalent 
to requiring that IIPd(T)(J) II ~ II(T - Pd(T))(J) II for all I in L1 ([0, 1], X). 

For each Borel subset A of[O, 1], we define a projection operator PA: L1 ([0,1], X) 
--+ L1 ([0, 1], X) by PI = IXA for all I in L1 ([0, 1], X). (Here XA denotes the 
characteristic function of the set A.) For any projection P on L1([0, 1], X), let 
p.l. = 1- P denote its complement. Then an operator T in B(L1 [0, 1],X) is said 
to be upper triangular if Pr*,bjTPrO,bj = ° for all b in [0, I]. Similarly, an operator 
T is said to be lower triangular if Pro,bjTPr*,bj = ° for all bin [0, I]. An operator 
T is said to be strictly upper (lower) triangular if T is upper (lower) triangular 
and Pd(T) = 0. An operator T is said to be unit upper (lower) triangular if it is 
upper (lower) triangular and Pd(T) = I. We say that an invertible operator T in 
B(Lt{[O, I], X)) has an LU-Iactorization if there exist invertible operators L and 
U such that T = LU, and the operators L, L -1 are unit lower triangular while the 

. operators U, U- 1 are upper triangular. 
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Although the results of this paper are stated in terms of L1 ([0, IJ, X), where X 
is a separable Banach space, X = R is the main case and the reader loses little by 
thinking only of this case. 

II. Diagonal and triangular operators. In this section we collect various 
facts about projections onto spaces of diagonal and triangular operators which are 
needed to prove the factorization theorem. We base our work on a representation 
theorem of Kalton [10], which we include here for easy reference. 

THEOREM 1 (KALTON). Let T: L1 ([0,1], X) ---- L1([0, 1], X) be a bounded 
linear operator. Then for each x in X and t in [O,IJ there exists a measure J..Lx,t in 
M([O, IJ, X) such that for all f in L1 

(*) T(Jx)(t) = r f(s)dJ..Lx,t(s) J..L-a.e. 
l[o,lJ 

Moreover, 
(i) for each x, the map t ---- J..Lx,t of [O,IJ into M([O,IJ,X) C B(C[O, 1], X) zs 

strongly Borel measurable, 
(ii) the map x ---- f[o,lJ . dJ..Lx,- is an element of B(X, B(Ll, L1 ([0,1]' X))), 
(iii) IITII = sUPllxll:::;l sUPJ.'B>o(J..LB)-l f[o,lJ lJ..Lx,tl(B) dJ..L(t). 

Conversely, if for each x in X and t in [O,IJ there exists a measure J..Lx,t in 
M([O,IJ,X) so that (i) and (ii) are satisfied, then there exists a unique bounded 
operator T: L1([0, IJ,X) ---- L1([0, 1], X) satisfying (*) and whose norm is given by 
(iii) . 

The collection of measures {J..Lx,t}xEX,tE[O,lJ will be called the representing family 
of measures for T. We note that for each x the measures {/lx,dXEX,tE[O,l] are unique 
up to null sets. 

PROPOSITION 2. (i) There exists a projection 

Pd: B(L1([0, IJ,X)) ---- B(L1([0, 1], X)) 
of norm 1 onto the subspace of diagonal operators. 

(ii) IfT,D E B(L1([0, 1], X)) and D is a diagonal operator, then Pd(TD) 
Pd(T)D. 

(iii) There exist a pair of complementary projections P+, P_ : B(L1 ([0, IJ, X)) ----
B(L1 ([0,1], X)) of norm 1 onto the subspaces of upper triangular and strictly lower 
triangular operators, respectively. 

(iv) If T E B(L1([0, 1], X)) is a diagonally dominant invertible operator, then 
Pd(T) is an invertible operator and the inverse is also a diagonal operator. 

PROOF. (i) This is merely a restatement of part of Proposition 6.1 of [10J. 
(ii) For each Borel subset A of [0, 1], define a projection operator PA: L1 ([0, IJ, X) 

---- L1([0, IJ,X) by Pf = fXA. Now since D is diagonal, there is a strongly Borel 
measurable function g: [O,IJ ---- B(X) such that for all It in L([O, 1], X), we have 
that (Df)(t) = g(t)f(t) J..L-a.e. and IIDII = Ilglioo [10, p. 312J. Hence it is easy to 
see that PAD = DPA for each Borel set A. Now suppose, for each n, we partition 
[O,IJ into disjoint Borel sets {Bn1 , ... , Bn,l(n)} of diameter at most lin and define 
operators IIn: B(L1([0, 1], X)) ---- B(L1([0, 1], X)) by IIn(T) = E~':{ PBn,kTPBn,k 
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for T E B(L1([0,I],X)). Then lIn(TD) = lIn(T)D and since limn lIn (T) (f) = 
Pd(T)(f) [10, p. 318] for each 1 in L([O, 1], X), we have that Pd(TD) = Pd(T)D. 

(iii) Let T be in B(L1([0, 1], X)) and let {/-tx,dxEX,tE[O,l] be the representing 
family of measures for T. Define, for each x in X and t in [0,1], a measure /-t~t 
in M([O, 1], X) by /-t~t(E) = /-tx,t(E n [t, 1]). Then, for each x, the map t -+ /-t~t 
of [0, 1] into M([O, 1), X) is strongly Borel measurable (since, for example, it is the 
pointwise limit of the strongly Borel measurable maps 

2n • 

t -+ f; /-tx,t (- n [in' 1]) X[jj2n,(j+1)/2n) (t)). 

Furthermore, if a, b are scalars, xl, X2 are elements in X and 1 is in L 1 , then 

r l(s)d/-ttXl+bX2,t(S) = r J(s)d/-taxl+bx2As) 
1[0,1] l[t,l] 

= a r I(s) d/-tXl,t(S) + b r I(s) d/-tX2,t(S) /-t-a.e. 
l[t,l] l[t,l] 

= a r l(s)d/-tt1,t(s) +b r l(s)d/-tt2 ,t(s) /-t-a.e. 
1[0,1] 1[0,1] 

It follows that the map x -+ fro,l] . d/-tt,. is an element of B(X, B(L1, Lt{[O, 1], X))). 
Consequently, by Theorem 1, there exists an operator T+ E B(L1([0, 1], X)) whose 
representing family of measures is {/-t~t}. If we now define P+(T) = T+ for each 
T E B(L1([0,I],X)), then P+ is a projection on B(L1([0,I],X)) of norm 1. Now 
fix u in [0,1] and T in B(L1([0, I],X)). Then for each 1 in L1 and x in X we have 
for almost all t > u that 

(T+p[o,u])(lx)(t) = r (p[O,u]J)(s) d/-txAs) = O. 
l[t,l] 

Hence P[o,u]T+P[o,u] = T+P[o,u] and the range of P+ consists of upper triangular 
operators. Conversely, let T be an upper triangular operator with representing 
measures {/-tx,t}xEX,tE[O,l]. Then for each Borel set E, x in X, and u in [0,1] we 
have that 

and hence 
X[O,u] (t)/-tx,t(E n [0, u]) = /-txAE n [0, u]) 

for almost all t. Thus, for almost all t > u, /-txAE n [0, u]) = O. It follows easily 
that /-tx,t(E n [0, t)) = 0 for almost all t E [0,1]. It follows that P+(T) = T so 
the range of P + consists exactly of the upper triangular operators. If we now 
let P_ = 1- P+, then it is easy to check that P_ is a projection of norm 1 
whose range consists of lower triangular operators. To see that P_ is a projection 
onto the strictly lower triangular operators, let T be in B(L1 ([0,1], X)) and put 
T_ = P_(T). If {/-tx,t}xEX,tE[O,l] is the family of representing measures for T, then 
it follows that {/-tx,t(· n [0, t))}xEX,tE[O,l] is the family of representing measures for 
T_. Now for each 1 in L1 and x in X, we have by Proposition 6.1(iii) of [10] that 
(PdT_)(lx)(t) = I(t)/-tx,t({t} n [0, t)) = 0 a.e. Hence Pd(T_) = 0 and the proof is 
complete. 
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(iv) We first note that the operator Td = Pd(T) is bounded below. If not, 
then there exist functions fn in L1 ([0, l],X) with I/fnll = 1 for all n such that 
limn II Tdfn 1/ = 0. Since I/Tdfnll 2: II(T-Td)fnll we have that limn II(T-Td)fnll = ° 
and hence limn I/Tfnll = 0, which contradicts the invertibility of T. We next 
show that for A, ° < A < 1, the operator Td + A(T - Td) is bounded below. If 
not, there again exists for each n a function fn in L 1([0, 1], X) with Ilfnll = 1 
such that limn IITdfn + A(T - Td)fnll = 0. By passing to a suitable sequence, 
we may assume that both limn I/Tdfnll and limn II(T - Td)fnl/ exist and hence 
limn I/Tdfnl/ = A limn II(T - Td)fnl/. But limn IITdfnll 2: limn II(T - Td)fnll and 
neither side of the inequality is zero. Hence A 2: 1, a contradiction. Now consider 
the set A = {A E [0, 1] lTd + A(T - Td) is invertible}. 

We have that A is an open nonempty subset of [0,1]. But A is also closed since an 
operator that is bounded below and the limit of a sequence of invertible operators 
must itself be invertible [12, Lemma 3.2]. Consequently, A = [0,1]. In particular, ° E A so Td is invertible. Now since Td is diagonal, there exists a strongly Borel 
measurable function g: [0,1] -+ B(X) such that (Tdf)(t) = g(t)f(t) a.e. Hence if 
we take any x in X and any Borel set E, 

Jl~ L I/g(t)xlldJl(t) = irO,l]/ITd (x:;) (t)/1 dJl(t) 2:I/Td- 11/-11I x ll· 

Hence for each x in X there is a null set Nx in [0,1] such that Ilg(t)xll 2: IITi11/-111xll 
for all t rJ. Nx . Since X is separable, it quickly follows that there is a null set N in 
[0,1] such that if t rJ. N, I/g(t)xll 2: IITi111-111xll for all x in X. Hence, for almost 
all t, the operators g(t) are uniformly bounded below. Now let x be any element of 
X. Then since TdTd-1 = I, we have that there is a null set Mx in [0,1] such that 
for t rJ. M x , 

XX[O,l](t) = (TdTd-1(xX[O,1]))(t) = g(t)Ti1(xX[O,1])(t). 
Again since X is separable, there is a null set M in [0,1] such that if t rJ. M, then 
the operator g( t) is onto. Thus for t rJ. M U N the operator g( t) is invertible. Hence 
if we define h: [0,1] -+ B(X) by 

h(t)-{O, tEMUN, 
- g(t)-l, otherwise, 

then h is a strongly Borel measurable map and (Til f)(t) = h(t)f(t) a.e. so Til is 
diagonal. 

III. The factorization theorem. In this section we prove our main result. 

THEOREM 3. Let T be a diagonally dominant invertible operator on 
L1([0,1],X). Then T has a unique LU-factorization. 

Our method of proof follows the same path as in [12] which in turn was in-
spired by [7]. We require several preliminary lemmas before we give the proof of 
Theorem 3. For each operator A on L1 ([0,1], X), we define operators PA, QA on 
B(L1([0, l],X)) by PA(T) = (AT)+ and QA(T) = (TA)_ for T in B(L1([0, 1], X)). 
Our goal is to show that if II All ::; 1 and I - A is invertible, then both of the 
operators j - PA and j - QA are invertible, where j is the identity operator on 
B(L1 ([0,1]), X)). The first lemma is needed in both of these efforts. 
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LEMMA 4. Let T be in B( L1 ([0, 1], X)) and let c > 0. Then for each measurable 
set G c [0,1] of positive measure and each Xo E X with IIxoll = 1 there exists a 
countable collection of disjoint measurable subsets In of G and numbers bn in [0,1] 
so that '£n ,..tIn = f..LG and for each n, f..LIn > ° and II(T+-P[O,bnJ)(XOX1n/ f..LIn) II < c. 

PROOF. Let c > ° and let G and Xo be given as above. It suffices to show 
that there is a measurable set E c G and a number d in [0,1] with f..LE > ° 
and II(T+ - P[O,dJT)(xoXE/f..LE) II < €; for once this is done we may appeal to the 
technique of exhaustion to produce the In's which satisfy the conclusion. Now let 
{f..Lx,t}xEX,tE[O,l] be the family of representing measures for T. By Theorem 1, the 
function t --+ If..Lxo,tl[O, 1] is integrable. Hence there exists a 8 > ° with 8 < € such 
that if B is a measurable set with f..LB < 8, then 

hlf..Lxo,tl[O, 1] df..L(t) < ~f..LG. 
Now, for each n, consider the function In: [0,1]--+ R given by 

fn(t) = If..Lxo,tl ([t - ~,t) n [0,1]) . 

Note that each In is measurable (since, for example, it is the pointwise limit of the 
measurable functions 

2"' ([ j 1 j) ) fn,m(t) = f; If..Lxo,tl 2m - n' 2m n [0,1] X[j/2m ,(j+1)/2m )(t)). 

Moreover, limn In(t) = ° for each t in [0,1]. Choose a such that 2a/(1 - a) < 
€/2 and ° < a < 1. By Ergorov's theorem there exists an integer N such 
that f..L{ t: liN (t) I > a} < 8. By the regularity of f..L there exists an open set 
0 1 :J G such that f..LG > (1 - a)f..L01. Choose disjoint open intervals Ai such that 
ut='7 Ai c 01, '£if..LAi = f..L01 and for each i, f..LAi < l/N. Let J = {i: f..L(AinG) > 
((1- a)/2)f..LAi}. Then 

since otherwise 
f..LG = I:f..L(Ai nG) = I:f..L(Ai nG) + I:f..L(Ai nG) 

i iEJ i~J 

< (1 ~ a) f..L0 1 + (1 ~ a) ~ f..LAi 

< (1 ~ a) f..L0 1 + ( 1 ~ a) f..L0 1 = (1 - a)f..L0 1, 

which is a contradiction. Note that f..L(G n (Ui~JAi)) < ((1- a)/2)(1- a)-1f..LG. 
Now repeat this procedure, i.e. choose an open set 02 such that G n (Ui~J Ai) c 
O2 C Ui~J Ai and f..L(G n (Ui~J Ai)) > (1 - a)f..L02 and disjoint open intervals Ck 
such that ut~ Ck C02, '£k f..LCk = f..L02 and for each k, f..LCk < l/N. If we let 
L = {k: f..L(Ck n G) > ((1- a)/2)f..LCd, then 

I: f..LCk ~ (1 ~ a) f..L0 2. 
kEL 



FACTORIZATION OF DIAGONALLY DOMINANT OPERATORS 795 

Note that 

~ (G{~ Ok)) < C;a)' (l-a)-l~G 
Continuing in this way we can obtain a sequence of disjoint open intervals F m so 
that, for each m, Jl-(Fm n G) > ((1- o:)/2)Jl-Fm and Jl-Fm < liN. Moreover, G c 
UFm a.e., i.e. Jl-(G\UmFm) = 0. Now for each m let Bm = Fmn{t: IfN(t)1 > o:} 
and B = Um Bm. Then Jl-B < 8 and hence, for some m, 

If not, then 

r lJl-xo,tl[O, 1) dJl-(t) < ~Jl-(Fm n G). 1Bm 

r lJl-xo,tl[O, 1) dJl-(t) = L r lJl-xo,tI[O, 1) dJl-(t) 1B 1Bm 
~c C 

~ L- 2Jl-(Fm nG) = 2Jl-G, 
m 

which contradicts the choice of 8. Fix an m such that 

r lJl-xo,tl[O, 1) dJl-(t) < ~Jl-(Fm n G). 1Bm 
Now Fm = (c, d) for some numbers c, d. If we let Em = Fm n G, then 

(T+ - P[O,dlT) (X~~:m ) (t) = Jl-~m Jl-xo,t(Em n [t, 1)) 
-1 + -E Jl-xo,t(Em)x[O,dl(t) a.e. 

Jl- m 
-1 

= Jl-Em Jl-xo,t(Em n [0, t))X[O,dl(t) 
-1 

= Jl-EmJl-xo,t(Em n [O,t))X[c,dj(t) 

Thus 

II(T+ - P[O,dl T ) (:0::) II = It~m Lm lIJl-xo,t{Em n [0, t))11 dJl-(t) 

::; ~ r Iltxo,tl(c, t) dJl-(t) 
Jl- m 1Fm 

::; ~ r lJl-xo,tl[t-~,t)dJl-(t) 
Jl- m 1Fm 

::; ~ [r lJl-xo,tl[t-~,t)dJl-(t) 
Jl- m 1Fm\Bm 

a.e. 

a.e. 

+ Lm lJl-xo,tl[t - ~,t) dJl-(t)] 

< _1_ (F. \B) ~ < 2O:Jl-(Fm \Bm) ~ 
- Jl-Em O:Jl- m m + 2 - (1 - O:)Jl-Fm + 2 

< ~Jl-(Fm \Bm) + ~ < c. 
- 2 Jl-Fm 2 -

Now taking E = Em yields the desired conclusion. 
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LEMMA 5. Let A be in B(L1([0, 1], X)). II IIAII :S 1 and I - A is an invertible 
operator, then j - PAis an invertible operator. 

PROOF. We note first that 1 - PA is the limit of the invertible operators 1 - P>"A 
as >. i 1. Hence by Lemma 3.2 of [12] if 1 - PA is bounded below, then 1 - PA is 
invertible. Suppose then that 1 - PA is not bounded below. Then, for each c > 0, 
there is aTE B(LdO, 1], X)) with IITII = 1 such that 11(1 - PA)(T) II < c. Now 
11(1 - PA)(T)II = sUPllf1l911(T - (AT)+)(f) II· Since step functions are dense in 
L1([0, 1], X), there exist open intervals Gi in [0,1], elements Xi in X, and scalars 
ai such that IIXill = 1, E~=1 lail = 1 and 

IIAT (~aiXi :~:) II > (1- c)IIATII· 

It follows that for at least one i, IIAT(XiXC;/J.LGi)1I > (1- c)IIATII. Fix such an i. 
An appeal to Lemma 4 now produces a countable collection of disjoint measur-

able subsets In of Gi with positive measure and numbers bn in [0,1] so that 

~ J.L(In) = J.L(Gi ) and II ((AT)+ - Pro,bnjAT) :i(~~) II < c 

for all n. Since 
XCi " J.L(In) XiXIn 

Xi J.L(Gi ) = ~ J.L(Gi ) J.L(In) a.e., 

itfollows thatfor at least one n that IIAT(XiXlnl J.L(In)) II > (1-c)IIATII. Fix such an 
n and let I = XiX1nl J.L(In) and b = bn. Then we have II ((AT)+ - PrO,bj AT) (f) II < c 
and IIATIII > (1- c) II AT II ~ (1- c)2. Note that IITIII > (1- c)2 since IIAII :S 1 
and note that II(T - PrO,bj AT) (f) II < 2c. Since IIgll = IIPro,bjgll + IIP(b,1jml for any 
gin L1([0,1],X), we have that 

II P(b, 1j ATIII = IIATIII = IJPro,bjATIII 
:S IITIII = IJPro,bjATIII :S IITI - Pro,bjATIII < 2c. 

But then 
II (I - A)TIII = IITI - Pro,bjATI - p(b,1jATIII 

:S IITI - Pro,bjATIII + II P(b,1jATIII :S 4c 
and yet IITIII > (1- c)2. This contradicts the invertibility of I - A and completes 
the proof. 

To show that 1 - QA is invertible requires the following preliminary reRult. 

LEMMA 6. Let T, A E B(L1([0, 1], X)) with IITII = IIAII = 1. II there is an I in 
L1([0, 1],X) with 11111 :S 1 and a8 > 0 such that IITIII > 1-8 and IIT-(TA)-II < 8, 
then liT I - T AlII < 505. 

PROOF. The conclusion is obvious if 8 ~ 1 so we may suppose that 0 < 8 < 1. 
We may also assume I is a step function. By repeated applications of Lemma 4, 
we may write I in the form 
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where the E/s are a countable collection of disjoint measurable sets having positive 
measure such that 

+00 
2: lail S; 1, 
i=l 

and 

II ((TA) + - P[O,bi]TA) (X~~:i) II < Vl 
for some numbers bi in [0,1). Now let J = {i: IIT(XiXE.!j.lEi )II > 1- Vl}. Since 
liT - (T A)_II < 6, we have, for all i E J, that 

1/ (T A) - ( X~X;i ) II > 1 - Vl - 6 2 1 - 2Vl. 
Hence 

1- 2Vl S; I/(TA)- (X~~:i) 1/ = I/((TA) - (TA)+) (X~~:i) 1/ 

S; I/(TA - P[O,bi]TA) (X~X;i) 1/ + Vl. 
Since II (TA)(XiXE.!j.lEi ) II S; 1 it follows that IIP[O,bi]TA(XiXE.!j.lEi)1I S; 3v'8 and 
so II (TA)+ (XiXE.!j.lEi) II < 4v'8. Next note that 

1-S < IITfil <; I ~ a;T ( X~~' ) II + II~ ",T ( X~~' ) II 
S; (1- 2: lail) + (1 -Vl) (2: lail) 

~J ~J 

S; 1- Vl2: lail· 
ir;.J 

This implies that L:ir;.J lail < v'8 and consequently 

II(TAl+(f)1I = I ~a;(TA)+ (x~~,) II 
S; ~lailll(TA)+ (X~X;i )11 + ~,ai'II(TA)+ (X~X;i )11 

S; 3Vl (2: lail) + 2: lail S; 4Vl. 
iEJ ir;.J 

The desired result now follows easily since 

IITf - TAfli S; II(T - (TA)_)(f) - (TA)+U)II S; Vl + 4Vl = 5Vl. 
LEMMA 7. Let A be in B(L1 ([0, IJ,X)). If IIAII S; 1 and I - A is an invertible 

operator, then j - QA is an invertible operator. 

PROOF. Just as in Lemma 5, it suffices to show that j - QA is bounded below. 
So we suppose by way of contradiction that j - QA is not bounded below. Then 
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for each c > ° there exists a Tin B(Ll([O, 1],X)) with IITII = 1 such that 

liT - (TA)_II = lI(i - QA)(T)II < c. 

Choose a 9 in Ll([O, 1],X) with IIgll = 1 such that IITgll > 1 - c. An appeal to 
Lemma 6 with f = 9 and 8 = c insures that IITg - T Agil < 5y'€. It follows that 
liT Agil > 1 - c - 5y'€ > 1 - 25y'€. Since IIAgll :=:; 1, we may apply Lemma 6 again 
with f = Ag and 8 = 25y'€ to conclude that 

liT Ag - T A2g11 < 5(5cl /4 ) 

and hence liT A2g11 > 1 - 25cl /2 - 25cl /4 2: 1 - 54c l/4 provided 25y'€ < 1. In 
general, one obtains that for each positive integer n 

liT Angll > 1 _ 52nc{1/2)n 

and 
liT Ang - T An+1gl1 < 5n +1c(l/2)n+l 

provided 52nc{1/2)n < 1. Now for an integer m such that 52mc(l/2)'" < 1 we define 
U m = 9 + Ag + ... + A mg j m + 1 and 

Then 

m i-I 

f(c,m) = c+ ~1 LL5j +1c{1/2)i+ 1
• m+ .. 

0=13=0 

1 
lIumll2: IITumll = m+ II1Tg+TAg+ ... +TAmgll 

1 m 
2: IITgll - -1 LilT Aig - Tgil 

m+ i=l 

m i-I 

2: 1- c- m~ 1 LL IITAj+1g - TAjgll 
i=l j=O 
m i-I 

> 1- c - _1_ L L 5j +l c(l/2)i+ 1 = 1 - f(c, m). 
m+l . 

i=13=0 

But (I - A)um = 9 - Am+lgj(m + 1) and hence 

lIumll :=:; m ~ 1 II (I - A)-lllllg - Am+lgll :=:; m: 1 11 (1 - A)-III· 

It follows that 1-f(c, m) :=:; (2j(m+l))I1(1 -A)-III. Butfor fixed m, limE---+o f(c, m) 
= 0. Hence the above inequality must fail for m large and c close to zero. This 
contradiction completes the proof. 

We may now give the proof of the main result. 
PROOF OF THEOREM 3. Let T be a diagonally dominant operator. By Propo-

sition 2, the operator Td is invertible. Now let S = TTd- l . Then S is an invertible 
operator and, again by Proposition 2, Sd = Pd(TTd- l ) = (PdT)Td-l = I. Moreover, 
S is a diagonal dominant operator since if f is an element of Ll ([0,1]' X) we have 
that 

II(S - Sd)(f) II = II(TTi l - TdTil)(f) II = II(T - Td)(Til f)1I :=:; IITTi l ll = II Sdfll· 
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Consequently, S can be written in the form I - A, where IIAII :S 1. It suffices to 
show that S has an LU-factorization. Toward this end, note that by Lemmas 5 
and 7 the operators i - P A and i - Q A are invertible. Hence there exist operators 
V, W in B(LdO, 1], X) such that (i - PA)(V) = I and (i - QA)(W) = I. We claim 
that the operators V and W are (bilaterally) invertible. To see this, note first that 
V = I+(AV)+ and W = I+(W A)_. From this itfollows that (I-A)V = I-(AV)_ 
and W(I - A) = 1- (W A)+. Consequently, 

(I - (W A)+)(I + (AV)+) = W(I - A)(V) = (I + (W A)_)(I - (AV)_) 

or 

But the operator on the left is upper triangular while that on the right is strictly 
lower triangular. Hence both sides are zero. It follows that W(I - A)V = I 
and so W is left invertible and V is right invertible. Now consider the curves of 
operators {(I - P>.A)-1(I): O:S >.:s 1} and {(I - Q>.A)-1(I): o:s >.:s 1} which 
initiate at 1(>' = 0) and terminate at V and W respectively (>. = 1). Since I is 
(bilaterally) invertible and each element of the two curves is unilaterally invertible 
we have by [2] that all elements are (bilaterally) invertible. Hence Wand V are 
(bilaterally) invertible. Hence we have the factorization I - A = w- 1v-1, where 
W- 1 = (I - A)V = 1- (AV)_ and W = 1+ (W A)_ are lower triangular operators 
V- 1 = W(I -A) = 1- (W A)+ and V = 1+ (AV)+ are upper triangular operators. 
Finally, note that (W- 1)d = Wd = I and so if we let L = W-1 and U = V- 1 
we have the desired factorization. If L'U' is another LU-factorization of T then it 
follows that L -1 L' = U (U') -1. Since the left side is lower triangular while the right 
side is upper triangular, it follows that L -1 L' = U(u,)-1 = D for some diagonal 
operator D. But then L' = LD and hence by Proposition 1 

1= Pd(L') = Pd(LD) = Pd(L)(D) = ID = D 

so L' = L and U' = U. This completes the proof. 
We remark that for any operator T in B(L1 ([0, 1], X)) the operator T + >.I 

is diagonally dominant and invertible for sufficiently large >.. Hence Theorem 3 
asserts that any operator on L1 ([0,1], X) has scalar translates which have an LU-
factorization. 
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