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ABSTRACT. ) implies that there is a (normal) countably paracompact space X such
that X? is normal and not countably paracompact.

1. Introduction. A normal space which is not countably paracompact is called a
Dowker space. It is well known that a normal space X is countably paracompact iff
X X (w + 1) is normal iff, for every decreasing sequence (F,: n € w) of closed
subsets of X such that " F,: n € w} = 0, there is a sequence (O,: n € w) of open
sets such that N{0,: n € w} = 0 and, for every n € w, F, C O,. There is essentially
only one known Dowker space in ZFC, constructed by Rudin [15], although
numerous Dowker spaces have been constructed beyond ZFC (see [18] for more on
this).

Rudin and Starbird have proved that if X is countably paracompact (paracom-
pact, collectionwise normal), M metric, and X X M normal, then X X M is count-
ably paracompact (paracompact, collectionwise normal), see [20]. At that time it was
already known that under MA + —CH there is a Lindelof space X such that X2 is
normal but not collectionwise normal [11]. (There also is, in ZFC, a Lindelof space X
such that X? is collectionwise normal but not paracompact [13].) So they asked
whether the product of two countably paracompact spaces can be Dowker. This was
answered affirmatively by Wage [21] who gave, under the Continuum Hypothesis, an
example of countably paracompact X and Y such that X X Y is Dowker. He used a
space constructed in [5]. However, he never published details of his construction.

Here we assume (>* and construct a countably paracompact space X such that X2
is Dowker (§2). In §3 we show how the construction from §2 can be modified to
give, for any n € w, a space X such that X" is countably paracompact and X"*! is
Dowker. All our results follow from { only; see §5.

The concept of a Dowker space can be generalized a bit.

1.1 DEFINITION. An open cover {V,: a € k} of a space X is a shrinking of the
family {U,: a € «} of subsets of X iff, for every a € k, ¥V, € U,.

A space X is shrinking iff every open cover of X has a shrinking. O

Observe that a Hausdorff space X is normal iff every open cover of size 2 has a
shrinking, and that a Hausdorff space X is normal and countably paracompact iff
every countable open cover of X has a shrinking. Also, notice that a space X is
shrinking iff for every open cover {U,: a € k} of X there is a closed cover { F,:
a € k} such that F, ¢ U, for every a € &.
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In ZFC, there is only one known type of normal spaces that are not shrinking [17].
For more on shrinking spaces see [19].

It is known that the normal product of a shrinking space and a metric space is
shrinking [1, 3.6]. Our examples are shrinking spaces so it is consistent that there is a
shrinking space X such that X? is normal but not shrinking.

1.2 DEFINITION. A normal space X is k-Dowker iff k is the minimal cardinality of
an increasing open cover of X which does not have a shrinking. O

Thus w-Dowker is the same as Dowker. For each regular cardinal k we essentially
know exactly one k-Dowker space in ZFC [17]. Call a space «-shrinking iff every
open cover of cardinality « has a shrinking. Hence a normal space is w-Dowker iff it
is not w-shrinking. But this does not generalize: for a regular infinite x, & * on k™
implies that there is a normal, not « *-shrinking, not « *-Dowker space [2]. For more
on k-Dowker spaces, see [19].

In §4 we show, using the construction from §3, how to get for each regular
uncountable k and n € w, a space X such that X" is shrinking but X" *! is k-Dowker.

Recall that a space X is called a P-space iff X X M is normal for every metric
space M. Our examples are P-spaces; thus under {*, there is a P-space X such that
X2 is normal but not a P-space.

We use an Ostaszewski technique [10] to construct our spaces. The result in §4
implies the results in the preceding sections, but we decided to present the result in
§2 in detail, as it is the most interesting and the least technical case. §§3 and 4 are
rather sketchy; in them we mainly emphasize the differences from the second
section.

Any undefined notion or fact that is used without mention can be found in one of
[4 and 7). Many more facts about normality in products can be found in [14 and 16].

2. A Dowker square. We first state a consequence of * which is then used to
construct a countably paracompact space X such that X? is Dowker.

2.1 DEFINITION. {* is the statement: There is a sequence (%Z,: @ € w;) such that

(i) for every a, &, 1s a countable family of subsets of a X w,

(ii) for every X C w; X w, there is a closed and unbounded C C w, such that, for
everya € C, X N (a X w) €E,.

The sequence (&, a € w,) is called a {* sequence. O

Our definition of {* is not the usual one but it is clearly equivalent to it. O*
holds in the constructible universe L.

Following (3, 6, and 12] we have

2.2 DEFINITION. A set X C (w; X w)? is 2-uncountable iff, for every a € w,,
XN [(w,\a@)Xw]>?+0. O

Let £E={a € w;: cf(a)=w}. Also, if BC X X Y, let dom(B)= {x € X:
3y((x,y) € B)} and ran(B) = {y € Y: 3x({x, y) € B)}, and if a set is closed
and unbounded, we say that it is a cub.

2.3 DEFINITION. A* is the statement: There are sequences (A% a € E), (A
a € E), and (B, a € E) such that, fora € E,

(i) A% and A}, are subsets of a X w,

(i) B, is a subset of (@ X w)>.
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If B = dom(B,) and B! = ran(B,) for each a € E, then

(iii) ran( B?) U ran(B) is finite,

(iv) for every 8 < a, (A2 U 4% U B? U B}) N (B X w) is finite,

(v) A%, 4!, and B? U B, are pairwise disjoint,

(vi) for every uncountable X C (w; X w) thereis a cub C C E such that, for every
a € C, XN A% and X N A, are infinite,

(vii) for every pair (X, Y) of 2-uncountable subsets of (w; X w)?, there is an
a € E such that, for every 8 <a, XN [(a\B)Xw]*NB,#0 and YN B, N
[(a\B)Xw]?+0. O

2.4 LeMMA. O implies A*.

PROOF. Let (&, a € w;) be a {* sequence. Since O* implies O, there is a
sequence ((B,,, B, ): a € w,) of pairs of subsets of (w; X w)? such that, for every
pair (X,Y) of subsets of (w; X w)? there is a stationary S C w, such that, for
everya € S, X N (a X w)? = B,gand Y N (a X w)? = B, .

Fora € E, let

A, ={AeLd;:VB<al(A N[(a\B) X w] #0)}
and

B,={B,ic2AVB<a(B, n[(a\B)xw]’+0)

A (|ran(dom( B, ;)) U ran(ran(B, ,))| < w)}

List &, U %, as (F,: n € ) in such a way that each member of %, is listed
infinitely many times, and that for every 4 € Ja?a there are infinitely many even and
infinitely many odd n’s for which F, = A4.

By induction on n € w, pick p, € F, and a, € a such that

D) sup, a, = «a,

(2) if k < n then p, € (a, X w) or p; € (&, X @)%, and p, € (a\ @,) X w or
P € [(a\ &) X 0]

Let A2 = {p,: nis even and F, € &, ), A, = { p,: n is odd and F, € #,}, and
Ba = {pn: F;l € ga}'

Now we show that these A’s and B’s satisfy Definition 2.3. Conditions (i)—(Vv)
hold trivially. For (vi), if X C (w; X w) is uncountable, fix a cub C, C E so that if
a € C, then, for every 8 < a, X N [(a\ B) X w] # 0. Let C; be a cub such that if
a € C, then X N (a X w) € #,. Then C = C; N C; shows that (vi) holds.

For (vii), observe that if X C (w; X w)? is 2-uncountable then there is a n € w
such that X N (w, X n)?is 2-uncountable. So we may assume that (X, Y') from (vii)
is such that there is an n € w with X, Y C (w, X n)2. Fix a cub C C E such that if
a € C then, for every B < a, X N [(a\ B) X w]?# 0 and Y N [(a\ B) X w]* # 0.
Let S C w, be stationary such that, for every @ € S, X N (a X w)*> = B,, and
Y N (a X w)?>=B,,. Then foranya € SN C, X N B, and Y N B, are as required.
(m}
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2.5 THEOREM (A*). There is a Hausdorff, first countable, locally compact, shrinking,
P-space X such that X? is collectionwise normal but not countably paracompact.

PROOF. We construct two topologies 7° and 7! on w; X « in such a way that

Ty = (w; X @, 7% and T, = (w; X w, 7!) are Hausdorff, first countable, locally
compact, shrinking, P-spaces, and also make sure that T2, T, X T;, and T? are
collectionwise normal. At the same time we kill countable paracompactness of
T, X T, by showing that the diagonal {{x, y) € T, X T;: x = y} is Dowker. Then
for X we take the free sum of T; and 7.

By induction on a € w;, for {(a, n) € w; X w and i € 3 we construct families
{Ujk,y: k € w} of subsets of (a + 1) X w such that if 7 is the topology on a X «
having {U;"*: k € w A p € a X w} as a (sub)basis then

(a) 7, is a Hausdorff topology on a X w,

(b)forall B < &, (B + 1) X wisclosed in (@ X w, 7},

(c)forallp € a X w, {Uj*: k € w} is decreasing,

(d)forallp € a X w, {U",,"’": k € w} is a clopen basis for p consisting of compact
sets (in 1),

(e)forallp € a X wand k € w, U>* U UM c U2,

(f)forall (B, n) € a X 0, UL,y N UYY,y ©(B+1)X(n+1)

Observe that (d) implies that, for all 8 < a B X w is open in {(a >< w, T4y, and
that (e) implies that 72 is coarser than both 70 and 7}, i.e. 72 C 70 N 7.

Topologies 7' for i € 3 are defined by letting U{ 7: @ € w,} be a basis for 7'. The
topology 72 helps us to carry the induction, and it plays a small role in the proof that
T, X T is not countably paracompact.

It remains to define U,f"‘ fori€ 3,k € w,and p € w; X w. If a is a successor or
0,fori€3andn, k € wlet U<’;f‘n> = {{(a,n)}. It is easy to check that all induction
hypotheses are satisfied.

Let (A% a € E), (A,: a € E), and (B,: a € E) be as in Definition 2.3. Recall
that B? = dom(B,) and B! = ran(B,). For « a limit, i.e. a € E, pick n, € w such
that n_ > sup(ran(B?) U ran(B;)). Notice thatn, > 0. If n & {0, n,}, forz € 3 and
kew Iet UGk oy = {{a,n)}. Let (a;: k € w) be an increasing cofinal sequence in a.

The set D = 4% U A%, U BY U Bl is closed and discrete in (a X w, 72) by 2.3(iv)
and the fact that 8 X w is open for every 8 < a. Since (@ X w, 72) is metrizable and
locally compact, for each a € D there is a compact clopen neighborhood U, of d in
{(a X w,7?) such that {U,: d € D} is discrete in (a X w, 72) (hence discrete in
(a X w, 7.y for any i € 2), and such that if d = (B, n) and a, +1 < B then
U,N[(ag +1)Xw]=0 (by (b), this can be done). For i€ 2 and d € D let
Uj = Uj*, where k € w is the least number for which U}** c U,.

For k € w define

Uty = {((a,00} U(U{U,: d € [(4% U AL)\(a; X @)]}), and

UZK s = {{a,ny)} U(U{Ud: de [(Bu B)\(a X w)]})
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Fori € 2 and k € w define
Uik = ({00} U(U(U): d € [\ (e X @)]}), and
Uity = (Caunad) U(U{ U d € [(B2 U B) (e x )] }).

We now check that the induction hypotheses are satisfied. The condition (a) is
satisfied because of 2.3(v), and (b)—(e) are satisfied trivially. We check that (f) holds.
For n & {0, n,}, (f) trivially holds at (a, n). Note that U 0) <,, 0y = {{a,0)}
by 2.3(v). To see that U<a‘,,n> N U<a'na> C (a + 1) X (n, + 1), it is enough to show
that UPN Ul Cc (a+ 1) X (n,+ 1) for d,e € B U B.. Since U) N U} c U;N
U, ifd#e, UPNU}=0,so0assumed =e = (B,n) € B, U B,. But then U} ,,
N Ulgny © UG N U(ﬁ .y € (B + 1) X (n+ 1) by (c) and (f) for (B, n), so since
n, > nwe have that Ug ., N Ulg »y C (@ + 1) X (n, + 1).

This finishes our construction of T; and T;, and we now check that they have all
of the desired properties. From now on i and j will stand for arbitrary members of 2.
Trivially, T, is Hausdorff, first countable, and locally compact.

2.6 LEMMA. Let { X,: n € w} be a family of uncountable subsets of T,. Then there is
a cub C C w, such that, for every a € C and n € w, {(a,0) is an accumulation point of
X,. In particular, (C X {0}) C N{X,: n € w}.

ProOOF. For each X, fix a cub C, C w,; satisfying 2.3(vi). Then C =N
required. O

(1) T, is normal.

PROOF. Let X and Y be two closed disjoint subsets of 7,. By Lemma 2.6 we may
assume that X is countable, so there is an a € w, such that X C (a + 1) X w. Since
the subspace topology on (a + 1) X w is metrizable there is a clopen set U in
(a + 1) X @ containing X such that UN Y = 0. This U is clopen in 7, since
(a + D) Xwis. O

(2) Every closed discrete subset of T, is countable.

PrOOF. Let X C T, be uncountable. Let X;, X; be two disjoint uncountable
subsets of X. By Lemma 2.6, X, N X, # 0, hence X is not closed discrete. O

(3) T, is countably paracompact.

PRrROOF. Let { F,: n € w} be a decreasing family of closed subsets of T; such that
N,c. F, = 0. By Lemma 2.6 there is a k € w such that F} is countable. Let a € w,
be such that F, C a X w. Since a X w is open and metrizable, there are, for n > k,
open O, containing F, such that N,,,0,=0. For n <k, let O,=T, So T, is
countably paracompact. O

(4) T, is shrinking.

ProorF. Since 7; is normal and countably paracompact every open cover of
cardinality < w has a shrinking. Let {U,: « € w,} be an open cover of T;. It suffices
to show that there is a closed cover {F,: a € w;} such that F, c U, for every
a € w,.

C, is as

n€w
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Define S = {t € T;: {a € w;: t € U, }| < w}. List T,\ S as {t, a« € w;). For
a € w; pick f(a) € w, such that ¢, € U, and, for every B < a, f(B) < f(«). Let
Fyy = {14}, and if B € w, is not in the range of f, let F’ = 0. Then for every
a € w, F)c U,andU,., F)=T\S.

Observe that S is closed since T; is first countable. For a € w,, let S, = S\ U,.

Claim. There is an a € w; such that S, is countable.

PROOF. Assume not. Using Lemma 2.6 fix, for each a € w,, a cub C, C w, such
that each point of C, X {0} is an accumulation point of S,. Let C be the diagonal
intersection of {C,: a € w;}; 50 C={B € w;: Va < B (B € C,)} is a cub subset
of w,. Since each S, is closed, if B € C then (B,0) €N, zS,, hence (B,0) &
Ua<p U, So for B € C, pick py = (o, my) € Sy and y5 > B such that p; € U, and
ag < B. This can be done since (f,0) is an accumulation point of S,. By the
pressing down lemma followed by an easy counting argument there are w, many B’s
with the same p; = p. But then this p is an element of S which is in uncountably
many U,’s. So there is an « such that S, is countable. O

We may assume that S \ U, is countable. Fix a 8 € w, such that (§\ {};)) C 8 X w,
and let F} = S N [(w;\ B) X w] C U,. Then F; is closed since S is. For a > 0, let
F}! = 0. Since metrizable spaces are shrinking there is a closed cover { F,%: w € w,}
of (B + 1) X w such that, for every a € w,, F2 C U,.

For a € w,, let F, = F2 U F} U F2. Then {F,: a € w,} is a closed cover of T,
such that F, C U, foreverya € w,. O

At this point we need

2.7 LEMMA. Let (X, Y) be a pair of 2-uncountable subsets of T, X T,. Then there is
an a € w, such that {{a, n),{a,nHy € XNY.

PROOF. Let a satisfy 2.3(vii). Then ({(a, n,), (a, n,)) € XNY. O

(5) T, X T, is normal.

PROOF. Let X, Y be two closed disjoint subsets of 7; X T,. Using Lemma 2.7 we
may assume that X is not 2-uncountable. Fix an @ € w; so that X C [((a + 1) X w)
X T]UI[T; X ((a + 1) X w)]. It follows from (8) that both ((a + 1) X w) X T; and
T; X ((a + 1) X w) are normal; however, for the convenience of the reader not
interested in P-spaces we give a direct proof of this fact in Lemma 2.8 below.
Assuming that ((a« + 1) X w) X T; and T; X ((« + 1) X w) are normal we show how
to separate X and Y by two disjoint open sets.

Sets [(w; \(a + 1)) X 0] X [(w;\ (e + 1)) X w], T; X (@ + 1) X @), and ((a +
1) X w) X [(w; \ (a + 1)) X w] partition 7, X T; into pairwise disjoint clopen sets,
and in each of them we can separate X and Y (in the last two since they are normal
and in the first one since X does not intersect it); hence X and Y can be separated in
T, XT,.

2.8 LEMMA. Assume that X is normal and countably paracompact and Y is a

countable metric space. Then X X Y is normal.

PROOF. For y € Y let { B,(y): n € w} be a clopen decreasing basis for y. Let H
and K be two closed disjoint subsets of X X Y. Let m: X X Y — X be the projection
map. Fory € Y let F,(y)=a(HN(X X B,(y))) n7(KN(X X B,(y))). Since
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{B,(y): n € w} is decreasing, { F,(y): n € w} decreases, and since { B,(y): n € w}
is a basis for y, N, F,(y)= 0. Let {O0,(y): n € w} be an open family in X such
that F,(y) € O,(y) foreveryn € wandN, ., 0, = 0.

For n€w and y € Y let H(y)=7(HN(X X B,(y)))\ O,(y) and K,(y)
=x(KN(X X B,(»)))\ O,(y). Then H,(y)and 7(K N (X x B,(y))) are closed
disjoint subsets of X, so there is an open U,(y) such that H,(y) € U,(y) € U,(y)
c X\ 7(KN(X X B,(y))). Similarly, there is an open V,(y) such that K,(y) C
V.(») € Vo(») € X\7(H (X X B,())).

Then % = {U(y) X B (y)n€wAy€Y}and ¥=(V,(y) XB,(y):n€wA
y € Y} are countable open families in X X Y covering H and K, respectively, such
that, forevery U € Zand Ve ¥, (UN K=0= H N V). Hence X X Y is normal.
O

(6) T; X T, is collectionwise normal.

PrOOF. We show that every closed discrete subset of T; X T is countable. This
shows that T; X T is collectionwise normal since it is normal. Let X C 7, X T, be a
2-uncountable subset of T, X 7. By an easy induction one picks two disjoint
2-uncountable X, X; C X. By Lemma 2.7, X; N X; # 0 so X is not closed discrete.
Let X be an uncountable subset of 7, X T which is not 2-uncountable. Then there is
a p € w; X w such that either X N (7, X { p}) or X N ({ p} X T}) is uncountable.
Then, by (2), X is not closed discrete. O

(7) T, X T, is not countably paracompact.

PROOF. We show that R = {{x, y) € T, X T;: x =y} is not countably para-
compact. As R is a closed subset of ((w; X w, 72))? it is closed in T, X T;, hence
T, X T, is not countably paracompact.

Since R is homeomorphic to w; X w having as a basis the family {UN V:
U e 1% A V e '}, we identify R with this space.

Forn € w,let F, = w; X (w\ n). Trivially, F,,, C F,forn € w,andN,. F, = 0.
The condition (f) implies that each F, is closed. Next we show that there is no open
family {O,: n € w} such thatN, ., O, = 0 and, foralln € w, F, C O,. We need

2.9 LEMMA. Let X be an uncountable subset of R and n € w. Then there are an
a € w, and an m > n such that {a, m) € X.

PROOF. Let X = {(x,x) € Ty, X T;: x € X} and X; = {{(B, n), (B, n)): B €
w; }. Both X and X, are 2-uncountable subsets of T;, X T;. By Lemma 2.7 there is an
a € w; such that ({a, n,), (&, n,)) € cly  ,(Xo) N cly . 7,(X;). But then (a, n,)
€clgXandn,>n 0O

Assume that {O,: n € w} is an open family in R for which N,.,0, =0 and
F, c O, for every n € w. There is an n € w such that R \ O, is uncountable. Observe
that R\ O, is closed and R\ O, C w, X n. By Lemma 2.9 there are an a € w, and
anm > nsuch that (a, m) € R\ O, = R\ O, C w; X n. This contradiction finishes
the proof. 0O

(8) T; is a P-space.

PRrOOF. This follows from Lemma 2.6 and Lemma 2.11 below. In order to be able
to use Lemma 2.11 in §4 we state it in a more general form than needed at this point.
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2.10 DErFINITION. Let k be a cardinal. A space X is a m-space iff, for every
paracompact space Y with character < x, X X Yisnormal. O
The following is Lemma 5 from [2].

2.11 LEMMA (2). Let X be a Hausdorff space and F a family of subsets of X such that
N{F,: a €k} +#0 for any {F,: a € k} CF of cardinality < k. Also suppose that
M C X and M & % implies there is a w_-space U which is clopen in X and contains M.
Then X is a m-space. 0O

We show that T, is a 7 -space and thus a P-space. Let = {XC T: X is
uncountable}. By Lemma 2.6 any countable subfamily { F,: n € w} of # is such
that N{F,: n € w} # 0. If X is a countable subset of 7, then, for some a € w,,
X C (a+1)Xwand, by Lemma 2.8, (a + 1) X wis a7 -space. O

2.12 REMARKS. Lemma 2.8 follows from [9]; see also [14, 4.13]. We included a
short proof of it for the convenience of the reader.

One does not need Lemma 2.8 to show that T} is a P-space. Lemma 2.11 holds if
is replaced by w and =, by P. But then (a + 1) X w trivially is a P-space.

We should also note that Lemma 5 from [2] (our Lemma 2.11) is stated there only
for the case of = _-spaces, but the same proof as the one given there works for
arbitrary k.

The space X2 from Theorem 2.5 is strongly zero dimensional. O

3. Products with more than two factors. Here we show how to generalize the
construction from the preceding section to get, for each n € w, a space X such that
X" is countably paracompact and X"*! is Dowker.

We use a slightly more general consequence of {>* which we state for arbitrary
regular k > w in order to be able to use it in §4.

3.1. DEFINITION. Let k be a cardinal and n € w. A set X C (k"X k)" has the
n-size-x* iff, foreverya € k*, X N [(k"\ @) X k]"# 0. O

Let k > w be a regular cardinal. Define E = {a € k™: cf(a) = k}. For k € w and
| € k,letm;: (k*X k)* - (kX k) be the projection map onto the /th coordinate.

3.2 DEFINITION. Let k > w be a regular cardinal and n € w. A*(k™, n) is the
statement: There are sequences (&/): a € E) for i € n + 1 and a sequence {(%,:
a € E) such that, fora € E,

(1) =} is a subset of (a X k)" foreachi € n + 1,

(ii) #, is a subset of (a X k)" *1,

If fora€Eandien+1, A =U{n(L)): l€n}and B, =U{m(%B,): | €n
+ 1}, then, fora € E,

(iii) fran( B,)| < «,

(V) U, cps145) U BN (B X k)] < & for every B < ,

(v) the family { A%: i € n + 1} U { B, consists of pairwise disjoint sets,

(vi) there is a cub C C k™ for every X C (kX k)" which has n-size-k * such that,
foreveryB€ CN Eandeveryi € n+ 1,ify < B, X Ny N[(B\¥) X k]" # 0,

(vii) for every family &% of cardinality < xk whose members are subsets of
(k*X k)"*! of (n + 1)-size-x ™, there is a B € E such that, for every X € # and
Y<B,XNB,N[(B\y)X«k]""'#0. O
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3.3 THEOREM (A*(w,, n)). There is a Hausdorff, first countable, locally compact
space X such that X" is a shrinking P-space, and X"*" is collectionwise normal but not
countably paracompact.

PRrROOF. The construction is almost the same as the one in Theorem 2.5. We
construct n + 2 topologies 7 on w; X w. Then welet 7, = (w; X w, 7'y fori € n +
1, and define X to be the free sum of the T;’s.

For each p € w; X  and i € n + 2 we construct a neighborhood basis {U,"*:
k € w} for p in 7' as in 2.5. Conditions (a)—(d) are the same as (a)—(d) from 2.5. We
also have

(e)forallp € a X wand k € w,U,c,,, US* C U h,

(f) for all (B, m) € a X w,ﬂ,-e,,+1U<’£m> c(B+DHX(m+1).

Let D = B, U (U,c,.,, 4,) and pick n, > sup(ran(B,)). The construction of the
U’s is the same as in 2.5 except that for (a,0) if i € n + 1 and k € w we define

Uiy = (¢, 0y u(U{Ujrd e [(U{aljen+1nj#i})\(a x 0)]}).
Trivially each 7} is Hausdorff, first countable and locally compact. Let T* stand
for an arbitrary product of k (not necessarily different) factors from {T;: i € n + 1}.

3.4 LeMMA. (i) Let k < nand let { X;: j € w} be a family of k-size-w, subsets of Tk
Then there is a cub C C w, such that, for every a € C N E and j € w, the point
p € T* having all its coordinates equal to {a,0) is an accumulation point of X.

(ii) Let Fbe a finite collection of (n + 1)-size-w, subsets of T"*. Then there is an
o € E such that the point p € T"*" with all its coordinates equal {a, n,) is in N{ X:
Xe#} O

By induction on k < n one shows (simultaneously) that T* is normal and
countably paracompact. This is similar to 2.5(1), (3), and (6); by Lemma 3.4(i) every
countable family of closed subsets of T* of k-size-w; has a nonempty intersection
and Lemma 2.8 (together with the induction hypothesis) shows that any subset of T*
which does not have k-size-w, is contained in a clopen, normal, and countably
paracompact subspace of T*. (For countable paracompactness, observe that by
applying Lemma 2.8 to X and Y X (w + 1) one concludes that X X Y is normal and
countably paracompact for normal countably paracompact X and metric countable
Y.) Then the normality of 7"*! follows from Lemma 3.4(ii), and since every closed
discrete subset of T"*! is countable, T"*! is collectionwise normal. The diagonal R
of I1;c,+1T; is a closed Dowker subspace of I1,c,,,7; since by (f) and Lemma
3.4(ii) the same argument as in 2.5(7) applies for R. By Lemma 2.11 and induction
on k < n, T*is a P-space for k < n (for this note that the product of a P-space and
a metric space is a P-space).

We show that T is shrinking by induction on k < n. The proof is similar to 2.5(4)
so we use the same notation. Some S, is not of k-size-w;. Assume not. Then by
Lemma 3.4(i) we may assume that each S, is a subset of the diagonal of T*. Proceed
as in 2.5(4). To finish the proof that T* is shrinking we use

3.5 LEMMA. Let X be shrinking and Y a countable metric space. Then X X Y is
shrinking.
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ProOOF. Fory € Y let { B;(y): i € w} be a clopen decreasing basis for y. Let {U,:
a € A} be an open cover of X X Y. Fora €\, i € w, and y € Y, let U)(y) be the
maximal open set in X such that Uj(y) X B(y)C U,, and define F(y)=
X\U{U/(y): a €X}. By the countable paracompactness of X there are open
U(y) D F(y) fori € w, withN,c U(y)=0.Let {Vj(y): @« €A} U {V,(y)} bea
shrinking of {U/(y): @« € A} U {U(y)}. Then {Vj(y) X B(y):a EANIE WAy
€ Y} is an open cover of X X Y such that, for every y € Y, i € w, and a € A,
Vi(y) X B,(y) € U,. Since X X Y is countably paracompact, the following trivial
fact [1, 3.1] finishes the proof:

3.6 LEMMA [1]. Ler X be k-paracompact, and {U,: a € X} and {V, gsa EAA B €

Kk} two open covers of X such that, for every a € X and B € «, V, 5 C U,. Then {U,:
a € A} has a shrinking. O

3.7 REMARKS. It is known that if [1,.,7; is normal and II,_, 7; is countably

1

paracompact (shrinking) for every k € w, then [1,c,7; is countably paracompact
[14, 6.1] (shrinking [1, 3.4]). So Theorem 3.3 can not be pushed up to .
Lemma 3.5 is a corollary of [1, 3.6]. We gave a direct proof of it since we need it in

the next section. O

4. k-Dowker products. Assume that « is a regular uncountable cardinal. Recall that
a space is called a P-space iff any intersection of < k open sets is open. P, spaces
are usually called P-spaces, but here a P-space is a space which has the normal
product with each metrizable space.

4.1 THEOREM (A*(k ™, n)). There is a Hausdorff P-space X of character k such that
X" is shrinking and k-paracompact, and X"*' is a collectionwise normal, < k-
paracompact, k-Dowker, P-space.

PROOF. The proof is almost verbatim as Theorem 3.3. Here « plays the role of
(hence “finite” becomes “ < k). We need [2, Lemma 6]. To state it, recall that a
(clopen) basis & for a space X is called non-Archimedean iff, for all 4 and B in %,
either4 Cc BorBCc AorAN B=0.

4.2 LEMMA [2]. Assume that Y = {y,: a € «} is a Hausdorff space with a non-
Archimedean basis 8 such that for every a € k there is a B, € % so that

)y, € B,

(i) B, N { yp: B < a} =0, and

(iii) { B < a: y, € By} is finite.

Then for every paracompact space X, X X Y is paracompact. U

Now we check that, forall €k andien+ 1, Y= (B Xk, 7,5) satisfies the
conditions of Lemma 4.2. Being a regular P-space of weight <k, Y has a
non-Archimedean basis #. Let Y= {y, a €k} and pick B, € Z so that if
y, = (v, 8) then B, C (y x 8) U {{y,8)} and B, N {)z: B < a} = 0. These B,’s
satisfy 4.2(iii), since if (iii) fails for some a € « there is an increasing sequence (a;:
i € w) with y, € B, fori € w; hence B, , C B, . Soif y, = (v, 8>, theny, > v,,,,
a contradiction.
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Also an obvious analogue of Lemma 3.4 holds (instead of w write k and instead of
“finite” write < k). We call this new version of Lemma 3.4 Lemma 4.3.

By induction on k < n we show that T* is m_ (Definition 2.10), k-paracompact and
shrinking.

Lemma 4.2 implies that if « € k™ then (a X k, 7.) X X is paracompact for every
paracompact space X. Hence if T* is a m-space and a € «*, then T* X (a X k, 7))
is a m-space foranyi € n + 1.

In order to apply Lemma 2.11, let. #= { X C T*: X has k-size-x *}. The induction
hypothesis, the preceding paragraph, and Lemma 4.3(i) show that % satisfies the
hypothesis of 2.11, so T* is a 7_-space if k < n.

Observe that any =,-space is k-paracompact. To see this one can use a theorem of
Kunen which says that if k + 1 has the order topology then X X (x + 1) is normal
iff X is k-paracompact (for a proof see [14, 3.7 or 19, Theorem 2]) or use a theorem
of Morita: X X 2* is normal iff X is k-paracompact [8, 2.4]; see also [4, 3.8]. Hence
for k < n, T* is k-paracompact.

To see that T* is shrinking observe first that the proof of Lemma 3.5 shows that,
foreverya € k*,i € n + 1,and k < n, T* X {a X k, 7/} is shrinking provided that
T* is. Then the same argument as in 3.3 shows T* shrinking for k < n.

Using Lemma 4.3(ii), one shows that T"*! is < k-paracompact and thatIT,_,. T,
is k-Dowker. To see T"*! is a P-space use Lemma 2.11 for k = w, and Lemma
4.3(3i). O

4.4 REMARK. The spaces X"*! from this and the preceding section are strongly
zero dimensional. O

5. Additional remarks. Ken Kunen observed that > suffices in order to construct
our examples. Instead of 2.3(vi) it is enough to have the following:

(x) There is a o-complete, normal filter # on w; consisting of stationary sets such
that for every uncountable X C (w; X w) there is an F € ¥ so that, for every
a € F, XN A%and X N A are infinite.

To get (*) one uses the following unpublished result of Kunen.

5.1 THEOREM (KUNEN).  implies that there is a o-complete, normal filter F on w,
containing the cub filter, and a sequence { ,: a € w,) such that

(1) each «Z, is a countable family of subsets of a,

(ii) for every X C w, {a Ewi: XNa €, } EF.

PROOF. Let (A4, @ € w;) be a {>-sequence on w, X w,; so each A4, is a subset of
a X a and, for every X C w; X w;, {@ € w;: X N (a X a)=A,} is a stationary
subset of w;.

For a € w, let &, = {dom(A4, N (a X {B})): BE€ a}; and let &= {S C w;:
IXCcw,(S={a€w:XNaeL})}

We show that if {S,: a € w;} C&then A, S, = {BEw;: Va<B(BES,))
is stationary. This shows the existence of the required #.

Fix {X,; a € w;} so that for every a € v}, S, = {B € w;: X, N B € ).
Define X = U{ X, X {a}: ¢ € w;} Cw; X w;, and let S = {a € w;: X N (a X @)
= A,}- Then S is stationary,and S C A, S,. O
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Theorem 5.1 generalizes to show that if « is regular and £ = {« € k™ cf(a) = «}
then O(E) implies A*(k™, n) for all n € w (with the appropriate version of (*)
instead of 3.2(vi)).

It is easy to get A* by forcing; add w, Cohen reals. A similar forcing argument
gives A*(k™, n). This shows that A* does not imply CH. Forcing with countable
partial functions from w, to 2 destroys A*; hence CH does not imply A*.

MA + —CH implies —A*. To see this recall that if &Zis a family of cardinality w,
consisting of countable subsets of w, such that, for every 4 + B/, A N B is
finite then MA  implies that there is an uncountable X C w, such that X N 4 is
finite for every 4 € o/ [22, Theorem 1]. So under MA ; the condition 2.3(vi) cannot
hold (this can be shown directly, without using [22]).

If k is regular one can force: Vn € w —A* (k™, n).
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