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ABSTRACT. We prove an invariance theorem for the volumes of tubes about 
submanifolds in arbitrary analytic Riemannian manifolds under G-deforma-
tions of the second order. For locally symmetric spaces or two-point homoge-
neous spaces we give stronger invariance theorems using only G-deformations 
of the first order. All these results can be viewed as generalizations of the 
result of H. Weyl about isometric deformations and the volumes of tubes in 
spaces of constant curvature. They are derived from a new formula for the 
volume of a tube about a submanifold. 

Introduction. In [13) H. Weyl proved his famous tube formula, which can be 
interpreted in the following way: Let M be a space of constant curvature, and let 
P c M be a topologically embedded submanifold with compact closure. Then the 
volumes of tubes about P for all sufficiently small radii r > 0 remain invariant 
under isometric deformations of P. 

The aim of this paper is to prove an analogous invariance theorem for the volumes 
of tubes when M is an arbitrary analytic Riemannian manifold and the isometric 
deformations of P c M are replaced by "G-deformations of the second order" in 
the sense of E. Cartan. 

For special Riemannian manifolds such as locally symmetric spaces or two-point 
homogeneous spaces, we are able to prove some stronger invariance theorems in-
volving only G-deformations of the first order. The latter results can be interpreted 
as direct generalizations of H. Weyl's theorem. 

The present paper is an extension of our previous article (8) in which we studied 
what happens with tubes under deformations of curves. As we shall see, our second-
order deformation theorem for curves [8) can be extended directly to arbitrary 
submanifolds. As concerns the more special, first-order deformation theorems, our 
results about submanifolds are not as definitive, by far, as those for curves. Many 
questions for further research remain open. 

In an appendix we consider the analogues of our deformation theorems for the 
total mean curvatures of the tubes. 

1. An explicit tube formula. Let (M, g) be a Riemannian manifold of dimen-
sion n and let P be a p-dimensional connected submanifold topologically embedded 
in M. Further, we suppose that P has compact closure. 
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Next, let Pr denote a tube of radius r about P; i.e. 

Pr = {m E Mlthere exists a geodesic 1 with length Lh) = r 
from m to P meeting P orthogonally}. 

We always suppose that r is smaller than the distance from P to its nearest focal 
point. 

In what follows we shall derive an integral formula for the volume V (Pr ) of 
the hypersurface Pr. A feature of this formula is that it involves only the second 
fundamental form of P and some information about the geodesic spheres of M 
which are tangent to P. The method is based on the Jacobi vector field technique 
and the Sturm trick, and it is similar to that used in [12] for tubes about curves. 

In §1 we recall briefly some facts about tubes. We follow closely [4], and we refer 
to that paper for more details. In §2 we derive the required formula. 

1.1. Preliminaries. Let m E P and let {E 1, ••• , En} be a local orthonormal frame 
field of M defined aJong P in a neighborhood of m. We specialize our moving frame 
so that El , ... , Ep are tangent vector fields and Ep+1,' .. , En are normal vector 
fields of P. Next, let (Xl, ... , xn) be a system of Fermi coordinates with respect to 
m and {El , ... , En }. These coordinates are defined in a open domain Um eM. 

Let w be the Riemannian volume element in Um satisfying w( a / aXl , ... , a / aXn) 
> O. 

Choose a fixed normal unit vector u at m, u E (TmP)l. C TmM, and consider 
the geodesic l{t) = eXPm{tu). We have 

1(0) = m, l{r) = q E Pn 1'(0) = u. 

In what follows we always specialize the frame field {E l , ... , En} in such a way 
that 

En{m) = U = l'{O). 
Next, define the function t f---> Ou{t) by 

Ou{t)=w(a~l'''''a~n) h{t)) fortE [-r,r]. 

All vectors u as above form a fiber bundle over P with the unit sphere sn-p-l C 
~-p as fiber. Then we have 

(1) 

where du denotes the volume element of sn-p-l, and dP the volume element of P. 
Let us recall that the integral (1) exists even if P is a nonorientable manifold. 

Now we shall find a more explicit form of (1) by using Jacobi vector fields. Let 
mE P and u E {TmP)l. be again fixed. Consider the frame field {el(t), ... , en(t)} 
along l{t) obtained by parallel transport of {El(m), ... , En(m)}. Further, let Yi, 
Ya , i = 1, . .. , p, a = p + 1, ... , n - 1, denote the Jacobi vector fields along 1 with 
the initial conditions 

(2) 
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where 'V M denotes the Riemannian connection of (M, g). Note that 

Yi (t) = aa I ' Ya (t) = t aa I . 
x~ "Y(t) Xa "Y(t) 

Define the endomorphism-valued function t ~ Du(t) by 

Ct = 1, ... , n - 1. 

Then the Jacobi equation implies 

(3) D~ + R 0 Du = 0, 

where t t-t R(t) is the endomorphism-valued function on h'(t))..L c T"Y(t)M defined 
by 

R(t)x = R"Y/(t)x"Y'(t), 
R denotes the Riemann curvature tensor on M. It is easy to see that 

(4) 

and hence we have 

(5) 

To write down the initial conditions for Du(t) (where u is fixed), we need some 
facts about submanifolds. Denote by 'V the Riemannian connection of P. Further, 
let X, Y be tangent vector fields and N a unit normal vector field along an open 
domain in P. Then we have the orthogonal decompositions 

'V~Y = 'VxY + TxY, 'V~N = T(N)X + 'ViN, 

where TxY = T(X, Y) is the second fundamental form operator of P, T(N) is the 
shape operator of P corresponding to the normal vector N, and 'V..L is the normal 
connection along P. Note that 

g(T(N)X, Y) = -g(T(X, Y), N). 

We shall also use the operator .1 defined by 

.1x N = 'V-gN. 

(This operator is connected with the torsion operator introduced in [4].) Using (2) 
we obtain easily the following initial conditions (in the matrix form with respect to 
the basis {Ell"" En-l}m of (u)..L C TmM): 

(6) Du(O)=[~ ~l' D'u(O) = [ _;'iu~u) ~l' 
where 

T(U)ij = g(T(u)Ei,Ej)(m), 
.1 (U)ia = g(.1E; Ea,En)(m). 

(Recall that En (m) = u.) 
1.2. The required formula. Let m E P be fixed. Choose a unit normal vector 

u E (TmP)..L and a small number r > O. Let Aru(t) be the endomorphism-valued 
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function along the geodesic ,(t) = eXPm(tu), t E [0, r], Aru(t): b'(t)) 1. c T"((t)M -+ 
(l'(t))l., which satisfies the Jacobi equation 

A"+RoA=O 
and the initial conditions 

(7) Aru(r) = 0, 

Let Gq(r) denote the geodesic sphere with center q = eXPm(ru) and radius r. 
Then the shape operator Sru of Gq(r) at m (in the direction of -u) is given by 

Sru = -A~u(O)A;;(O) 

(see for example [3]). 
To derive our integral formula we consider the Wronskian 

W(Du, Aru) = t D'uAru - t DuA~u 

of the solutions Du and Aru of the Jacobi equation along ,(t), t E [0, r]. It is well 
known that W(Du, Aru) is constant along ,. Hence 
(8) t D'u(O)Aru(O) - t Du(O)A~u(O) = t D'u(r)Aru(r) - t Du(r)A'ru(r). 
Using the initial conditions (6) and (7), we obtain from (8) that 

(9) t Du(r) = [T6U) - ~ (u) 1 Aru(O) - [~ g 1 A'ru(O) 

since T(u) is symmetric. Next, with A~u(O) = -SruAru(O), (9) implies 

(10) t Du(r) = { [T~U) - ~ (u) 1 + [~ ~ 1 Sru} Aru(O). 

Finally, put 

i,j = 1, ... ,po 

Then we have 

(11) t Du(r) = [T(U) ~ B(ru) - ~ (u) 1 Aru(O) 

and hence 
(12) det Du(r) = det(T(u) + B(ru)) det Aru(O). 

Now, let Oq denote the normal volume function with respect to a normal coordi-
nate system centered at q = eXPm(ru). Then 

Oq(m) = r-(n-l) detAru(O), 
and because Oq(m) is symmetric, Oq(m) = Om(q) (see [1, 10, 11]), we obtain from 
(12) that 
(13) detDu(r) = det(T(u) + B(ru))rn-10m(q). 

We can also introduce the volume density function {)m of the exponential map 
eXPm by the formula 
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where Wm is the flat volume element of TmM (see [12]). We have, in fact, {}m = 
()m 0 eXPm, and hence ()m(q) = {}m(ru). From (5) and (13) we obtain 

(14) V(Pr ) = r n - l L h .. -P-l det(T(u) + B(ru)){}m(ru) dudP. 

2. G-deformations in a Riemannian manifold. 
2.1. k-equivalence of maps. Let U be an open domain in RP containing the origin 

o. Two smooth maps a, {3: U --+ M of U into a Riemannian manifold M are said to 
be k-equivalent at 0 if there is a local isometry D of M such that a(O) E dom(D) 
and 

j~{3 = j~(D 0 a). 
Here t denotes the k-jet of (the germ of) a given map at 0 E RP. 

Obviously, if cp: 'V --+ U is a diffeomorphism such that 'V c RP, 0 E 'V, cp(O) = 0, 
then the maps a, {3 are k-equivalent at 0 if and only if a 0 cp, {3 0 cp are k-equivalent 
at O. 

LEMMA 2.1. Let a, {3: U --+ M be I-equivalent maps at o. If a is an embedding 
near 0, then {3 is also an embedding near 0, and ({3o a-l )*a(O) is a linear isometry 
of the tangent subspace a*(ToRP) C Ta(O)M onto {3*(ToRP) C T{3(o)M. 

The proof is obvious. 

PROPOSITION 2.2. Let a, {3: U --+ M be two embeddings such that jJ a = jJ {3. 
Then (a*)o = ({3 .. )0, and for any two vector fields X, Y on U we have 

(15) 

where V' denotes the Riemannian connection of (M, g). 
Further, for the second fundamental form operators Ta, T{3 of the embeddings 

a, {3 at 0 we have 

(16) Ta(a*u, a*t) = T{3({3*u, {3*t) , u,t E RP. 

PROOF. Let ul , ... ,uP be standard coordinates in RP, and let us take coordi-
nate vector fields X = a / aui , Y = a/au!. Then, with respect to a local chart 
(Xl, ... ,xn) around m = a(O) = {3(0), we have 

a* (a: i ) = ~ ~~ a:k ' a* (a~j) = ~ ;~ a~l 
and similarly for {3. Hence (a*)o = ({3*)0 and 

( a) n a 2a k a n aak aal a 
V'a.(lJ/lJui)a. auj =Lauiaujaxk + L auiaujr~laxu' 

k=l u,k,l=l 

where ~l are the components of the connection V' with respect to the local coor-
dinates xi. Hence, and from a similar formula for {3, we see that (15) holds for the 
coordinate vector fields. The extension for arbitrary vector fields is easy. 

Formula (16) follows at once from (15) because T is the normal component of the 
covariant derivative V' with respect to the tangent subspace a*(ToRP) = {3*(ToRP) 
of TmM. 
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2.2. k-equivalence of submanifolds. Let P be a smooth manifold of dimension p. 
A parametrization of P at a point m E P is a diffeomorphism cp of a neighborhood 
U of 0 in RP onto a neighborhood U' of min P such that cp(O) = m. 

Now, let P, P' be two submanifolds of a Riemannian manifold M, with dim P = 
dim P' = p. P and P' are said to be locally k-equivalent if there is a diffeomorphism 
¢: P --t P' (called a k-deformation) with the following property: for any point 
m E P, and for some parametrization cp of P at m, the maps cp and ¢ 0 cp are 
k-equivalent at O. (Obviously, the last property then holds for any parametrization 
at mE P.) 

Let us remark that our concept of k-deformation is a slight modification of that 
of a k-deformation in a homogeneous space as treated for example by Jensen [6]. 
See also [8]. 

In the following, M will always denote a Riemannian manifold. 
PROPOSITION 2.3. A I-deformation between two submanifolds P, pi C M is 

always an isometry. Further, it preserves the sectional curvature of M at all 2-
planes tangent to P (and pi respectively). 

PROOF. Let ¢: P -+ P' be a I-deformation. Then for any m E P and for some 
parametrization cp at m, cp and ¢ 0 cp are I-equivalent. According to Lemma 2.1, 
this means that ¢.m is a linear isometry of T mP onto T<I>(m)P' . 

The second part is obvious from the definition. 
The converse of the first part of Proposition 2.3 is only valid in a special situation. 
PROPOSITION 2.4. In a space of constant curvature, two isometric submani-

folds P, P' c M are locally I-equivalent. 
PROOF. If M has constant curvature and ¢: P -+ P' is an isometry, then any 

orthonormal tangent frame {e 1, ... , ep } of P at m E P can be transformed into the 
tangent frame {¢. el , ... , ¢. ep} of P' at ¢( m) using a local isometry of M around 
m. On the other hand, we can take a parametrization cp: U --t P at m such that 
cp. (B/Bui)o =~, i = 1, ... ,p. 

REMARK 2.5. In the other symmetric spaces of rank one our conclusion is not 
necessarily true. For instance, in the complex projective space Cpn, n 2: 2, imagine 
two isometric real surfaces P and P' such that P is a holomorphic curve and P' 
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Now, we have 

PROPOSITION 2.8. Let P, P' c M be two submanifolds with compact closure 
in an analytic Riemannian manifold M. Let ¢: P ---+ pi be a diffeomorphism. Then 
there is a number ro > 0 with the following property: whenever m E P and Dm is 
a local isometry in M such that Dm( m) = ¢( m), then Dm can be extended (in a 
unique way) to a local isometry Dm defined on the open ball Bm(ro). 

PROOF. Let r1, r2 > 0 be numbers corresponding to P, pi in Lemma 2.7 and 
put ro = min{rl, r2}. Let Um C Bm(ro) be a connected neighborhood of m E P 
such that a local isometry Dm is defined on Um. Using the constructions of [7, I, 
Chapter VI, §6], one can construct a unique analytic continuation Dm of Dm from 
Um to Bm (ro), which is the required local isometry. 

3. Invariance theorems for volumes of tubes under deformations. In 
what follows we only consider the volumes of the tubes as hypersurfaces, but all 
our results are also true for the volumes of the corresponding solid tubes (see [4, 
8]). . 

3.1. Submanifolds of general Riemannian manifolds. We start with our main 
theorem. 

THEOREM 3. 1. Let (M, g) be an analytic Riemannian manifold, and P, pi two 
locally 2-equivalent submanifolds with compact closure. Then V (Pr) = V (p:) holds 
for each sufficiently small radius r > O. 

PROOF. We need the following obvious 

LEMMA 3.2. Let P C M be a submanifold and D a local isometry of M defined 
in a neighborhood U of a point m E P. Then, for any unit normal vector u E 
(T mP).l.. and any sufficiently small r > 0 we have 

19 m·(ru*) = 19 m(ru), 
det(T*(u*) + B*(ru*)) = det(T(u) + B(ru)), 

(17) 

where the asterisks mark the corresponding quantities at m* = D(m) of the sub-
manifold P* = D(P n U). 

Now, let ¢: P ---+ pi be a 2-deformation, and let ro > 0 be the corresponding 
number from Proposition 2.8. Choose r > 0 such that r < roo According to formula 
(14) we have 

where 

V(Pr) = r n - 1 1 Vr(m) dP, 

v;.(m) = !sn-p-l det(T(u) + B(ru)) (m)19m (ru) du, 

V;(m') = !stn-p-l det(TI(u' ) + BI(rul))(m')19mt (ru' ) du' , 

and sn-p-l C (TmP).l.. , s,n-p-l C (Tmt PI).l.. are unit spheres. All we need to 
prove is that 

(18) V;(¢(m)) = v;. (m), mEP, 

G-DEFORMATIONS AND H. WEYVS TUBE THEOREM 805 

Now, we have 

PROPOSITION 2.8. Let P, P' c M be two submanifolds with compact closure 
in an analytic Riemannian manifold M. Let ¢: P ---+ pi be a diffeomorphism. Then 
there is a number ro > 0 with the following property: whenever m E P and Dm is 
a local isometry in M such that Dm( m) = ¢( m), then Dm can be extended (in a 
unique way) to a local isometry Dm defined on the open ball Bm(ro). 

PROOF. Let r1, r2 > 0 be numbers corresponding to P, pi in Lemma 2.7 and 
put ro = min{rl, r2}. Let Um C Bm(ro) be a connected neighborhood of m E P 
such that a local isometry Dm is defined on Um. Using the constructions of [7, I, 
Chapter VI, §6], one can construct a unique analytic continuation Dm of Dm from 
Um to Bm (ro), which is the required local isometry. 

3. Invariance theorems for volumes of tubes under deformations. In 
what follows we only consider the volumes of the tubes as hypersurfaces, but all 
our results are also true for the volumes of the corresponding solid tubes (see [4, 
8]). . 

3.1. Submanifolds of general Riemannian manifolds. We start with our main 
theorem. 

THEOREM 3. 1. Let (M, g) be an analytic Riemannian manifold, and P, pi two 
locally 2-equivalent submanifolds with compact closure. Then V (Pr) = V (p:) holds 
for each sufficiently small radius r > O. 

PROOF. We need the following obvious 

LEMMA 3.2. Let P C M be a submanifold and D a local isometry of M defined 
in a neighborhood U of a point m E P. Then, for any unit normal vector u E 
(T mP).l.. and any sufficiently small r > 0 we have 

19 m·(ru*) = 19 m(ru), 
det(T*(u*) + B*(ru*)) = det(T(u) + B(ru)), 

(17) 

where the asterisks mark the corresponding quantities at m* = D(m) of the sub-
manifold P* = D(P n U). 

Now, let ¢: P ---+ pi be a 2-deformation, and let ro > 0 be the corresponding 
number from Proposition 2.8. Choose r > 0 such that r < roo According to formula 
(14) we have 

where 

V(Pr) = r n - 1 1 Vr(m) dP, 

v;.(m) = !sn-p-l det(T(u) + B(ru)) (m)19m (ru) du, 

V;(m') = !stn-p-l det(TI(u' ) + BI(rul))(m')19mt (ru' ) du' , 

and sn-p-l C (TmP).l.. , s,n-p-l C (Tmt PI).l.. are unit spheres. All we need to 
prove is that 

(18) V;(¢(m)) = v;. (m), mEP, 



806 OLDRICH KOWALSKI AND LIEVEN VANHECKE 

because 4> is an isometry of Ponto P', hence dP = 4>*dP', and the equality V(p:) = 
V(Pr ) then follows by a substitution in the integral. 

Choose a fixed m E Pi then we have a local isometry D'Tn: Bm(r) -... Bt/>(m){r) in 
M such that, for some parametrization ip of Pat m, 

J5(Dm 0 ip) = j5{4> 0 ip). 
Because of Proposition 2.2 we have 4>{m) = Dm{m), {Dm).m = (4>*)m on TmP, 
and for X', Y' E T¢(m) P' we get 

(19) T*(X', Y') = T'(X', Y'), 
where T*, or T', respectively, denotes the second fundamental form operator at 
4>(m) of the submanifold P* = Dm(P n Bm(r)), or of P', respectively. 

For u E sn-p-l C (TmP).L we now have 

Dmo (u) = u' E s,n-p-l C (T¢(m)P').L, 

and with respect to any orthonormal basis {e'l" .. , e'p} of T¢(m) P', (19) implies 

(20) r'(tI)ij = T*(U')ij. 
Obviously, for r < ro, the spherical shape operators Sru, S:"'" S:uf make sense, 

and S:uf = S:uf because Tt/>(m)P' = Tt/>(m)P*, Hence, with respect to {ei, ... ,e~}, 
we get 

(21) B'(ru')iJ' = B*(ru')ij. 
We obtain from (20) and (21) that 

(22) deter' (tI) + B' (rtl)) = det(T* (u') + B* (ru')). 
Now using Lemma 3.2 we see that 

det(T'(u') + B'(ru'))(4>(m))1?¢(m) (ru') = det(T(u) + B(ru))(m)1?m(ru). 
Because u I-t U' = Dmo (u) is an isometry of the sphere sn-p-l onto s,n-p-l, we 
get du = D:ndu, and using this as a substitution in the integral we obtain (18). 

REMARK. We shall now explain intuitively the role of the analyticity in Theorem 
3.1. Consider a bounded region of the Euclidean plane with a closed unit disk 
inside and perturb smoothly the Euclidean metric outside this unit disk. The 
corresponding COO-manifold will be denoted by M. (A good model for M may be 
a wine glass in E3 bending smoothly from the bottom, which is a flat unit disk.) 

Consider two open line segments P, P of the same length l(P) = l(P) < 2 
inside the disk such that the endpoints of P are both contained inside the disk, 
whereas both endpoints of P' lie on the boundary circle. Then P and P' are locally 
2-equivalent submanifolds of M (open Euclidean segments), and the tubes Pr, P; 
exist for sufficiently small r > 0 (each ''tube'' is a couple of curves). But it may 
happen, if our perturbation is general enough, that l(Pr ) i-l(P,.) for any r > O. 

Hence Theorem 3.1 may not hold if the manifold M is only Coo. Adding ele-
mentary topological arguments one can see that the COO-version of Theorem 3.1 
will still be true for compact submanifolds (with or without boundaries). But the 
analytic version also has the advantage that we are able to "construct" the number 
ro > 0 such that V(Pr ) = V(P;) for all r < ro (see Lemma 2.7 and Proposition 
2.8). 
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3.2. Submanifolds of special Riemannian manifolds. 
THEOREM 3.3. Let (M, g) be a locally symmetric Riemannian space, and let 

P, pi C M be two locally I-equivalent hypersurfaces with compact closure. Then 
V(Pr) = V(pn holds for any sufficiently small radius r > O. 

PROOF. Recall first that M is analytic (see [5]). 
For r < ro we have 

V(Pr) = r n - l l Vr(m) dP, 

where, for any fixed m E P, 

(23) v,.(m) = I: det(T(~) + B(r~))(m)19m(r~), 
eES O 

Put So = {~, -0 and choose an orthonormal basis {el,"" en-dm in TmP. Due 
to the local symmetry with center m we have 

19m(-r~) = 19m(r~), 

B( -rOij = g(S-reCi, ej) = g(S-rd -Ci), -ej) 
= g(SreCi,ej) = B(rOij, 

and obviously T(-~)ij = -T(~)ij. Hence we get 

(24) Vm(r) = ~ I: [det(7ij(~) + Bij(r~)) + det(-Iij(O + Bij(r~))](m)19m(r~). 
eES O 

From elementary properties of determinants we obtain, by induction, that v,. (m) de-
pends on the variables Iij (~) only through the subdeterminants (Iik 1j! -Ii! Tjk) (~) 
of the second order. Using the Gauss equations we see that v,. (m) depends only on 
the components Rt!kl' Rhk! of the curvature tensors of M and P, respectively, on 
the components Bij(r~) of the shape operator Sre at m, and on the volume density 
function 19m (rO. But, under a I-deformation ¢: P -+ pi, all the last quantities are 
mapped in the corresponding quantities of the hypersurface pi at the point ¢( m) 
with respect to the basis {ei, .. ·, e~_l}q,(m)' where ei = ¢*m(ei). 

Hence Vr(m) = V:(¢(m)), and our theorem follows. 
REMARK 3.4. We see that our Theorem 3.3 is a direct generalization of "Weyl's 

theorem" 2.6 for hypersurfaces. 
For the "dual" case of curves, we proved in [8J a stronger result. Here the 

analogue of Theorem 3.3 holds if we replace the class of locally symmetric Riemann-
ian spaces by the bigger class of all analytic Riemannian manifolds with volume-
preserving local geodesic symmetries. 

We now look at the two-point homogeneous spaces. As for curves and hyper-
surfaces, we have here just a special case of Theorem 3.3 and of its analogue for 
curves. Moreover, for the curves we see that in these spaces local I-equivalence has 
the same meaning as isometry and hence we get an earlier result of A. Gray and 
the second author, saying that the volume of a tube about a curve in a two-point 
homogeneous space only depends on the length of the curve and the radius of the 
tube (see [4, 8]). 

The next case to consider is two-dimensional surfaces. In this case we also have 
a positive answer. 
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THEOREM 3.5. Let M be a two-point homogeneous space and P, pi c M locally 
1-equivalent surfaces (with compact closure) in M. Then V (Pr) = V (P:) holds for 
any sufficiently small radius r > O. 

PROOF. We again have 

V(Pr) = rn - 1 t Vr(m) dP, 

where now 

(25) v;.(m) = !sn-3 det(T(u) + B(ru))(rn)t?m(ru) duo 

According to [9], the shape operator Bru at m of the geodesic sphere Gq(r), q = 
eXPm(ru), in a two-point homogeneous space can be expressed in the form 

(26) g(SruX, Y) = a(r)g(X, Y) + b(r)R~uY' X, Y E TmGq{r), 
where a(r), b(r) depend only on the space M as a whole and on the radius r. 

Further, M being a harmonic space (see [1]), the volume density function t?m(ru) 
for u E SmM C TmM depends only on ri i.e. t?m(ru) = t?(r). Choosing now an 
orthonormal basis {el,e2} of TmP, we get for any u E (TmP).l that 

det(Tij(u) + Bij(ru)) = Cll(U)C22(U) - (C12(U))2, 
where 
(27) 

Moreover, (25) takes the form 

(28) Vr(m) = t?(r) !sn_)Cll(U)C22(U) - (C12(u))2](m) duo 

Here the Tij( u) are linear functions of u and the R;:[uJ' are quadratic functions of 
u. If we substitute (27) in (28), and abandon all terms which are odd functions of 
u (their integrals vanish), we obtain 

Vr(m) = t?(r) {!sn_3[Tll(U)T22(U) - (T12(u))2](m) du 

+ !sn-3 [a(r)2 + a(r)b(r) ~ R;:[ui + b(r)2 det(Rl!;ju)](m) dU} . 

The second integral is obviously preserved under a 1-deformation of P (see Propo-
sition 2.3), and the first integral depends only on the Gauss curvature of Pat m 
and the sectional curvature of M restricted to P, as follows from Weyl's invariant 
theory [13] (see also [4, §7]). Thus v;.(m) is preserved under a 1-deformation of P. 
Hence our theorem follows. 

REMARK 3.6. The property of local 1-equivalence in Theorem 3.5 cannot be 
replaced by the weaker property of isometry. As shown in [4], if P, pI are two 
isometric surfaces in cpn such that P is a holomorphic curve and pI is not a 
holomorphic curve (cf. Remark 2.5), then we always have V(Pr) f= V(p:). 

The problem seems to be much more difficult for higher-dimensional submani-
folds in this general situation. But we can still get some more results if we restrict 
ourselves to submanifolds of a special geometrical nature. 
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REMARK 3.6. The property of local 1-equivalence in Theorem 3.5 cannot be 
replaced by the weaker property of isometry. As shown in [4], if P, pI are two 
isometric surfaces in cpn such that P is a holomorphic curve and pI is not a 
holomorphic curve (cf. Remark 2.5), then we always have V(Pr) f= V(p:). 

The problem seems to be much more difficult for higher-dimensional submani-
folds in this general situation. But we can still get some more results if we restrict 
ourselves to submanifolds of a special geometrical nature. 
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Let M again be a two-point homogeneous space. A tangent element L c TmM, 
m EM, is said to be umbilical if the following holds: for any geodesic sphere Sq ( r ) 
tangent to L, the shape operator of Sq(r) at m restricted to L is a multiple of the 
identity operator. 

A submanifold P C M is said to be of the umbilical type if all tangent spaces 
TmP, mE P, are umbilical. 

In En, sn and Hn all submanifolds are of the umbilical type. According to 
[9J (or [2]) we see easily that a tangent element of M = cpn, Hpn, or Cay p2 
is umbilical if and only if it is preserved by the system of corresponding complex 
structures of the space M. (We have one complex structure on Cpn, three basic 
local almost complex structures on Hpn and seven local almost complex structures 
on Cay p2 .) Hence a submanifold of the umbilical type in Cpn, or Hpn, or Cay p2 , 
respectively, is the same as a complex submanifold or a quaternionic submanifold 
or a "Cayley submanifold" (of dimension 8), respectively. 

The same holds for the noncompact duals of the last spaces. Now, we have 
THEOREM 3.7. Let P, pi be two submanifolds of the umbilical type (and 

with compact closure) in a two-point homogeneous space. If P, pi are locally 1-
equivalent, then V (Pr) = V (P;) holds for any sufficiently small radius r > O. 

PROOF. We see easily that the integrand of the tube formula for V(Pr ) is equal 
to 

where A is a constant depending only on the space M and on r. Now, one can 
prove that Vr ( m) depends only on the Riemann curvature tensor of P and on the 
Riemann curvature tensor of M restricted to T mP' This follows exactly in the same 
way as in the original paper of Weyl [13], i.e., by using the Gauss equation for the 
submanifold P eM and Weyl's invariant theory. (See also [4, §7J.) Hence Vr(m) 
is preserved under a 1-deformation. 

REMARK 3.8. The last theorem again generalizes Weyl's Theorem 2.6, and we 
can also make from it the same conclusion about holomorphically isometric Kahler 
submanifolds in cpn, which follows from the explicit formula (7.10) in [4J. 

Appendix. Total mean curvatures of tubes. In [4J several theorems are 
given for the integrated mean curvatures of a tube about a submanifold. Here we 
shall derive a formula for the total mean curvature (the first integrated mean cur-
vature) of a tube, and we derive from it a new result for 2-equivalent submanifolds. 

Let q = eXPm (ru) be a point of the tube Pr about the p-dimensional submanifold 
P and denote by hPr(q) the mean curvature of Pr at q. Then we have (see [4J and 
formula (4)) 

(29) I -1 n-p-1 O'u(r) 
hPr (q) = trace Du(r)Du (r) = r + Ou(r)' 

Now we again put C(u) = T(u) + B(ru). From (4) and (13) we obtain 
Ou (r) = rPOm (q) det C( u), 

and, hence, differentiating with respect to r, 
(30) ~(r) _ p. + O'm(q) + (detC(u))' 

Ou(r) - r Om(q) detC(u)' 
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Next, putting p = 0 in (29) we obtain the well-known formula for the mean curva-
ture hm(q) of the geodesic sphere Gm(r) at q (see for example [I]): 

(31) 1.( ) _ n-1 O'm(q) 
''m q - r + Om(q)" 

Combining (29), (30) and (31) we have 

(32) h () = I. () (det C (u))' 
Pr q ''m q + detC(u) . 

PROPOSITION A.I. Let (M, g) be an analytic Riemannian manifold and P, pI 
two locally 2-equivalent submanifolds with compact closure. Then the total mean 
curvatures of Pr and P,. are the same for all sufficiently small r > O. 

PROOF. The total mean curvature Hpr of Pr is given by 

Hpr = ( hPr(q)dq· 
}Pr 

As a generalization of (5) we obtain 

or, with (13), 

Hpr = Lfsn-p-l hPr(q) detDu(r) dudP 

Hpr = r n - 1 Lfsn-p-l hPr(q)Om(q) detC(u) dudP 

= r n - 1 Lfsn-p-l hpr(q)11m(ru)detC(u)dudP. 

Finally, with (32), we have 

Hpr = r n - 1 L fsn-p-l {hm(q) det C(u) + (detC(u))'}11 m(ru) dudP. 

The remaining part of the proof is similar to the proof of Theorem 3.1. 
REMARK A.2. We note that analogues of Theorems 3.3, 3.5 and 3.7 can be 

proved for total mean curvature. (The analogue of Theorem 3.7 is essentially con-
tained in [4].) 
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