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ON THE A.E. CONVERGENCE OF THE ARITHMETIC MEANS
OF DOUBLE ORTHOGONAL SERIES

F. MÓRICZ

ABSTRACT. The extension of the coefficient test of Mensov and Kaczmarz

ensuring the a.e. (C, 1, l)-summability of double orthogonal series has been

stated by two authors. Unfortunately, their proofs turned out to be deficient.

Now we present a general theory, in the framework of which a complete proof

of this test can also be obtained. Besides, we extend the relevant theorems

of Kolmogorov and Kaczmarz from single orthogonal series to double ones,

establishing the a.e. equiconvergence of the lacunary subsequences of the rect-

angular partial sums and of the entire sequence of the arithmetic means. The

corresponding tests ensuring the a.e. (C, 1,0) and (C, 0, l)-summability are

also treated.

1. Introduction. Let (X, 7, p) be a positive measure space and {(¡>ik(x) :i,k =

1,2,...} an orthonormal system on X. We will consider the double orthogonal

series
oo    oo

(i-i) ¿^2J2aik^x)'
i=l fc=l

where {a^ : i, k = 1,2,...} is a sequence of coefficients for which

oo    oo

(1-2) ££<& <oo.
¿=1fc=l

By the Riesz-Fischer theorem there exists a function f(x) G L2 = L2(X,7,p)

such that series (1.1) is the Fourier series of f(x) with respect to the system {<j>ik(x)}

and the rectangular partial sums

m     n

smn(x) = ££a¿fc0¿fc(x)        (m,n= 1,2,...)

¿=1 k=l

converge to f(x) in the L2-metric:

/ [smn(x) - f(x)}2 dp(x) -> 0    as min(m, n) —» oo.

Here and in the sequel, the integrals are taken over the entire space X.
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764 F. MÓRICZ

It is well known that condition (1.2) does not ensure the pointwise convergence

of Smn(x) to f(x). The extension of the Rademacher-Menáov theorem proved by a

number of authors (see, e.g. [1, 11] etc.) reads as follows.

Theorem A. //
00     oo

££a?fe[log(z- + l)]2[log(fc+l)]2<oo,
¿=1 fc=l

then

Smn(x) —► f(x) a.e.    as min(m,n) —► oo

and there exists a function F(x) G I? such that

sup  |sm„(i)| < F(x)    a.e.
m,n>l

Inspired by this statement, we make the following convention. Given a double

sequence {fmn(x)} in functions of L2, we write

fmn(x) = ox{l} a.e.    as min(m,n) —> oo

(or max(m, n) —+ oo, or m —► oo, or n —► oo) if

fmn(x) -* 0 a.e.    as min(m, n) —► oo

(or max(m, n) —► oo, or m —► oo, or n —+ oo) and, in addition, there exists a

function F(x) G L2 such that

sup|/mn(x)| < F(x)   a.e.
m,n

Here m ranges over either 0,1,... or 1,2,...; and so does n.

The following corollaries of Theorem A are interesting in themselves.

Corollary A. If
oo    oo

(1.3) £ £ o?fc[loglog(t + 3)]2[log(fc + l)]2 < oo,

1=1 fe=l

then

S2P,n(a;) - f(x) = ox{i} a.e.    as min(p,n) -» oo;

while if
oo    oo

(1.4) ££a2fc[log(t + l)]2[loglog(fc + 3)]2 < oo,

i=l k=l

then
sm,2i(x) - f(x) = ox{l} a.e.    as min(m,q) —► oo.

Corollary B. If
oo     oo

(1.5) ^^a2fe[loglog(¿ + 3)]2[loglog(fc + 3)]2 < oo,

¿=i fc=i

S2p,2»(x) - f(x) = ox{l} a.e.    as min(p,g) -» oo.

In this paper, the logarithms are to the base 2.
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2. Main results. We will consider the first arithmetic means of the rectangular

partial sums defined by

..      m     n

amn(x) = om\(x) = —- ]T J2 Sik(x)
mn i=ik=i

= £ Ê Í1 - *ür) i1 - V)aMx)    (m'n = 1'2'- -}-
t=lfc=l ^ '  v '

Besides, we will consider the arithmetic means with respect to only m:

^     m m     n     / ■       1 \

°-mn(x) = -/Z Sin(x) = }ZzZ ( 1 ~ ^T ) a^<Pik(x),
mt=l ¿=lfc=l V m    '

and those with respect to only n:

°mn{x) = - Ê 9mk(x) = £ £ ( 1 - —— ) aife0ifc(x).
nfc=l t=lfe=l\ n     '

The following two theorems are Kolmogorov type results for double orthogonal

series (cf. [8] and also [2, pp. 118-119] concerning single orthogonal series).

Theorem 1. If

oo    oo

(2.1) ££<4[log(A; + l)]2<oo,
i=l fc=l

then

(2.2) s2ptn(x)-cr2pn(x) — ox{l} a.e.    as p —> oo

uniformly in n; while if

oo    oo

(2.3) ££a2fc[log(i+l)]2<oo,

¿=ifc=l

then

(2.4) sm,2i(x) - o-m\2q(x) = ox{l} o.e.     as a -> oo

uniformly in m.

Theorem 2. //

oo    oo

(2.5) Y^zZ a2ik [lQg log(max(t, k) + 3)]2 < oo,
¿=i fc=i

t/ien

(2.6) S2p,2«(x) - <72f,2«(x) = ox{l} a.e.    as min(p,<7) —► oo.

The next two theorems are Kaczmarz type results for double orthogonal series

(cf. [6] and also [2, pp. 119-120] about single orthogonal series).
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THEOREM 3.   Under condition (2.1),

(2-7) 2p maxp+i \a™n(x) - o\^n(x)\ = ox{l} a.e.    as p -> oo

uniformly in n; while under condition (2.3),

(2-8) 2   maxj+i |a^n(x) - <r^2,(x)| = ox{l} o.e.    as q -> oo

uniformly in m.

THEOREM 4.   Under condition (2.5),

(2.9)       max max     |crm„(x) — o^p 2«(x)| = Ox{l) o.e.    os min(p,a) —> oo.
2P<m<2P+1 2«<n<2« + 1 '

Combining Theorems 1 and 3 as well as Theorems 2 and 4 we obtain the following

two corollaries.

COROLLARY 1. Under condition (2.1), series (1.1) is (C, 1,0)-summable a.e.

on a measurable subset Y of X if and only if {s2p,n(x)} converges a.e. on Y as

min(p,n) —► oo; while under condition (2.3), series (1.1) is (C,0,1)-summable a.e.

on Y if and only if {sm,2i(x)} converges a.e. on Y as min(m,o) —» oo.

COROLLARY 2. Under condition (2.5), series (1.1) is (C, 1,1)-summable a.e.

on a measurable subset Y of X if and only if {s2pi2q(x)} converges a.e. on Y as

min(p, q) —► oo.

Combining Corollary A and Corollary 1 we get a coefficient test for the a.e.

(C, 1,0) and (C, 0, l)-summability, respectively.

COROLLARY 3.   Under condition (1.3),

cmn{x) — f(x) — ox{l} a.e. as min(m,n) —► oo;

while under condition (1.4),

°~mn{x) — f(x) = ox{l} a.e. as min(m,n) —> oo.

Finally, combining Corollary B and Corollary 2 yields a coefficient test for the

a.e. (C, 1, l)-summability.

COROLLARY 4.   Under condition (1.5),

o~mn(x) - f(x) — ox{l} a.e.    as min(m,n) —> oo.

The last two results can be considered as the extensions of the coefficient test

of MenSov [9] and Kaczmarz [7] from single orthogonal series to double ones. (See

also [2, pp. 125-126].)

3. Remarks and comments, (i) As in the case of single orthogonal series,

Theorems 1 and 2 remain true if in the statements (2.2), (2.4) and (2.6) the sub-

sequences {2P} and {29} are replaced by {kp} and {Ag}, respectively, where {kp}

and {Aq} are lacunary sequences of positive integers in the sense of Hadamard, i.e.

there exist constants u, po and go such that

(3.1) 1<«<5e±1    (p>po)        and        1< u < ^    (q>q0)

(cf. [2, p. 118]).
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(ii) Similarly, Theorems 3 and 4 remain true if in the statements (2.7)-(2.9) the

subsequences are replaced by {kp} and {Xq}, respectively, where {kp} and {Xq} are

sequences of positive integers for which there exist constants v, pi and qi such that

(3.2) 1e±1<v<CX)    (p>Pf)       and        ^±1 < v < œ    (q>qi)
Kp Aq

(cf. [2, p. 119]).
(hi) Consequently, Corollaries 1 and 2 remain also true if the subsequences {2P}

and {29} are replaced by sequences {kp} and {Xq} of positive integers for which

both (3.1) and (3.2) are satisfied.

(iv) Corollary 4 was firstly stated by Fedulov [4]. Unfortunately, there are two

essential defects in his proof. First, a false statement which says that, merely under

condition (1.2),

(3.3) S2p,2'(x) - 02p,2«(x) —► 0 a.e.   as min(p, q) —> oo

was "proved" in [4, pp. 436-437]. Csernyák [3] gave a counterexample disproving

(3.3) under condition (1.2), and in the same paper he proved, under condition (1.5),

relation (3.3) does hold.

(v) The lack of a statement of type (2.9) is the second defect in Fedulov's proof

attempt in [4, pp. 437-438]. Instead, he proves (2.7) for every fixed n, (2.8) for

every fixed m, and (7.1) below. But the a.e. equiconvergence of the sequences

{o~2p,2i(x)} and {omn(x)} does not follow from these three statements. This cir-

cumstance escaped the attention of Csernyák [3] who takes this unproven statement

for granted.

(vi) The convergence notion used in the above theorems and corollaries is the so-

called convergence in Pringsheim's sense (see, e.g. [12, p. 303 or 11]). But Theorem

A, Corollaries A and B are true (cf. [11]), and Corollaries 3 and 4 remain true if

this convergence notion is replaced in them by regular convergence. The latter

convergence notion was introduced by Hardy [5] and for a double sequence {/mn}

it requires the fulfillment of the following two statements:

(a) {fmn} as a double sequence converges in Pringsheim's sense;

(b) for each fixed n, {fmn} as a single sequence (in m) converges, and for each

fixed m, {fmn} as a single sequence (in n) converges.

This kind of convergence was rediscovered by the present author in [11], intro-

ducing the notion of convergence in a restricted sense whose definition turned out

to be equivalent to the notion of regular convergence.

For instance, we show that in Corollary 4 we can state the regular convergence

of {o~mn(x)} a.e. Statement (a) is satisfied a.e., this is the conclusion of Corollary

4. To check the a.e. fulfillment of statement (b), let us fix n say. We can rewrite

Omn(x) = zZ(1-)  k(Jrn(x)
k=l V "     '

where

m     / ' _ 1 \

kom(x) = Y, (1 - — ) aik<S>ik(x)
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is the mth arithmetic mean of the single orthogonal series YaLi aik4>ik(x) (the

so-called kth row of series (1.1)). By (1.5), for each Ä;
oo

5>2fc[loglog(¿ + 3)]2<co
i=l

whence, applying the Menáov-Kaczmarz theorem, we can conclude the a.e. conver-

gence of {kam(x)} as m —► oo for each k, a fortiori the a.e. convergence of {o~mn(x)}

as m —► oo for each n. An analogous conclusion can be drawn when m is fixed.

Thus, we have established the a.e. regular convergence of {<Tmn(x)} under condition

(1.5).

4. Proof of Theorem 1. It is enough to prove the first statement, i.e. (2.2),

since the second statement can be proved in a similar fashion.

By definition,

2"   n   . _ 1

S2P,n(x) - <$?, „(i) = E E ~^p~ aik<t>ik(x) (p, Tl = 1, 2, . . .).
t=2fc=l

rlOi(For p = 0 we have Sfn(x) = fjj„(x).) We accomplish the proof in two steps.

Step 1. First we treat the special case n = 2q (q = 0,1,...) and prove

(4.1) s2p,2«(x) -o~2r2q(x) — ox{l} a.e.    as p —► oo

uniformly in q. To this end, by the Cauchy inequality,

2P     2'

\s2p,2i(x) -o-2P2q(x)\ = EE^~a'^*w
t=2fc=l

2P

9

r=0

2"

<   {

E  E
¿=2fc=2'-I + l

2p

j-l
o-ik<t>ik(x)

E(r+^
r=0

2'

,r=0

E E
t=2fc=2'-1 + l

x 1/2

1

2P
a>ik<i>ik(x)

2\ 1/2

(r + iy

with the agreement that by 2_1 we mean 0 in this paper. The second factor on

the right does not exceed tt/\/ß for q = 0,1, — Consequently, it is enough to deal

with the first factor on the right.

We can estimate it in the following way: for each p and o,

E^+!)S
r=0

E  E
¿=2fc=2'-1 + l

j-l

2P
0-ik4>ik(x)

2\ 1/2

< Ff(x)

where

Ip=lr=0

2"
12)

E E
t=2 fc=2'-i + l

t-1

2P
a,ik<t>ik(x)

1/2
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By (2.1),

/OO      OO /" ' 1 \2Ff2(x)dp(x) = Yz2(r + i)2z2     E     fc^-î
p=lr=0 ¿=2fc=2'-1 + l

2" 2T

(i-1)2
oo    oo    2" 2r

^EEE E  ^^^n«]*
p=lr=0»=2k=2'-l+l

oo    oo    2P   /.      1^2

= EEE^[iogttf9
p=lfc=li=2

oo    oo 1

= EE(¿-1)Vfc[iog4rc]2 E ¿
i=2fc=l

oo    oo

p: 2P>i
22P

<CiEEa^log4fc]2<o0'
¿=2fc=l

where by C\, C2,... we denote positive absolute constants. Hence B. Levi's theorem

(i.e. the term-by-term integration of a series with nonnegative terms, in other words,

the dominated convergence theorem; see. e.g. [13, pp. 35-36]) implies (4.1).

Step 2. Let 2" < n < 2q+1 for some q > 1. Then clearly

2"    n    . _ j

E E -ôÉ-^fc&fcO*)
t=2fc=l

<

2P    2«    . _ 1

EE~^Faifc^fc(x)
«=2 fc=l

+

2"

E    E     -2Taik4>ik(x)
i=2k=2i+l

whence

(4.3) max     |a2p,«(*) - <,„(*)! < |s2p,2«(*) - <,2«(z)l + Af&>(*)
2«<n<2«+1

where

M#(x) =     max
2«<n<2«+1

2"

E  E
i=2 fe=2« + l

¿-1

2P
a.ik<t>ik(x)

Now we apply the Rademacher-MenSov inequality (see, e.g. [2, p. 79 or 10, Theorem

3]):

¡[M£\x)\2dp(x) <[iog2n2f; E ^#<&
" .■_O   1_Oo   1i=2fc=2« + l

22p

<

2*     2,+1

E E
¿=2fc=2« + l

22p
a?fe[log2A:]5

Setting

F2(x) = EEMHx)]2
LP=lq=l J

1/2
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we get, in the same manner as in (4.2), that

/oo     oo    2P      2, + l      , .       n2

F2(x)dp(x)<J2zZE   E    i!^-<4[log2/e]2
p=lq=\ t=2fc=2* + l

oo     oo     2P    /.       1 -, 2

= zZzZzZ{±w-^^k?<^-
p=l fc=3i=2

Hence B. Levi's theorem implies

(4.4) M^(x) = ox{l} a.e.    as max(p, q) —► oo.

Combining (4.1), (4.3) and (4.4), we find (2.2) to be proved.

5. Proof of Theorem 2. Clearly,

, , , ,      v^v^/*-1     k — 1     (i — l)(k —1)\       ,   , .
S2p,2.(x) - °2pMx) =2^1^ [-^p- + ~^-^-J <**&*(*)

= [s2p,2<i(x) -<T2°2,(x)] + [s2P,2«(x) - 0-°p¿<(x)]

-ÉÉ""g'"^<4
¿=2 fc=2

Accordingly, we divide the proof of (2.6) into three parts.

Part 1. First we prove that if

oo    oo

(5.1) ^^a2fc[loglog(Ä: + 3)]2<oo,

i=l k=l

then

(5.2) S2p,2«(x) -o2p2q(x) — ox{l} a.e.    as p —> oo

uniformly in q.

This statement is a consequence of Theorem 1. In fact, setting

) 1/2

J2     <4> (r = 0,l,...)
fe=2''-1 + l J

and

0*r(*)

, 1/22r

— <     E    aik<t>ik(x) > ifa*r^0,

Ui,2'(i) if<=0;

we obtain a new orthonormal system {0*r(x) : i = 1,2,...; r = 0,1,...}. By (5.1),

oo    oo

££Kr]2[log(r + 2)]2<oo.

t=l r=0

Thus we can apply Theorem 1 and get that

(5.3) s2p,q(x) - v2l0q(x) = ox{l} a.e.    as p —» oo
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uniformly in q, where

s*2p,q(x) - o*2l°q(x) = f;¿ l-Z±a*r4>*r(x)
2P

¿=2 r=0

2"     2«     . _ 1

= Y ^ ~ñp~aik<t>ik(x) - S2p,2o(x) -0-2H2q(x).

¿=2fe=l

That is, (5.3) is equivalent to (5.2) to be proved.

Part 2. In the same manner we can deduce that if
oo    oo

(5.4) £J>2fc[loglog(¿ + 3)]2<oo,
i=lk=l

then

S2p,2«(x) - a2p2q(x) — ox{l} a.e.    as g —► oo

uniformly in p.

Part 3. Finally, it is easy to show that under condition (1.2),

2"     2«    ,._.w,_.|

(5.5) Ap2J(x) = E E -—2p29-~aik<t>ik(x) = ox{l} a.e.    as max(p,o) -> oo.
i=2 fc=2

Indeed,

oo    oo    2"    2

EE/[42,)(x)]2^) = EEEE-
p=lg=l-/ p=l<j=li=2fc=2

l)2(fc-l)2n2
22p22q "»fe

9=

oo    oo

EEf«-^-1^ E   E¿
t=2Jt=2 p: 2p>i   g: 2«>fc

oo     oo

^C2 E E °2* < °°
¿=2 fc=2

and B. Levi's theorem implies (5.5).

6.  Proof of Theorem 3. As in the case of Theorem 1, it is enough to prove

the first statement. Even we prove somewhat more: under condition (2.1),

2p+i

(6.1) A$(x)=    £    \<rZ(x)-<Tm*-i,n(x)\ = ox{l}a.e.    as p -» oo

m=2P + l

uniformly in n. Since

2P
max     \ox±(x)-vxln(x)\<A${x)

<m<2P+l r

hence (2.7) immediately follows.

We will prove again in two steps, using the representation

i — i
(6.2) oxZ(x) - <_1)n(x) = £ £ _i-^-ulfc0tfc(x)

(m = 2,3,...;n = l,2,...).
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Step 1. First we prove (6.1) in the special case n = 2q:

(6.3) Ap2q(x) = ox{l} a.e.   as p —» oo

uniformly in q. To this effect, by (6.2) and the Cauchy inequality,

2P+1        q

¿$<(*)< E E
m=2P+lr=0

i-l
m 2*

y y
f-¿     ¿-'      m(m -1)
t=2fc=2--i + l      v ;

0<ik4>ik(x)

**<

2P+1        q

E E^+Ds
m=2P + lr=0

m 2r

E  E
12\

i-1

^—'     ^      m(m — 1)
t=2fc=2'-1 + l       V '

■7raik4>ik(x)

1/2

This inequality suggests defining

(oo     oo

£¿>(r + l)2

By (2.1),

m=2r=0

m 2T . _ 1

E       E       ~'7-T\aik<Pik(x)
r—'     ¿—'     m(m - 1)

12\ 1/2

m 2r
/oooo m ¿ f '       1\2

F2(x)dp(x)=¿:zZ™(r + l)2i:    E    X-V»
m=2r=0 i=2fc=2'-»+l [ >

oo     oo    oo 2r -2

^EEE  E  ¿«2,[iog^
m=2r=0t=2 fe=2'-1 + l

oo     oo    m      .o-%z
= EEEi4N^i2

m=2k=l i=2

oo     oo oo       -

= EE^N4¿]2E¿
i=2 fc=l m=i

oo     oo

<c3EE^N^<».
¿=2fc=l

Hence B. Levi's theorem implies (6.3).

Step 2. We proceed similarly to Step 2 in the proof of Theorem 1. Let q > 1.

Then by (6.2),

2p+i

(6.5) max     A$(x) < Ap%(x) +    £    M#(x)
m=2P-(-l

where

Mmaix) =        max
m?V   '       2i<n<2«+i

Tn n

EE     ~~7-7\^ik4>ik(x)
^—'    m(m-l)

t=2fc=2«+l      v ;

Applying the Cauchy inequality:

(6.6)

2p+i

1
m=2P + l

2p+i
1/2

£   M(?)(x)<      £   »»M&W
m=2P+l
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then the Rademacher-Menëov inequality separately for each fixed m:

. m      2«+1 ,.       ^2

i=2k=2o+l

2

^E E ¿«2fc[iog2fc]^
t!=2fc=2« + l

Then setting
[oo     oo 1 1/2

*(*)- EE^'fx)]2
lm=2g=l J

we get in the same way as in (6.4) that

/oo     oo    m      2,+1       .2

F2(x)dM(x)<EEE   E    ¿<4[log2A:]2
m=2<7=li=2fc=2« + l

oo     oo     m      .2

= EEEi*^<^
m=2fc=3i=2

Hence, B. Levi's theorem implies, through (6.6),

2p+i

(6.7) £    Jlf$(z) = 0l{l}a.e.    as p - oo

m=2P + l

uniformly in q.

Putting (6.3), (6.5) and (6.7) together, we find (6.1) to be proved.

7. Proof of Theorem 4. From the identity

0~mn(x) - <72P,2«(x) = [<Tmn(x) - am,2i(x) - <T2P,„(x) + <r2P,2«(x)]

+ km,2«(x) - 02P,2fl(x)] + [<72P,„(x) - <72P,2i(x)]

it follows immediately that

max max     kmn(x) - <t2p 2*(x)\
2P<m<2P+1 2«<n<2«+1

- „  ^mai 4., o J11^ x, \arnn(x) ~ <7m,2«(x) - <T2p,„(x) + <T2pi2,(x)|

+      max      km,2«(x) -f72p,2«(x)| +     max     |<T2p n(x) - <T2p 2«(x)
2P<m<2P+1 2o<n<2i+1

2P+1 2«+1

<      E E     kmn(x)-<7m_iin(x)-CTTO|n_i(x)+am_i,n_i(x)|
Tn=2P+ln=2«+l

2p+i 2v+i

+      E      lffm,2i(x)-0-m_l,2«(x)|-r-     ^     |^2P,n(x) - <72P,„-l(x)|

m=2P + l n=2« + l

= A$(x) + A$(x) + A$(x).

According to this estimate, the proof is made in three parts.
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Part 1. It was proved by Fedulov [4], that under condition (1.2),

(7.1) Apy(x) = ox{l} a.e.    as max(p,q) —► oo.

For the sake of completeness, we insert here the estimation the proof is based on:

I     2P+1        2qJrl

Ap^>(x)<<       Y E     mnl<Tmn(x) -<Tm-l,n(x)
m=2P + ln=2" + l

s 1/2

-Cm,n-l(x) +<7m_i,n_l(x)]2 >

2Ï I/2

EE (.-i)(fc-i)
m(m — l)n(n — 1)

o-ik<t>ik(x)

2P+1        29+1

E   E mn
TO=2P + ln=23 + l Lt=2fc=2

Part 2. We will prove that under condition (5.1),

(7.2) A$(x) = ox{l}a.e.   as p ^ oo

uniformly in q.

Using the representation

o-mn(x) - <7m_i,„(x) = Y E ~1—T~ñ (l-) aik<Pik(x)
i=2k=im^m    L> \ n   '

(m = 2,3,...;n=l,2,...)

and taking (6.2) into account we can write

<rm,2<(x) -<rm-i,2«(x) = [<r^°2,(x) - <r™_lt2,(x)}

m     2"

zZzZ
(i - l)(fc - 1)

Hence,

(7-3) A$(x)<Ap%(x) + Apl\x)

where Ajm(x) was defined by (6.1) (now n = 2q) and

Otfe0tfc(x).

Ap7q\x)=    Y.
m=2P + l

m    2«

EE
(t - i)(fc -1)

í^fe m(m-l)2q
a%k4>ik{x)

First, using the same "contraction" technique as in the proof of Part 1 during

the proof of Theorem 2, from estimate (6.1) we can deduce that under condition

(5.1),

(7.4)

uniformly in q.

2p+i

43.(*)= E
m=2P + l

m    2" . _ 1

E E ~~(-T\0,ik4>ik(x)¿—' ¿—' ml m — 1)~,, m(m- 1)
i=2fc=l      v

ox{l} a.e.   as p —► oo
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Second, it is not hard to prove that under condition (1.2),

(7.5) Apq(x) = ox{l} a.e.    as max(p, q) -+ oo.

In fact, by the Cauchy inequality

2p+i

¿&H*)<{  E m
m=2P + l

2"

EE
U=2 k=2

(t-l)(fc-l)
m(m- 1)2«

ctik4>ik(x)

1/2

Setting

oo     oo

Mx)={ EE™
m=2g=l

m     2«

EE
i=2 fc=2

(*-l)(fc-l)
m(m - 1)29

a,ik<t>ik(x)

1/2

by (1.2),
/oo     oo m    2q    /.       i\2/¿.       i\2

n2(x) d,(x) = E E - E E t"(mi¿&^
m=2q=l       ¿=2 fc=2 v ;

oo     oo     m     2'

< 2^ ¿^ 2-í m322qa¿fc
m=2q=l i=2 fc=2

= EE*2*2<4E¿ E ê
i=2k=2 m=i <¡: 2<>>k

oo    oo

<C4EE^<0°'
i=2 fc=2

Hence B. Levi's theorem implies (7.5).

Collecting (7.3), (7.4) and (7.5) yields (7.2).
Part 3. The companion statement that under condition (5.4),

AÍV (x) — ox{l} a.e.    as q —► oo

uniformly in p, can be proved similarly.
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