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WEIGHTED NORM ESTIMATES FOR SOBOLEV SPACES

MARTIN SCHECHTER

Abstract. We give sufficient conditions for estimates of the form

/|b(x)|*i/m(*)<C||ii||^,      iiefl»-',

to hold, where fi(x) is a measure and \\u\\s is the norm of the Sobolev space Hs p.

If dp. = dx, this reduces to the usual Sobolev inequality. The general form has much

wider applications in both linear and nonlinear partial differential equations. An

application is given in the last section.

Introduction. If V{x) is a function in V = L'{R") then it follows easily from

Holder's inequality and the Sobolev imbedding theorem that

(1) \\Vu\\q^C\\u\rp,       ueH*<?,

provided

(2) l/t < 1/q < \/p + 1/t < s/n + 1/q

(the last inequality in (2) must be strict if either p = 1 or n = sp). Here ||w||

denotes the norm in  Lq, and  ||m||      denotes the norm in the Sobolev space

Hs.p = Hs.p<y(?) (for precise definitions see §1).

Several authors have shown that inequality (1) can hold even when V{x) is not in

some V space. Stummel [8] proved (1) for p = q = s = 2 and V{x) satisfying

í r i V/q
(3) sup   / |K(x) | |jc — ̂ |      dx\      <oo

y   \J\x-y\<l j

for some a < 4. Balslev [9] proved it for 1 < p = q < oo, í a positive integer and

V{x) satisfying (3) for some a < sq. This was extended to 5 any positive real

number by Schechter [10]. For p = q = 2 it was shown in [11] that one can take

a = sq in (3). Berger and Schechter [12] proved (1) under the conditions

(4) 1 < p < q < oo,        1/p < s/n + 1/q.

They showed that (1) holds provided there exists an a such that

(5) 0 < a/nq < s/n + 1/q - 1/p
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670 MARTIN SCHECHTER

and (3) holds. Subsequently, Schechter [7, 13] was able to extend (4) to

(6) 1 < p, q < oo,        1/p < s/n + 1/q

and in particular to allow q < p. The hypotheses on V{x) were given in terms of a

new family of norms depending on three parameters. For 0<a<n,l<r, t < co

we define

(7) K,,,(v) = / \V(x)f\x -y\ dx

\/r

(for other values of the parameters cf. [7, 13]). It was shown that

(8) \\Vu\\q*zCMa,r<t{V)\\u\\SiP

under the basic assumptions

(9) 0 < 1/r < 1/q < 1/p + 1/t

and

(10) 0 < a/nr ^ s/n + 1/q - 1/p - 1/t

with certain exceptions as noted there.

The purpose of the present paper is to prove inequalities of the form

(11) f \u(x)\"dp(x) < C\\u\\lp,       ueHs'»,

where p(x) is a measure. A special case of (11) is

(12) f \u(x)\"w(x)dx^C\\u\\lp,        ueHs-p.

This in turn will imply (1) if we take W(x) = \V(x)\q. In proving (11) we introduce

new expressions for measures. We let

(13) MSJ(dp) =
jJ\x-v\<l

x-y\ dp(x)

This is the counterpart for measures of the norm (7). We found that by adding a

simple hypothesis to the measure p we can avoid the exceptions noted earlier. The

hypothesis (called condition A) is that for every e > 0 there is a 8 > 0 such that

whenever £ is a subset of a cube Q satisfying \E\ < 8\Q\ (\E\ denotes Lebesgue

measure) one has

/  dp(x) < e1   dp(x).
JE JQ

(This is the condition Ax of [1].) Under this assumption we show that (9), (10) (with

r = q) imply

(14) j \u(x)\qdp(x)^CMaJ/q(dp)\\ut,p,       ueW-P.
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We also use an expression related to (13) and the fractional maximal operator. Let

(15) Msdp(x)= sup |oíí/n)"7 My)

iei«i

where Q represents a cube in R" with sides parallel to the coordinate axes. (In the

maximal operator the size of Q is not restricted. In our case it is.) We define

(16) NSJ{dp) =\\Msdp\\r

We show that the two expressions (13) and (16) are equivalent when t ¥= oo. When

t = oo, we have only

(17) NSJ(dp) < CMSJ(dp).

However, we show that

(18) f \u{x)\qdp{x)<CNa<Jdp)\\u\\lp

provided p,q + 1.

Our method of attack is to replace the Bessel potential which we previously used

with our variation of the fractional maximal operator (15). In order to do this we

had to generalize a theorem due to Muckenhoupt and Wheeden [1]. For inequality

(18) we adopt a theorem due to Sawyer [3]. Our theorems are stated and proved in

§§1 and 2. In §3 we discuss the Lorentz spaces Lpr{p) (for definition cf., e.g., [14]).

Among other things we show when

(19) ll^lly<C||F||t.4«||ItJ,

holds for each p > 1. We include the case t = oo. We prove (19) by showing that our

norms are smaller than the corresponding LaJ norms. Inequality (19) overlaps with

some results of O'Neil [15]. Our discussion of (19) is mainly to show that our

methods can be used to yield his results as well.

In §4 we give an application of our results to the spectral theory for the

Schrodinger operator. We improve some results of Fefferman and Phong [16] (cf.,

also, Kerman and Sawyer [6], Chang, Wilson and Wolff [27], and Chanillo and

Wheeden [20]).

In 1972 the author gave a condition which is both necessary and sufficient for (11)

to hold when p = q = 2 (cf. [29]). The authors of [6, 16, 18, 20, 25, 27] were

obviously unaware of this result.

1. The spaces. We define several new classes of spaces that will be used throughout

the paper. For 0 < s < n, 8 > 0 let

Gs.s(x) = 1*1     >    1*1 < s>

= 0, |x|>8,
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where x = {xx,..., x„) e R", \x\2 = x2 + • ■ ■ +x2. If p(x) is a locally finite Borel

measure on R", we define

Gs,sdp(x)= f GsS{x-y)dp{y),

Ms s dp ( x ) =   sup   | Q | * "      I  dp
xeQ JQ

IÔK8"

where Q represents a cube in R" with sides parallel to the coordinate axes having

volume \Q\. The supremum is taken over all such cubes containing x and having

volume ^ 8". Using these expressions we define

(1-1) MsjS{dp)=\\GsSdp\\n

(1-2) NsjS{dp)=\\MsSdp\\„

where

\\f\\,= ijjf(x)\'dx\    ,    0<t<oo,

= sup|/(x) |, t = 00.

If t > 1, this is the norm of f(x) in L' = L'(R"). For brevity we also put

MSJ(dp) = MsjX(dp),    NSJ(dp) = Ns^x(dp).

Our first result is

Theorem 1.1. // 1 < / < oo, the norms (1.1) and (1.2) are equivalent.

Our interest in the norms (1.1) and (1.2) stems from their usefulness in finding

conditions on p(x) under which estimates of the form

(1-3) ll«ll,,<C||ii||,t#,

hold, where

1/4

(1.4) ll"IU=(/K*)l%(*))

_/ ,2\s/2
F[l +|i| )     Fu

and

,2\i/2

W\s,p

Here F is the Fourier transform

Fu{£) = (2tryn/2j e-*xu{x)dx

and F denotes its inverse.

We shall say that the measure p(x) satisfies condition A if for every e > 0 there is

a 8 > 0 such that E e Q, \E\ < 5|ô| imply p(E) < eju,(ö), where p(E) = jEdp(x).

Such a measure is necessarily absolutely continuous.

Our next theorem gives a sufficient condition for (1.3) to hold.
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Theorem 1.2. Assume that

(1.5) p,q,t>\,    p,q+ oo,   0 < s < «,    q < t,

(1.6) l/9<l/p + l/r,

(1.7) 0 < a/nq ^ s/n + 1/q - 1/p - 1/t

and that p satisfies condition A. Then there is a constant C depending only on

parameters such that

(1.8) ||M|U < CMaJ/qiS(dp)i/q\\u\\s,p,        u e H'>>.

Ift=7 oo, then

(1.9) \\4q.,<CNaJ/^{dp)1/q\\u\\StP.

The same is true if t = oo andp, q =7 1.

Define for f{x) locally integrable

GsJ(x) = f \x-y\S~n\f{y)\dy,
J\x-y\<&

f(x)=   sup  |ô|(î/n)"7  |/(7)l*.,8./

iei<»"

As a simple corollary to Theorem 1.2 we have

Theorem 1.3. Under the hypotheses of Theorem 1.2 we have

(1-10) \\Gs,sfl,^CMa^s{dp)l/"\\f\\p,

(LU) IIAWIU < CM.>i/,ta(rf/i)1/1/lk.

7/í ^ oo o/-/?, # # 1, we a/so //ufe

(1-12) ll^/ll^^c^,,/,,^^)17!/!!,,

(113) IKi/IU < ^a,/A,Ä(^)1/l/||,.

Next let us define

K,,.S(V) = Ma^s{\V\rdx)l/r,

K.r,AV) = Na^s(\V\rdx)l/r.

Other consequences of Theorem 1.2 include

Theorem 1.4. Under the hypotheses of Theorem 1.2 i/cfyt = W(x) dx,

(1.14) / |«(*)|V(*)¿x<Caí.4.,/,fa(»r)||ii||*J,

and if t ^ oo or p,q ^ I

(1.15) /l«(*)|V(jc)<fc<CY.a,l/,.,(iF)||«||^.
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Theorem 1.5. Assume that p, q, t > 1, p * oo, 0 < s < n, and that (9), (10) hold.

If dp = \V(x)\q dx satisfies condition A, then

(1.16) \\Vu\\q < CMa^s(V)\\u\rp.

If t ¥= oo or p, q + 1, then

(1-17) \\Vu\\q<CNtt^s{V)\\u\lp.

As we shall see, ß < a implies

K.r.,AV) < Mßr,s(V)    and    Na^s(V) ^ Nß^s{V)

for 8 < 1. Moreover,

K,.x.s(V) < NßrlS(V)    when a/«/- = ß/nr + 1/t.

Hence, when p < q, the best result in Theorem 1.2 is obtained when t = oo.

When p > q,we must take í finite.

For p <: q, necessary and sufficient conditions for (11) to hold are given in [18, 23,

25, 28]. Sufficient conditions are given in [7-13, 16, 20, 24, 27].

2. Comparison of the norms. In this section we shall prove several theorems which

will imply those of §1. We begin with

Theorem 2.1. Let 0 < q < oo and let p be a locally finite Borel measure on R"

satisfying condition A. Then for every e > 0 there is a constant K depending only on e,

n, q and p such that

(2.1) IK«/3<MU < 4Gs.sdv\\q,, + K\\Msjdv\\^

holds for all Borel measures v.

Theorem 2.1 is a generalization of a result due to Muckenhoupt and Wheeden [1].

Proof. Let

Sx= {xeR"\Gs,sdv(x)>\}.

Sx is open. Thus

(2-2) Sx = (J Qj
7 = 1

where the cubes Qj have disjoint interiors and

(2.3) d(Qj,Si)<ifil{Qj)

where Ec is the complement of E and l(Q) = \Q\1/n is the side length of Q (cf. [2,

p. 167; 17, p. 10]). By subdividing Qj if necessary, we may assume

(2.4) l(Qj) < 8/3.

When (2.4) is achieved through subdivision, we lose (2.3). However, for such Qj we

can require

(2.5) 8/(1 + 8;/« ) < l(Qj).
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Thus we know that each Qj satisfies (2.4), while those that do not satisfy (2.5) will

satisfy (2.3).

Let b, d be positive numbers to be determined. Define

Ej = {x e Qj[Gs¿/3dv{x) > Xb, Ms¿dv{x) ^Xd).

If Q is any cube,

(2.6) /   GsSdv{x)dx=f    I \x - y\     dv{y) dx
Q      ' JQ J\x-y\<8

< / \x — y\     dx I        dv{y)
J\x-y\<S JQ + 2S
x<Aq

^ C8sMsJ(Q)+2Sdp{x0)\Q + 28\1'(2/n)

where Q + 8 is the cube having the same center as Q and side length l(Q) + 8, and

x0 is some point in Q. Assume that (2.5) holds and that E, # 0. Then there is a

point Xj e Ej. By (2.5)

Xb\E,\^ j   GsS/3dv{x)dx^C8sMsSdv{xi)8"-s

< C'8nXd^ C"Xd\Qj\

where the constants depend only on n and s. Hence

(2-7) \Ej\<Cd\Qj\/b.

On the other hand if Qj does not satisfy (2.5), it will satisfy (2.3). Thus there will be

a point x0 not in Sx within a distance 3iíñl(Qj) of Qj. Thus Gs sdv(x0) < X. If

x e Q., then

\x- x0\ < p = 4]fñl(Qj).

If \y — x\ > p, then

| >" — jc0 | <|j-x| +|x-x0| < 2j_v — x J.

Thus

Gs,S/2dvix) =   ( +  f \x-y(  *'dv(y)
J\x-y\<p        Jp<\x-y\<8/2

^Gspdv{x) + 2"-sf \xa-yCdv{y)
Jp<\x-y\<8/2

^Gspdv{x) + 2"f \x0-y\S'"dv{y)

*G„d*(x) + 2"G,jdw{x0)

<Gs,pdv{x) + 2nX.
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If we now take b = 2" + 1, we will have

Gs.s/2dv(x) < GSiPdv(x) + kbX-

This will imply

Eje {x e Q^G, pdv(x) > l2bX,Ms¿dv{x) < \d).

Hence by (2.6)

\Xb\Ej\ <  (   Gspdv(x)dx

<CpsMl{Q¡)+2pdv{xJ){l{QJ) + 2p)"~

< CM,¿dv(xj)l{Qj)n < C\d\Qj\.

Thus (2.7) holds as well in this case. Recall that the constant C in (2.7) depends only

on n and s. Let e > 0 be given. Under condition A we may take d so small that

p{Ef) < (e/b)qp(Qj) for every j. This implies

p{{GStS/3dv{x) > Xb, Ms,sdv(x) < Xd)) < (e/byp(Sx).

Hence

p{{Gs¡s/3dv{x) > Xb}) < (e/byp(Sx) + p({Ms<8dv(x) > Xd}).

Consequently

f" p{{Gs,s/3dv(x)>Xb})dX^(iyf%{Sx)dX«

+ ¡N p{{MsSdv(x)>Xd})dX"
Jet

r.v

'0

or

b-'>JoNbp{{G^/3dv(x)>y})dy^(iyfoNp{{Gs,sdv(x)>y})dy"

+ d"       p{{Msjdv(x)>y})dyi.
Jo

Letting N —> oo, we obtain

IIGs,s/idv{q{i < e"\\Gs,sdvH',,,, +(b/d) 1 M,,4¿?f,,,

which implies (2.1).   D

Lemma 2.2. For all Borel measures v(x)

(2.8) JI#fia</F(*)<fi-^G,^a£/-(*)

and consequently

(2-9) IIM^HI^^IC^HL

holds for all q, p.



weighted norm estimates for sobolev spaces 677

Proof. If l(Q) < S and x e Q, then

{Jnl(Q)y-"( dv(y) < / \x-y\S~"dv{y) < G,^sdv(x).
JQ J\x-y\<fnHQ)

This gives (2.8) which immediately implies (2.9).    D

Theorem 2.3. There is a constant K depending only on p/8 and n such that

(2.10) Ms,p{dp)^KMstiS(dp),        t>\,

holds for all Borel measures p.

Proof. We have

Gs,pdp(x) = j GsJx - y) dp{y) <   £ hk(x)
J A = 0

where

hk(x) =  f \x -y(  "'dp(y)
JkS<\x~y\<(k + l)S

and L is the integer determined by L < p/8 < L + 1. Let z[k),..., z^)t, be points

in the set S = {x e R" \ k < |jc| < k + 1} such that S can be covered by N(k) balls

of radius 1 and centers at zjk). It follows that the set

Ss= {x\k8 ^\x\ ^(k + 1)8}

can be covered by N(k) balls of radius 8 with centers at the points 8zjk). Thus

hk{x)^{kSy-"f dp{y)
JkS<\y-x\<tk + l)S

A'(Af)

< (kSy- I  / dp(y)
j = \ J\y-x-8z)k)\<8

N(k)

<*'"" E G,,8dp{x + Sz}k)).

Thus

N(k)

11**11, <*'"" E \\Gs,sdp\\„       UkL.
7 = 1

Since ||A0||, = Ms, s(dp), we have

M,.,.,(/i) <   E IIAJI, < |l+   I JV(*)  M,,,.4(^).
* = 0 \ * = 1 /

This gives (2.10).    D

Theorem 2.4. 77iere is a constant Kx depending only on n such that

(2-11) Ns,s{dp) < KxMslS{dp)

and there is a constant K2 depending only on n and t such that

(2.12) Ms^s(dp) ^ K2NsMS(dp),        t<œ.
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Proof. By Lemma 2.2 and Theorem 2.3

K.t.Ádp) < n"/2Ms^s{dp) < Cxn"/2M^s(dp)

where Cx depends only on n. By the same token there is a constant C2 depending

only on n such that

Msj.s(dp) < C2MslS/2(dp).

Moreover, by Theorem 2.1 there is a constant C3 depending only on n and t such

that

MSJ,s(dp) < iKj.s(dp) + C2C3Ns^s(dp)

and we can take K2 = 2C2C3.   D

Theorem 1.1 is an immediate consequence of Theorem 2.4.

Theorem 2.5. // 0 < X < 1 and

(2.13) l/q<l/p + l/t<l,

then

(2-14) l|G*/||,t(l<||G1-x|U|A||i/(?||/||l,

where

(2.15) \/a = l/p + 1/t

and

(2.16) h(y) = f\G(x-y)\Xgdp(x).

Proof. The left-hand side of (2.15) is bounded by

' j [f G{x-y)Xaf{yydyy/a\\G^\\Up\

«IIg^iJ/ (/ g(x - yyaf(yy dyyA'dp^/q

<\\G^l-[f ^ G(x-yy«dpy/qf(yydy^ "

<\\Gi-xu\htivj\\ri/a

where p = p/a and / = ap' (note that we may assume G(x) > 0 and f(x) > 0).

This gives (2.14).    D

Corollary 2.6. IfG(x) satisfies

(2.17) 0< G(x)< C(l +\x\)~h

for some b > n(l + 1/q - 1/p - 1/t) and (2.13) holds, then

\,,,<C\\Gn¡sdp\\Y/q\\f\\p

i/i

(2.18) IIWIL^cIIg^hO/I

where C is independent of p andf.
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Proof. Pick X so that

n/bq < X < 1 - [n(l - 1/p - l/t)/b] *S 1.

This can be done because of the choice of b. If a is given by (2.15), then G1_x is in

L"' by the choice of X. If h(y) is given by (2.16), then

oo

AW^Eíl + ^'í dp{x)
*_0 Jk8<\x-y\<(k + l)8

oo Nik)

<CE(l + ̂ )-fcX?E   f dp{x)
* = 0 j = l J\x-y-8z)k>\<8

oo N(k)

<Cl(l + fcS)-^EG„,sJu(>i-8zf))
*=o y-i

(see the proof of Theorem 2.3). Hence

(2.19) ||A||,/? < C\\GnSdp\\l/q E (1 + k8)~b^N{k).
* = 0

Since N{k) < C/c"-1, the series converges, and the result now follows from Theorem

2.5.    D

Corollary 2.7. IfG(x) satisfies (2.17) for some b > n and

(2.20) h{y)= j G{x-y)dp{x),

then

(2.21) ||A|U C\\Gn,sdp\\T,       1<t<oo.

Proof. Follow the proof of (2.19).   D

For /(x) locally integrable define

Gs,sf(x)= i \x -y(  "\f(y)\dy,
J\x-y\<8

Msj(x)=  sup Ißf7""1/ \f(y)\dy.
x^Q JQ

KQX8

We have

Lemma 2.8.  If q> I and

(2.22) a/nq ^ s/n + 1/q - 1

then

(2.23) IIC^/IU^ Ma_p,/q^(dp)l/"\\f\\p,       feL*>.
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Proof. We may assume / ,> 0. The left hand side of (2.23) is bounded by

/ (f G,j(x - y)« diL(x)}   "f{y)dy<\\G^dpÍp/q/q\\f\\P.

This is precisely the right-hand side.   D

Lemma 2.9. For a ^ 1

MsJ(x) ^ [MasJ"(x)]l/a    wheref«(y)=\f(y)\a.

Proof.

7/"

loi / fdx <|g| / faxJQ VQ

« (icr-'/e/-*)w °

Theorem 2.10. Assume that (2.13) holds and that

(2.24) a/nq < s/n + 1/q - 1/p - 1/t.

Then there is a constant C depending only on n such that

(2.25) \\Ms,sf\\q,^CMaJ/^(dp)1/q\\f\\p,       feLP.

Proof. Let a be defined by (2.15) and put p = p/a. Then t = ap'. By Lemmas

2.9, 2.2, 2.8 and Theorem 2.3, the left-hand side of (2.25) is bounded by

| I/o

.I/o

\\\M      f]1/a\\      =11M      /""II17"

^ n^2"\\Gas^r\\'q/-a p-

^n^Ma^/q^s(dp)l/"\\r\\Ya

<CMait/„t(drf"\\fl
since (2.22) is satisfied if we replace s by as, q by q/a and /> by p.    D

The following is a slight adaptation of a theorem of Sawyer [3].

Theorem 2.11. Ifl<p^q<ao and

(2.26) a/nq < s/n + l/<? - 1/p

then

(2.27) llA/^/II^^CiV^,^^)1^/^       /eV

We can now give the

Proof of Theorem 1.2. Assume first that t > p', i.e., that (2.13) holds. For

u e Q° let

(2.28) /= F(l +\t\2)S/2Fu.
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Then u = Gs* /, where the function Gs(x) is infinitely differentiable in R" \ {0} and

satisfies

,s — n

/229x cxl\x\      ^Gs(x)^cx\x\     ,     |x|<l,

Gs{x) < c2e-°W, |x| > 1/2,

for some positive constants cx, c2, a (cf. [4]). Let

Gs(x) = Gs(x), \x\<8/3,

= 0, |x| > Ô/3,

Gs(x) = Gs(x)-Gs(x).

By Corollary 2.6

(2.30) \\Gs*fl,^C\\Gn,sdp\\Yyq\\f\\p.

Moreover, by (2.29) and Theorems 2.1 and 2.10

II<WIU < (2cxy1\\GsJ\\q,ll + C\\MsJ\\q^

<ill<WlU + CMail/q^(d^/q\\f\\p-

Thus

I|g, */IU,m ^ ll^*rlU.M + 11^*/!!^^ ^ èl!^*/IU,^ + <^^«,,/t?,s(^/x)1/£?ll/IU

by (2.30), since \\GnSdp\\T < MarS(dp). Hence

(2.31) \\Gs*f\\q,lt<CMtt,/q¡s(dp)1/"\\f\\p.

This implies (1.8) since

(2-32) II «L,„ =11/11,

by (1.5) and (2.28). If / < p', we can find a p > 1 such that 1/q - 1/t < 1/p < 1/t'

and 1/p - s/n < 1/p ^ 1/p by (1.6), (1.7). Put

(2.33) a/n = s/n + 1/p - 1/p > 0.

Then

1/(7 < 1/p + 1/t < 1    and    a/n < a/n + 1/q - 1/p - 1/t.

If we now apply that part of the theorem already proved, we obtain

ll"IU< CMat/qS(dp)l/q\\u\\np.

It is well known that (2.33) implies ||m||„ p < C\\u\\s p when p < p (cf., e.g., [5]). This

gives (1.8). In order to prove (1.9), we note that when t =7 oo we can apply (2.12) to

reach the desired conclusion. If r = oo and p,q+ 1, we see that (2.27) holds by

Sawyer's theorem (Theorem 2.11). Thus by (2.30)

\\Gs*f\\g,^\\Gs*f\\q^ + \\Gs*f\\^

<^Gs*f\\^+C\\MsJ\\,fí+C\\Gn¡sdp\\Y''
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Hence

\\Gs*fl,li<CNtt^s{dp)1/''\\f\\p.

This gives (1.9).    D

Theorem 1.3 follows from (2.31), (1.29) and Theorem 2.4. Theorem 1.4 is merely a

special case of Theorem 1.2. Theorem 1.5 follows from Theorem 1.4 and

Theorem 2.12. /// < t < oo, p < r and

(2.34) a/nr + 1/t < ß/np + 1/t,

then

(2-35) ty.p.r.a(r) < CNa,r.,AV)-

The inequality

(2-36) ty.P.r.a(*0 < CN*,r.,Av)

holds even if r = oo.

Proof. Assume first that t < oo. It was shown in [13] that

Mß.p,rAV) <  CMy,P,tAV)

provided

(2.37) y/np + 1/t < ß/np + 1/t.

Moreover, by Lemma 2.9

(2-38) tfY,p.,,«(*0 < Ky,a>,tAv)>       a>l.

Put y = a/a, p = r/a. Then (2.34) implies (2.37). Hence

Mp,p,rAV) < CMr^AV) < CNy,P,cÁV) < CMar^s(V)

by Theorem 2.4. This gives (2.35) and (2.36) for the case t < oc. It remains to prove

(2.26) when t = oo. First we note that

(2.39) Np.r.nAV) <\\V\\>«7ß.

In fact we have

If we take a = n/ß, we obtain (2.39). If t = t = oo, then (2.36) follows immediately

from (2.38). Suppose t < oo = t. We may assume that equality holds in (2.34). Let

a = r/p, a = a/a, y = ß — a and let

v{x)={Ga,sVp(x))l/p.

Thus if x e Q

f \V(y)\Pdy<C\Q\°/n-l( Ga,s(x - y)\V(y)\P dy
Q Q

= C\Q\°/n-ll v{y)»dy.



WEIGHTED NORM ESTIMATES FOR SOBOLEV SPACES 683

Hence

NßwAV) < CNy_p^s{V) < C||F||pn/Y = CNa^pn/yiS{V)

^   ^■^na.pa.pn/y.si'   )

by (2.39) and (2.38). This gives (2.36) since t = p/y.   D

3. Lorentz spaces. In this section we shall prove some inequalities involving the

Lorentz spaces Lp-r(p) (for the definitions cf., e.g., [14]). First we improve a bit

inequalities (1.8) and (1.9).

Theorem 3.1. Under the hypotheses of Theorem 1.2, assume that

(3.1) either a * sq   or   1/q + 1/p + 1/t.

Then for each r > 1 we have

(3-2) ll«lli.^(fi)<CAfB.,/,.,(</M)V1«ll^.

When (1.9) holds we have

(3.3) Nlt.-(rt<cavr.fi/,,a(rf/»)1/1«IU.

Proof. Put X = t/q and fix a, X, s, p, 8. Inequality (1.8) states that

i/iii
(3-4) \\Gs*fl,^CMa^s(dpy

holds for each q satisfying

1/p - s/n + a/nq < (l - X'l)/q < 1/p.

If one of these inequalities is strict, we can change q slightly and still preserve them.

They will both be equalities only if a = sq, 1/q = 1/p + 1/t which is excluded by

(3.1). Thus there is an interval of values of q for which (3.4) holds. If we now apply

the real method of interpolation (cf., e.g., [14]), we obtain (3.2). The same reasoning

implies (3.3).    D

In [13] we proved that

(3-5) Ma^t{V)<C\\V\\L„

provided

(3.6) 0 < I/o - 1/t = a/nr,        r < a < t < oo.

We have therefore

Corollary 3.2. Assume that t + oo and that

(3.7) 1/q - 1/p < 1/t < I/o < 1/q,

(3.8) I/o + 1/p < s/n + 1/q.

If dp = V dx satisfies condition A, then

(3-9) ll^ll,<C||K||¿..,||«||^.
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Moreover for each p > 1

(3.10) l|ír«l|t...<C||F||í...,||H|L,/.

Proof. We appeal to Theorem 1.5. In this case we need an interval for the values

of q for which

a/nr + 1/p + X/r - s/n < 1/q < 1/p + 1/Xr

where X = r/q and r is some value such that q < r < o. We can obtain such an

interval by choosing r suitably. We apply real interpolation to (3.9) to obtain (3.10).

D

So far we have established (3.9) and (3.10) only for t =£ oo. To complete the

picture we have

Theorem 3.3.  If a > 1, then

(3.11) K/,,r^Av) < CUP Hit-

Proof. We have

/  \V{x)\dx *z\\V\\l.m\\Xq\\l--*JQ

where Xq IS me characteristic function of Q. It is easily checked that

/o   i ^\ II II II r\ II  ' P
(3.12) IIxsIIl'-1 = c||ß||   .

This gives (3.11) for r =1. The case r > 1 is proved by substituting |K(x)|r for

\V{x)\.   □
By Theorems 1.5 and 3.3 we have

Theorem 3.4. Assume that dp = \V\qdx satisfies condition A and that

(3.13) 1</><<7<P<oo,

(3.14) 1/p < s/n + 1/q - 1/p.

Then

(3.15) Br«ll,<C||K||t,.-||i4,,.

Proof. We take o = p/q, a = n/o and apply (1.17) of Theorem 1.5. This gives

\\Vu\\q< CNnq/p^{V)\\u\\s,p.

Then we apply (3.11) to obtain (3.15).   Q

4. An application. We now show how we can obtain results in the spectral theory

of Schrödinger operators. To see this let

(4.1) Gy\x) = F{(x2 + \i\2ys/1

It is readily checked that

(4.2) G^(x) = X"-^Gs(Xx)
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where Gs(x) is the function satisfying (2.29). If we replace Gs(x) by G$x\x) in the

proof of Theorem 1.2 we obtain

Theorem 4.1. Under the hypotheses of Theorem 1.2 there is a constant C depending

only on p, q, t, s, n such that

(4-3) lG,(X)*/LJl<C3V..l/,>1/x(rfM)l/*ll/ll/.

The important point in Theorem 4.1 is that C does not depend on X.

As a corollary we have

Theorem 4.2. There is a constant C0 depending only on n, r, t such that

(4.4) (Vu,u) < C0^,,,1/x(F)[||vM||2 + X2||M||2]

where

(4.5) a/nr < 2/n - 1/t,        r,r > 1.

Proof. Put dp = \V\dx, q = p = 2, u = G[X) * f in Theorem 4.1. Then / =

(X2 - A)1/2w and (4.3) implies

(Vu,u) < CNß^x/x{\V\dx)\\ff   whereß/2n < 1/n - 1/t.

Thus

(Fii.ii) < C^lT/21/x(K)([X2 - A]u,u).

If a/nr + 1/t < ß/n + 2/t = 2/n, then

*fßt.T/ivx(V) < CNa^x/x(V)

in view of Theorem 2.12. This gives (4.4).

This leads to

Corollary 4.3. Let V(x) > 0 be a function on R" such that H = - A - V(x) has

a selfadjoint realization in L2(R"). If V(x) dx satisfies condition A and

(4-6) Kr,a/ÁV) < Q'1,

then the interval ( — oo, —X2) is in the resolvent set of H. Moreover, there is a constant

C¿ depending only on n such that

(4-7) ^2,1,00,i/x(n > C0'

implies that ( — oo, — X2) contains a point in the spectrum of H.

Proof. To prove the first statement we note that by (4.4) and (4.6)

(4.8) (KM,M)<||v«||2 + X2||M||2

and consequently

(4.9) -X2\\u\\2^{Hu,u).

To prove the second, suppose (-oo, -X2) were in the resolvent set. Then (4.9)

would hold. This would imply \\G[X) * f\\2tl¡ =£ ||/||2 where dp = V(x)dx. By Theo-

rem 2.4 there is a constant K depending only on n such that

(4.10) ||M1i1/a/||2m < *||GU/A/||2^ < cxK\\G^ */||2jl < cxK\\f\\2
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holds for all / e L2. This implies

(4.11) ^2,l.oo.l/x(n<C2tf2

as noted by Sawyer [3]. In fact, let Q be any cube with side length  < 1/X and let

f(x) be the characteristic function of Q. Then

Mx,1/xf(x) = \Q\1/n,       xeQ.

Thus (4.10) gives

Í  \Q\2/"Vix)dx^c2K2\Q\.

This implies (4.11). If we now take C¿ = c2K2, we see that (4.7) contradicts (4.9).

Thus there must be a point in the spectrum of H below - X2.   D

Corollary 4.4. Assume that the sets

Sx= {8>0:^V2,1,oo,;3(K)<C0-1},

S2={8>0:N2M{V)<C¿)

are not empty. Let 8, = sups eS 8, i = 1,2. Then the lowest point X0of the spectrum of

H satisfies

(4.12) -8f2<X0< -S2"2.

Proof. Let e > 0 be given. Then there is a X > 0 such that -X2 > -8X2 - e and

1/X e Sx. By Corollary 4.3 this implies that the interval (-oo, -X2) is in the

resolvent set of H and consequently -X2 < X0. Hence -Sf2 - e > X0 for every

e > 0. This gives the first inequality in (4.12). Next we note that if 1/X > S2, then

(4.7) holds. Consequently, the interval (-oo, -X2) contains X0. Since -X2 can be

made as close to — 82~2 as we like, the second inequality follows as well.    D

Corollary 4.4 improves results of C. Fefferman [16] (see Kerman and Sawyer [6]

for related results).
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