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NORMAL DERIVATIVE FOR BOUNDED DOMAINS
WITH GENERAL BOUNDARY

GONG GUANGLU, QIAN MINPING AND MARTIN L. SILVERSTEIN

ABSTRACT. Let D be a general bounded domain in the Euclidean space Rn.

A Brownian motion which enters from and returns to the boundary symmet-

rically is used to define the normal derivative as a functional for / with /,

Vf and Af all in L2 on D. The corresponding Neumann condition (normal

derivative = 0) is an honest boundary condition for the L2 generator of re-

flected Brownian notion on D. A conditioning argument shows that for D and

/ sufficiently smooth this general definition of the normal derivative agrees

with the usual one.

Introduction. Bt, t > 0, is standard Brownian motion on the Euclidean space

Rn. The case when the dimension n = 1 is well understood and so we assume

always that n > 2.

D is a bounded open connected subset of Rn. An important role will be played

by
a = ini{t > 0: Bt is not in £>},

the hitting time for the complement Rn\D.

The absorbed process Xt, t > 0, is

Xt = Bt    for 0 < / < rr,        Xt = d    for t > a

with d a dead point adjoined to D as an isolated point. All functions are understood

to vanish at d.

The absorbed transition operators Pf?, t > 0, with action

P?f(x) = Exf(Xt)

form a strongly continuous symmetric semigroup on L2, the Hilbert space of real

valued functions on D that are square integrable with respect to Lebesgue measure

dx.

The (strong) generator A0 is selfadjoint and negative definite. By the spectral

theorem as formulated and proved in Chapter IX of Segal and Kunze (1968),

the operator (-A0)1/2 is a well-defined positive definite selfadjoint operator. The

absorbed Dirichlet space is the pair (F°,E) where

(0.1) F° = domain({-A°}1/2),

E(f, g) = j dx(-A0)l/2f(x)(-A°)^2g(x),        f, g in F°.
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CONVENTION 1. All integrals are understood to be over D unless otherwise

specified.

We can explicitly identify (F°,E). The space F° is the set of functions / in L2

such that if / is extended to all of Rn by setting f(x) = 0 for x in the complement

Rn\D then V/ is in L2 on Rn.

CONVENTION 2. The Laplacian A, the gradient V and all partial derivatives are

understood in the sense of distributions. If no set is specified then the distribution

theory is on D.

CONVENTION 3. "Lp on K" means the space of real valued p-integrable func-

tions on K. If no K is specified then K = D is understood.

CONVENTION 4. V/ in L2 means that its norm |V/| is.

The form E is

(0.2) E(f,g)=1-jdxVf(x)-Vg(x)

with "•" denoting the usual inner product between two n-dimensional vectors. Also

we will use the auxiliary form Ea defined for a > 0 by

Ea(f, g) = E(f, g)+af f(x)g(x) dx.

Reflecting Brownian motion on D is easily specified in terms of its Dirichlet

space (Fr, E). The space Fr is the set of functions / in L2 such that also V/ is in

L2 (no condition on an extension of /). The form E is still (0.2).

REMARK. If D has a smooth boundary (Lipschitz is enough) then Theorem

7.3(iii) in SMP implies that F° is the set of / in Fr which vanish modulo polar sets

on the boundary of D.

NOTATION. The abbreviation SMP is used in place of the reference Silverstein

(1974).
CONVENTION 5. Functions / in FT are represented by their quasi-continuous

versions as specified in Theorem 3.13 in SMP. In particular / is well defined modulo

polar sets.

The strong L2 generator AT of the reflecting transition semigroup P[, t > 0, is

also selfadjoint and nonpositive definite. From general principles / in L2 belongs to

domain (Ar) and Arf = ff if and only if the following two conditions are satisfied.

GENl. /is in Fr.

GEN2. For all h in Fr

(0.3) E(f, h)+ I dx g(x)h(x) = 0.

We will see in §4 that (0.3) can be checked separately for h in C^m(D) and for

h bounded and harmonic and in FT.

CONVENTION 6. "h is harmonic" means on D unless another set is specified.

"h in C™m(K)" means h is C°° and has compact support contained in K.

For h in C™m(D), integration by parts shows that (0.3) is equivalent to

(0.4) |A/(z) = g(x).

Suppose now that h is harmonic and belongs to Fr. If both / and h are suffi-

ciently smooth on the closure of D and if D itself has a sufficiently smooth boundary
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then the classical "divergence theorem" can be applied to give

(0.5) ^ I dx V/(x) • Vh(x) + j dx g(x)h(x)

= )-[ dx(Vf(x) ■ Vh(x) + Af(x)h(x))

= )-( dxdiv(hVf(x))

= \(    da(z)h(z)Dnf(z)
z JdD

with Dnf(z) denoting the "classical" exterior normal derivative. This suggests

that the L2 reflected generator is determined by the classical Neumann boundary

condition

(0.6) Dnf(z) = 0.

In fact the authors are not sure that (0.6) works as a boundary condition even for D

smooth. Instead we use a functional version of the normal derivative introduced in

Silverstein (1976) and prove that this works for general bounded D (no smoothness

assumed).

To discuss the functional normal derivative df/dn(ip) we must introduce some

machinery. In §2 we describe an "approximate Brownian motion" which enters

from and returns to the boundary with symmetric distribution. The process is

denoted Xt, a* < t < a, with rj*,tr the times of entrance from and return to the

boundary. The sample space and sample space measure are denoted fioo and P^,

with expectation functional denoted E^. An abstract boundary d*D is introduced

in §5 which represents all harmonic h in FT and such that Xa and Xa. are defined

almost everywhere as points in d*D by passage to the limit in t. A function ip

defined on d*D is a test function if it represents, or equivalently is the restriction to

d&D of, a harmonic function in Fr. The normal derivative df/dn is the functional

defined on test functions <p by

(0.7) df/dn(<p) = LimEooP(Xa.){f(X<7.) - f(Xa[Dk))}I(a(Dk) < oo).
k f oo

with Dk, k > 1, an increasing sequence of open sets with closure contained in D

and with union D. The symbol a(Dk) represents the first hitting time for Dk, with

the condition "o(Dk) < oo" meaning that Dk is hit before return to the boundary.

Our main result is the following theorem which will be proved in §6.

THEOREM. Assume that f is in Fr and that A/ is in L2. Then df/dn(ip)

exists for bounded test functions ip and if h is the harmonic function represented

by <P

(0.8) df/dnfr) = \ J{Vf(x) ■ Vh(x) + &f(x)h(x)}.

In particular f belongs to domain (Ar) if and only if

(0.9) df/dn(tp) = 0

for all bounded test functions <p.
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We will see in §7 that for D smooth we can arrange matters so that d*D is the

Euclidean boundary dD. Then (0.8) and (0.5) together imply that for D and /

smooth

(0.10) df/dn(<p) = i j <p(z)Dnf(z) da(z)

with da denoting the usual surface measure on dD. We believe that it is instructive

to verify (0.10) directly from (0.7) and so in §8 we treat two special cases, the

interval (0, 1) and the half plane R\, even though they do not fit the hypotheses

of the main text. In both cases we can explicitly compute the joint distribution

of AV and Xa(pk), assuming a particular choice for the Dk- In §7 we use a more

robust technique based on a conditioning argument suggested to one of the authors

by Richard F. Gundy. This works for general smooth and bounded D.

We emphasize that this functional normal derivative and its connection with

boundary conditions is the new result. The reflected Brownian motion itself was

constructed by Fukushima (1967). Fukushima constructs the process using the

Martin-Kuramochi boundary. We introduce a different boundary d&D in §5 and

do not construct the process—not needed for our result.

For K a subset of D its hitting time is

(0.11) a(K) = M{t > 0: Xt is in K)

with the usual understanding that a(K) — +00 when the set on the right is empty.

The hitting operator HK is defined by

HKf(x) = ExI(a(K) < oo)f(Xa(K)).

REMARK. In SMP a set N is said to be polar if it has capacity 0 in the sense of

Definition 3.3 there. By Proposition 4.5 there, this implies

(0.12) Px(a(N) < oc) = 0

for almost every x. In general this is weaker than the standard concept which

requires (0.12) for all x. Fortunatley, for Brownian motion, the two concepts

are equivalent. This and much more follows from the very interesting results in

Fukushima (1971). So we can use the term "polar" without worrying about which

concept is intended.

1. The absorbed space. The absorbed transition operators can be represented

(1.1) P?f(x) = J' P?(x,y)f(y)dy

with Pf?(x,y) jointly continuous and symmetric:

(1.2) P?(x,y)^P°(y,x),        x,y in D.

The potential density
/•OO

G°(x,y)= dtP?(x,y)
Jo

and for a > 0 there resolvent density
/•OO

G°a(x,y)= dte-atP?(x,y)
Jo
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are finite and jointly continuous for x ^ y. Also G°(x,y) is harmonic in each

variable for x ^ y and G°(x, y) is in the same way a-harmonic—that is, annihilated

by ^A — a. Of course (1.2) implies the same symmetry for G°(x,y) and G®(x,y).

The operators G° and G„ are defined as Pf is in (1.1). All this can be found in §4

of Port and Stone (1978).

For K a subset of D

(1.3) hK(x) = HKl(x).

If K has closure contained in D then by Chapter 6, §5, ibid., there exists a Radon

measure px on the boundary of K such that

(1.4) hK(x) = jG°(x,y)dpK(y).

In general px and hx are referred to as the equilibrium measure and potential for

K.
The first two lemmas are known. We include our own proofs as a matter of

convenience.

LEMMA 1.1.   The absorbed semigroup P?, t > 0, is strongly continuous on L2.

PROOF. It is enough to show that for a dense set of / in L2, in particular for

bounded /

(1.5) PPf -> / strongly in L2

as t i 0. We take as known that the lemma is true for the transition operators

Ptf(x) = Exf(Bt)

for the original Brownian motion on Rn. Therefore it is enough to show that the

difference ExI(a < t)f(Bt) —* 0 strongly in L2. But this is clear since Px(a > 0) —

1 for i in D and since D has bounded measure.    Q.E.D.

By §14 in Silverstein (1976) the Dirichlet space F for Brownian motion on Rn

is the set of functions / such that both / and V/ are in L2 on Rn. The Dirichlet

form is (0.2) with the integral over Rn instead of D. Then Theorem 7.3 in SMP

justifies the description of the absorbed space (F°,E) given in the Introduction.

By §1 in SMP every Dirichlet space (F,E) is contractive. This means that if

g(t), a real valued function of real t, satisfies

(1.6) ff(0)=0,     \g(s)-g(t)[<[s-t\

and if / is in F, then also g(f) is in F and

(1-7) E(g(f),g(f))<E(f,f).

Important examples for g(t) are t+, t~, [t\, a At, aW t and ^(1 A t2).

The absorbed Dirichlet space (F°,E) satisfies the following two conditions.

REG1. F°nC~m(D)=C~m(D).
REG2. F° n C£m(D) is Ey dense in F°.

To verify Reg2 it is enough to approximate / in F° by convolutions f * <Pk with

ifk{x) = kn<p(kx) where <p is in C^m(k) and integrates to 1, after first approx-

imating by functions in F° which are bounded and have compact support in D.
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For the former use bounded contractions. For the latter subtract projections onto

complements of open sets with compact closure in D. (See Theorem 7.3 in SMP.)

Regl and Reg2 together with the elementary fact that dx charges every nonempty

open subset of D imply regularity in the sense of §2 in SMP.

Nothing is gained by introducing the extended Dirichlet space F?. of §1 in SMP

since our assumption that D is bounded implies that F?, = F°. This follows from

the next lemma.

LEMMA 1.2. The absorbed Dirichlet space F° is complete with respect to the

Dirichlet norm E.

PROOF. Consider first the case when D is the cube

Q = {x in Rn: 0 < xd < R for 1 < j < n}.

Then an eigenbasis for the absorbed generator A0 is the set of functions

n

<Pk(x) = Y[ sin{TrkjXj/R}

3 = 1

with k — (ky,...,kn) an n-tuple of positive integers. The eigenvalue for <pk is

— 13?=i(^i7r/^)2 and this implies that for any / in F°

j dxf2(x)<(R2/mr2)E(f,f)

and completeness with respect to E follows from the known completeness of F°

with respect to Ey. In general D is contained in such a cube Q and completeness

with respect to E follows since the absorbed space for D is a subspace of the one

for Q.    Q.E.D.

2. An approximate Brownian motion. Up to now we have been concerned

only with Brownian motion starting in the interior of D and eventually reaching

the boundary. For this we have implicitly used the standard sample space fi. This

is the set of trajectories w with w(t) defined for t > 0, taking values in D U {d} and

satisfying the following two conditions.

TRAJl. There exists a time a > 0 such that u)(t) — d for t > cr and ui(t) is in

D for 0 < t < a.

TRAJ2. oj(t) is continuous for t ^ a.

The coordinate variables Xt are defined on u> in fi by Xt(w) = io(t). The a-

algebra Fs on fi is the one generated by the Xt. The sample space probabilites Px,

x in D are defined on Fs.

In this section we introduce a process which enters D from the boundary and

then acts like absorbed Brownian motion. An appropriate sample space is the

extended sample space fioo. This is the set of trajectories w with w(t) defined for

all real t, taking values in D U {d} and satisfying:

TRAJl'. There exist times ct* < a such that ui(t) = d for t < a* and for t > a

and such that to(t) is in D for a* < t < a.

TRAJ2'. u)(t) is continuous for t ^ a or ct*.

On fioo the coordinate variables Xt are defined as on fi and the er-algebra gen-

erated by them is denoted Frx,.
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The hitting times ax are defined on fioo as on fi:

ax = inf {i > ct* : Xt is in K}

and +00 if the set on the right is empty. The shift 6x maps fioo into fi according

to the formula

9Ku(t) = w(oK +1)

when ax < oo.

The following theorem is proved in §5 in SMP.

THEOREM 2.1. There exists a unique measure Poo on Fqo with the following

properties.

1. For Borel K with closure contained in D and for (p>0 and Fs measurable on

fi, the composition (p-6x is i*co measurable on fioo. Iftp>0 is defined on fioo and

measurable with respect to the a-algebra generated by XtA(7^x), t real (the past) and

if tp = 0 when ax = oo, then

(2.1) £ooM(> ■ Ox) = EooipEx{a{K})<l>.

Also

(2.2) EooI(a(K) < oo)(P ■ 6K = j dpK(x)Ex(P

with dpx equilibrium measure for K.

2. For / > 0 and Borel measurable on D

(2.3) £oo I   f(Xt)dt= f f(x)dx.

3. Let the "time reversal operator" p be defined on u) in fioo so that pu)(a* +t) =

u>(a — t). Then Poo is p invariant (time reversal invariant). That is, for <p>0 and

Fx, measurable on fioo, also (p ■ p is and

(2.4) £ootf> • P = £ootf>.

REMARK. "(p ■ 0x is measurable" in Conclusion 1 and "(p • P is measurable" in

Conclusion 3 mean measurable with respect to the P^ completion of Fqo .

The adjective "approximate" refers to Xt, T > a*, not being Brownian motion

in general. The terminology as well as the idea go back to G. A. Hunt (1960) who

worked in a discrete time context. A continuous time version was first constructed

by M. Weil (1970).
It is not hard to see that Poo is an unconditioned version of the excursion law

as defined for example in Burdzy (1985).

3. The reflected Dirichlet space. Our candidate for the reflected Dirichlet

space is the pair (Fr, E) described in the Introduction. To show that (Fr, E) really

is a Dirichlet space on L2 as in Fukushima (1969) and as in SMP, we must establish

contractivity as described in §1 and we must show that for a > 0 the function space

Fr is complete relative to

(3.1) Ea(f,g) = E(f,g) + ajdxf(x)g(x),        f,g in FT,

already introduced in the introduction.
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LEMMA 3.1.   Fr is Ea complete, any a > 0.

PROOF. Let /„, n > 1, in FT be Ea Cauchy. Then there exists scalar / and

vector valued g in L2 such that V/n —» g and /„ —► / in L2. The lemma will be

proved when we show that V/ = g. But this follows since for vector valued <p in

C£*(D)

/ dxg(x) ■ <p(x) = lim / dx\7fn(x) ■ <p(x)
J "Too J

— - lim / dx fn(x)V ■ ip(x)
"Too/

= - / dxf(x)V- ip(x)

= dxVf(x)-tp(x).    Q.E.D.

LEMMA 3.2.   If f is in Fr and if g satisfies (1.6), then also g(f) is in FT and

(3-2) E(g{f},g{f})<E(f,f).

PROOF. Let K be an open set with closure contained in D. It suffices to show

that for all such K, the distribution Vff(/) is in L2 on K and

(3.3) / \Vg(f)\2(x)dx< f \Vf[2(x)dx.
Jk Jk

If g and / are both in C1, then by the classical chain rule Vg(/) = ff'(/)V/

which implies for all x in K

(3-4) |Vff(/)|(x) < |V/|(z)

and this certainly implies (3.3). Suppose now that / is in C1 but g is not. There

exists an at most countably infinite set S of times t such that fK dxl(f(x) = t) > 0.

Assume at first that 0 is not in S. Then there exist

(3.5) tij,        i > 1, —oo < j < +00,

such that none of the Uj belong to S and such that

(3.6) Zt,o = 0,    tij < Uj+y < Uj + 1/i,

initlj = — oo,    suptj j =+oo.
i    ' j    '

For each i let gi be the piecewise linear function which interpolates g at the points

Uj, -oo < j < +oo. Then & satisfies (1.6), the chain rule Vgi(f) = ff^(/)V/

is valid almost everywhere on K and therefore so is (3.4). Also ffi(/) —* ff(/) in

L2 and by the argument on p. 1.12 in SMP (Banach and Saks) Cesaro sums of a

subsequence of the Vffi(/) converge in L2 to a vector valued function h. By the

proof of Lemma 3.1, h = Vg(/) and we are done with this case.

If 0 is in S choose ak, k > 1, not in S such that a* —> 0 and let fk = f — ak- The

above argument is valid for fk and so g(fk) is in Fr with smaller E norm than fk-

Certainly g(fk) —* ff(/) in L2 and again we finish with the "argument of Banach

and Saks."
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For / not in C1 use convolutions to find fk, k > 1, in C1 on A such that fk and

V/fc converge in L2 on K to / and V/ respectively. For a subsequence fk —► / and

therefore ff(/fc) —► g(f) almost everywhere on K. By the previous result

sup /   dx[Vg(fk)\2(x) <sup /   dx|V/fc|2(x)
k Jk k Jk

which is finite since V//t —► V/ in L2 on if. One more application of the "argument

of Banach and Saks" finishes the proof.    Q.E.D.

Thus (Fr, E) is indeed a Dirichlet space on L2. By Fukushima (1969) or by SMP

there exists a strongly continuous symmetric semigroup of submarkovian (actually

markovian) transition operators PI with strong L2 generator A1", selfadjoint and

nonpositive definite, such that (0.1) is true with F°,A° replaced by Fr,Ar.

4. The Dirichlet principle. For a > 0 let Ha denote the Ea orthogonal

complement in FT of F°.

CONVENTION. We use the same symbol Ha to denote the operator which im-

plements Ea orthogonal projection onto the space Ha.

LEMMA 4.1. A function h in Fr belongs to the subspace Ha if and only if h

(has a version which) is C°° on D and satisfies

(4.1) \A.h = ah.

PROOF. If h in Fr is C°° and satisfies (4.1) then for any <p in C™m(D)

(4.2) Ea(h,<p) = - / dxVh(x)V<p(x) +a / dxh(x)(p(x)

= / dxip(x){-^Ah(x) + ah(x)}
J

= 0.

Such ip are dense in F° by Reg2 in §1 and so h is in Ha.

Conversely, assume that h is in Ha and let B be an open ball with closure

contained in D. The function h coincides on the closure of B with a function ho

in F°. (Multiply ft by <p in C™m(D) with tp = 1 everywhere on B.) The absorbed

space for B is contained in F° and so Ea(ho,g) = Ea(h,g) = 0 with g in the

absorbed space for B. (Replacement of /to by h is allowed by the local nature of

E.) By Theorem 7.3-(i) in SMP

(4.3) h0(x) = Exe-aTh0(XT),        x in B,

with r the first exit time from B. (That is r = aD\B.) Of course h0 can be replaced

by h in (4.3) and so

(4.4) h(x) = Exe-aTh(XT)

= Exll-af   dte~at\h(XT)

= Exh(Xr)~ f dyaG^(x,y)Eyh(XT)
Jb

= Exh(XT) -a f dyGB(l - aGB)(x,y)Eyh(Xt)
Jb
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with GB(x,y), GB(x,y) the potential density and resolvent density for the corre-

sponding operators GB and GB on B and with GBGB(x,y) the density for the

operator GBGB. Formulae are known for the Poisson kernel and potential density

on spheres which imply that the last line in (4.4) is C°° on B. (See §§1.10 and

1.11 in Durrett (1984).) Thus h is C°° on B and therefore, after varying B, on D.

Reversing (4.2) gives (4.1).    Q.E.D.

LEMMA 4.2.   For f in F° and for every x in D

(4.5) Lim/(At)=0    a.e. dPx.

PROOF. Certainly (4.5) is true for / in C™m(D). For general / in F° there

exists by Reg2 in §1 a sequence fk, k > 1, in C^m(D) such that fk —► / in

F°. By the argument on the bottom half of p. 4.4 in SMP, and possibly after

selecting a subsequence from the fk, we conclude that for almost every x in D and

a.e. dPx, fk{Xt) —* f(Xt) uniformly in t < ct, implying (4.5). The "almost every

x" restriction is removed by observing that if T is the subset of fi where (4.5) is

true, then h(x) = PX(T) is a harmonic function which = 1 almost everywhere and

therefore everywhere on D.    Q.E.D.

LEMMA 4.3.   Let a > 0 and let h be in Ha.  Then for every x in D

(4.6) h(Xa-) = him h(Xt)
f\cr

exists a.e. dPx and

(4.7) h(x)=Exe-a°h(X„-).

Moreover (4.6) is true with h replaced by general f in Fr and also

(4.8) Haf(x) = Exe-a"f(X^).

PROOF. As in the proof of Lemma 4.1

(4.9) h(x) = Exe~aTh(XT)

for D' an open set with closure contained in D, for x in D' and with r denoting

the exit time from D'. Also

Ex{e~aTh(Xr)}2 = Ex L(Xq) + fT X7h(Xt)e-at ■ dXt\

= h2(x) + Ex[  [Vh\2(Xt)e~2atdt
Jo

by Ito's formula (p. 64 in Durrett (1984)) which is applicable since h is in C°° by

Lemma 4.1. The last expression is dominated independent of D' by G°|V/i|2(z)

which is finite for almost every x by Definition 5.1 in SMP. For such x the process

e~ath[Xt), t > 0, is an L2 bounded martingale and passage to the limit in D' gives

(4.6) and (4.7) for almost every x. The "almost every" restriction is removed as in

the proof of Lemma 4.2. The conclusions for general / in Fr follow from Lemma

4.2 since / - Haf belongs to F°.   Q.E.D.
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THEOREM 4.4 (DIRICHLET PRINCIPLE).   For f in Fr the function

(4.10) H0f(x)=Exf(X<r-)

belongs to FT and satisfies

(4.11) E(H0f,H0f)<E(f,f).

Also H0f is harmonic, f - H0f is in F°, and

(4.12) E(Hof,g) = 0,        ginF0.

PROOF. As above we can assume / > 0 without losing generality. For 0 < a < b

define

Qa,b(f, f) = (b-a)J dxHaf(x)Hbf(x).

The calculation

Haf(x) - Hbf(x) = Ex{e~a° - e-b°}f(Xa-)

= (b-a)Ex f dte-^-a^e-^f(Xa-)
Jo

= (b-a)Ex f   dte~btHaf(Xt)
Jo

establishes the identity

(4.13) HJ-Hbf = (b-a)G°bHaf

which implies that Haf — Hbf is in jF°. (This can also be deduced from the already

used fact that both / - Haf and / - Hbf belong to F°.) Thus

Ea(Haf, Haf - Hbf) = 0,    Eb(Hbf, Haf - Hbf) = 0

and subtraction gives

Ea(Haf - Hbf,Haf - Hbf) = (b-a)J dxHbf(x){Haf(x) - Hbf(x)}

which implies

(4.14) Ea(Haf - Hbf,Haf - Hbf) < Qa,t(fJ)-

Also, again since Haf — Hbf is in F°,

Eb(Hbf,Hbf)-Ea(Haf,Haf)

= Eb(Haf,Hbf)-Ea(Haf,Hbf)

= (b-a) f Haf(x)Hbf(x)dx

and therefore

(4.15) Eb(Hbf,Hbf)-Ea(Haf,Haf) = Qa,b(fJ)-

the inequality (4.14) implies Qa,b(f,f) > 0 and then equality (4.15) implies that

Ea(Haf,Haf) decreases with a and therefore Qa,b(f,f) —> 0 as b J. 0. Finally

(4.14) then implies that Haf, a > 0, is E Cauchy as a j 0. The same is true for

(f—Haf)a>0 which belong to F° and by Lemma 1.2 has a limit in F°. Equivalently,
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the Haf converge in Fr as a [ 0 to something which in fact must be H0f since

/ > 0 implies that Haf —* Hr,f pointwise by the monotone convergence theorem.

We have shown that H0f is in Fr and that / - Hr,f is in F°. The inequality (4.11)

and the orthogonality relation (4.12) follow by passage to the limit a J. 0. Finally

harmonicity follows from (4.10).    Q.E.D.

NOTATION. Ho denotes also the collection of harmonic functions in Fr.

For / in C™m(D) and hin Ho, integration by parts gives

(4.16) E(f,h)=0

valid for / in F° and h in Hq by passage to the limit in /. We can view H0 as the

E orthogonal complement of F° in Fr, keeping in mind that E is not a true inner

product on Fr since E(l, 1) = 0.

By harmonicity of H0f the integral on the right in (4.10) converges absolutely

for all / in FT and for all x in D.

5. The boundary.

LEMMA 5.1. There exists a countable collection Qo of bounded functions in Ho

which are E dense there.

PROOF. If we knew that Fr were a separable Hilbert space then by contractivity

there would be a dense sequence of bounded functions fm, m > 1, in Fr. The images

Hofm are E dense in Ho and bounded by (4.10). So we need only prove that Fr is

separable.

Let E(X), A > 0, be the spectral projections associated to the nonnegative defi-

nite selfadjoint operator —Ar. (See Kunze and Segal (1968).) For integer fc > 1 let

Mk = E(k)L2. Each Mk is a closed, possibly empty, subspace of both L2 and FT

on which the L2 and Ey norms are equivalent. Separability of the Mk and therefore

of Fr then follow from separability of L2.    Q.E.D.

Represent Qo from Lemma 5.1 as a sequence {hy, hi, ■ ■ ■ } and for m > 1 discard

hm if it is (0 for m = 1) linearly dependent on hy,..., hm-y. Denote by Qy the set

of functions surviving this depletion procedure.

For bounded /, g in Hq the product

(5.1) fg = \(f + g?~\(f-g?

belongs to FT by contractivity and therefore

(5.2) /#<? = Ho(fg)

is a bounded function in Ho-

Denote by Q the algebra over the rationals generated by Qy, multiplication being

the operator # of (5.2). Of course Q also is a countable Ey dense subset of H0.

Let W be the collection of functions ty defined on / in Q so that \w(f)\ < ||/||oo

(usual L°° norm on D). Equip W with the usual product topology so that it

becomes a separable compact Hausdorff space. The boundary d#D is the subset of

w in W satisfying

(5.3) w(f#g) = w(f)w(g),    w(af) = aw(f),

w(f + g)= w(f) + w(g),    / > 0 implies w(f) > 0
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with /, g in Q and with a rational.  Then d*D is a closed subspace of W and is

itself a separable compact Hausdorff space.

All functions f in Q are extended to d#D by the formula f(w) = w(f). Our

state space then is D# =DU d*D. Equip D* with the coarsest topology so that

D is open and its subspace topology agrees with its original Euclidean topology and

such that every / in Q is continuous on D*. Then for w in d#D, sets {x in D#:

[fj(x) — fj(w)\ < Sj for 1 < j < rn} with the fj in Q form a neighborhood basis at

w. Thus Xk, k>l,in D converge to w in d*D if and only if f(xk) —* f(w) for all

finQ.

LEMMA 5.2. For every x in D and a.e. dPx Xa — LimticrXt exists in the

topology of D* and belongs to d*D.

PROOF. For f in Q the process f(Xt), 0 < t < a, is a bounded martingale

and so L(f) = Lim^o- f(Xt) exists a.e. dPx for x in D. Since Q is countable, L

is a random functional on Q defined a.e. dPx, x in D. Certainly L satisfies the

second, third and fourth identities in (5.3). For /, g in Q fg = f#g + h with h in

F°. By Lemma 4.2 h(Xt) —+ 0 as t T a a.e. dPx and the first identity in (5.3) is

verified.    Q.E.D.

NOTATION. From now on Xa and Xa- denote the appropriate limit in d*D

rather than the dead point d.

The next lemma follows from an isoperimetric result of Weinberger (1962). This

and more is proved by Aizenman and Simon (1982), Appendix 3.

LEMMA 5.3.   There exists C > 0 such that

(5.4) JG°(x,y)dy<C

for all x in D.

PROOF. Choose R > 0 such that x in D and \x - y\ > R implies that y is not

in D. Then the integral is

< Exmf{t >0: [Bt-x[ = R}

= E0'mi{t >0:[Bt[ = R}.

For dimension n >  3 the last expression is c/0   drrn~xr2~n and for n = 2,

c/* drrlog(Rfr).    Q.E.D.

DEFINITION. Harmonic measure du is defined on Borel subsets V of d#D by

(5.5) v(V)= j dxPx(X„ is in V).

For h in Q and x in D

Exh2(Xa) = Ex ih(Xo) + ^ Vh(xt) dXt\

= h2(x) + Ex f [Vh[2(Xt)dt
Jo
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and integration in x gives

f dt)(z)h2(z) = f dxh2(x) + f dx j dyG°(x,y)\Vh\2(y)

< f dxh2(x) + C f dy[Vh\2(y)

by Lemma 5.3. This establishes the useful estimate

(5.6) j dv(z)h2(z) < cEy(h, h)

for h in Q. Bounded h in Ho can be Ey approximated by functions in Q and then

general h in H0 can be Ey approximated by its truncations. Thus (5.6) allows us

to extend by continuity from h in Q to h in Hq the definition of h on d*D as a

member of L2(d*D, dv). General / in FT is defined on d*D to agree with Hof-

In particular / in F° vanishes identically on d#D. Of course (5.6) continues to be

true for h in Hq.

CONVENTION. From now on

H0(x,V) = Px(XaisinV),

Ha(x,V) = Exe~a°I(Xa is in V).

If a subset V of d#D is dv null—that is v(V) = 0—then

(5.7) f dxH(x,V) =0

and so Ho(x,V) = 0 for almost every and therefore every x since Hq(x,V) is

harmonic. Thus the measures H0(x,dz), x in D are all absolutely continuous with

respect to harmonic measure v and so for / in Fr the random variable f(X<T)

is well defined a.e. dPx, x in D. Also if fk —► / in Fr then for a subsequence

fk(Xa) -» f(Xa) a.e. dPx, x in D.

LEMMA 5.4.   For f in Fr, x in D and a.e. dPx

(5.8) Umf(Xt) = f(X„).

PROOF. For / in F° the lemma is the same as Lemma 4.2 and so by Theorem

4.5 we need only consider the case when / is in H0- The proof of Lemma 5.2 implies

(5.9) f(x) = H0f(x) = Exf(Xa)

for / in Q. The extension to general / in Ho follows by the same approximation

used for (5.6). Then (5.8) follows from the martingale convergence theorem (p. 305

in Durrett (1984)).    Q.E.D.

6. Normal derivative and boundary conditions.

LEMMA 6.1.   Let D' be an open set with closure contained in D, and let f be

in F°. Then

(6.1) E00I(a(D') < oo)/* < oo

where /* = supt \f(Xt)\.
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PROOF. Let K = {x in D: \f(x)\ > t} for t > 0. By (3.0) in SMP, Cap(K) <
t~2E(f,f). By (5.9) in SMP, Cap(K) = Poo(a(K) < oo). Thus

(6.2) Poo(r>t)<r2E(f,f)

and so

E00I(a(D') < oo)/* < Poo(a(D') < oo) + E^f* - 1)+
/•OO

= P00(a(D') < oo) + /     Poo({/* - 1} > t) dt
Jo

= Poo(a(D') < oo) + E(f, f) f(t + I)'2 dt.    Q.E.D.

LEMMA 6.2. Let f be in the reflected space Fr and assume that A/ is in L2.

Then there exists a polar set N such that for x in the complement D\N and a.e.

dPx

rtho

(6.3) f(XtAcr) = /(Ao) + /       Vf(Xs) ■ dXs
Jo

y      rtAc

+ -/       Af(Xa)ds
* Jo

for all t > 0.

PROOF. Of course (6.3) is a standard formula in the "Ito calculus" when / is

C2. By Theorem 4.5 there exists (harmonic and therefore C°°) h in Ho such that

/ — h is in F°. Therefore we need only consider / in F°. Extend / to Rn by setting

f(x) = 0 for x in Rn\D.

Let <p(y) > 0 be radial (depends only on [y[), C°°, supported in the unit ball

centered at the origin and such that /R„ ip(y)dy = 1. Assume also that <p([y[) is

nonincreasing in \y\. For fc > 1 let

(6.4) pk(y) = knp(ky),

fk(y) = f*<Pk(y)=       dy <pk(y)f(x - y).
JRn

Each fk is C°° and so (6.3) is true with / replaced by fk-

Certainly fk —* f in L2 on Rn and by the description of F° given in the Introduc-

tion V/ is in L2 on R" and therefore also Vfk —* V/ in L2 on Rn. (Unfortunately

it is not true in general that A/*, —► A/ in L2 on Rn and this limits applicability

of the argument below.) For dimension n > 3 Brownian motion on Rn is transient

and so Theorem 3.13 in SMP guarantees the existence of a subsequence of the fk

which converges to / pointwise modulo a polar set. (It is easy to see that a subset

of D is polar for Brownian motion on Rn if and only it is for the absorbed process

on D.) For n = 2 the analogous argument works with Rn replaced by a sufficiently

large disk, obtaining a transient process. Thus in every case there exists a polar

set N' of D and a subsequence fk,k>l,oifk,k>l, such that

(6.5) f£(x)^f(x),        x in D\N'.
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In completing the proof we use the elementary fact that for g > 0 in L1 convolu-

tions fk * g are uniformly pointwise dominated by the Hardy-Littlewood maximal

function Mg, treated, for example, in Stein (1970a). This domination follows from

<Pk*g(x)=        dy<pk(y)g(x-y)
Jr"

—  /     drrn~1ipk(r) I   da(z)g(x — rz)
Jo Js

(S being the unit sphere in Rn and da uniform measure (surface measure) on S)

/•oo />r /•

=  /     dr(-<p'k(r))       dss"-1      da(z)g(x-sz)
Jo Jo Js

/•oo

< c /      dr(-<p'k(r))rnMg(x)
Jo

= cMg(x)

with usual convention that unspecified constant c may vary from line to line.

Also we need £>(,/> 1, an increasing sequence of open sets with closures con-

tained in D and with union D.

For a given / and for k sufficiently large and for x in Di the convolution /^

depends only on the values of / in some compact subset of D and so A/^(x) is not

effected by contributions to A/ on the boundary of D. So by the inequalities for

Mg proved in §1.1 of Stein (1970a), the functions

|V/|*= sup|V/fcA|,    |A/|* = sup |A/A|
fc>fco k>ko

(fco depending on Dj) are in L2 on D\. By §1 in SMP

(6.6) S(x) = Ex["        d«{|V/r2(At) + |A/|*(At)}<oo
Jo

for almost every x in Di. But S(x) is superharmonic in Di and therefore S(XtA(T'r)^),

t > 0, is a supermartingale. This implies that if

Ni = {x in Di: S(x) = +00}

then Px(a(N{) < 00) = 0 for x in Di such that S(x) < 00. Therefore Ni is polar.

By the corollary at the bottom of p. 5 in Stein (1970a)

(6.7) V/A(x)-V/(:r),    A/fcA(x)->A/(x)

as fc —► 00 for almost every x in D\. (This also depends on domination by the

Hardy-Littlewood maximal function established above.) If Borel K is dx null then

for every x in D

Ex f  I(XS is in K) ds = 0.
Jo

Thus (6.7) implies that for x in D[ and a.e. dPx

(6.8) V/fcA(As)-V/(As),    A/fcA(As)-A/(As)
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for almost every s such that 0 < s < a(Di). This combines with (6.6) to imply that

for x in Di\Ni

rtAa-(Di) rtAa(D,)

(6.9) / Af£(Xs)ds-+ Af(Xs)ds
Jo                                    Jo

a.e. dPx and that

/•tAo-(D,)

(6.10) Ex / |V/fcA(As) - Vf(Xs)\2 ds - 0.
Jo

By §2.1 and Appendix A.5 in Durrett (1984), (6.10) implies

rtAo-{Di) rtAc(Di)

(6.11) / V/,A(AS)   dXs^ Vf(Xs) ■ dXs
Jo                                         Jo

almost everywhere dPx. Now (6.5), (6.9) and (6.11) imply (6.3) with a replaced by

a(Di) for a; not in the polar set N' U Ni.

Finally

(6.12) Ex f" ds {Af(Xs) + |V/|2(AS)} < oo
Jo

a.e. dPx with x in D\N" with N" polar by the same argument which gave (6.6)

modulo a polar set. This allows us to pass to the limit / T oo in (6.3) with a replaced

by a(Di) to obtain (6.3) as written a.e. dPx for x in D\N with N the polar set

N'\JN"\J((JlZyNi).   Q.E.D.

LEMMA 6.3.   Let h be in H0.  Then

1. (h)' = sup,.^^ \h(Xt) - h(Xs)\ is in L2(Q00,dP00).

2. Ex{h(Xa) - h(Xa.)}2 = / dx\Vh[2(x).
3. For f in Fr with Af in L2

j dxVh(x) • V/(x) = SooWAo-) - h(Xa.)}{f(Xa) - f(X„.)}.

PROOF. Let D' be open with closure contained in D. Then

£oo    sup    \h(Xt) - h(Xa{DI))[2I(a(D') < oo)
t>cr(D')

< 4£?00|h(X«r) - h(Xa(D,))[2I(a(D') < oo)

(by Doob's maximal inequality for p = 2, Appendix A.6 in Durrett (1984))

= 4E00I(a(D') < oo) /        dt [Vh\2(Xt)
Ja(D')

(§2.1, ibid.)

<4 f dx[Vh[2(x)

by (2.3). By time reversal invariance, conclusion 3 in Theorem 2.1, the same is

true with a(D') replaced by the last exit time from D', a*(D') and with t > a(D')

replaced by t < a'(D') in the interval of integration. Conclusions 1 and 2 follow

from these estimates.
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For conclusion 3 note first that Lemma 6.2 implies

(6.13) \l(a(D)'<oo) T     Af(Xt)dt
L Jc(D')

= I(a(D') < oo) J f(Xa) - f(Xa(DI)) - r     Vf(Xt) ■ dXt \
{ Jo(D>) J

a.e. dPoo- By Lemma 5.4 and Theorem 2.1

(6.14) I(a(D') < oo)/(XCT(D,)) - /(A>)

a.e. dPoo as D' increases to D. Also

(6.15) IHD') < oo) f     Af(Xt)dt -+ P Af(Xt)dt
Jo-(D') Ja'

a.e. dPoo since

Ex f   [Af\(Xt) dt < oo.
Jo'

Also

I(a(D') < oo) /"       Vf(Xt) ■ dXt
Ja(D')

converges in L2(DO0,dPoo) since

Eoo f   \Vf\2(Xt)dt=  f dx\Vf\2(x)< oo.

This together with (6.14) and (6.15) allows us to pass to the limit D' T D in (6.13)

and obtain

(6.16) ±j\f(Xt)dt = f(Xa) - f(Xa.) - J\f(Xt) ■ dXt.

This implies in particular that the left-hand side is in L2(fioo, dPoo) since the terms

on the right are. Conclusion 3 follows since by time reversal invariance

Eoo (f Af(Xt) dt) fy* Vh(Xt) ■ dX^j

= 2Eoo j" Af(Xt) j   V/i(As) • dXs = 0.    Q.E.D.

As noted in the introduction / belongs to domain (Ar) with Ar f = g if and only

if the following two conditions are satisfied.

GENl. / is in FT.

GEN2. For all h in Fr

(6.18) E(f,h)+ j dxg(x)h(x)=0.

For h in C™m(D) integration by parts gives g — \Af. Therefore Gen2 can be

replaced by the following two conditions.

GEN2.1. A/is inL2.
GEN2.2. For all h in Fr

(6.19) / dx Vf(x) ■ Vh(x) + f dx Af(x)h(x) = 0.
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If / satisfies conditions Genl and Gen2.1 then Gen2.2 is equivalent to (6.19) for

bounded h in Fr. By Theorem 4.5 there exists bounded hy in F° such that h - hy

is in H0. We have seen that (6.19) is true for hy and so we need only verify (6.19)

for bounded h in H0.

DEFINITION, tp defined on d#D is a test function if it is the boundary value

(restriction to d#D) of some / in Fr.

DEFINITION. For / in Fr its normal derivative is the function df/dn defined

on test functions tp by

df/dn(tp) = lim EooV(X0.)I(a(Dk) < <x>){f(Xa.) - f(Xa{Dk))}.
fcfoo

The Dk, fc > 1 are as in the proof of Lemma 6.2.

Now we prove the theorem stated in the Introduction. From (6.3) follows

E00f(Xa.)I(a(Dk) < oo){/(AV) - f(Xa{Dk))}

= E00tp(Xa.)I(a(Dk) < oo){/(AV) - f(X„)}

+ Eoof{Xa')I(a(Dk) < oo) f       Vf(Xt) ■ dXt
J<r(Dk)

+ Eoof(Xa. )I(a(Dk) < oo) [        ^Af(Xt) dt.
Jo-(Dk)

By time reversal invariance and Lemma 6.3 the first term converges to

= \Eoo{tp(Xa) - <p(X„.)}{f(Xa) - /(AV)}

= \JdxVH0tp(x)-Vf(x).

The second term vanishes by conclusion 1 in Theorem 2.1. Passage to the limit in

the third term gives

Eoof(X^) f \Af(Xt)dt
Jo'

which by time reversal invariance

= £oo f \Af(Xt)dtf(X(T).
J a'

Replacing tp(Xa) by its conditional expectation Hop(Xt) and using (2.3), we get

- / dxH0tp(x)Af(x).

Thus

(6.22) df/dn(<p) = i J dx {V/(x) • VH0<p(x) + Af(x)H0<p(x)}

and we are done since every h in H0 can be represented h — H0tp.     Q.E.D.

7. Direct reduction to the classical formula for D smooth. In this section

D is bounded and has C°° boundary. We begin by showing that the abstract

boundary d*D of §5 can be constructed so that it is identical to the Euclidean

boundary dD.

In Lemma 5.1 choose Qo so that each / in Qo is C°° on the closure of D and

so that the corresponding algebra Q, restricted to the boundary dD, is dense in
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C(dD). Every point w in d*D is a bounded linear functional on Q which is

nonnegative on nonnegative functions. So by the Riesz theorem there is a unique

Radon measure dv on dD such that

w(f) = f    dv(z)f(z),    f in Q.
JdD

The multiplicative property w(f#g) = w(f)w(g) in (5.3) implies that dv has mass

one and is concentrated at a point ipw in dD. This map tp: d*D —» dD is easily

seen to be bijective. Finally, it is easy to see that the Euclidean topology on the

closure D~ = D U dD agrees with the topology specified in §5. This completes the

identification of d*D with dD.

Since D is C°° the exterior unit normal Nz is well defined and a smooth function

of z in dD. For / defined on the closure D~ its "classical" normal derivative is

Dnf(z) = Vf(z) ■ Nz.
The potential density G°(x,y) is C°° for x ^ y in D~. (See the subsection on

the "method of layer potentials" in Jerison and Kenig (1982).) In particular, for

x in D

(7.1) DnG°(x,y) = VzG°(x,z)-Nz

is well defined and continuous for z in dD.

Let / be continuous on D~ and harmonic in D. For x in D

-\AyG°(x,y) = 6x(dy)

the unit point mass at x, and so

(7.2) f(x) = -l-jdyf(y)AvG°(x,y)

= \j dy{G°(x, y)Af(y) - f(y)AyG°(x, y)}

= \j dydiv{G°(x,y)Vf(y) - f(y)VyG°(x,y)}

= -\f    da(dz)f(z)DnG°(x,z)
1 JdD

by the classical divergence theorem since G°(x, z) = 0 for z in dD. Here da denotes

surface measure which can be defined in the usual way since D is smooth.

Here and below the operator Dn in the expression DnG°(x, z) acts on the second

variable.

Let H0{x, dy) denote the exit measure on dD with starting point x. That is, for

(p > 0 on dD

f    H0(x,dz)<p(z) = Ex(p(Xa).
JdD

In particular for / continuous on D~ and harmonic on D

f(x) = JH0(x,dz)f(z).

Together with (7.2), this implies

(7.3) H0(x,dz) = -±DnG°(x,z)da(z).



NORMAL DERIVATIVE FOR BOUNDED DOMAINS 805

Assume that the origin 0 is in D. In this section it is convenient to take

(7.4) H(dz) = Ho(0,dz)

as "harmonic measure". Then

H(dz) = -\DnG°(0,z)da(z).

By Hunt and Wheeden (1970) the Martin kernel K(x,y), which is continuous and

strictly positive for x in D and y in D~, satisfies H0(x, dz) = K(x, z) dH(z) and so

for x in D and z in dD

(7.5) K(x, z) = DnG°(x, z)/DnG°(0, z)

except possibly for z sets of harmonic measure 0. By continuity, (7.5) is true

whenever DnG°(0, z) ^ 0. We verify now that this is true for all z, and indeed that

(7.6) DnG°(x,z) <0,    x in D, z in dD.

From (7.5) it follows that if DnG°(0, z) = 0 for a given z in dD, then DnG°(x, z) =

0 for all x in D. But this is impossible. Using local coordinates it is easy to

construct smooth / vanishing on dD such that Dnf(z) ^ 0. Such / belongs to the

domain of the absorbed generator Ao and therefore

f(x) = -l-JG°(x,y)Af(y).

This implies

Dnf(z) = -\f dyAf(y)DnG°(y,z) = 0,

a contradiction which proves (7.6).

Let Dy be open with closure contained in D and denote by h its equilibrium

potential, that is, h(x) = Px(a(Dy) < oo). Then h(z) — f dp(y)G°(y,z) with dp

equilibrium measure for Dy. For z in dD

Dnh(z) = j dp(y)DnG°(y,z)

and since dp is bounded, the above arguments imply that Dnh is continuous and

bounded away from zero on dD. Also V/i is continuous on D~ since D is smooth.

Consider now / and 0 as in §6—only assume in addition that A/ is bounded

and V/ continuous on D~. We use now the idea of Gundy referred to in the

introduction.

It is convenient to specify

Dk = {xinD: h(x) > 1/fc}.

Then

(7.7)
E00(P(Xa.)I(a(Dk) < oo){/(AV) - f(X(a(Dk)))}

= E00(P(X<J.)I(a(Dk) < oo)E00({f(X(T.) - f(X(a(Dk)))}\Xa.,a(Dk) < oo),

the last occurrence of i?oo denoting conditional expectation given Xa- and the event

a(Dk) < oo.
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The thus conditioned process Xt, a* <t < a(Dk), is absorbed Brownian motion

on the complement D\Dk, conditioned on exiting via dDk rather than dD. Since

kh(x) = Px(a(Dk) < oo),    x in D\Dk,

the conditioned generator is

and we can replace the conditional expectation on the right-hand side in (7.7) by

-j {-Af(Xt) + -Vh-Vf(Xt)jdt

to get

-EooHXa- )I(a(Dk) < oo) /"    '   { \*>f{X*) + \^h- V/(X*)} dt

and then

(7.8) -Eoo<P(Xa.) J \—Af(Xt) + Vkh-Vf(Xt)\dt

since I(a(Dk) < oo) can be replaced by kh(t) inside the integral by (2.1).   The

same argument can be made with / replaced by h to give

(7.9) E00(p(X<7.)I(a(Dk) < oo){h(Xa.) - h(X(a(Dk)))}

= Eoo(p(XrT.) f    " k\Vh\2(Xt)dt.
Ja'

With the help of the additive functional determined by dp in SMP, the proof in §6

can be adapted to show that dh/dn((p) exists and is equal to

(7.10) ]- j V/i ■ VH0(p(x) dx- f dp(x)HQ(p(x) = - j dp(x)H0(p(x)

since the dx integral vanishes by (4.12) because h is in F°. From the definition of

dh/dn((p) it follows that (7.9) converges to (7.10) and in particular

rc(Dk)

(7.11) LimEooHXcr-) / [Vh\2(Xt)dt
*Too                        Ja.

= - [ dp(x)H0(p{x) = [    da(z)(P(z)Dnh(z),
J JdD

the last step following from (7.3) integrated against dp(x).  Since V/i is bounded

away from 0 in any neighborhood of dD, the expression

|A/(At) + Vn-V/(At)

in (7.8) is asymptotic as t J. ct* to

(l/|Vn|2)(AV)V/ . Vh(Xa.)\Vh[2(Xt)

and it follows that

(7.12) df/dn(<P)= f    da(z)(l/\Vh\2)Vh-Vf(z)(P(z)Dnh(z).
JdD
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Since h vanishes on dD V/i = -Dnh, V/i • V/ = DnhDnf on dD. Substituting

this into (7.12) and applying (7.11), we get

(7.13) df/dn(d>)= f    (P(z)Dnf(z)da(z),
JdD

the desired result.

We do not believe that (7.13) is valid for general / satisfying the hypotheses

of our main theorem but certainly weaker additional assumptions would suffice.

However questions about the domain D seem more promising. We know that

(7.13) can be extended to Lipschitz domains using the techniques in Jerison and

Kenig (1982)—especially Lemmas 3.3 and 3.4. Is (7.13) true whenever da is well

defined? Is there a version of (7.13) which is true more generally?

8. Two examples done another way.

EXAMPLE 1. The dimension n = 1 and D = (0,1), the unit interval. The

potential density is

G°(x,y) = 2xny(l-xl)y).

The approximating sets are

DE = (e, 1 - e)   with 0 < e < 1/2.

The equilibrium measure pe is

p£ = (l/2e){6e + S1+£}

with 6X denoting the usual point mass at x.

Suppose that / is in Fr with A/ = /" in L2. Then V/ = /' is continuous on

the closure of D. The points e, 1 — e can be reached only from 0, 1 respectively at

the first entrance time a(D£). Thus for tp a test function

E00f(Xa.){f(Xa.)-f(Xa{Dc))}

= (l/2e)(tp(0){f(0) - f(e)} + <p(l){f(l) - f(l - e)})

-^-ltpf'(0) + ^f'(l)

in agreement with (0.10).

EXAMPLE 2. The dimension n = 2 and D is the upper half plane R\ =

{(x,y): x is real and y > 0}. The approximating sets are shifted versions De =

D + (0,e). It is convenient to write here B£ = D\D£.

The main step is to find the Poisson kernel Ke(z, t) for Be conditioned on hitting

the upper boundary y = e before the lower one y — 0. Here z = (x, y) in De and

t labels (t, e) in the upper boundary. Using the complex structure (z = x + iy) on

R2, we define the map w — enzl£ which takes Be into R\ in such a way that the

upper boundary of BE corresponds to the negative half axis in the boundary of R\.

Let z = (x,y) in B£ correspond to w = (u,v) in R\ and let t labeling a point in

the upper boundary of Be correspond to s < 0. Then

u = e*x/E cos(rry/e),    v = e™lE sin(-Ky/e),    s = -ent/£.

Let h be bounded and harmonic on B£ and continuous on the closure. Then h is

harmonic also as a function of w and so by the theory of harmonic functions on i?2.
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(Stein (1970a)),

h(z) = h((e/n)logw)

= lf°   dch((e/n)log(-s))v
W-oo              (s-u)2+V2

= ie^/eSyjm   f°     ds_h((eMlQg(-s))_
tt V e / J_oo      {(s-enx/ecos(Try/e))2 + e2™/esin2(-!ry/e)}

= lsin(W)[°   dc h((e/7r)log(-s))e^
*       ^ £■ ' J-oo      {e2*x/£ + s2 - 2se*xl£ cos(rry/e)}'

Substituting / = (s/7r)log(-s) for s and multiplying numerator and denominator

by e_2,rt/£ gives

/1\   .   (Try\  f+°°     _eAx-t)/e_

[Z)~ \e)Sm\T) J_oo       {e2*(*-')/e + l + 2e*(*-«>/* cos(7ry/e)}'

Finally, division by the exponential in the numerator gives

K£(z,t) = (l/e)sin(ny/e)l{e'r(x-t)l£ +e-*{-x~tV£ + 2cos(iry/e)}.

Equilibrium measure for D£ is (l/2e)x (Lebesgue measure) on the line y = e.

Extend tp to R\ so that <f(x,y) — tp(0,y). Then for 0 < a < e

2a£      \ £ J J_oo J-oo        {e<x-fy£ + e-"(x-tV£ + 2cos(Tt-a/e)}

Assume now that tp is bounded and continuous with compact support and that /

is bounded and C1 on the closure of R\ with V/ bounded. Then passage to the

limit a J. 0 gives

E00<p(X0.)I(a(De) < oo){f(Xa.) - f(Xa(Dt))}

/ + oo /- + 00 /   1   \
d/ J        ds l-\ <p(t){f(t, 0) - f(s, e)}Q£(t - s)

with Q£(t) = (l/e)Q(t/e) and Q(t) = (7r/4)sech2(7rt/2). Replacing (t - s)/e by s

in the ds integral, we get

1 f dt tp(t) j ds Q(s){f(t, 0) - f(t + se, e)}.

Finally

f(t, 0) - f(t + es, e) = esdf/dx(t, 0) - edf/dy(t, 0) + 0(e2)

and since / Q{s)sds = 0 and / Q(s)ds = 1, passage to the limit e j 0 yields

in agreement with (0.10).
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