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CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE

EDGAR H. BROWN, JR. AND ROBERT H. SZCZARBA

ABSTRACT. Various aspects of homotopy theory in the category of simplicial
spaces are developed. Topics covered include continuous cohomology, continu-
ous de Rham cohomology, the Kan extension condition, the homotopy relation,
fibrations, the Serre spectral sequence, real homotopy type and its relation to
graded commutative differential algebras over the reals.

1. INTRODUCTION

In this paper we investigate various aspects of homotopy theory in the cat-
egory of simplicial spaces, the topics covered being continuous cohomology,
continuous de Rham cohomology, the Kan extension condition, the homotopy
relation, fibrations, the Serre spectral sequence, real homotopy type and its re-
lation to graded commutative differential algebras over the reals. The paper is
organized around stating and proving results which, roughly speaking, estab-
lish an equivalence between the category of simplicial spaces localized at the
reals and the homotopy category of differential graded commutative topological
algebras over the reals. The choice of categories and the formulation of defi-
nitions in these categories has been guided by our aim of applying homotopy
theory to the spaces BI" p arising in the study of foliations [8] and to secondary
characteristic classes of foliations.

In the next section, we state our results and, at the end of the section, give
various examples of simplicial spaces occurring in nature.

We are pleased to acknowledge several very helpful conversations with
William Dwyer and Dan Kan during the early stages of this work. We are
also indebted to Stephen Semmes for assistance with questions relating to lin-
ear topological vector spaces.

2. STATEMENT OF RESULTS

In this section we introduce our main definitions and notation and state our
principal results.

For a category %, A% will denote the category of simplicial & ’s; . de-
notes the category of sets and hence A% is the category of simplicial sets; 7
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58 E. H. BROWN, JR. AND R. H. SZCZARBA

denotes the category of compactly generated, Hausdorff topological spaces ([21],
we discuss topologies in §4). If 4, B are objectsin %, (4, B) denotes the set
of morphisms from 4 to B. For X,Y € A7 , we make (X,Y) an object
in J by viewing it as a subspace of [](X g Yq) where the product topology
and the function space topology on (X g Yq) are in the sense of products and
function spaces in 7 (see §4).

If X €AY and G is a topological abelian group, we define the continuous
cohomology groups of X with coefficients in G by

HY(X;G) = H,(C"(X;G),d),

where CY(X;G) is the set of all continuous u: X , — G satisfying us; = 0,

0<i<gq,and
g+l

(Bu)(x) = Y _(=1)'u(d,x).
i=0
Here 0, and s; are the face and degeneracy mappings of X. If G is a
topological ring, we define cup products in C*(X;G) in the usual way; for
ueCl(X;G), ve CYX;G), uv e C’*(X;G) is given by

(uv)(x) = u(asz)v(a()px)

for x e X ptq This multiplication defines a multiplication in H*(X;G). In
particular, if R denotes the real numbers, then H*(X) = H*(X;R) is a graded
commutative algebra. (See §3.)

Note that H?(X) is a topological linear space (not necessarily Hausdorff)
with topology coming from X P If X is a simplicial space with the discrete
topology (that is, a simplicial set), then H"(X) is the ordinary, real cohomology
ring of X .

Remark. Many authors have defined notions of continuous cohomology in vari-
ous contexts. (See Mostow [16, pp. vi, 9-10] for a discussion of some of these.)
In particular, Mostow [16] considers continuous cohomology theories on a cat-
egory whose objects are continuous mappings i: Y’ — Y of topological spaces.
His theories satisfy four axioms and, in some cases, are characterized by these
axioms. The relation between Mostow’s continuous cohomology and ours can
be described as follows. Let X be a simplicial space and let X ° denote X in
the discrete topology. If T is any continuous cohomology theory in the sense
of Mostow and if each X . is a paracompact, then

* o *
T (IX°| — I1X1)) ~ H (X),

where || || is the fat (or unnormalized) geometric realization functor (see [19]
or [16, p. 68]) and ||X§|| — || X|| is induced by the natural mapping X ox.
(See Corollary 7.5 of [16].)

Let A[g] be the simplicial standard g-simplex, that is, all tuples (i, i, , ...,
i,) where 0 < i, <i <--- < i,<q.Lete:Alg—1]— Alg] and d;: Alg+1]
— A[g] be the usual face inclusions and degeneracy projections. We form a
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CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE 59

simplicial Eilenberg-Mac Lane space, K(G, n) € A7 , in the usual way, namely
K(G,n), =Z"(0l4];G),

where Z" denotes normalized cocycles topologized via the topology on G,
9, =e; and s, = d; . Note that K(G,n) is actually a simplicial topological
abelian group.

We now define a continuous version of the Kan condition. Let X be a
simplicial space and I = {i,,... i}, 0<i <i,<---<i<¢q, 1<I<
g. Let X(q,I) be the subspace of the /-fold product (X q_l)l of [-tuples
(x; ,x,./) such that 0x; = Bj_lxl. for i,jel, i<j,andlet

fr e
D ,:Xq—»X(q,I)

be given by p, ,(x) = (0, x ,6ilx). If kK ¢ I,define 5,71=1{j,,....J},

1
where .
fori, <k,

. {lm
Im = . .
m i,+1 fori >k

Definition 2.1. A simplicial space X is Kan if, for each ¢ > 0 and I as above,
there are mappings

A, X, D) - X,

satisfying
(i) 4, are continuous,
(i1) pq ,Aq ; = identity,
(iii) if k or k+ 1 €1, then, for all x € Xq 1> Ag 1Py 1(8%) =85,x,
(iv)if k,k+1 ¢ I and hence I —sk , then

Ay 1Py 1 X) =8 A,y Dy (%)
(Conditions (iii) and (iv) assert that A4 . +1( ,xil) is degenerate if the x,

are such as to make this possible in Wthh case the A’s commute with the
degeneracy operators.)

Remark. 1t follows from Lemma 6.8 of [13] that our continuous version of the
Kan condition reduces to the usual version when X is a simplicial set. The
definition was chosen so that if X is Kan, then the simplicial function space
F (Y, X) is Kan for any simplicial space Y ; see Theorem 2.17.

In §6, we show that if ¥ € A7 is Kan, homotopy is an equivalence relation
among maps from X to Y forany X € A7 . (A homotopy in AY is a map
F: X xA[l] = Y.) If [X,Y] denotes the set of homotopy classes of maps
from X to Y, the usual arguments yield:

Theorem 2.2. The simplicial space K(G,n) is Kan and there is a natural iso-
morphism
H"(X;G)~[X,K(G,n)],
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60 E. H. BROWN, JR. AND R. H. SZCZARBA

where the group structure on [X ,K(G,n)] is defined using the group structure
on K(G,n).

The proof of this result is given in §3. The following result makes possible
our analysis of real homotopy types.

Theorem 2.3. According as n is even or odd, H*(K(R ,n);R) is a polynomial
or an exterior algebra on one generator in dimension n.

Our original proof of this result, outlined in [5], made use of a version of the
Van Est theorem for simplicial Lie groups. Our present proof, given in §9, uses
a continuous cohomology analogue of the Serre spectral sequence of a twisted
cartesian product of simplicial spaces and the Van Est theorem for n = 1.

We next develop a de Rham approachto H*(X). Let &/ denote the category
of differential graded, topological algebras over R with unit which satisfy the
following conditions: If 4 € &/ and 4 =Y A4”,then 4° =0, p<0,each 47
is a locally convex Hausdorff topological vector space over R, d: A” — 4"+,
and multiplication 4” x A7 — A”*? is continuous. We denote by &/ % the full
subcategory of ./ consisting of those algebras which are commutative in the
graded sense: ab = (—1)"?ba, where ac A, be A?.

Following the techniques developed in [3], a central object for our study is
the algebra of differential forms on the standard simplex:

Al = {(zo,zl,... 1) R Zzl:l,zizo}_

There are several possible choices for these forms, all giving the same theo-
rems, namely, differential forms with polynomial coefficients or with C*° func-
tions as coefficients. We emphasize C™ functions. Let Qg be the space of
C® differential p forms on A? with the C* topology. The face inclusions
and degeneracy projections, e,: AT AT d;: A™!" . A induce face and
degeneracy maps 9,: Qfl’ — Q| and s;: QZ - QZ .- Then, for fixed p,
Q° = {Q,8,,s5,} isan AT and, for fixed ¢, Q, =3, Q) isin & (with
differential the exterior differential). Combining these two structures, we obtain
Q={Q_,9,,5} in A¥Z . (Note that Q) €7 because it is metrizable [21].)

Another useful gadget of this sort is the group of simplicial cochains on the
standard g-simplex. For any topological abelian group, let C : (G) be defined
by

Cl(G)=C"(Al4]: G),
the group of normalized cochains on A[g] with values in G topologized in the
usual way. Then, just as above, we obtain C”(G) e AT, C ,(G) € & (using
cup product as multiplication), and C(G) € A¥ .

If XeAT ,let (X,QPF) be the set of simplicial mappings, (X ,Q”) topol-
ogized as a subset of the cartesian product [](X,,Q7), where (X,,Q) has
the compact open topology. The linear structure on Q” makes (X ,Q”) into
a locally convex Hausdorff space. (We have not passed to compactly gener-
ated topologies on (X, ,QZ ) because this might destroy the local convexity.)
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CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE 61

Let &/ (X) € % be defined by &”(X) = (X,QF), the space of contin-
uous simplicial mappings from X to Q. Multiplication of forms defines
& (X)=Y#P(X) as an object in &/ Z .

An element @ € & ?(X) assigns to each g-simplex x € X , a differential
p-form on A , and these forms fit together along faces, e;' w(x) = w(9,x), as
well as respecting degeneracy. We think of &/ (X) € &/ % as the algebra of
differential forms on X .

In a completely analogous fashion we set

Ci(X;6)=(X,CY0))
and obtain C(X;G) € & . It is easy to see that this definition of C(X;G)
agrees with our earlier definition. (See Lemma 3.5.)
In §5 we define a simplicial map ¥: Q — C(R) and composition with ¥
gives a map
¥: o/ (X)— C(X)=C"(X;R).
This map is the usual map which, for v € #?(X) and x € X o is given by

Y(w)(x) = /Ap w(x).

We define the continuous de Rham cohomology of X by HZR(X ) =H_ (¥ (X)).
In §5 we prove

Theorem 2.4. The map ¥ induces a ring isomorphism ¥: Hj(X) — H (X).

We next describe a simplicial space A(A) for an algebra 4 € &% which
has the property that if A4 is free, nilpotent, and of finite type (see definition
below), then

H, (4) ~ H (¥ (A(4))).

If A,Be¥/%,weform A® B € &% algebraically in the usual way and
with the projective topology on A4 »® Bq ([23]; the projective topology is the
strongest topology making A ,®B, into a locally convex topological vector space
such that 4 , XB,— 4,08, is continuous).

If A, B €. &/ wetopologize (4, B) soitisin J as follows: For a topological
space U let k(U) be U with its compactly generated topology (see §4). For U
and V in J their  product is k of their cartesian product and (U, V) is
topologized by k of the compact open topology. Then, working in 7, (4, B)
is topologized as a subspace of [[(4,,B )

In general, for '€ A, X € A and A€ &, weform 'R A4 € AY ,
(X, e and (4,T) € AT by

Ted),=T,©d4, (X, I))=(X,I"), (4,1),=(4,T,).

For A € &/ & we define its real simplicial formby A(A) = (A, Q). For example,
if A = R[x] is the polynomial or exterior algebra on a generator x in dimension
n with dx =0, then

A(R[x)), = {w € Q;: do = 0}
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62 E. H. BROWN, JR. AND R. H. SZCZARBA

which, as we will see in §9, is a differential form model of K(R,n). If A =
R[x,y], dx =0, and dy=xk, then

kn—1

. du=0, dv = u""}

AA4), = {(u,v) € Q) xQ

is a two-stage Postnikov system.
Note that A: Y% — A9 and & : A9 — &% are contravariant functors.
We next define the notion of an algebra 4 € &/ % being FNF, that is free,
nilpotent, and of finite type. If 4 € Y%, a € A" and da = 0, we define
Alx] = A, [x] € &% tobe AQR[x] as a graded topological algebra, dimx = n,
and we define the differential by

dbex)=db®x+(-1)’(ba®1)
for b € A" .

Definition 2.5. An algebra 4 € &/ % is FNF (free, nilpotent, and of finite type)
if it is isomorphic to |J 4, where 4, =R and 4, = 4, ,[x]. We also require
that for any m, there is an n such that 4™ = 4" . We say that A is minimal
if, in addition, da is decomposable for all a € A. An algebra B € &/ % is NF
(R-nilpotent and of finite type) if there is an FNF algebra 4 and f: 4 — B
inducing an isomorphism on homology.

The proof of the next result is straightforward and left to the reader (see, for
example, [3, Proposition 7.4]).

Theorem 2.6. If A € &/% is R-nilpotent and of finite type and if Hy(A) ~ R,
then there is a minimal algebra M and f: M — A such that f : H (M) —
H (A) is an isomorphism. If f': M' — A is another such pair, there is an
isomorphism h: M — M' such that f'h and [ are homotopic (see below for
the definition of homotopy in /). If A € /'€ is of finite type, Hy(A) ~ R,
and H (A)~0, then A is R-nilpotent.

For any 4 € &/ %, we have a map i: A — & (A(A)) defined by i(a)(u) =
u(a). In §4 we prove

Lemma 2.7. If for each p, A” has compactly generated topology ( for example,
if it is metrizable) then i: A — /' (A(A)) is continuous.

In §9 we use the Serre spectral sequence for continuous cohomology to prove

Proposition 2.8. If A is FNF, then i_: Hq(A) — Hq(Ja/(A(A))) is an isomor-
phism for all ¢ >0.

For any simplicial space X, define j: X — A% (X) by the formula
(2.9) Jjx)(w) = w(x)
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CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE 63

for xe X, weH(X)=(X,Q). In §4 we prove
Lemma 2.10. The mapping j: X — A (X) defined above is continuous.

Theorem 2.11. If &7 (X) is connected, R-nilpotent and of finite type, there is a
minimal algebra M and f: X — A(M) such that

fTHY (AM)) —» H™(X)

is an isomorphism. Furthermore, if M' and f' are another such pair, there is
an isomorphism h: M — M’ such that fA(h) and f' are homotopic.

Since the proof is short we include it here. Suppose X is R-nilpotent and of
finite type. By Theorem 2.6 there is a minimal algebra M andamap g: M —
& (X) such that g induces an isomorphism on H_. Let f: X — A(M) be the
composite:

X L A (X)) %8 AM).
By Theorem 2.4 it is sufficient to show that &/ (f): & (A(M)) — & (X) induces
an isomorphism on homology. Consider the commutative diagram

AAM) L2, Ao (X)) 2L, o7 (x)

T[M T'iw.n

M £ X
One easily checks that &/ (j,)i 7 (X) is the identity. By Proposition 2.8, i,, in-
duces an isomorphism in continuous cohomology as does g by construction.
Hence &/ (j,A(g)) = & (f) induces an isomorphism in continuous cohomol-
ogy. The last part of Theorem 2.11 follows from Theorem 2.6 and the fact that
A preserves homotopy (see Theorem 2.19 below).

The relation between the homotopy types of X and A(M) in A and the
relation between their associated simplicial sets (forgetting the topology) is at
present unclear to the authors. For example, it is probably true that |A(M)| is
contractible. We next give very stringent hypotheses on X which will ensure
that X and A(M) are related as one would most optimistically expect. (See
Theorem 2.13.)

Suppose X € A7 is Kan, x, € X is a base point and #,(X,x;) denotes
the usual homotopy groups of X as a simplicial set, with the topology coming
from the topology on X, ; n, (X, x,) is a quotient of

{xeX,:0x=x,, 0<i<n}
with the quotient topology. Let

n"(X,x,) = Hom__ (7, (X X,),R)

cont

Suppose 7 is a topological abelian group, X € A7 , u € C"“(X , ), and
ou=0.Let p: E, — X be the fibration (see §6)

E(u), = {(x,v) € X, x C"(Alg]; G)|t,u = dv},
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64 E. H. BROWN, JR. AND R. H. SZCZARBA

where p(x,v) = x,and ¢ : A[g] — X isthe unique map such that ¢ (0, ... ,q)
=x.

Definition 2.12. The simplicial space X has a simple Postnikov system if it
has the homotopy type of X' in AF and X' = limX,, X, = E(u,), u,¢€

C”‘L'(Xn,l ;m,), where =, is a topological abelian group and X; = pt. If in
addition, each 7, is locally Euclidean we say that X is of finite type. Note that
n,(X') ~ n, as topological groups.

In §10 we prove

Theorem 2.13. If X has a simple Postnikov system and is of finite type, and if
f: X — AM) is as in Theorem 2.11, then

£ror AM) ~ 7' (X).
Furthermore, ' (A(M)) ~ (M/M )" where M C M is the ideal of decomposable
elements.

Remark. If X € A% is simple and of finite type, then, viewed as an object in
A with the discrete topology, it has a simple Postnikov system and is of finite

type.
We next investigate how maps behave under the functor A. Suppose A4, B €

& € . Following [3], we define a function space ¥ (4, B) € A by
F(A,B)=(4,Q%B).

Thus a g-simplex in % (A4, B) is a DGA map 4 — Q,® b and the face and
degeneracy mappings are defined in terms of those for . Note that A(A4) =
F(A,R). As usual, we define F(X,Y)€e AT ,for X,Y € AT by

F(X.Y),=(Alg]x X, Y).

Let composition
(2.14) O.F(A,B)yxF(B,C)—>F(4,C)
be defined by
(4.Q,9B)x(B,D,®C) %" (4,0,0B)x(Q,®B,Q,8C) % (4,Q,0C),
where ¢, is the usual composition and b(u)(w ® b) = (@ ® 1)(u(b)) .

Taking C = R in (2.14) and taking the adjoint of &, we obtain a map
(2.15) A: F(A,B) — F(A(B),A(A))
which extends the map A: (A4, B) — (A(B),A(A)).

Let y: F (A4, (X)) = F(X,A(A4)) be the adjoint of

FA, LX) x X FA, (X)) x F(H(X),R)S F(4,R).

In Lemma 4.4 we prove that A and y are continuous for all ¢ when B? is
finite dimensional. The proof of these results uses the fact that we are working
with compactly generated spaces. One of our main results is that A and p are
weak equivalences when 4 and B are FNF and X is connected.
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Definition 2.16. If X ,Y in A¥ areKan, then f: X — Y isa weak equivalence
if for all base points x, C X and all n >0, f,:7,(X,x,) — =,(Y, f(x;)) is
a group isomorphism or set isomorphism when n = 0. ( f, is automatically
continuous but need not be a homeomorphism.)

Remark. We note that a weak equivalence f: X — Y need not induce iso-
morphisms on continuous cohomology. For example, the “identity” mapping
from K (R‘s,n) onto K(R,n) is certainly a weak equivalence but is not a
continuous-cohomology isomorphism. However, if X and Y have simple Post-
nikov systems and f: X — Y is a weak equivalence with the property that each
fq: m, (X, xy) = 7w (Y, f(x,)) is a homeomorphism, then f can be shown to
induce isomorphisms continuous cohomology.
In §6 we prove the following two results:

Theorem 2.17. If X ,Y € A and Y is Kan, then ¥ (X ,Y) is Kan.

Theorem 2.18. If A,B € &/ % and A is FNF, then & (A,B) and A(A) are
Kan.

The usual arguments and Theorem 2.17 show that homotopy for maps f: X
— Y is an equivalence relation when Y is Kan and [X,Y] = n,(¥(X,Y)).
For A,B € /%, define a homotopy to be a map F: 4 — Q, ® B. Then
Theorem 2.18 yields the fact that homotopy is an equivalence relation in &
and [4,B]=n,(¥(4,B)). Since A maps function spaces to function spaces
we have

Lemma 2.19. The functor A induces a map [A, B] — [A(B),A(A)] when A is
FNF.

In §7 we prove
Theorem 2.20. If A and B € &/ € are FNF then
A: F(A,B)— F(A(B),A(A))

is a weak equivalence. In particular, A induces a bijection [A, B] ~ [A(B),A(A)].
If, in addition X € AT is O-connected (ny(X) = pt), then

Y. F (A, (X)) = F(X,A(A4))

is a weak equivalence. If Ac &Y% is FNFand B,C,f:B — C arein Y%
with f*: H (B) ~ H,(C), then the induced map ¥(A,B) - ¥ (A,C) isa
weak equivalence.

We can recast some of our results into a categorical form as in Quillen [17] as
follows: Let &/ % be the full subcategory of &/ % consisting of objects which
are NF. Let A% be the fulll subcategory of A¥ consisting of those X such
that &/ (X) is FNF.
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Definition 2.21. A mapping h: 4 — B in &/ % isan R-equivalenceif h,: H, (A)
~ H,(B). Amapping f: X —» Y in AY, is an R-equivalenceif f*: H*(Y) ~
H*(X).

Let A7, and &%, be the categories A7, and &% localized with re-
spect to their R-equivalences [17]. We define a functor A,: & &, — AT, as
follows: For each 4 € &/ % choose f,: M, — A, where M is FNF and f,
is an R-equivalence. Let A, (A4) = A(M,). By Theorem 2.20, if A4 is FNF and
g: B— C is an R-equivalence, g induces an isomorphism [4,B] — [4,C].
Hence, if g: B — C is a map, there is a unique map g: My, — M., in &, (lo-
calizing makes homotopic maps equal) such that f.g = gf,. Let A,(g) =¢.
Then Theorems 2.11 and 2.20 immediately give

Theorem 2.22. The functor A,: % &, — A%, is an equivalence of categories
in the sense that A, is an isomorphism on morphism sets and each object of

AR,y is isomorphic to A,(M) for some M .

Remark. A casual reading of Theorem 2.22 might suggest that if 4,B € ¥ &
and f: A — B induces an isomorphism on H_, then A(f): A(B) — A(A)
induces an isomorphism on H*. If 4 and B are not free this may not be true.
It is true that if f is a homotopy equivalence, i.e. there is a map g: B — A4
such that fg and gf are homotopic to the identity, then A(f) is a homotopy
equivalence because A extends to # (4, B) — % (A(B),A(A)).

We remark that if we replace R by @, smooth forms by rational polynomial
forms, and simplicial spaces by simplicial sets throughout this paper, then our
proofs establish a somewhat extended version of the Quillen-Sullivan Rational
Homotopy Theory [17, 26]. (See Theorems 2.11 and 2.20.)

Let a: AY — AJ be the functor which assigns to each simplicial set X,
the simplicial space X with the discrete topology. One may localize with re-
spect to the rationals to form A‘S’BQ , exactly as above and ¢ induces a functor
a: AS Y, = ATy

Our next result (proved in §11) shows that this functor is neither injective
nor surjective.

Theorem 2.23. There are simply connected simplicial sets X, and X, each of
finite type such that X, and X, are not isomorphic in A‘S’Bg but a(X,) and
a(X,) are isomorphic in Ay, . In addition, there is an FNF A € &% such
that A(A) is not isomorphic to anything in the image of @.

We next give a formulation of the main result of [6] in our context.

If B is a commutative graded algebra of finite type, we view it as being in
&/ % with zero differential. Let M (B) be a minimal algebra and y: M(B) — B
a map such that y induces an isomorphism

H_(M(B)) — H,(B) = B.

*

Definition 2.24. A simplicial space X € A is R-formal if there is a map
g: X - A(M(H*(X)) inducing an isomorphism in cohomology.
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Theorem 2.25. If N is a compact nilpotent Kdhler manifold, then the total sin-
gular complex A(N) in the discrete topology is R-formal. Hence, there is a
minimal algebra M(H*(N)) € &% and a map g: A(N) — A(M(H"(N)))
inducing isomorphisms on H* and on n*.

We conclude this section with some examples of simplicial spaces.

Example 1. Let W be a topological space and let A(W) be the simplicial space
of singular simplices of W with the compact-open topology. Graeme Segal has
proved (unpublished) that if W is a CW complex, then

H*(A(W);G) = H" (AW’ ; G)

for any G. Thus the continuous cohomology of A(W) is isomorphic to the
singular cohomology of W .

Example 2. For any topological Lie group, we have defined K(G, 1) by
K(G,1),=2'(4lq),G).

Equivalently, K(G, 1) is the Bar Construction on G. If G is a Lie group, the
Van Est theorem [24] expresses H*(K(G, 1)) in terms of cohomology of the Lie
algebra of G. These results can be extended to the case where G is a simplicial
Lie group [5].

We note that the geometric realization of K(G, 1) is essentially Milnor’s
construction [15] of the classifying space BG of G. (See [18, p. 107].)

Example 3. The previous example is a special case of the nerve of a topological
category. Recall that a topological category is a category % in which both
Obj(%) and Morph(%’) are topological spaces and all structure mappings are
continuous. The nerve of # is the simplicial space N(%) with N(%), =
Obj(%) and N(%) , = all sequences of g-composable morphisms, ¢ > 0. The
face and degeneracy mappings are defined in the usual way. With this definition,
K(G,1) is the nerve of the category & with one object, Morph(¥) = G and
with multiplication as composition.

Example 4. Let { = BGL g be the universal real g-plane bundle. Let B(q)
be the simplicial set consisting of pairs (T ,%), where T: A? — BGL g is
smooth and ¥ is a smooth foliation on T7¢ , transverse to fibres. For fixed
T, it is easy to define a sensible topology on {(7,% )} making B(g) into a
simplicial space. Then, the geometric realization |B(q)‘5| is a model for Bl"q
and H*(B(q)) is a plausible definition of the continuous cohomology of Bl"q .

Let B(g) be the fibre of the natural mapping B(q) — A(BGL q)‘S » L, be the
Lie algebra of C* vector fields on R? in the C* topology, and let C*(L ) €
& & be the algebra of continuous cochains on L g (continuous skew forms

on L, with differential defined by Lie bracket). Then BT, = |B(q)°| is the
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classifying space for foliations with trivialized normal bundle. In [11], Haefliger
shows that B(g) = A(C*(L,)) and

C*(L,) = o (A(C"(L,)))

gives the characteristic map

*

H(L,)— H'(BT)).
A similar construction can be used to obtain a map
H'(L,,0,) — H'(BT,).

Example 5. Let Fq be the topological category with Obj(I" q) = R? and mor-
phisms all germs of local diffeomorphisms of R? in the sheaf topology. Then
the nerve of Fq , NT q) , is a simplicial manifold with each N (I'q)k a smooth
manifold of dimension g which is neither Hausdorff nor paracompact. The
geometric realization of N Fq as a simplicial space is essentially a Haefliger
classifying space BT, for Fq structures [9, §5]. In fact, Haefliger [8] and
Thurston [22] have proved that BT’ , also “classifies” foliations of codimension
q.

The continuous cohomology of N I“q is unknown to the authors. Haefliger
[11] has given a somewhat complicated definition of smooth cohomology in this
case.

3. SOME PROPERTIES OF CONTINUOUS COHOMOLOGY

In this section, we derive some of the elementary properties of the continuous
cohomology functor and show it to be representable. We also prove that any
simplicial topological group is Kan.

By a mapping f: X — Y between simplicial spaces, we will always mean a
continuous simplicial mapping, that is a sequence J‘(l: X,~Y,,q9= 0,1,...,
of continuous mappings which commute with face and degeneracy operators.
Clearly such a mapping defines a sequence of homomorphisms f¢: H(Y ;G) —
HY(X ;G) making H?( ;G) a contravariant functor from the category of sim-
plicial spaces to the category of topological groups.

Let X and Y be simplicial spaces and f,g: X — Y mappings. As indi-
cated earlier, a homotopy from f to g is a mapping F: X x A[1] — Y with
F(x,500) = f(x), F(x,s51) = g(x) for x € X_, all ¢. Here X x A[1] is the
product of simplicial spaces, A[1] having the discrete topology. As usual, we
say f is homotopic to g if there is a homotopy from f to g and we write
f=g.

In general, the relation f ~ g is not an equivalence relation. For simplicial
sets, it is sufficient for Y to satisfy the Kan condition. In our context, we
need to require that Y satisfy our continuous version of the Kan condition
(Definition 2.1).
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Proposition 3.1. Let X and Y be simplicial spaces and assume that Y satisfies
the continuous Kan condition. Then the relation f ~ g formaps f,g: X =Y
is an equivalence relation.

This result is an immediate consequence of Theorem 6.2 (see Corollary 6.4).
We show next that continuous cohomology is a homotopy functor.

Proposition 3.2. Let f,g: X — Y be homotopic mappings between the simpli-
cial spaces X and Y . Then

ff=¢g:H(Y;G) - H(X;0).
Proof. Let f: X x A[1] = Y be a homotopy from f to g. Foreach ¢ >0,
define continuous mappings 4, : X, — Y. 0<i<gq,by

hi(x) = F(s;x,8, - 8;,18_1 " 59))

where o, = (0, 1) is the nondegenerate one simplex in A[1], . Define
D: CTN(Y) - CU(X)
by

D(u) = i(—l)iuhi.
=0

One checks easily that 6D+ Dé = f* — g*.

In the previous section, we defined a multiplication in C*(X;G) for G a
topological ring by
(wv)(x) = u(d%, , X)v(8L X)
where u € C*(X;G),v € C*(X;G), and x € X,.,+ An easy computation
proves that
d(uv) = (du)v + (—1) udv
so that a multiplication is defined in H” (X ; G). Our next result gives the basic
properties of this multiplication.

Proposition 3.3. The multiplication on H*(X ;G) defined above is associative,
graded commutative, and has a unit. Furthermore, if f: X — Y is a mapping
of simplicial spaces, then f*: H*(Y ;G) — H*(X;G) is a homomorphism of
graded rings.
Proof. If 1€ C 0(X ; G) is the cocycle corresponding to the constant 1 mapping
X, — R, then each of the assertions of Proposition 3.3, except for the commu-
tativity, holds on the cochain level. To prove commutativity, let u € Z?(X;G),
v € Z%(X ;G), and define the “cup one” product U, v € c’ (X ;G) by

p—1

(uU, v)(x) = (-1 xw(@)0! 7 x).

j=0

Then
(=1 uu, v) =uv + (-1)"

(See Steenrod [20, Theorem 5.1].)
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Let G be a topological abelian group and let 1, € H "(K(G,n);G) be the
class represented by the cocycle 1, € C"(K(G,n);G) defined by 1,(u) =u(o,),
where u € K(G,n), € Z"(A[n];G) and o, is the nondegenerate element of
Aln], .

Proposition 3.4. For any simplicial space X and n > 0, the assignment f —
f*1, defines a natural isomorphism from [X ,K(G,n)] onto H"(X;G).

Here [X, Y] denotes the set of homotopy classes of mappings from X to

Y. Note that homotopy is an equivalence relation in this case since K(G,n)
is a simplicial topological group (see Proposition 3.8 below).
Proof. Recall that in §2 we defined a simplicial abelian group C"(G) by C"(G) ‘
= C"(A[q];G) . For any simplicial space X, let . f — f be the homomorphism
from (X,C"(G)) into C"(X;G) defined by f(x) = f,(x)(g,), where g, =
(0,1, ...,n) € Aln], . Proposition 3.4 is an easy consequence of the following
two lemmas.

Lemma 3.5. The mapping f — [ is an isomorphism and the diagram

(X, CHG) —2— (X,C™(6)

(3.6) 1 1
Cn(X,G) ___(5_} Cn+1(X;G)
is commutative (where &, is induced by 6: C"(G) — C"*'(G)).
Proof. Note that, for f € (X,C"(G)),
o)y oo 0y) = f(x)(e,0,) = (0,1,(x)(0,) = f,0,x)(a,),
where J = (j,,....J,_,) is the complement to (i,,...,#,) in {0,1,...,q}.
In fact, given u: X, — G, if we define f,: X, — C"(G), by
fq(x)(io, v dy) =u(d;x),

then f = { f,} 1is a simplicial mapping with f = u. It follows that f — f is
bijective. The proof that diagram (3.6) is commutative is straightforward.
Lemma 3.7. Let f and g be elements of (X ,C"(G)). Then f ~ g ifand only
if f—&=20h forsome he C" '(X;G).

Proof. We can assume that g = 0. If F: X x A[1] — C"(G) is a homotopy
between f and the zero mapping, define 4;: X .~ Cc"(G) as in the proof
of Proposition 3.2. Let h € C"~'(X;G) be defined by

q+1

h(x) =Y (=1)'h,(x)(a,).
i=0

Then éh = f .
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Conversely, if f = Jh, we define H: X, x A[1], — G by

H(x,s Sy
H(x,s, ,-5,0)=(-1)"h(9,x) ifj=n—-1,
H(x,s,_,--s,1)=0,

H(x,s,_,---5,0) = f(x).

50)=0 if0<j<n-1,

n—1"

Then H(x,s;0) = f(x) and H(x,s;1) =0. It now follows from Lemma 3.5
that there is a unique simplicial mapping F: X x A[1] —» C"(G) with F = H .
It follows (again using Lemma 3.5) that F is a homotopy between f and the
zero mapping and Lemma 3.7 is proved.

This completes the proof of Proposition 3.4.

We conclude this section with a proof of the fact that a simplicial topological
group satisfies the Kan condition.

Theorem 3.8. Let G be a simplicial topological group. Then G is Kan.

Proof. Let I = (i;,....,I), & = (gil,... ,gl.l), 8 € Gq_l with 9,8 =
8,'-13'," i< j, i,j €. Weneed to define /lq‘,(g,) € Gq satisfying the
conditions of Definition 2.1. Let a be the largest integer with a < ¢ and

a ¢ I. Then, either i, <a=gq or
I={i,....i,,a+1,a+2,...,q}
(Set t=aif I=(a+1,a+2,...,q).) Define g, ... ,ﬂ,eGq inductively
by
Bi=s,8 B;=8_,(5_08,_)"¢)
wherer=ij, G:Oifij<aandr=q—j+t+l, e =1 for j

t+1,t+2,...,/. A straightforward computation now shows that the f I
satisfy the following:

(i) 0,8, =g, for k < j if i; <a and for k <t ork>qg—j+t+1if
j>t,
(ii) if g, = 0,5, & for i €l and some g€G, , and if Kk ork+1isin I,
then
/gf={s"hj' i,<k, forsomeh, €G,_,,

5.8 for ij > k.
(iii) if neither k nor kK + 1 isin I and

g = sk—lgij forij<k,
g 58, fori;>k+1,

andif B, ..., B, areassociated to (g, ,....,g,_,), then §, = 5B -
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It follows that 4, ,(g;) = B, satisfies the conditions of Definition 2.1. In
particular, since f, is obtained from 8, -8, using face and degeneracy
operators and the group operations in G, it follows that A o is continuous.

4. SOME REMARKS ON TOPOLOGIES

In this section we recall some results about compactly generated topologies
and we verify that our various mappings are continuous. More explicitly, we
prove Lemmas 2.7 and 2.10. We also collect some facts about Fréchet spaces
which will be needed in §9.

Throughout this section all spaces are Hausdorff. If U and V are topological
spaces, (U, V') denotes the set of continuous maps of U to V with the com-
pact open topology and U x_V is the cartesian product of UxV . We use k(U)
to denote U with its compactly generated topology, namely, ¥V C k(U) is open
if and only if for each compact set C c U, V'NC isopen in C with respect to
the subspace topology on C C U. In the category 7 of compactly generated
spaces, if U,V € 7, onedefines UxV =k(Ux_ V) and (U,V)=k(U,V).
It is proved in [21] that in the category .9, the evaluationmap Ux (U, V) — V
is continuous, the adjoint map (UxV , W)~ (U, (V , W)) is a homomorphism,
the product U x V is the categorical product and, for topological spaces Z and
W, F:Z — W induces a continuous map f: k(Z) — k(W) if and only if
f|C is continuous for each compact set C C Z.

Lemma 4.1. For X € 9, the mapping j: X — A%/ (X) is continuous.

Proof. Since Qf; is metrizable, it is in J and X S J by definition. Hence,
the evaluation map gives a continuous function

p p
X, x kX, Q) — Q.
The map
Ji Xy = A (), c [[tk(e (X)), Q)
has components X — (k(&*(X)) ,Af]’ ) whose adjoints factor as
X, xk(@?(X)) — Q
n T
X, x k(TT(X, Q) — X, x k(X, ,QF)
Lemmad4.2. If Ac %% and k(A”) = A” forall p >0, then i: A — o/ (A(A))
is continuous.
Proof. The mapping
p p p p
AP — 7 (A(4)) = (A(4), Q)  [J(A), . QF)
has components with adjoint factors as follows:
A" x A4), — Q’
n Te
A" x[(4,Q,) — A7 x(4”,Q))
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By hypothesis, k(4”) = A” so that e is continuous and hence i is continuous.
Let A, B € &7 and define
itA—A®B, i,;B—A®B
by ij(@)=a®1l, i,(b)=1®b.
Lemma 4.3. Forany A,B,C € ¥ %, the mapping
iy xi: (A®B,C)— (4,C) x (B,C)

is a continuous bijection and a homeomorphism if B’ is finite dimensional for
all p>0.

Proof. The first part of Lemma 4.3 is immediate. To prove the second part of
the lemma, note that the inverse of i} x i, is given by

{:(4,C)x(B,C)—(A®B,(C),

where
{(u,v)(@a®b) =u(a)v(d).

For linear spaces U,V , W, let B(UxV , W) be the space of bilinear mappings
from U x V to W in the compact open topology. Then, on the component
level, { factors as follows:

(4°,C%y x (B*,C% — B(4” x B* , "™y - (4" @ BT, CP™Y).

The first of these mappings is clearly continuous and the second is easily seen
to be a homeomorphism if B? is finite dimensional.

Lemmad.4. Forany A,B,C in /% with B? finite dimensional forall p >0,
the composition mapping

0: F(A,B)x F(B,C)— F(4,C)
is continuous. Furthermore the composite
FA, LX) x X F4, (X)) x F(L(X),R) S F(4,R)

is continuous.

Proof. Consider the commutative diagram
(B.Q,8C) ——» (Q,®B8.Q,8C)
\ li,‘xi;
(Q,.Q,®C)x(B,Q,&C)

where
AMu)(w®b)=(w® u(d), Ay(u)=(d® 1, u).
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Now, 4, is clearly continuous so using Lemma 4.3, we have A, continuous.
Thus the composite

y(A,B)qu(B,C)q=(A,Qq®B)X(B,Qq®C)
lixa,
(A,Qq®B)><(Qq®B),Qq®C)

!
9’(A,C)q =(4.Q,9C)
is continuous.
To prove the second assertion, we must verify that
X, = ((X), Q) — (Q x 7" (X), A7)

is continuous when B = &/ (X) and C = R. Under this map, the image of
xeX g under w X u € A; x ZP(X) is wu(x), that is, multiplication and
evaluation. This is continuous because evaluation is continuous on compact
spaces.

We now state some facts about Fréchet spaces which will be needed in §9.

Recall that a Fréchet space is a metrizable topological vector space which is
complete and locally convex. In particular, any Banach space is a Fréchet space.
All Fréchet spaces have the following properties:

(4.5) Any closed subspace of a Fréchet space is a Fréchet space.

(4.6) Any quotient of a Fréchet space by a closed subspace is a Fréchet space.

These facts are elementary. (See [23, p. 85].)

(4.7) If X is locally compact and countable at infinity and V is a Fréchet
space, then (X ,V), the space of continuous functions from X to V, in the
compact-open topology, is a Fréchet space.

If K, cK,Cc---CK, C-- is asequence of compact sets with union X,
then

11, = sup |Lf (x)I]
x€K,

defines a sequence of seminorms on (X, V) which can be used to define a
metric. Verifying completeness and local convexity is not difficuit.

(4.8) If V| and V, are Fréchet spaces and a: V|, — V, is a continuous
epimorphism, then there is a continuous (not necessarily linear) o:V, — V|
with ao = identity.

This result is stated without proof in [2, p. 258] and proved for Banach spaces
in [1]; see also [14]. The proof given in [14] can be modified in a straightforward
way to prove (4.8) using the fact that any Fréchet space has a neighborhood

system U, D U, D --- of 0 with each U, convex and with U, +U, CU,_,.

5. PROOF OF THE DE RHAM THEOREM

The proofs of most of the lemmas in this section are trivial and omitted
or given very briefly. We begin with some preliminaries about the simplicial
differential graded algebra Q. (Compare Dupont [25].)
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Let Q(A? x I) be the C™ differential forms on A? x I. If ¢ denotes the
coordinate function on I, then w € Q(A? x I)? can be written as w = w,(t)+

w,(t)dt, where w,(t) € Q) and w,(t) € Qf]’_' . Define
u: QAT x 1P - Q!

to be the usual “integration along fibres” mapping,

1
u(w) = (—l)‘”—l/0 w,(t) dt.
A straightforward computation proves the following.
Lemma 5.1. Let iy,i,: A — A’ x I be given by
iy(x)=(x,0), i(x)=(x,1).
Then
du+pd=1i] iy, Ou=ule xid)", su=p(d, xid)".

Here, d is the exterior differential, 9,,s; are the face and degeneracy map-
pings, and e;: AT o Af .d: A" - A? are the usual face inclusions and
degeneracy projections defined in §2.

For the remainder of this section only, we define Q;l =R with 9, =5, = id
and d: Qq—l — Qg by d(r) = r, the constant function. Let b,: A7 x A' — A7
be given by

b(x,t)=tx+(1-1t),,

where v, is the ith vertex of A’ and let u,: Qt‘; — Qfl'_' be given by

ubw, p>0,

#i(w) = { w(,), p=0.

Lemma 5.2. The functions u, satisfy the following.

du;, +ud=id,
10, i<j,
j,u,'z 9 . .
i—19;, 1>1],
R i<j,
Hisj = S, i> ]
Jjri—=1 :

The proof is trivial.
For I =(iy,...,i,),let u, be defined by

U, =/lip/l Mgy

ip_|

An easy induction proves the following.
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Lemma 5.3. For I = (i, ... ,i,) € Alq],, we have

p .
duy + (=) pyd = (=13 (=1 ny
j=0

where 9, denotes the jth face operator in Alq].

If I=(iy,i,....i,) €Alp],,let B, € Q] be defined by
p s -~
B, = Z(—l)’tildtio cedty dt
j=0
where ¢, ...t , are the barycentric coordinates in A7 .

Lemma 5.4. For I € Alq], and 0< j < p, we have
0,8, = Z B, 5B, = Z B
eJ=I diJ=I
The proof is straightforward.
Define mappings
w: Q' ~ CIR), p:CIR)-Q), Q-0
by
w)I)=p (o), o= > pu)p,, »w)=Yp' > ulwh.
1€A[q], p<q I€Alq],
Lemma 5.5. The mappings v , ¢, and y define simplicial mappings which satisfy
the following:
vd = oy, po =dyp,
ve =id, dy +vd = oy —id.
Proof. The fact that y is simplicial follows immediately from Lemma 5.2. To

see that ¢ and y are simplicial, one uses Lemma 5.2 and 5.4. The equation
wd = Oy is an easy consequence of Lemma 5.4.

To prove that wg = id, we first note that in terms of coordinates, b it A, X
I—A, is given by

bj(to,... D=1 +0,(1-1),

q
where (Sjk =1 if j = k and zero otherwise. Hence

bi g, ="+ (1 vyar, ---di, ---dt,

k+1,p—
+ (E‘sﬂk(‘l)ﬁ s lﬁml) dt
and
p

0 if j¢l

(-1)* . o
ﬂjﬂ1= ﬁak, if for some k,j =i,
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Thus u;B, =1/p! if J =1 and is zero if J # I . Therefore, yp =id.

We next show that 96 = dp. For any tuple J of integers between 0 and
q, J = (g Jy»--- ,jp), let B, = (signa)B,, where I = (ja(O)’ ,ja(p)),
ja(o) S Jay £ 0 S Jyp) - Note that the ambiguity of o does not matter
because B, = 0 if the entries of I are not distinct. Then

Zﬂ[k Vi Zﬂtk n= Z tkdtio .. 'dti,, + dtkﬂl

kel k
(S dty o, + ()
= di, - dt, = 2 df,

and

dou = dZP!u(I)ﬂl =(p+1) Z u(l) By 1y

1.kel
=Y u@I)(=1)'(p + 1)!8, = péu.

Using Lemma 5.3 and the above argument one can show that dv+vd = py—id.
For X € A7, composition with ¥, ¢, and y gives mappings

v: &Z(X)—-CX,R), ¢:CX;R)-L(X), y:H4(X)—L(X)
satisfying the identities of Lemma 5.5. Thus we have

Theorem 5.6. The mapping y: & (X) — C(X,R) defines a vector space iso-
morphism
w,: Hyg(X) - H (X ;R).

The point of the above exposition is to develop the functions ¥, ¢, and y
(which we will use in the next section) rather than to prove Theorem 5.6. We
now show that y, is an algebra isomorphism. Let C'* € A7 be defined by

C'(Algl;Q;), s>-1,r>0,

C, =19, r=-1,s5s>0,
0, otherwise
and
d:C° =t dy et
by

du(l) = Z(—l)ju(ajl) , dyu(l) = (=1)du(I)).
Define mappings
yl:Cr.s_'Cr—-l,s, yz:cr,s_’cr,s—l’

q q q q

LTS r+s LTS l.m r+l . s+m
y:C," —» C,(R), p:C,"RC," = C,
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by
q
n@I) =Y tu(. 1),
j=0

Y)I) = pu(iy, ... 0,),
y(u)(I) = K, ... _iq)u(ir e b))
p(uv)()=uliy, ... , i, )0, , ... . i)

Lemma 5.7. The mappings d, .,d,,y,.7,,¥,and p defined above are simplicial
and satisfy the identities

dl=d}=dd,+dd =0,
dyy,+7d =id, dyy, +7,d, =id,
w(d, +d,) = dy.
Furthermore, d, + d, is a derivation in the graded sense with respect to the
multiplication p .

The proof is tedious but straightforward.
It follows from Lemma 5.7 that {C"*;d, ,d,} is a simplicial double com-

plex. Note that C(R)) = C:'—’ and A} = Cq—l"’. Let f: and d: f: — f:“
be the simplicial chain complex defined by

—=n r.n—r -7

C,= >, C"", d=d +d,

0<r<n
and define mappings a: A— C, B:C(R)— C by
a=d;:C'"" -, B=d,:c"' =P
For X € 7, let C(X) = (X,C) € & . Composition with the mappings in
Lemma 5.7 gives mappings on C(X) satisfying the same identities.
Proposition 5.8. In the diagram
& (X) —=2— C(X)
N B I l v
C(X,R)

one has {a =y ,yp = identity, and o and B are ring homomorphisms induc-
ing isomorphisms on H, .
Proof. Using the chain homotopies y, and y,, we see that, for any p > 0, the
sequences

0-’(X) 5" B o

0-C’X.REcr°B P! o
are exact. Standard results about double complexes now show that

a,:H (¥ (X)) —>H (C), B,:H(CX;R)— H,(C)

are isomorphisms.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE 79

Corollary 5.9. The mapping y: & (X) — C(X;R) induces an algebra isomor-
phism
W,: Hjp(X) = H (X ;R).

6. FIBRE SPACES

We now introduce the notion of fibration in AZ and develop some of its
properties. We also define twisted cartesian products and prove some results
about twisted cartesian products with fibres K(R,n) (and its differential form
analogue) which will be useful in what follows.

Let p: E— B beamapin AY andlet I ={i,,... i, ... ,i;}, where 0 <
i|<iy<---<i <q.Define E(q,I) to be the subspace of B, x E;_, (E"l_l
is the /-fold product of E q—l) consisting of all (b, Viv oo yil) satisfying

0,b = py,, 0,y; =09,y
for i,jel, i<j. Let pq,,:Eq—»E(q,I) be given by
p, »)=(py.0,y.....0,)
If k ¢ I,define 5,1={j,...,J} where
) i, fori, <k,
Jm:{im+1 fori >k

Definition 6.1. A map p: E — B in AY is a fibration if, for each ¢ > 0 and
I={i,... I} asabove, 1 </<gq, there are mappings

).q_,:E(q,I)—>Eq

satisfying
(i 4 0 is continuous,
(i1) Pq,1/1,, ; = identity,
(iii) if k or k+ 1€, then, forall y € E_,,

Ay 1P 1Y) =5¥,
(iv)if k,k+1 ¢ I and hence I = skI' , then forall y € E_,,

A 1P 1Sk Y) =S hq_y 1Pyt (V)

Remark. The definition of a fibration in the category of simplicial sets involves
only condition (ii) for I of the form {0,1,...,j—1,j+1,...,q9}. Itis
easy to see [13, Lemma 6.8] that this implies condition (ii) in the category
A% for all I. This implication does not hold in the category A7 because
of the continuity requirement. Conditions (iii) and (iv) assert that 4 b,y
is degenerate whenever (b, y,) is such as to make this possible, in which case
A g1 commutes with the degeneracy operations.

Of course, X € A7 is Kan if and only if the mapping X — pt is a fibration.
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Theorem 6.2. If p: E — B is a fibration in AY , and X € 9 , then F (X ,E)
— F (X, B) is a fibration in AT .

Corollary 6.3. If X, Y € A and Y is Kan, then & (X ,Y) is Kan.

Corollary 64. If X,Y € A7 and Y is Kan, then homotopy is an equivalence
relation.

The proof of Theorem 6.2 is given in §12.
The usual arguments give

Theorem 6.5. If p: E — B is a fibration and B is Kan, then E is Kan and for
any bye B, F = p—l(bo) is Kan and there is an exact sequence

. . N
s nn(Fvy()) = nn(E’yo) 5 nn(Brbo) - nn_l(F’yo) =y
where y, € F and i,,j, and 0, are continuous homomorphisms.
We will also need the following variant on this result in the next section.

Proposition 6.6. Let p': Y' — X' be a fibration with X' connected and Y’
contractible. Let f: X — X' be amappingand p: Y — X the induced fibration.
Then, for any component X of X, we have an exact sequence

. . O.
o (Y, y) B X x) B (X xg) == (X xp) B Y -k,

where Y =p~'X, p=p|Y, f=f|X.

Proof. If we replace f: X — X' by a fibration, one sees easily that the fibre
of this fibration has the homotopy type of Y (since Y' is contractible). The
sequence above is the exact homotopy sequence of this fibration.

Note that = (X ! ,x(')) acts on n,Y and exactness at 7, (X ! ,x(')) asserts that
d,a =9,b if and only if there is an o € nl(X' ,x(')) with a-a=>.
We next introduce a particular class of fibre spaces, the twisted cartesian
products (TCP).
Let B and F be simplicial spaces and G a simplicial group acting contin-
uously on the left of F. A twisting function 7 is a sequence
T=1,! Bq — Gq—l
of continuous mappings, q > 0, satisfying the usual identities:
7(9,b) = 1(9,b)9,t(b),
7(9,b) = 0,_,t(b), i>1,
e ., i=0,
1(s;b) = { -1 ,
s;_,t(b), i>0.
Here e,_, € Gq_l is the identity. The twisted cartesian product (TCP) B x_F
is the simplicial space with

(Bx,F),=B,xF,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE 81

and whose face and degeneracy mappings are the products of those in B with
those in F except that

By(b . ¥) = (Byb . T(5)3yY).
(See [13] for example.)
Lemma 6.7. If F is Kan, then n: Bx_F — B, n(b,y)=>b, is a fibration.

Proof. Let E = B x_F and (b,zl.],... ,zil)eE(q,I). If z, = (b;,y,) for
i€l,then b, =09,b and

aj_lyi, O<i<yj,
-1 . .
0,y; = (b)) 0y, i=0,j>1,
8,t(b) '8y, =0, j=1
If x, € F,_, for i € I are defined by
soT(b)y;. > 1,
x; =9 1(d)y,, j=1,
Yo j=0,
then 6[xj=6j_,xi for i,jel,i<j. Let
A=2,,:F(g.I)~F,
be the mapping which exists since F is Kan and define
A=2,, E(@q.I)—E,
by
—1x%
Ab,z;)=(b,syt(b) A(x))).
This A is easily seen to satisfy conditions (i)-(iv) of Definition 6.1.

The following two lemmas define basic fibrations which are analogues of the
path space fibration over Eilenberg-Mac Lane spaces in the category 7 .
For e A¥ let C,(I'),Z,(T') and B, (') € A7 be defined by

C,(I), = FZ ’
z,M),= {uel"Zldu =0},
-1

B,(I), ={dvlvel, '}

Lemma 68. If Ac /&, then
d:C,(Qe®A4)—-Z, (21 A4)

is a twisted cartesian product with group and fibre Z,(Q® A).
Proof. For g > 0, consider the exact sequence

J
0-Z,(Q,04)LCQ,84) —Z,,(Q,84) — 0.

n+1
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According to Lemma 5.2, the homomorphism

7 QZ — AZ-I
defines a splitting
Ry = ty®id: Z (Qq ®A) — Cn(Qq ®A4)
of this sequence. Furthermore, jys, = s,ii, for all i and 2,0, = 9,i1, for
i>0. Let

n+1

11 Z,,,(Q,®4)— Zn(Qq_l ® A4)
be defined by
7(a) = Oyity(a) — fy(Gy).
Then 7 is a twisting function and the mapping
K: Zn+l(Qq ®A) X, Zn(Qq ®A) — Cn(Qq ®A)
given by K(a, f) = fip(a)+p is an isomorphism with dK = n where n: Z,  x
Z,— Z,., is projection onto the first factor.
The same argument can be applied to C(R) using the mapping
1
to: ;7 (R) = C(R)
given by u,(u)(iy, ..., 0,)=u(0,i,,...,i,). We then have

1

Lemma 6.9. The mapping
8: C"(R) = Z,,,(C(R))
is a twisted cartesian product with group and fibre Z,(C(R)).

Lemma 6.10. Forany n and Ac %%, C,(Q®A) and C"(R) are contractible.
Proof. Let F: C,(Q® A) x A[1] = C(Q® A4) be defined as follows: If w €
C,(Q ®A)q ,and s € A[1]_, then, viewing s as a mapping s: A[g] — A[1] let
F(w,s)=(s"t,)w, where (s"t,)(u®a)=((s"t)u)®a. Then F is the desired
contraction. The proof that C"(R) is contractible proceeds in the same way.

Recall that if 4 € #% and a € A" with da = 0, we can form A[x] =
A,[x], where x has degree n and dx = a. In this situation, we have a
commutative diagram of algebras

R[y] — R[x,y] —— RI[x]

ik l [«

A —— A[x] —— R[x]
where p(y) = a and dy = dx = 0 in R[y] and R[x] while dx = y in
R[x,y]. For any B € &/ %, we apply the functor % ( , B) to this diagram in
which case the top row becomes the TCP
(6.11) Z(Q®B)—C,(QeB) %2z

of Lemma 6.8.

(Q® B)

n+1
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Lemma 6.12. The mapping
F(i,B): F(A[x],B) » F(4,B)
is the TCP with fibre Z,(Q® B) induced from (6.11) by the mapping
F(p,B):F(A,B)—»F(R[y].B)=Z,,,(Q®B).

Proof. The statement of this lemma is clearly true in the category of simplicial
sets. We need only show that the mapping

y(A[x],B)q —{(u,v)€(4,Q,®B) x C,(Q,®B): v =up}
is a homeomorphism. Since A[x] = 4 ® R[x] as algebras, this follows from
Lemma 4.3.
Corollary 6.13. If A is FNF, then
F(A,B) — F (R, B) = point
is a fibration for any B. Thus ¥ (A,B) and A(A) =% (A, R) are Kan.

7. PROOF OF THEOREM 2.20

The proof of each of the statements in Theorem 2.20 follows the same course.
We carry out in detail the proof that

A: F(A,B) — F(AB,AA)

is a weak equivalence, where 4, B € &/ % are FNF, dealing with the remaining
two statements only when differences in the proofs require us to do so.

The idea of the proof is to show, by a sequence of reductions, that the theorem
is true for general A if it is true for 4 = R[y].

Remark. Each of the three statements of Theorem 2.20 involve proving that
a continuous simplicial mapping induces isomorphisms on homotopy groups.
Since the homotopy groups =« q(X ) of a simplicial space X are defined to be the

homotopy groups of the underlying simplicial set X o (with topology on =« q(X )
induced from the topology on X ), we can ignore the topology on the simplicial
spaces that occur and work in the category of simplicial sets. We will do so for
the remainder of the section without further mention.

Suppose now that 4 and B are FNF and consider the diagram

F(AB,AA) F(AB,AAy) ——— F(AB,Ady_;) —s ---
Al Anl An—ll
F(AB, AA) F(AB,Ady) ——— F(AB,AAp_)) — -

where 4 =lim4, ,A, = A,_,[x,] as in Definition 2.5. According to Lemma
6.11, each of the mappings

n:%(4,,B)—F(4 B)

n—1"’
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is a fibration with fibre % (R[x],B), degx = degx,. Setting B = R in
this same lemma, we see that A4, — A4, | is a fibration with fibre AR[x].
Therefore, using Theorem 6.2 we see that

n': F(AB,AA,) — F(AB,AA,_|)

is a fibration with fibre # (AB,AR[x]). Thus, according to [4, Theorem 3.1,
p. 254], we have a commutative diagram

(7.1)

0— lim' 7y (F(4n.B).an) 5 m(F(4,B),a) it lim 7;(F (4n, B) ,an) —0

|+ | s

0— lim' 74 (F(AB,Ady) , a}) T(F(AB,A4),o') 55 lim 7,(F (AB,Ady),ap) — 0

1

for each i > 0, where each of the horizontal sequences is exact and Al A
are induced by the A, . When i = 0, each term in the diagram is a set with
distinguished base point (determined by the compatible sequence of base points
{a,}, {a;}) and exactness is defined in the usual way.

Lemma 7.2. If, for each n, the mapping A, : ¥ (A,,B) — F(AB,AA,) is a
weak equivalence, then the mapping

A: F(4,B) — F(AB,AA)
is a weak equivalence.
Proof. If i >0, it follows immediately from (7.1) that the mapping
A:m(F(A4,),a) = n,(F(AB,AA),d)

is an isomorphism. Suppose that i = 0 and that we have b, ,b, € n,(¥ (4, B))
with A b, = Ab,. It then follows from diagram (7.1) that j b, = j b, =
{a,} € limn, (¥ (4, ,B)). We use this sequence of base points as our distin-

guished points in the top row of (7.1) (with i = 0) and A e, = o, as the
distinguished base points in the bottom row. By exactness, we can ﬁnd ¢y c2 €

11m7r(9’(A ,B),a,) with j.c, =b,, j,c, =b,. But then zAcl —tAc2
Wthh implies ¢, =c,. Thus b, = b, and

A,:ny(F(A,B)) = n,(F (AB,AA))
is injective. The proof of surjectivity is similar and is left to the reader.
We now proceed with the proof that
A,:F(A,,B)— F (AP ,AA,)

is a weak equivalence. We know by Lemma 6.12 that the fibration

(7.3) n:¥(A,,B)—F(A,_,,B)
is induced from the fibration
(7.4) & (R[x,y],B) — & (R[y],B)
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by the mapping

f.:F(4,_,.B)— F(R[y],B),
where degy = 1 +degx = 1 +degx, and f: R[y]— 4,_, isgivenby f(y) =
dx, . Furthermore & (R[x, y], B) is contractible (by Lemma 6.10) so the im-
age of the mapping (7.4) is contained in a single component X of % (R[y], B).
Now, if Z' is a component of #(4,_,, B), then AR F(4,,B) is empty
unless

(7.5) f,Z' cx

1

It follows that # (4, , B) is the disjoint union of the n'Z' as Z' ranges over
those components of & (4,_, , B) satisfying (7.5).
In the same way, we see that the fibration

(7.6) n': F(AB,AA,) — F (AB,AA,_,)
is induced by the mapping

(Af),: F(AB,AA,_,) — F (AB,R[y])
from the fibration
(7.7) F (AB ,AR[x,y]) = F (AB,AR[y]),
where % (AB,A[Rx,y]) is contractible since AR[x,y] is (by Lemma 6.10).
Thus, if X' is the component of # (AB,AR[y]) containing the image of the
mapping (7.7), then ¥ (AB,AA,) is the disjoint union of (z')”'Z; where Z'
ranges over the components of ¥ (AB,AA, ) satisfying (Af),Z' C X .

We can now apply Proposition 6.6 to the fibrations (7.3) and (7.6) obtaining
the diagram of exact sequences

o me(Yoyo) — me(Z,z0) — mg(Xoxg) — - m(Xxg) — m(Y) —x
o me(Yyg) — nq(Zl’,z(')) - ﬂq(Xl’,x(’)) o m(Xl’,X(,) - no(lY’) - x
B)
mapping into X under the mapping f, and Y = 'z c F(A,,B). Simi-
larly, X' is the image of (7.7), Z' is any component of Z (AB ,AA4,_,) map-
ping into X' under the mapping (Af),,and Y’ = (z')"'Z' c F(AB,AA4,).
Using Lemma 7.2, the 5-Lemma, and induction on », we have the following.

Here X is the image of the mapping (7.4), Z is any component of .7 (A4

n—1"’

Lemma 7.8. If the mapping
A: F(A,B) — F(AB,AA)

is a weak equivalence for A = R[y], then it is a weak equivalence for any A
which is FNF.

To prove that A: ¥ (R[y], B) — &% (AB,AR[y]) is a weak equivalence, we
need the following.
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Lemma 7.9. The mapping
A, (F (Rly], B)) — ny(F (AB ,AR[y])
is a bijection for y of arbitrary degree. Furthermore, if degree y =0, then
A,:7,(F (R[y]. B), @) - n,(F (AB,AR[Y]) o)
is an isomorphism for all j > 0.
Corollary 7.10. The mapping
A: F(R[y],B) — F(AB ,AR[y))
is a weak equivalence.

Proof of Corollary7.10. Consider the diagram of fibrations
F(R[x],B) —— S (R[x,y].B) —— F(R[y].B)

| l l

F (AB ,AR[x]) —— % (AB ,AR[x,y]) —— % (AB,AR[y])
where dx = y in R[x,y]. Since the total space of each of the above fibra-
tions is contractible (by Lemma 6.10), the homotopy exact sequences of these

fibrations reduce to
n, (F(R[y].B) —— =n,(F(R[x].B))

I I

7zj+1(5"(AB,AR[y])) — nj(ﬁf(AB,AR[x]))
An easy induction using Lemma 7.9 gives the required result.

It now follows that the first assertion of Theorem 2.20 will be proved once we
prove Lemma 7.9. Indeed, the arguments that we have developed in this section
up to this point can be modified by making the obvious substitutions so as to
deal with the second and third assertions of Theorem 2.20. As a result, Theorem
2.20 will be proved once we prove Lemma 7.9 and the following lemma.

Lemma 7.11. The mappings
V7.t To(F (RIY], L (X)) = my(F (X ,AR[y]).,
foong(F (Ry], B)) = ny(F (R[y], C))
are bijections for y of arbitrary degree. Furthermore, if degree y =0, then
7.0 T (F(RY], (X)), @) = 7,(F (X, AR[y]) o),
f.:7,(F (RIy], B)), @) = 7,(F (R[], C)) o)
are isomorphisms for all j > 0.

The proofs of Lemmas 7.9 and 7.11 involve the same ideas so we present
them together. We begin by defining an isomorphism

¢:mo(F (R[yl, B)) — H,(B),
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where n = dim y. (Note: Both % (R[y], B) and ¥ (AB,AR[y]) are simplicial
groups so (¥ (R[y], B)) and =, (¥ (AB,AR[y])) are groups.)
By definition,
Z (R[y].B),=(R[y].B) = Z,(B),

where Z (B) is the group of n-cycles in B. It follows that we have an epi-
morphism
& F(Rly].B) — H, (B).

Suppose z € F (R[y],B), is in the same component as 0. Then there is an
element w € F(R[y],B), = Z,(Q, ® B) with Jyw = z, dw = 0. If we
define v: (Q, ® B)" — B"' by v(a®b) =0 ifaecQ’, beB", andif

beB" ',
1
v(adt, ® b) = (/ a(tl)dtl> b
0

then dv +vd = 8,— 9, so dv(w) = z. Hence ¢ induces an epimorphism
& mno(F (R[y], B)) — H,(B).
To show that & is a monomorphism, suppose z = dv for some v € ):
Then, if 7 € (Q, ® B), is given by
U=t ®z+d,®vV,
we have 9,0 =z, 0,7 =0 and z =0 in 7, (¥ (R[y], B)). It follows that
is an isomorphism.

Now, if f: B — C is a DG algebra mapping, we have a commutative dia-
gram

7,(F (4, B)) —L— 7,(F(4,C))

|~ )=
H, (B) —  H (C).
If f,: H (B)— H_(C) is an isomorphism, then
foiny(F(A,B)) = ny(F(4,C))
is an isomorphism and the second of the four assertions of Lemma 7.11 is
proved.
We next define an isomorphism

& my(F (X, AR[Y)) — H,( (X))
for any simplicial space X . By definition,
F (X, ARRIy]), = (X x Alg], Z,(4))
=Z, (& (X) x Alq])
=Z/(# (X)) ifg=0.
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Let
&' ny(F (X, ARIY))) — H,(# (X))

be given by
&{z} = z+ B (¥ (X)).

We show that ¢’ is well defined and an isomorphism.
Recall that in §5, we defined Qf(A? x I) to be the p forms on A? x I and
we defined
p: QA" x 1) — Q!

by
1
pw) = (-1 [Cwynyar,
where w = w,(f) + w,y(t)dt. Note that we may view the elements of

& P(Alq] x A[1]) as continuous, piecewise smooth p-forms on A? x I and
the formula for 4 makes sense on such forms and gives a map

w57 (Alg] x A[1]) — & °~' (Alq)).

Furthermore, we have du + ud = ir - ig ,» where i, i : Alg] — Alq] x A[1] are
the inclusions.
To see that &' is well defined, suppose z, and z, are elements of Z (& (X))

and z, = 9,v, where v € Z, (& (X x A[1])). Let 7€ "' (X) be given by
B(x) = p(t, x idy,)"v
for x € X,, where 1, : Alg] - X with ¢ (0, ... ,q) =x. Then
dv(x) = (i} — iy — pd)(t, X idAm)*v
= (i} — ig)(t, % idy;)) v
= (Gyv — 9,v)(x) = z4(x) — z,(x)

so & is well defined.

Clearly &' is an epimorphism; we show it is a monomorphism. Suppose
z=dv, ve M"_I(A(B)). Let w € Z, (& (X x A[1])) be given as follows: If
p, and p, are the projectives of X x A[1] onto the factors, then

w(x) = (d(p,1,))pyv(x) + (py1,)(P; 2)(x).

It is easily checked that dw = 0, d,w = 0, and O,w = z. Thus & is an
isomorphism.
It follows directly from the definitions that the diagrams

o(F (R[y],B)) —=— n,(F (AB,AR[y]))

clz g'lz

H (B) LI H, (¥ AB)
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and
no(F (R[y], A(X))) —L— mn,(F (X ,AR[Y]))

fl: é’l:
H(/(X)  ——  H(¥(X)
are commutative, where i, : H, (B) — H, (% (AB)) is the canonical mapping
defined in §2. Since B is FNF, i, is an isomorphism by Proposition 2.8. The
first assertions of both Lemmas 7.9 and 7.11 are an immediate consequence of
these diagrams.

We now prove the remaining assertions of Lemmas 7.9 and 7.11, namely that
certain mappings between simplicial spaces defined in terms of R[y] induce
isomorphisms on homotopy in positive dimensions if degree y = 0. In fact,
we prove that all of these homotopy groups vanish.

Assume degree y = 0. By definition,

F(R[y].B), = (Ry].Q,® B) = Zy(Q, ® B).

It is easy to see that d(f ®b) =0 for £ €Q®, b e B® if and only if df =0
and db =0. Thus,
Z (R[y].B), = Hy(B)
for all ¢ > 0 and all face and degeneracy mappings are the identity. Therefore,
nj(y(R[y],B),a) =0 forall j>0.
Similarly, AR[y] ¢ = R for all ¢ > 0 and all face and degeneracy mappings
in AR[y] are the identity. It follows that, for any Z € A7,

F(Z ,AR[y)), = (Alg] x Z, AR[y])

consists of mappings that are constant on components; that is, all continuous
mappings of n,(Z) into R and all face and degeneracy mappings the identity.
Again, nj(y(Z ,AR[y])) =0 for j> 0 and Theorem 2.20 is proved.

8. THE SERRE SPECTRAL SEQUENCE FOR CONTINUOUS COHOMOLOGY

Let B x_F be a twisted cartesian product with group G. If 7 = 'fq: Bq —

G is defined by

q—1
7(b) =107 2(b)
for b € B,, one easily checks that it is a twisting function if G, = 7,(G).
Define
A: Gy x CY(F;R)— CYF;R)
by
(Alg, w)(y) = u((s38)y)-
This mapping induces a continuous mapping

A: Gy x HY(F) — H(F).
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We define the twisted continuous cohomology groups of B with coefficients
in HY(F), H”(B;H%F),), to be the homology of the cochain complex
C?(B;H*(F)) = continuous functions from B, to H(F) vanishing on de-
generacies with
8: C*(B;H*(F)) — C""'(B; H*(F))
given by
p+1

(Ou)(b) = A8y~ T(b) . u(Byb)) + > _(—1)'u(d,b).
i=1
Recall that for X € A the n-skeleton of X is the smallest subsimplicial
space X" of X containing X,. Let E=Bx_F and FE = (B,
Following the notation of [12], we define the Serre spectral sequence of E =
B x_F by

p.g +
AP ={ue C""(E)u(Z,_,E) =0},
E:),q _ Ap,q mé——l(Ap+r,q—r+l)/Ap+l q—1 06—1(Ap+r ,q—r+l)
+Ap,q ﬂ(SAp_r-H q+r—2
d {u} = {ou},

D’ = image H

eaA7) = H ., (C*(E)),

p+q
where 4” =3 4”7,

Elementary quotient ring manipulations yield the following (see [12] for
proofs).
Theorem 8.1. {E,,d } is a multiplicative spectral sequence (with respect to the
usual cup products) with E*** ~ D”*? /D" T oor v sufficiently large.

We next turn to the calculation of E,, which requires some hypotheses on
F . The main difficulty is in proving that the cohomology H" (B x F) of the

product is isomorphic to H*(B;H"(F)). We define C*(F) to be splittable if
the usual arguments yield this result, namely:

Definition 8.2. A differentiable graded topological vector space C is splittable
if the mappings
6:C' > B ={6u:ueC,
n:Z'={uecC: 6u=0}— H (C)

have continuous (not necessarily linear) sections for all ¢ > 0. A simplicial
space X is splittable if C*(X ;R) is splittable.

We develop some of the properties of this notion at the end of this section.

Theorem 8.3. If F is splittable and G, = n,(G), then the usual map yields a
ring isomorphism
E}“~H"(B;H(F),).
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Proof. The proof of this result is accomplished by a series of lemmas. Let E”
and Ef “ be the spectral sequences associated to E = B x_F and E=E xzF

respectively. Note that 4”9 = 4”%. We first prove that EP? = E?Y for
r<2.

Let Vj:quFq—>quFq, 1<j<gq-1,begiven by
Vi(b,y)=(s;0b . (530] '1(6))s,8,¥)
and V:C"(E) — C"(E) by

q—1 )
Vu=>Y (-1Yuv
j=1

Lemma 8.4. The map V is continuous and satisfies V(A4°) c A**" and
6.V - V8, -8, +6)(4") c 4”2,

where 8_: C"(E) — C"*Y(E) and d.: C"(E) — C"*'(E) are the usual differen-
tials.
Proof. Suppose u€ A, (b,y) € (B x. F),, b € B”) . We want to show that
V(u)b,y)=0.1f 9,p € B*™", 5.9 € B*~" and hence, V(u)(b,y) =
Suppose dyb ¢ B¥~". Then b =s,b' and Vi(b,y)=s5,(8b,8,y), which is
degenerate, and hence V(u)(b,y) =

Now suppose b € B”*Y  We show that
(8.5) 6.V - V5, -8, +6)u)b,y) =
First note that

(6, — ) (w)(b, y) = u(@yb , 1(b)8,f) — u(yb , s~ 81" 1(b), f).

It is straightforward to verify that for i > 0

Vi1 (80,8, 9), i<j<gq,
@,b,si o) wb)o,y), i=j,

a,‘Vj(b'y)= 0 0 jl 0 . .
(8yb . 570](b)dyy) i=j+1,
Vi(9,b.9,y), i>j+1,

WVi(b,y) = (s,_,8,9, b,(sj_,r(aob))(af 0] 1(b))(s,_,8,0,7))
V(0110.0,,19) = 5,(969,,,b..(sg” 0/ 7(6))9,9,,, %),
Vi(0,b,0,y) = (sjaoﬁob (5007 1(8,b)) (5507 " 8,7(D))540405Y) »
Vi(0b , 1(0)8yy) = (5,0,00b . (5307 ' 1(8,5))(5;0,7(5))(5;0,34¥))-
Substituting these in (8.5), all the terms cancel, except possibly those above

starting with 5,8,9)b, b € B"*Y  Hence, 5;000,b € B”! unless b = sob’, in
which case 7(b) = e, the last two terms cancel, and 9, Vj(b , f) is degenerate.
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Lemma 8.6. For r < 2,E’Y = Ff 1 where E, and E, are the spectral se-

quences associated to B x_F and B x- F respectively.
Proof. As mentioned earlier, 4” = 4" . One easily checks, using Lemma 8.4,
that dy=d, and d, =d,. Thus

E,=H,(E, . d)=H,(E,.d)=E,
Theorem 8.7. Let {E”% ,d } be the spectral sequence for E = B x_F . Then,
if F is splittable, we have E;* ~ H”(B;H'(F)).

Proof. We begin with a digression. Let X = {X ”. q} be a bisimplicial space
with face and degeneracy mappings

i n
ai:Xp‘q—»Xp_l,q, 0, :Xp,q_’Xp,q—l'
I. //.
Si'Xp,q"’XpH,q’ si‘Xp.q—_)Xp,q+l’
The diagonal of X is the simplicial space X , where X , =X, . 0= 80! =
8/'8;,and s; =557 =ss;. Let C(X)=(C"“,d",d") be the double complex
defined by
C’*={ue(X,, R):uos,=uos;=0,0<i<p-1,0<j<qg-1},
p+l1 ) qg+1 )
du=3 (-1)uod,, d'u=) (-1)uod
i=0 =0

and denote by C,(X) the associated total complex. Define 7: C,(X) — C(X)
by
(Tu)(x) = u((9,

p+1

)(8“) X)
0
forueC??, xeX P

Lemma 8.8. There is a mapping T': C(X) — C/(X) and cochain homotopies
9: C(X) > C(X), y: C(X)— C,(X) with

Sp+95=TT'—id, OSy+wd=TT-id
Furthermore, Q,: H (C,(X)) — H (C (X) is an algebra isomorphism.

The proof of the first part of the lemma follows the same lines as the proof
of Theorem 2.9 of Dold and Puppe [7]. To prove that T preserves products,
we need a variant of the cup-i products.

For ue C??(X), ve C"*(X), define uuU, v e CP**"*7!(X) by

p+q (g—=1)(r+1)
(U, v)(x) =) (1) u(D;x)v(E;x)
J=p
Where / g+r+s—1,,1 " L, N K
r+s— p r—
D, =(8,,,) (89)7(8;) (Bpyqur) »

J p+1 p+q+r

j —j—1 -1
Ej=(6(;)1(a;+r+l)p+q+s J (aé/)p+q+r .
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The fact that 7, is multiplicative now follows from
Lemma 8.9. If uU, v is defined as above, then
S(uu, v) = (du)U, v+ (=1)""uu, dv
+ (=) (T (wv) = T()T (v)).

The proof of this equation proceeds by first proving it in the special case
where X g = Y p X V4 oy Y and Z simplicial sets. This case can be seen to
follow from the commutativity of ordinary cup products as in Steenrod [20].
The general case now follows from the fact that given x € X b there is a
unique bisimplicial mapping

S Alp] x Alg] = X
with f((0,...,p),(0,...,q)) = x. The details are left to the reader.
Define a bisimplicial complex X by X b q =B, xF, with

q p—1 .
Blf(b,y) _ (Oyb ,55T(0, "b)y), z'— 0,
(0,b,y), i>0,
8/ (b, y)=(b,8,y),
.y =(sb.y).  5(b.y)=(b.5),
for b e B,y € F,. Note that X=B x- F . Define a filtration of C,(X) by
A’p — Z Z CJ q
Jj2pq20

and let Er be the associated spectral sequence. Then it is easy to check that
the mappings of Lemma 8.8 are filtration preserving so that 7 induces an
isomorphism E?'? ~E2? and we need only prove that

E}? ~H"(B;H(F),).

Now, E, is the homology of C,(X) with respect to the differential d,: C**¢
— C?*'  Since F p is compactly generated for all ¢ > 0, we can identify

C"% = C(B;CU(F))

(see proof of Theorem 5.6 in [21]) and J, is induced from the coboundary
operator on C*(F). We must show that

kerd,: C*% — cP !
Imd,: crat P

~ C*(B;H(F)).

To begin with, the image of the mapping
dy: C*(B;C*"'(F)) - C"(B;C*(F))
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is clearly contained in C”(B;B%(F)). Since F is splittable, d: C*~'(F) —
BY(F) has a continuous section and it follows that
d,C"(B;C*\(F)) = C"(B; B'(F)).
Next, the mapping
C’(B;Z%(F)) — C"(B;H'(F))
clearly has kernel C?(B;B(F)) and the fact that F is splittable again implies

that this mapping is onto. This completes the proof of Theorem 8.3.
We conclude this section with three results concerning splittable spaces.

Proposition 8.10. If C is a splittable differential graded topological vector space,
then H (C) is Hausdorff for all ¢ > 0.

Proof. Let t: H (C)— Z, be asection for n: Z — H (C). Then, for x # y
in H q(C ), let U and V be disjoint neighborhoods of #(x),t(y) in Z,. Then

t~'U and t~'V are disjoint neighborhoods of x and y in H (O).

Definition 8.11. Let C,C be differential graded topological spaces. We say C
is a retract of C if there are continuous linear mappings

a:C—C, p:C—-C

preserving differentials and continuous linear D: ! T, ¢ >0, with
Ba—id=dD + D3 .
Proposition 8.12. If C is splittable and C is a retract of C, then C is splittable.
Proof. Let s: BY — C%*', t: HY — Z% be the mappings which exist because
C is splittable. A straightforward computation shows that the mappings

5: B - ", TH -7Z*
given by 5 = fsa + D, T = Pta, satisfy the conditions necessary to make C
splittable.
Proposition 8.13. Let X be a simplicial space such that X g s locally compact
and countable at infinity for all ¢ > 0. Then C*(X;R) is splittable.

Proof. If X . is locally compact and countable at infinity, the space (X . R)
of continuous functions from X  to R is a Fréchet space (by (4.7)). Since

CYX;R) is a closed subspace of (Xq ,R), it is also a Fréchet space (by (4.5)).
Proposition 8.13 now follows from (4.8).

9. PROOF OF LEMMA 2.8
We wish to prove that if A is FNF, then
i,: H (A) — H (% (AA))

*

is an isomorphism. Choose generators for 4 so that 4 = J4,, 4, = R,
A, = A, ,[x,] as in Definition 2.5. Then, for fixed p and ¢, 4” = 47 and
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A(A) .= A(4,) g for n sufficiently large so we can assume A finitely generated.
The proof now proceeds by induction on n. We first prove Lemma 2.8 for
n = 1, that is, when AA is a differential form version of K(R,m). We begin
with the easier task of determining H*(K(R,m)).

Lemma 9.1. There is an isomorphism H*(K(R , 1)) ~ R[x], where degree x = 1.

Proof. Sending u € Zl(A[q];R) into (u(0,1),u(1,2),...,u(gq—1,q)) € R?
defines an isomorphism K(R,1) = R? such that

(az,...,aq), i=0,
ofa,, ... ,aq): (@ ,....a;. +a;, ... ,aq), O<i<g,
(al,...,aq_l), i=gq

It follows that H*(K(R, 1)) is the classical continuous cohomology of R as a
Lie group. It now follows from the Van Est theorem [24] that H*(K(R, 1)) is
the Lie algebra cohomology of the Lie algebra R which is clearly R[x].

Our next result proves Theorem 2.3.
Lemma 9.2. The algebra C*(K(R,n),R) is splittable and H*(K(R , n)) ~ R[x]
where degree x = n.
Proof. We prove this result by induction on n. The usual Serre spectral se-
quence argument applied to the TCP
K(R.,n)c C"(R)— K(R,n+1)

(see Lemma 6.9) yields the desired result if we can show that the Serre spectral
sequence is applicable. In going from n to n + 1, we need to know that
C*(K(R,n)) is splittable. Assume Lemma 8.2 is true for n — 1 and hence,
by the Serre spectral sequence, H*(K(R ,n)) is isomorphic to R[x]. We show
BY(K(R,n)) c C*(K(R,n)) is closed. By hypothesis, the inclusion K(Z ,n) C
K(R,n) induces an isomorphism,

HY(K(R,n))— HY(K(Z ,n)) > Hom(H (K(Z ,n),R),R).
Hence for any ¢ for which these groups are nonzero, there is a chain
¢, € C.(K(Z,n)) such that evaluation on ¢ . gives a continuous isomorphism
HYK(R,n)) — R. Then B? is closed because it is the kernel of the continuous
map of Z"(K(R,n)) to R given by evaluation on ¢,

Foreach ¢ >0, K(R,n) g is a Euclidean space and it follows from (4.7) that
(K(R, n)q , R) is a Fréchet space. Thus, using (4.5) and (4.6), C*(K(R,n),R),
Z%(K(R,n),R),B*(K(R,n),R) and H*(K(R,n)) are Fréchet spaces. The
fact that C*(K(R,n), R) is a splittable algebra now follows from (4.8).

We now prove Lemma 2.8 for 4 = R[y].

Lemma 9.3. The algebra &/ A(R[y])) is splittable and
i, H'(R[y]) = RIy] — H" (/ A(R[)])

is an isomorphism.
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Proof. We begin with the second assertion of the lemma. Suppose degree y =
n. Then the mappings ¢ and y of Lemma 5.5 give mappings
K(R.,n) 5 AR[y] % K(R ,n)
with yg = identity. We define a homotopy
F:Z,(Q)xAll]- Z,(Q)

between gy and the identity as follows. Let s € A[l], and w € QZ with
dw = 0. Then s determines a unique simplicial mapping §: A[g] — A[1] with
§(0,1,...,q)=s and thus a linear mapping §: A7 — A'. Let f: A7 — A7 x A’
be the mapping id x § and define
F(w,s) = f"((pyw)(pyt)) + (p; pww)(1 — p;t,) + (=1)" (pyyw)(p;dt))),
where
pl:Aqul—>Aq, 1)2:Aq><Al—»Al

are the projections and y: Qg — Qg_l is the mapping of Lemma 5.5. A
straightforward computation (using Lemma 5.5) shows that F has the required
properties.

If D: C"_'(A(R[xn])) — CUA(R[x,])) is the cochain homotopy coming
from F above, then
dD+Dd =y 9" —id.

Hence, by Proposition 8.12 and Lemma 9.2, C*(A(R[xn])) is splittable.
We complete the inductive step proving Lemma 2.8 by the following

Lemma 94. If i : H (A) — H (% A(A)) is an isomorphism then
i, H (Aly]) - H (¥ A(A[y]))
is also an isomorphism.
Proof. According to Theorem 5.6, it is sufficient to show that the composite

Ji ALyl 5 o A(Aly]) % C*(AALyD))

induces an isomorphism on homology. By Lemmas 6.12 and 8.3, we may apply
the Serre spectral sequence to the fibration

n: A(A[y]) — A(A).
Define a filtration on A[y] by
F? = {Zaiyi € A[y]: dima; > p}.
We must show that j is filtration preserving.

Suppose a = Eaiyi , dimg; > p, and w € A(A[y]), with 7w € A(A)g_I .
We need to show that j(a)(w) = 0. There is a simplicial mapping %: Alg] —
Alp—1] and w' € A(4),_, such that nw = h*w', where h*: Q| — Q.
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Hence,
i@w) =w@=w (Y ay') =Y w@w)=0
since w(a,) =h"w'(a;) =0.
It now follows that j induces a mapping of spectral sequences and
E7“(Aly]) = H,(4) ® (R[],
E7(CT(A(AlYD)) = H(A(4)) ® H (A(R[Y])).
Since the spectral sequences are multiplicative, it suffices to prove that j induces

an isomorphism on Eg 4 and Eé’ 0. However, this follows from Lemma 9.3
and the hypothesis on 4.

10. PROOF OF THEOREM 2.13

We begin by proving Theorem 2.13 for X = K(n,n). Since 7 is abelian
(by definition) and locally euclidean (by assumption), it is the product of groups
isomorphic to Z,Zp = Z/pZ,Sl ,or R.

Lemma 10.1. Forany n>1,

H*(K(n,n))~R[x] ifn=ZorR,
=R if7t=ZporSl

where degx =n.
Proof. The case m = R is dealt with in Theorem 2.3 and the cases 1 = Z ,Z »

are well known. Suppose 7 = S' and n = 1. Then, just as in the proof of
Lemma 9.1, we see that H™ (K (Sl , 1)) is the classical continuous cohomology
of the Lie group S ! which is trivial since S' is compact (by the Van Est
theorem [24]).

The fact that H*(K (Sl ,n)) is trivial for n > 1 now follows by induction
in the usual way using the continuous cohomology version of the Serre spectral
sequence (§8) of the TCP

K(S' n)c 'S = k(' n+1).
Corollary 10.2. For any n > 1, we have

0 ifi;énorifn=Zp0rSl,

iKn,n =
m (K ) {R ifi=nandn=2ZorR.

This proves Theorem 2.13 for X = K(n,n). We next prove the result for
X =X, = E(u,) by induction on n.
Suppose M, _, is minimal and f: X, _, — AM,_, is a weak equivalence
with .
(X

n—1

y=n'(AM,_)~M, [/M,_,.
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We can factor X, — X, _, into a sequence of TCP with fibre K(n,n), where
7 is one of the groups mentioned above. Thus, it is sufficient to consider the
case in which 7, is one of these groups. If #, is isomorphic to either Z , Or
S',then H*(X,)~H"(X,_,) and we take M, = M, .

If =, is isomorphic to Z or R, we let p: n, — R be the homomorphism
taking 1 onto 1. Let w € H "“(A(Mn_l)) be the image of u, under the
composite

R)~H"™'(AM,_)))

and v € H, ,(M,_,) the image of w under the composite

Hn+l(X

n—1"

nn) N Hn+l(X

n—1"

1
H"™ (AM,_\)~H, (¥AM,_))~H, (M,_,).
Then, if o € M,_, is a representative for v € H, ,(M,_|) we set M, =
M, _ [x] with degree x = n and dx = ¥. Comparing Serre spectral se-
quence shows that H"(X,) and H"E(w) are isomorphic. In addition, one
has n'(Xn) ~ n'E(w) and, by Lemma 6.12, E(w,) and A(M,) are homotopy
equivalent. The exact homotopy sequence of the TCP
A(R[x]) CA(M,) — A(M,_,)
yields an isomorphism A
n'(AM,)) ~ M, /M,

The general case of Theorem 2.3 follows from the observation that for fixed

q,
HY(X)~H%(X,) and n?(X)=~n'(X")

for n large enough.

11. PROOF OF THEOREM 2.23

We begin with the construction of simplicial sets X, and X, satisfying the
conditions of the theorem.

Let 1, € H %(K(Z,q);Z) be the generator and let X, ,, be the fibration over
K(Z,2)v K(Z,2) induced from the contractible fibration by

o K(Z,2)VK(Z,2)— K(Z,4),
where
fn*,m(l4) =n(l,® 1)2 -m(l® 12)2.
Then ,
H'(X, ,;0) = Qlx . y]/{nx’ = my* ,xy},

where x and y have degree 2. If z = x? /m, then
2

H (X, ,;Q)~0+Q

with basis x and y and
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with basis z. The matrix for quadratic form H 2(X e H'(x » m) 1N this
basis is (7 7).

Let M, = R[x,y u,v]€ L%, where dx =dy =0, du = nx® — my2
and dv = xy. In [3, §16], it is shown that since, mx® — my2 ,Xxy is an ESP
sequence, M,  is a minimal model for &/ (X, ).

Let X, =X, s and X, = X; ;. Then the matrices

L (o 15) (o3)

are not equivalent over Q. For if they were equivalent, one would have rational
solutions to the equation 3a% + 5 = 1 , or, equivalently, integer solutions to
the equations

(11.2) 3a> +5b° = ¢

The fact that this is not possible is proved by working mod 3 and using the
notion of “infinite descent”; the existence of solutions a,b,c for (11.2) imply
the existence of solutions a',b',¢’ with @' <a, b'<b, ' <c.

It follows that H*(X,;Q) and H"(X,;Q) are notisomorphic. However, the
matrices (11.1) are equivalent over R (since they have the same signatures).
Hence M, |5 and M, ; are isomorphic and then X, and X, are equivalent
in A7, .
We now prove the second assertion of Theorem 2.23. We are indebted to
Tsuneo Tamagawa for his help with this proof.

Let 4 be the free DG algebra over R generated by x,,...,x, € 4,,
Yy Y, €Ay and with
dx; =0, 1<i<n,
dyi:Zbijkxjxk, 1<i<m
J<k

We say that A has a rational form if there is a DG algebra 4 over Q and
an isomorphism A4 ~ A’ ® R of DG algebras Equivalently, 4 has a rational

form if we can choose bases %, , .. for A , Yy, for A such that

X
}: %%,
Jj<k
with b € Q.

Suppose A has a rational form. Let P = ( p,.j) be an invertible n x n matrix,
Q = (q;;) an invertible m x m matrix with

X =3opy%,  P=D_4yy;

dy _undy _Equ J pkrplsxrxs

Then
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SO

rs kl
bl = Z qubj pkrpls‘
Jok

Of course, b{k can be expressed in terms of l}irs in a similar way.

Let N = n(n+ 1)m/2. Then there are N of the bijk and n’> + m® of the
p;.4q;- We can think of the passage from 5'3 to bjk as defining a mapping
Pp 0" :RY - RY dependmg on the particular choice of P and Q. If we can
fix a rational point be Q c RY , then the set

A'(b) = {(pP,Q(l;): P invertible n x n, Q invertible m x m}

corresponds to all DG algebras A (which of course depend on bijk) with A’
defined by b as their rational form. Thus, the set UBeQ A'(b) corresponds to
the set of all 4 as above which have a rational form.

Now, if N> n’+m? (for example, n=5,m = 2), then A'(b) is the image
of an open set in R™*™ under a differentiable mapping Rt RV Thus,
the set UBGQN A'(5) cannot be all of RY and any point in its complement
corresponds to a real form of A4 with no rational form.

12. PROOF OF THEOREM 6.2

We prove that if p: E — B is a fibration in A , then for any X € A7,
F(X,E)— % (X,B) is a fibration in A7 .

If I =4{,....,0}, 0<i <--<i <gq,let Alg,I] denote the small-
est subsimplicial set of A[g] containing (0,...,j,...,q) for j € I. Let
F E(q,I) be the subsimplicial space of ¥ (A[q], B)x.¥ (Alg.,I],E) whose p-
simplices are pairs (u,v), where u: A[p] x A[g] — B, v: A[p]l xAlg,I]— E,
and u|A[p]x A[gq,I] = pv. The projection induces a map p, F(Alq],E) —
F E(q,I). Note that

E(g.1)=FE(q.I),, E,=Fl4].E)y,

and P, in dimension zero coincides with P, as previously defined. Fur-
thermore conditions (iii) and (iv) in the definition of fibration translate into a
functional form as follows: If

(u,v)€E(g—1,1)C (Alg - 1], B) x (Alg — 1,11, E)
and j ¢ I, then
Agey (U, v)d =1, I(udj,vdj).

If jor j+1€l,v:Alg—1]—E and u = pv, then
Ay 1(ud; vd;|Alg  I]) = vd,.
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Propeosition 12.1. The following are equivalent:

(I) p: E — B isa fibration in AT .

(II) The maps b, F (Alq] E), — FE(q 1), have continuous sections
A, =4, , suchthatif (u,v) € FE(q,I), (u:Alp]xAlq] — B,v: A[p] x
Alg,I1— E), then

(1) 4, ,_(u (e; x id) ,v(ej x id)) = l,’p(u,v)(ej x id).

(i) 4, ,p“(u(dj x id) ,v(dj xid)) = 4, ‘p(u,v)(dj x id).

(iii) If j or j+ 1 €1, then A, pluid x a'j),v(id X dj)) =v(id x dj) where
v:AlplxAlg-1]1—FE and u=pv.

(iv)If j ¢ I, then

(u(ldxd) ’U(ldXd))— plu.v)(id x d)).

st

(IIT) There are maps 4, ;: ¥ E(q.1) — F (A, E) such that
() p, A= identity.
() If jor j+1€l, then

A F(d; E)=F(d, ENF(d, E): F(Alg-1],E) - F(Alg], E))

q.1Pq.1
(i) If j ¢ I and d;‘ denotes the map induced by d 1 Alg] — Alg — 1], then
the following commutes:

F(lg-1],E) 2= FE@G-1.1)

| |4
}'q.K]I
F(Alq] . E) —— FE(q.5])

(IV) Forall X e A7 ,¥ (X ,E) - % (X, B) is a fibration.

Proof. Statement II implies III since II is simply III reformulated via the defi-
nition F (X, Y), = (Alp] x X ,Y). The manipulation

FX,FY,2)~F (Y, F(X,Z2))

for X,Y,Ze€A9 and Y a finite simplicial set, transforms III into IV. State-
ment IV implies I by taking X = pt. Thus it remains to verify that I implies
II.

Suppose p: E — B is a fibration with sections
;P FE(q, 1), — (Alg], E).

Suppose (u,v) € F E(q ), u: AlplxAlgl — B, v: A[p]xAlg.I]— E. We
define 4, p(u ,v): A[p]xA[q] — E by induction on g and then inductionon p.
For ¢ = 0,% E(q,1) is null since there are no I’s and hence 4, , is trivially
defined. Suppose 4, » has been constructed for g — 1 satisfying (i)—(iv). For
q,let 4, , = ,1 ; from above. Suppose 4, p—1 has been defined. We wish to
define w = 4, (u v) so that w extends v, pw = u, w varies continuously
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with (u,v) and it satisfies (i)-(iv). Let A[p] be the usual simplicial boundary
of A[p]. Using l,,p_l we extend v to

U, = (A[p] x Alg. I1) U (Alp] x Alg])

so that it satisfies (i). We next choose an order, 7,,7,, ... ,7, of the nondegen-
erate p+gq simplices of A[p]x A[q] and extend w over each y; by induction
on [ using the sections Al for £ — B. The main technical difficulties
involved in this proof consist in choosing this order so that (i)-(iv) hold. We
next define this order and prove three lemmas about it.

Note that if (7,0) € (A[p] x Alq]) pia is nondegenerate, ¢ determines 7. If
0= Jy»--1Jpy,) and 7= (kg --- ,kp+q), then k=0, k., =k, +1 if
Jes1 =Jipy and k,_, =k, if j,_, =j,+1. Let 6 denote this 7, determined
by o and let Vq” denote all p + g simplices o of A[g] arising in this way,
that is, all p + ¢ simplices involving all of {0,1, ... ,q}. We define an order
on {0,1,...,q} with respectto I =(i,,i,,...,{;) by writing it in the order
Uordiveee dgoyoiyobyeeeini)), 0 jog < jyp << Jj,, <4, J, ¢&1.
Order the simplices in qu lexiographically with respect to the above I order
on {0,1,...,q} and order the simplices (6,0), 0 € Vq” , according to the [
order of o. We denote these orderings by “ <, ”.

Let [(i,0) be the integer /, where i, is the last occurrence of i in o. The
following is trivial to check.

Lemma 12.2. If 0 € Vq”, then
(d; xid)(6 ,0) = 5,(0,6 ,0,0),
where | =1(6,1), and
(idx d,)(6,0)=s5,(0,d,6,0,d0),
where | =1(0,1i).

If € Vq", let T)o € qu be defined as follows: If i, =i, (i,_,,i,,i,,) is
oneof (i,i,i),(i—1,i,i),(i,i,i+1)or (i—1,i,i+1). Let T, be formed
from ¢ by changing i, in the cases above, to i,i—1,i+ 1,1/, respectively.
Let

I(a,1)={l|T(0) <, 6} U{l|0,0 € Alg.I] or 8,6 € A[p]}.

The second factor in this union is
{/ITic=0candifi ¢ 1, i, =i}
The proof of the following is a bit tedious but straightforward.

Lemma 12.3. The set I(o,I) is nonnull and # (0,1,... ,p+q). If i or
i+1€l, then l(g,i) or l(o,i)+1€I(a,I). If i and i+1 ¢ I, then
s,1(8,do,1)=1(c,s 1), where | =1(a,i). If | =1(6,i) and | and | +1 ¢
I(c,1), then 5,1(0,0,1)=1(d,1).
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For a simplex «, let @ denote the simplicial set of all faces and degeneracies
of a. For o € Vq”, let

U, = Alp] x Alg, 11U (A[p] x Alg) U | (@, o),

a<;0

where the o’s are in Qfl’ . We prove

Lemma 124. U;N(5,0) =U,;y.1 (6 0).

Proof. Recall T,o differs from ¢ only in the /th place and hence 9,(7;0) =
0,0. Thus if T)(0) <, o, then 9,(6,0) € U;. The definition of I(c,[)
thus shows that the right side of Lemma 12.4 is contained in the left side.
Suppose (%,7) is a nondegenerate simplex in the left side of 12.4 and not the
face of such a simplex. We show that (,t) = 9,(6,0) for some i€ I(g,]).
Suppose t € A[g,I]. Let the last occurrence of i, (I = (i;,i,,...)) in o
occur at /. Then 7 is a face of 9,0 and / € I(0,I) and hence 7 = J,0.
Suppose 7 is a face of (&,a) € (e;(Alp — 1])) x Alg]. Let [ be the last
place at which j occurs in &. Then / € I(¢,I) or [ -1 € I(og,]) and
the / — 1 entry of & is also j. In either case 7 is a face of 9,0 where
i €I(a,I). Suppose 7 is a face of o', ¢’ <, o and suppose T # 0,0, all
i € I(o,I). We show this leads to a contradiction which will complete the
proof. Since 7 is a face of o, 7 = 3,-,3j2""5j,0, Jy < J, <.+ < j, and
J; € I(o,I), all s. Suppose j is the j_ entry of 6 and b is the j, entry
of g,ie. (b,)) isthe j vertex of (6,0). Since j ¢ I(c,I), the possible
Jo—1,Jj;,J;+ 1 vertices of (6,0) are (b,j—1),(b—j),(b,j+1)a, j ¢
I which we call type A, 0r (b—-1,j),(b,j),(b,j+1), j & I or j and
j+lel;or (b,j—1),(b,j),(b+1,j), j—1€l and j ¢ I, which we call
type B. Suppose j, is the first occurrence of a type A situation; 3,;‘7 omits

all occurrences of j in ¢ and (b,j — 1) is not omitted by 9, because it
cannot be of type B. Hence (b,j — 1) must be in (6',0') and j € o and thus
(b,j) € (6',0") which contradicts the maximality of 7. Hence there are no
type A situations. Being all of type B implies that for all s, j,_, > j +1. But
to form ¢’ from 7, each vertex omitted from ¢ must be replaced by a vertex
and the only possible replacements are bigger in the I order. Hence ¢’ > o, a
contradiction.

We now return to defining w: A[p] x [q] — E. We define w|U,, g € Vq"
by induction on the I order of Vq” . Suppose w|U has been defined. Let

h,: Alp + q] — A[p] x A[p] be the unique map such that 4 (0,...,p+q) =
(6,0). Let w|U, U7 be the unique map extending a w|U_ and satisfying

wh_ =2 uh,, (w|U,)(h |Alp +q.1(c,1)])).

[4 p+q .I(o .1 )(
Continuing by induction on ¢ we obtain w: A[p] x Alg] — E, which by con-
struction satisfies (i) and varies continuously with (u,v). Note that 4, (U, v)
is continuous because its range and domain are subspaces of products of B,’s
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and F . ’s and the maps are complicated combinations of the face and degener-
acy operations and the maps A o from E — B.

We verify that w satisfies (ii)-(iv) on U by induction on o .

Proof of (ii). Consider

d;xid
U, ZZ5, Alp - 1]1x Alg]
U”
U U
djxi

Alp] x Alg, I] 224 Alp - 1]x Alg, 1] —%— E

l ! l

Alpl x Algl 2% Alp-1]1x[q] —“— B

where v" = 4 I p_l(u' ,v'). We wish to show that if w is constructed from u =
u'(dj x id) and v = v'(a’j x id), then w = v"(dj x id) . We show that

/ n .
wlu, =v (a'j x1d)|U,

by induction on o. The first step in this induction is true because 4, o1

satisfies (ii). Suppose the above is true for U, and o' is the successor of o .
Then U,, = U,U§ and hence we must show that wh, = v"(I; x id)h, . By
Lemma 12.2, if | = (4, j),

(d, x id)h, = h, d,

Hence
w}za = Ap+q 'l(a '])(uhg ’ (wlUO)(halA[p + q ’ I(o- ’ I)]))
=2y 1001y ooy 0"y d|ALD + ., 1(8 . D)).

Suppose / or [+ 1€ I(c,I). Then
wh, = v"holad, = v"(dj x id)h,.
Suppose / and /+1 ¢ I(8,I). Then

wh, = 2,10, ,l)(u/h(’),adl "U”ha,ad/)
li "
=Ayg0 1y (U Hyy 0 Hy A,
=y, (U V) 4,

=v"(d; x id)h,.
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The proof of (iii) follows the same line of argument as used for (ii) starting
from the diagram

UJ
Alp] x Alg, I1 2% Alp] x Alg — 1] —2— E

l | l

Alp]x Alg] —— Alp]xAlg—1] —“— B

where j or j+1el. Let u=u(id x dj) and v = v'(id x dj). We need to
show that if w =1, (u,v), then

wh, =v(id x d))h,.
(Again we use induction on ¢.) Let / = I(g,i). Then by Lemma 12.3 / or
l+1€lI(o,I) and by Lemma 12.2
(id x dj)ha =h,d, where o = 0,(d,0).

Hence , ,
wh, = Aro 1yt h,d, ,vh,d)

=v'h,d, =v'(id x d )h,.
Proof of (iv). Here the diagram is as follows (j and j+1 ¢ s.I):
U —— A[p]l xAlg - 1]

Alp] x Alg,s,]] —— A[p]x Alg - 1,1] v E

l l 1

’

idxd,
Alp] x Algl —— AlplxAlg-1] —— B
Again, using Lemmas 12.2 and 12.3, one has
who s 1o’ 1) (u h d[ ’ v,ha’d/)
1(0’ I (' h, u’)d[
=v ha,d, =v"(id x d,-)ha~
This completes the proof of Proposition 12.1.

”"
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