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CHARACTERIZATION OF NONLINEAR SEMIGROUPS
ASSOCIATEDWITH SEMILINEAR EVOLUTION EQUATIONS
SHINNOSUKE OHARU AND TADAYASUTAKAHASHI
Abstract.
Nonlinear continuous perturbations of linear dissipative operators
are considered from the point of view of the nonlinear semigroup theory. A
general class of nonlinear perturbations of linear contraction semigroups in a
Banach space X is introduced by means of a lower semicontinuous convex
functional /i : X —>[0, oo] and two notions of semilinear infinitesimal generators of the associated nonlinear semigroups are formulated. Four types of necessary and sufficient conditions are given for a semilinear operator A + B of the
class to be the infinitesimal generator of a nonlinear semigroup {S(t)\ t > 0}
on the domain C of B such that for x e C the C-valued function S(-)x on
[0, oo) provides a unique mild solution of the semilinear evolution equation
u'(t) = (A + B)u(t) satisfying a growth condition for the function /&(«(•)).
It turns out that various types of characterizations of nonlinear semigroups associated with semilinear evolution equations are obtained and, in particular, a
semilinear version of the Hille-Yosida theorem is established in a considerably
general form.

Introduction
This paper is concerned with nonlinear semigroups which provide mild solutions of semilinear evolution equations in Banach spaces of the form

(DE)

u'(t) = (A + B)u(t),

t>0.

In (DE) the operator A is assumed to be the infinitesimal generator of a linear (C0)-semigroup {T(t): t > 0} in a Banach space X, and B a nonlinear
operator from a convex subset C of X into X which is continuous and quasidissipative in a local sense.
The importance of semilinear equations of the type (DE) has constantly been
recognized for many years in various branches of mathematical analysis. However most of the literature dealing with such semilinear equations is devoted to
the study of existence and various qualitative properties of the solutions. So
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far many kinds of sufficient conditions have been given for semilinear equations of the type (DE) to possess global solutions, but it seems to the authors
that very little is known about necessary and sufficient conditions on A and
B for the solutions of (DE) to exist in a global sense. This problem is important from both theoretical and practical points of view, and it is interesting to
discuss a general class of nonlinear perturbations of linear (C0)-semigroups in
this direction. In this paper we interpret the above-mentioned problem as a
characterization problem of a nonlinear semigroup which provides "mild" solutions of (DE) satisfying an appropriate growth condition, and we discuss the
characterization of such nonlinear semigroups in terms of the corresponding
"semilinear" infinitesimal generators.
Equation (DE) does not necessarily admit strong solutions and the variation
of parameters formula

(IE)

u(t) = T(t)x + I T(t-s)Bu(s)ds,
Jo

t>0,

is employed to define the generalized solutions that are called mild solutions of
(DE). Further, the integral equation (IE) may have only local solutions provided
B is locally Lipschitz continuous on C (our assumption on the nonlinear operator B is considerably weaker than the usual local Lipschitz continuity). Here
we employ a lower semicontinuous functional /i on X into [0, oo] to define
the local quasi-dissipativity of B and specify the growth of a solution u(-) of
(IE) in terms of the real-valued function /i(u(-)). In case of concrete partial
differential equations the use of such a functional /i corresponds to a priori
estimates or energy estimates which ensure the global existence of the solutions
as well as their asymptotic properties.
Our objective here is twofold.

First, we discuss a new notion of weak solution

which is eventually equivalent to the notion of mild solution but more convenient for discussing the characterization problem. These two notions suggest
two natural notions of "semilinear" infinitesimal generators of a nonlinear semigroup which provides the mild solutions. It should be mentioned that the ordinary notion of infinitesimal generator is inadequate to characterize such semigroups. In view of these observations we introduce a general class of nonlinear
perturbations of linear (C0)-semigroups by using a functional /? : X —>[0, oo]
and we establish four types of necessary and sufficient conditions for a semilinear operator A + B of the class to be the semilinear infinitesimal generator
of a nonlinear semigroup {S(t): t > 0} on C such that for x E C the Cvalued continuous function u(t) = S(t)x on [0, oo) is a unique mild solution
of (DE) satisfying a certain growth condition on the function /i(u(-)).
The
sufficiency of each condition yields a distinct generation theorem for nonlinear
semigroups associated with semilinear evolution equations, while the necessity
implies that the infinitesimal generator of a nonlinear semigroup {5(0} on C
as mentioned above is densely defined in C and exactly equal to the semilinear
operator A + B. The sufficiency can be proved by applying recent results on
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time-dependent evolution equations in Banach spaces. The proof of the necessity needs a new idea and the central part of this paper is devoted to this
argument. It should be noted here that convexity conditions on C and /z are
necessary for the proof. Consequently, four types of characterizations of the
nonlinear semigroup associated with (DE) are obtained, and it turns out that a
semilinear Hille-Yosida theorem is established in a considerably general form.
1. Main results

In this section we outline the main results of this paper. Let X be a Banach
space with norm | • | and C a fixed subset of X. Let {T(t) : t > 0} be a linear
(C0)-semigroup in X, A the infinitesimal generator with domain D(A), and
let B be a nonlinear operator from C into X. In this paper we are concerned
with the semilinear operator A + B with domain D(A)<lC which is genetically
called a nonlinear perturbation of a (C0)-semigroup.
Let x E C and consider the initial-value problem for (DE):

(1.1)

u (t) = (A + B)u(t),

t>0;

u(0) = x.

An X-valued continuous function u(-) on [0, oo) is called a mild solution of
(1.1) if u(t) EC for t >0, Bu(-) is continuous on [0,oo), and u(-) satisfies

( 1.2)

u(t) = T(t)x + f T(t- s)Bu(s) ds for t > 0.
Jo

On the other hand, a function u(-) : [0, oo) —►
C is said to be a weak solution
of (1.1) if u(-) and Bu(-) are continuous on [0,oo) and for every f E D(A*)
the function («(•), /) is of class C'[0, oo) and satisfies the equation

(1.3)

(d/dt)(u(t),f) = (u(t),A*f) + (Bu(t),f)

fori>0.

We are concerned with a nonlinear semigroup {S(t): t > 0} on C such that
for each x E C the function u(t) = S(t)x gives a mild solution of (1.1). Equations ( 1.2) and (1.3) suggest two notions of "semilinear" infinitesimal generators
of {S(t)}. Relation (1.2) implies

(1.4)

limh~x(S(h)x-T(h)x)

= Bx for xeC,

and formula (1.3) (together with Proposition 2.4) implies

(1.5)
lim(h x(S(h)x-x),f)
AJ.0

= (x,A*f) + (Bx,f)

for x eC and f E D(A*).

A semilinear operator A + B is called the full infinitesimal generator of {S(t)}
if (1.4) holds; and A + B is said to be the weak tangential operator of {S(t)}
if (1.5) holds. For the semilinear infinitesimal generators as mentioned above
we obtain the following result (Theorem 3.1).
Theorem 1. The following four statements are equivalent.

(i) For xeC

the function S(-)x is a mild solution of (1.1).
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(ii) For x EC the function S(-)x is a weak solution of (1.1).
(iii) A + B is the full infinitesimal generator of {S(t)} .
(iv) A + B is the weak tangential operator of {S(t)}.
In view of Theorem 1 we introduce a general class of nonlinear perturbations
of (C0)-semigroups such that to each semilinear operator of the class there
corresponds a nonlinear semigroup which provides a unique mild solution of
(1.1) for each x e C. We consider a proper lower semicontinuous functional
/t : X —►
[0, oo] such that C is contained in the effective domain D( /i) = {x E
X: /i(x) < oo} and the level set Ca = {x E C: /i(x) < a} is closed in X for
a > 0. We say that a semilinear operator A + B is of the class &(C,/?) if A
and B satisfy the three conditions below:
(HI) A - 0)1 is dissipative in X for some weR.
(H2) For each a > 0, B is continuous on Ca .
(H3) For each a > 0 there is coa E R such that B - wj is dissipative on

C .
Because of the localized condition (H3) problem (1.1) may have only local
mild solutions, and it is necessary to consider the growth of mild solutions.
Here we specify the growth of a mild solution u(-) of (1.1) by means of the
function /i(u(-)). A nonnegative continuous function g on [0,oo) is called a
comparison function if for each a > 0 the initial-value problem

w'(t) = g(w(t)),

/>0;

w(0) = a

has a maximal solution m(t;a) on [0,oo). We choose such a comparison
function g and consider global mild solutions «(•) of (1.1) satisfying

(1.6)

/i(u(t))<

m(t;/i(x))

fori>0.

For mild solutions satisfying the growth condition (1.6) we obtain the following
uniqueness theorem (Proposition 5.1).

Theorem 2. Let A + B be of the class &(C ,/i) and let {S(t): t > 0} be a
nonlinear semigroup on C such that for x E C the function u(-) = S(-)x
satisfies (1.2) and (1.6). Then for each a>0 and each x>0 we have

(1.7)

\S(t)x-S(t)y\<ew{n'T)'\x-y\

for t € [0, t] and x ,y E C ,

where to(a,x) = a> + cog and ß = m(x;a).
Moreover, for each x e C, the
function S(-)x gives a unique mild solution of (I.I) on [0,oo) satisfying (1.6).

By a continuous semigroup on C is meant a semigroup of (possibly nonlinear) continuous operators from C into itself. A continuous semigroup {S(t)}
on C is said to be locally equi-Lipschitz continuous on C if for each a > 0
and each x > 0 there is a constant a>(a , x) for which (1.7) holds. Theorem 2
states that a continuous semigroup {S(t)} on C satisfying the growth condition (1.6) is uniquely determined by the operators A and B, and that {SM}
is locally equi-Lipschitz continuous on C. We then state a part of the main
result (Theorem 6.3).
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Theorem 3. Let A+B be a semilinear operator of the class &(C ,/i) and suppose
that C is convex in X and /i is convex on X. Then the following two conditions
are equivalent:
(I)

There exists a continuous semigroup {S(t): t > 0} on C such that for

each t > 0 and each x E C
(La) S(t)x = T(t)x + /o T(t - s)BS(s)x ds, and
(Lb) A(S(t)x)<m(t;A(x)).
(V) D(A) n C is dense in C ; for a > 0 and e > 0 there exists X0 =
X0(a, e) > 0 such that to each x E Ca and each X E (0, X0) there corresponds
an element xx E D(A) n C satisfying
(V.a) xk - X(A+ B)xx = x, and
(V.b) /i(xx)</i(x)
+ X[g(A(x)) + e].
Therefore, the infinitesimal generator of {S(t)} satisfying (La) and (I.b) is
exactly the semilinear operator A + B and the domain D(A) n C is dense in C.

It is not possible to characterize a nonlinear semigroup {S(t)} satisfying
(La) and (I.b) in terms of the infinitesimal generator in the usual sense (see §§3
and 7). But combining Theorems 1 and 3, we obtain the following semilinear

Hille-Yosida theorem (Theorem 7.2).
Theorem 4. A semilinear operator A+B of the class &(C ,/¿) is the full infinitesimal generator of a continuous semigroup {S(t)} on C satisfying /z(S(t)x) <

m(t\/i(x))

for t > 0 and x E C iff the domain D(A) n C is"dense in C

and for a > 0 and e > 0 there exists X0 = X0(a, e) > 0 such that for
ß > a + A[max0<í<Qg(¿;) + s] we have R(I - k(A + Bß)) d Ca and

A((I - X'A + Bß)fxx) < A(x) + k[g(A(x)) + e]
for X E (0, XQ) and x E Ca, where Bß denotes the restriction of B to C„.
The semigroup {S(t)} is determined through the exponential formula
S(t)x = jiin (7 - -(A + Bß)\

x,

xECa,

tE[0,x],

where a > 0, x > 0 and ß > m(x;a).
If in particular /? = 0 and g(r) = 0 in
the above theorem, then B is continuous and quasi-dissipative on all of C (i.e.,
B-ojI is dissipative for some weR) and condition (V) reads as follows: A+B

is densely defined in C and satisfies the range condition R(I - X(A + B)) d C
for X > 0 sufficiently small. Finally, in §7, a variety of observations on the
above-mentioned results are given.

2. Generalized

solutions

of semilinear

evolution

equations

In this section we introduce two notions of generalized solutions to (DE) and
investigate basic properties of the generalized solutions.
Let X be a real Banach space with norm | •|. The dual space of X is denoted
by X*. For x E X and f E X* the value of / at x is written as (x , /). The
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duality mapping of X is the mapping F from X into the power set of X*
which assigns to each y E X the weak-star compact convex set F(y) = {f E
X*: (y,f) - \y\2 = \f\2}- For x, y E X the symbols (x,y)¡ and (x, y)s
stand for the infimum and the supremum of {(x, y) : f E F(y)} , respectively.
Given a subset D of X, we write D for the closure of D and d(x ,D) for the
distance from x E X to D , i.e., d(x ,D) = inf{|jc - y\: y E D} . The domain
and the range of a (possibly nonlinear) operator B in X are denoted by D(B)
and R(B), respectively. The identity operator on X is denoted by 7 .
Let {T(t): t > 0} be a semigroup of linear operators of class (C0) on X.
The infinitesimal generator A of {T(t)} is defined through the relation Ax =
limA,0h~ (T(h)x - x) on the set D(A) of all elements x E X for which the
limits on the right-hand side exist. It is well known (see [3, 5, 15, 17]) that A
is a densely defined closed linear operator in X. For the adjoint operator A*

of A we have (Ax ,/) = (x,A*f) for x E D(A) and / e D(A*).
We begin with three elementary results which were effectively applied to discuss weak solutions of linear evolution equations with inhomogeneous terms in

the work of Ball [1].

Lemma 2.1. If v ,z E X and (z, f) = (v ,A*f) for all f E D(A*), then
v E D(A) and z = Av .
Proof. Suppose that the ordered pair [v , z] does not belong to the graph G(A)
of A . Since G(A) is closed in the product space X x X, the Hahn-Banach
theorem would assert that there is a pair f, g E X* such that (z , f)+(v , g) ^0

and (Ax,/) + (x ,g) - 0 for x E D(A). Hence (Ax,f) — (x, - g) for
x E D(A), which means that / e D(A*) and g —-A* f. Therefore it would
follow that (z , f) ¿ (v , A*f). This is a contradiction, and we conclude that
[v , z] e G(A). Q.E.D.
Lemma 2.2. An X-valued function v(-) on [0,oo) with v(0) = 0 is a C solution of the equation v'(t) = Av(t) on [0,oo) if and only if v(t) = 0 on
[0, oo).

Proof. The function v(t) = 0 is a trivial C1-solution of the initial-value problem. Conversely, let v(-) be a C1-solution of the initial-value problem. Then

(d/ds)T(s)v(t -s) = AT(s)v(t -s)-

T(s)Av(t -s) = 0

for 0 < s < t, and so

v(t) = T(0)v(t) - T(t)v(0) = - Í (^\

T(s)v(t -s)ds = 0

for t > 0 . Q.E.D.
Lemma 2.3. For x E X and f E D(A*), the real-valued function

of class C'[0,oo) and (d/dt)(T(t)x , f) = (T(t)x ,A*f) for t>0.

(T(-)x , f) is

CHARACTERIZATIONOF NONLINEAR SEMIGROUPS

599

Proof. Let t > 0 and let A ^ 0 be such that t + h > 0. Then

h-X((T(t + h)x,f)-(T(t)x,f))

= h~x¡AÍ

T(s)xds,f\

= h~x Í

(T(s)x,A*f)ds

for f E D(A*). Passing to the limit as h -> 0, we see that the derivative of
(T(-)x , f) coincides with the continuous function (T(-)x , A*f).
Q.E.D.
We now introduce a notion of semilinear operator with which we are concerned in this paper. Let A be the infinitesimal generator of a (C0)-semigroup
{T(t): t > 0} on X, C a subset of X, and let B be a nonlinear operator
from C into X . If D(A) n C ^ 0 , then the sum A + B defines an operator
in X with domain D(A + B) = D(A) n C. In this case we call the operator
A + B a semilinear operator in X. The domain D(A) D C is empty in general,
but we use the symbol A + B to denote the semilinear operator determined by
a pair of operators A and B even though the domain may be empty.
We then consider the initial-value problem for the semilinear evolution equa-

tion (DE):
(2.1)

u (t) = (A + B)u(t),

t>0;

u(0) = x E C.

Problem (2.1) does not necessarily admit strong solutions in the usual sense
even if x E D(A), C = X, and B is continuous on all of X. Hence it is
required to think of appropriate notions of generalized solutions of (2.1), and
the following is known as the most natural notion of such generalized solutions.

Definition 2.1. An X-valued continuous function u(-) on [0, oo) is said to be
a mild solution of (2.1 ) if u(t) E C for t > 0, Bu(-) is continuous on [0 , oo),
and u(-) satisfies

(2.2)

u(t) = T(t)x+ f T(t-s)Bu(s)ds,
Jo

t>0.

We also employ the following notion of generalized solution which is in fact
equivalent to that of mild solution.
Definition 2.2. An X-valued continuous function «(•) on [0 , oo) is said to be
a weak solution of (2.1 ) if u(t) e C for t > 0, Bu(-) is continuous on [0, oo),
w(0) = x, the function (u(-), f) is of class C [0, oo), for every / E D(A*),

and

(2.3)

(d/dt)(u(t),f) = (u(t),A*f) + (Bu(t),f) for/>0.

The above notion is a modified version of Ball's weak solution [1] and is
useful for later arguments. Using Ball's argument, we obtain
Proposition 2.4. Let xeC
and let u(-) bean X-valued continuous function on
[0,oo) with u(0) = x. Then u(-) is a mild solution of (I. I) if and only if it is

a weak solution of ( 1.1).
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Proof. Suppose that u(-) is a mild solution of problem (2.1). Then

(u(t), f) = (T(t)x ,f)+ f (T(t - s)Bu(s), f) ds for t > 0 and / E D(A*).
Jo

Since Bu(-) is continuous on [0, oo), we infer from Lemma 2.3 that for every
fED(A*)
the real-valued function («(•)./) is of class c'[0,oo) and

(2.4)

(li)(w(0

'/} = {li){T{t)x •f) + (á)

¡ó{T{t ~s)Bu{s) •f) ds

= (T(t)x , A*f) + f (T(t - s)Bu(s),A*f) ds + (Bu(t),f)
Jo

= (u(t),A*f) + (Bu(t),f)
for t > 0. This shows that «(•) is a weak solution of (2.1). Conversely, let u(-)
be a weak solution of (2.1) and define

u(t) = T(t)x + f T(t- s)Bu(s) ds for t > 0.
Jo
Then, in the same way as in the derivation of (2.4), we see that for every

fED(A'),
(u(-),f) is of class Cx[0,oo) and (d/dt)(ü(t) ,f) = (u(t) ,A*f) +
(Bu(t) ,f) for t > 0. Hence

(d/dt)(a(t) - u(t)J) = (a(t) -u(t),A*f)
for t > 0 and / G D(A*). Let z(t) = ü(t)-u(t)

for t > 0. Then z(0) = 0 and

we have (z(t),f) = (/0' z(s)ds,A*f)
for t > 0 and / e D(A*). Therefore
v(t) = /0' z(s)ds E D(A) and (d/dt)v(t) = z(t) = Av(t) for t > 0 by Lemma
2.1. Since v(-) is of class C ([O.oo);^),
it follows from Lemma 2.2 that
v(t) = 0 on [0 , oo) and hence ü(t) = u(t) for t > 0. This means that «(•) is

a mild solution of (2.1). Q.E.D.
The following useful fact may be an oral tradition,
references which contain the explicit mention.

although we have no

Proposition 2.5. Let co E R, x E C, and let u(-) be an X-valued continuous
function on [0, oo) such that u(t) E C for t > 0 and Bu(-) is continuous on
[0, oo). If «(•) satisfies the integral equation

(2.5)

u(t) = e~MT(t)x+

f e~0J{'~s)T(t-s)[Bu(s)

Jo
then it is a mild solution of (2.1).

+ œu(s)]ds,

t>0,

Proof. Suppose that «(•) satisfies (2.5). Let / e D(A*). Then we infer
from (2.5) that (u(-),f) is of class c'[0,oo) and (d/dt)(u(t) ,f) is computed
as

(¿)

(e-"'T(t)x , f) + (¿)

£{e-«-*T{t

- s)[Bu(s) + cou(s)], f) ds

= (u(t), A*f - (of) + (Bu(t) + (ou(t), f) = (u(t), A*f) + (Bu(t), f)
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for t > 0. By Proposition 2.4, this implies that «(•) is a mild solution of (2.1).

Q.E.D.
Remark2.l. It follows from Proposition 2.5 that u(-) is a mild solution of (2.1)
if and only if for some co E R it is a mild solution of the initial-value problem

u'(t) = [(A - col) + (B + (oI)]u(t),

t > 0;

u(0) =xeC.

This fact is also convenient for the discussion on the relatively continuous perturbations of analytic semigroups. It is possible to extend Proposition 2.5 to
the case in which the semigroup {e~wtT(t)} is replaced by the semigroups
generated by bounded linear perturbations of A .

Remark 2.2. As will be seen later, the variation of parameters formula (2.2) is
convenient for verifying the unicity of solutions, while the weak form (2.3) of
equation (DE) is useful for investigating the generators of nonlinear semigroups
associated with semilinear evolution equations of the type (DE).

3. Infinitesimal generators
of
nonlinearly
perturbed
(c0)-semigroups
In this section we consider nonlinear semigroups which provide mild solutions of semilinear evolution equations of the type (DE) and discuss the infinitesimal generators of such nonlinear semigroups.
Let A be the infinitesimal generator of a (C0)-semigroup {T(t): t > 0} on
X and B a nonlinear operator from a subset C of X into X. Suppose for
the moment that for each x E C the initial-value problem (2.1) has a unique
mild solution u(-;x) on fO.oo). Then one can define operators S(t), t > 0,

in X by
(3.1)

S(t)x = u(t;x)

for t>0andx

eC.

The operators S(t) map C into itself and are necessarily nonlinear. Also, they
have the two properties below:

(51) S(0)x = x, S(t + s)x = S(t)S(s)x for s , t > 0 and x E C.
(52) For each x e C, the X-valued function S(-)x is continuous over
[0, oo).
The first property is obtained through the uniqueness of mild solutions and
is called the semigroup property; the second property states that S(t) depends
continuously upon the parameter /.
By a nonlinear semigroup on C is meant a one-parameter family {S(t) : t >
0} of nonlinear operators from C into itself with the above-mentioned properties (SI) and (S2). If in particular a semigroup on C provides mild solutions
of (DE) in the sense of (3.1 ), we call it the nonlinear semigroup on C associated
with the semilinear evolution equation (DE).
Let {S(t)} be a nonlinear semigroup on C associated with (DE). Then

(3.2)

S(t)x = T(t)x + f T(t- s)BS(s)x ds for t > 0 and x e C.
Jo
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From this we see that limh.0h
and that

(3.3)

limh~x(S(h)x-x)

(S(h)x-x)

exists if and only if jc E D(A)f)C,

= (A + B)x

for x e D(A) n C.

These propositions make sense provided that D(A) n C ^ 0. This means that
A + B gives exactly the infinitesimal generator of {5(0} in the usual sense.
Hence it might be natural to expect that condition (3.2) for a semigroup {S(t)}
is equivalent to the condition that D(A) n C is dense in C and (3.3) holds for
the semilinear operator A + B. In fact, as shown in Proposition 6.2, condition
(3.2) implies the denseness in C of the domain D(A) n C of the infinitesimal
generator A + B under the assumption that C is convex and A + B is of
a certain class of semilinear operators. However, as we mention in the next
paragraph, it seems that the converse does not hold in general.
First we observe that a semilinear operator A+B is not uniquely represented
and may be decomposed into a different form A1+ B1 in such a way that A' is
no longer the infinitesimal generator of a (C0)-semigroup on X, D(B') § C,
and B1 loses the continuity even if B itself is continuous over C. In this sense
the combination of (3.3) and the denseness of D(A) n C in C yields only a
single nonlinear operator and does not necessarily provide the exact form of
semilinear operator A + B. Accordingly, it seems to be insufficient to think
of only the infinitesimal generator in the usual sense in order to discuss the
characterization of a nonlinear semigroup associated with (DE).
Accordingly, it is crucial to specify the infinitesimal generator as a semilinear
operator A + B . Here we introduce two notions of "semilinear" infinitesimal
generators. First relation (3.2) implies

(3.4)

limh~x(S(h)x-T(h)x)
hio

= Bx for xeC.

Further, formula (3.3) together with Proposition 2.4 implies

(3.5)
lim(A x(S(h)x-x),f)
A|0

= (x,A*f) + (Bx,f)

for x E C and f E D(A*).

It should be noted that relations (3.4) and (3.5) hold on all of
sense even if D(A + B) = D(A) n C = 0 . Relation (3.5) may be
follows: The vector field generated by A + B is tangential in a
the continuous curve S(-)x in X for each x E C. These facts
following definitions.

C and make
interpreted as
weak sense to
lead us to the

Definition 3.1. Let {S(t): t > 0} be a nonlinear semigroup on C such that
BS(-)x is continuous on [0, oo) for each x E C. Then A + B is said to be the

full infinitesimalgenerator of {S(t)} if (3.4) holds.
Definition 3.2. Let {S(t)} be as in Definition 3.1. A + B is said to be the weak
tangential operator to {S(t)} if (3.5) holds.
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A nonlinear semigroup {5(0} on C associated with (DE) can be characterized in terms of full infinitesimal generator, weak tangential operator and weak
solution in the following way.

Theorem 3.1. Let {S(t): t > 0} be a nonlinear semigroup on C such that
BS(-)x is continuous on [0, oo) for each xeC.
The following are equivalent:

(i) S(t)x = T(t)x + /„' T(t - s)BS(s)x ds for t>0 and xeC.
(ii) limhl0h~x(S(h)x - T(h)x) = Bx for x E C.
(iii) limhl0(h-x(S(h)x-x),f)
= (x,A*f) + (Bx,f) for xeC
D(A*).

and f E

(iv) (d/dt)(S(t)x , f) = (S(t)x , A*f) + (BS(t)x,f) for í > 0, x E C, and
fED(A*).
(v) $'0S(s)xdsED(A)

and

S(t)x = x + A f S(s)xds+ f BS(s)xds for t > 0 and x E C.
Jo
Jo
Proof. It is obvious that (i) implies (ii). Suppose that (ii) holds. Let x e C
and / E D(A*). Then we have

(h~X(S(h)x-x),f)

= (h~X(S(h)x- T(h)x),f) + (h'x(T(h)x -x),f)

= (h-x(S(h)x-T(h)x),f) + lh-X j

T(s)xds,A*f\.

Therefore we obtain (iii) by taking the limits as h J. 0 of both sides of the
above identity and applying (ii). Assume that (iii) is valid. Using the semigroup
property, we get

(d+/dt)(S(t)x, f) = (S(t)x , A*f) + (BS(t)x, f)
for t > 0, xeC

, and f E D(A*)

where the left side denotes the right-hand derivative of (S(-)x, /). But the
right side of the above relation is continuous in t > 0, and so the function
(S(-)x, f) turns out to be of class C [0, oo) and the left side can be replaced
by the ordinary derivative of (S(-)x , f). This means that (iv) holds. It is easy
to see that (iv) is equivalent to (v). Finally, by Proposition 2.4, (iv) implies (i).

Q.E.D.
Remark 3.1. Condition (v) above states that u(t;x) = S(t)x satisfies (DE) for
a.e. / > 0 and gives a strong solution of problem (2.1) provided that Au(-;x)
is Bochner integrable over bounded subintervals of [0, oo). There is an example
of semigroups {5(i)} associated with semilinear equations of type (DE) such

that S(t)x £ D(A) for t > 0 and x E C, although it should be noted that
/0'S(s)x ds E D(A) for all t > 0 and all xeC.
4. Nonlinear

perturbations

of linear

(C0)-semigroups

In this section we introduce a general class (denoted hereinafter &(C,/?))
of semilinear operators with which we are mainly concerned in this paper. We
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show that to each semilinear operator of the class there corresponds a unique
nonlinear semigroup which provides mild solutions to the associated semilinear
evolution equation. In order to introduce the class of operators we employ
a proper, lower semicontinuous functional /i on X into [0, oo]. In concrete
problems for nonlinear partial differential equations such functionals often arise
and play an important role in deriving a priori estimates or various energy
estimates for the solutions, and they are also useful for specifying the growth
order and investigating asymptotic properties of the solutions. For instance the
7_°°-norm /?(•) = | • I«, of summable functions on a domain £2 in R" defines
such a functional on the usual Lebesgue space L (£2) ; the functional which
assigns to each element v of the Lebesgue space L°°(Q) the smallest Lipschitz
constant /i(v) = Lip(n) gives a typical example of such functionals on L°°(Q) ;
and the total variation /!■(•)= Var(-) of summable functions on £2 is another
useful functional on L (£2).
In a system (X ,/i) of a Banach space X and a functional /i as mentioned
above we introduce the following class of semilinear operators. Let C be a
subset of X. Without loss of generality we may assume that C is contained
in the effective domain D(/i) = {x E X: /i(x) < oo} of /i (if it is not the
case, we take D(/i)Ç\C
instead of C ). By a semilinear operator of the class
&(C ,/z) we mean the sum A + B of a linear operator A in X and a nonlinear
operator B from C into X satisfying the following conditions:
(HI) A is the infinitesimal generator of a (C0)-semigroup {T(t): t > 0} on
X such that |r(f)x| < e°"\x\ for t > 0, x E X, and some ojeR.
(H2) For each a > 0 the level set Ca = {x E C: /i(x) < a} in C is closed
and B is continuous on Ca .
(H3) For each a > 0 there exists a>a E R such that B - œj is dissipative
on Ca in the sense that
(Bx-By

,x-

y)i < cojx - y\2

for x , y E Ca.

In particular, we write 6(C) for &(C,/i)
provided /i(x) = 0. In case
/t = 0, condition (H2) means that C itself is closed and B is continuous on

all of C.
A few remarks on the class @(C , /i) are in order. Let A + B be of the class

&(C ,/i).

Then by (HI) A- ojI is strictly dissipative in the sense that
(Ax , x)s < oj\x\2 forxED(A).

Hence if D(A) n Ca ¿ 0 , then A + B - (co + coa)I is dissipative on D(A) n Ca .
As is well known, for each X > 0 with Xto < 1 the resolvent (7 - XA)~ exists
as a bounded linear operator on X and satisfies

\(I-XA)~Xx\

< (1 -Xto)~X\x\

forxEX.

On the other hand, condition (H3) implies that

\x - y\ < (1 - Xconrx\(x - XBx) - (y - XBy)\
for a > 0, x ,y E C , and X > 0 with Xton < 1 .
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We now consider the initial-value problem (2.1) for a semilinear operator
A + B of the class &(C ,/i). Because of the localized condition (H3) on B ,
(2.1 ) may admit only local mild solutions. Hence it is necessary to consider the
growth order of mild solutions in order to discuss global mild solutions of (2.1 ),
and here we think of specifying the growth of a mild solution «(•) by means
of the real-valued function /?(«(•)).
Let g be a nonnegative continuous function on [0, oo) such that for each
a > 0 the initial-value problem

(4.1)

w'(t) = g(w(t)),

t>0;

w(0) = a

has a maximal solution m(t;a) on [0,oo). In what follows, we fix such a
function g and investigate global mild solutions u(-) of (2.1) satisfying

(4.2)

A(u(t))<m(t;/i(x)),

t>0.

The function g is sometimes called a comparison function or else a uniqueness function. In view of the localized condition (H3) and the growth condition
of the form (4.2), we can deal with a broad class of semilinear evolution equations. In practice, the function g must be chosen in accordance with properties
of the function space X as well as the operators A and B under consideration.
A typical example of comparison functions is the linear function g(r) = ar,
r > 0, a being a positive constant, and in this case m(t;a) = aeat for a > 0
and t > 0. For a detailed discussion of this particular case, see the authors'
previous paper [11].
We then show that mild solutions u(-) of (2.1) satisfying (4.2) are uniquely
determined by and depend continuously upon initial data in each Ca .
Uniqueness Theorem. Let A + B be a semilinear operator of the class
&(C ,/i).
Then given x E C there exists at most one mild solution «(•) of

(2.1) satisfying (4.2).
Proof. Let a > 0, t>0,
ß = m(x;a), and coß denote the constant given for
the ß by condition (H3). Let x , y E Ca and let «(•), v(-) be the correspond-

ing global mild solutions of (2.1) satisfying (4.2). Then u(t), v(t) E C„ for
t E [0, t] . Since B - u>ßI is dissipative on Cß , we have

(1 - hcoß)\u(t+ h)- v(t + h)\ < |(7 - hB)u(t + h) - (I - hB)u(t + h)\
for t e[0,x)

and h > 0 with t + h <x. But (7 - hB)u(t + h) can be written

as
/•t+h

T(h)u(t) + /

[T(t + h- s)Bu(s) - Bu(t + h)]ds
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and (I - hB)v(t + h) is also written in the same way. Hence we have

(l-ho)ß)\u(t
(43)

+ h)-v(t

+ h)\

< ewh\u(t) - v(t)\ + j
/t+h

\T(t + h-s)Bu(s)-Bu(t

+ h)\ds

\T(t + h- s)Bv(s) - Bv(t + h)\ds

for /6[0,t)

and h E (0, x - t]. Since

(4.4)

lim/7/

i rt+h
\T(t + h-s)Bu(s)-Bu(t

+ h)\ds = 0

and (4.4) holds for v(-) as well, (4.3) implies
(4.5)

D+\u(t)-v(t)\<(co

+ coß)\u(t)-v(t)\

for/€[0,T),

where D+(p(t) stands for the Dini upper right derivative of an R-valued function <p on [0, t) at t. Solving the differential inequality (4.5), one obtains
(4.6)

\u(t)-v(t)\<e(m+Wß)'\x-y\

for t E [0,t] and x,y e Ca.

From this we obtain the desired assertion. Q.E.D.
Estimate (4.6) not only proves the uniqueness of mild solutions, but also it
shows the Lipschitz continuous dependence (in a local sense) of mild solutions
on initial-data. We have employed the differential inequality (4.5) to get (4.6);
it is possible to derive (4.6) for mild solutions by different methods (see [14,
§5.3]). By Proposition 2.4, (4.6) also holds for every pair of weak solutions of
(2.1) with (4.2). But it would be an interesting problem to give a direct proof
of the uniqueness of weak solutions.

5. Generation

of nonlinear

semigroups associated

with (DE)

In this section we discuss two sufficient conditions for a semilinear operator
A + B of the class &(C ,/i) to generate a nonlinear semigroup {S(t): t > 0}
on C satisfying

(5.1)
(5.2)

S(t)x = T(t)x+

[ T(t-s)BS(s)xds

Jo

/í(S(t)x)<m(t;/í(x))

for t > 0 and x E C,

for t > 0 and x E C.

Notice that the integral on the right side of (5.1) is taken in the sense of
Bochner and makes sense for every x E C since BS(-)x E C([0,oo);X)
for
x E C by condition (H2) and (5.2).
A nonlinear semigroup {S(t): t > 0} on C satisfying (5.1) and (5.2) is
Lipschitz continuous on /? -bounded sets in the following sense.
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Proposition 5.1. Let A + B be of the class &(C ,/*) and let {S(t): t > 0} be
a nonlinear semigroup on C satisfying (5.1) and (5.2). Then for each a > 0
and x > 0 there is a number u>(a, x) such that

(5.3)

\S(t)x-S(t)y\<ew{a-T)'\x-y\

for t e [0 ,t] and x ,y e Ca.

Moreover, for each x E C, the function S(-)x on [0,oo) gives a unique mild

solution of (2.1) satisfying (4.2).
The above proposition is a restatement of the Uniqueness Theorem given in
the preceding section. From (4.6) we infer that co(a, t) appearing in (5.3) may
be taken as co + 0)ß, where ß = m(x ; a).
Let A + B be a semilinear operator of the class &(C, /i) and consider the
following two "subtangential" conditions.
(Rl) For each x E C there exist a null sequence {hn} of positive numbers
and a sequence {xn} in C such that

(La) limn^ooh;x\T(hn)x

+ hnBx-xn\

= 0,and

(I.b) Hmsupn^ooh7x[/i(xn)
- /i(x)] < g(A(x)).
(R2) For each x E C there exist a null sequence {hn} of positive numbers
and a sequence {xn} in 7)(^) n C such that

(2.a) lim^

h;x\xn -hn(A + B)xn - x| = 0,

(2.b) lims\xr)n^ooh:x[A(xn)

- A(x)]

< g(/t(x)),

and

(2.c) lim^^-x^O.
Condition (l.a) may be called an "explicit" subtangential condition, while
condition (2.a) may be called an "implicit" subtangential condition.
Remark 5.1. Condition (2.c) implies that D(A)nC is dense in C. Conversely,
if D(A) n C is dense in C, then condition (2.c) follows from (2.a) and (2.b).
In fact, let x E C and let {hn} , {xn} be sequences satisfying (2.a) and (2.b).
Let e > 0, ye D(A) n C, and assume that \y - x\ < e. Choose a > 0 so
that x , y e Ca and the sequence {xn} satisfying (2.a) and (2.b) belong to Ca .
Since A + B - (a) + toa)I is dissipative on D(A) n Ca , we have
|x„-x|

< \xn-y\

+ \y-x\

< (1 - hn(co + coa))-x\(I - hn(A + B))xn -(I< (1 - hn(w + coa))-X[\xn - hn(A + B)xn -x\

hn(A + B))y\ + \y-x\
+ \y-x\

+ hn\(A + B)y\]

+ \y-x\
for n sufficiently large, where a> and toa denote the numbers given by (HI)
and (H3), respectively. Hence limsupn_>oo \xn - x| < 2|y - x| < 2s. Since
e > 0 is arbitrary, this shows that (2.c) holds.

Remark 5.2. Since (7 - XA)~Xx—»x as X [ 0 for x G X and B is continuous on each Ca , it is seen that condition (R2) is equivalent to the following
condition:
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(R3) For each x G C there exist a null sequence {hn} of positive numbers
and a sequence {xn} in D(A)nC such that

(3.a) lini

^ A"1!*, - h„Ax„ - (x + h„Bx)\ = 0, and

(3.b) limsupn^0OA^1[/^(xn)-^(x)]<g(^(x)).

In comparison with conditions (La) and (2.a), condition (3.a) may be called
a "semi-implicit" subtangential condition.
By applying the recent results on time-dependent evolution equations of the
form

(5.4)

u (t) = (A + B(t))u(t),

t>0,

we obtain the following generation theorem.
Theorem 5.2. Suppose that either of (Rl) and (R2) is satisfied. Then there
exists a nonlinear semigroup {S(t): t > 0} on C satisfying (5.1) and (5.2).
Proof. In view of the uniqueness theorem it suffices to show that for any positive
number x > 0 and any element z E C there exists an yi-valued continuous
function «(•) on [0, t] satisfying the properties below:

(5.5)
(5.6)

u(t)EC,
u(t) = T(t)z+

(5.7)

íG[0,t],

[ T(t-s)Bu(s)ds,
./o

/•(«(«))< »»(*;,.(*)).

íG[0,t],

íg[0,t].

Let t > 0 and z G C. We first recall (see [8]) that there is a number Ç =
£(t ,/t(z)) > 0 such that for e g (0, Ç] the initial-value problem

w'(t) = g(w(t)) + e,
has a maximal solution mi(t\/i(z))

t>0;

w(0)=/i(z)

on [0,t].

Let e G (0,C].

Set a —

me(x\/t(z))
and let a)a denote the constant given by (H3). Also, for each
t E [0, t] , we write 31 (i) for the set {xeC: /i(x) < me(t ;/i(z))} and define
an operator B(t) from 3(t) into X by B(t)x = Bx for x G 3(i). Then the
following are valid for the operators B(t) :

(i) Each of 3(t)
(ii) B(t)x

is closed and 3(s) c 3(t)

for 0<s <t <x.

is continuous with respect to (f,x)

in 3 = \J0<s<T{s} x 3 (s).
(iii) For each / G [0, t] , B(t) - coj is dissipative on 3(t).
We first suppose that (Rl) holds. Let x G C, let {hn} be a null sequence of
positive numbers, and let {xn} be a sequence in C. Then

\imh;x(xn-T(hn)x)=Bx

n—>oo "

"

"

if and only if
Urn h~X(xn - exp(-œhn)T(hn)x)

= (B + œl)x

for every œ eT . Hence, in view of Proposition 2.5, we may assume without
loss of generality that condition (HI) holds with œ - 0. Let ie[0,i)
and
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xe3(í).
Then by (Rl) there exist sequences {hn} and {xn} satisfying (La)
and (Lb). Hence, by the continuity of g and condition (Lb) we have

/»(*„) < Ax) + hn[g(Ax)) + e/2]
rh„

</*{x)+

Jo

g(me(s;Ax)))ds

fh„
+ / [g(/*(x))-g(mt{s;/*(x)))
Jo
<mc(hn;Ax))
for n sufficiently large. Since /»(x) < m£(t;/i(z)),
(5.8)

A(xn) < me(hn;me(t;Az)))

+ e/2]ds

it follows that

$ rne(t + hn;A(z))

for n sufficiently large. From this and ( 1.a) we infer that
(iv) liminfA10A~1í7(r(A)x-r-A5(0x,^r(í + A)) = 0 for /g[0,t)

and xg

9¡(t).
By virtue of facts (i)-(iv) mentioned above, we can apply the results of
Iwamiya [4] and Pavel [14] to conclude that there exists a function «(•) E

C([0,x];X)

such that u(t) E 3(t)

and (5.6) holds for t E [0,t].

Since

u(t) E Ca for t E [0, t] , it follows from the unicity of u(-) that u(-) is independent of e G (0, Ç]. The fact that u(t) E 3(t) for t e [0, t] means

that

/*(k(0) < mtit ;AZ))

for í € [0, t] and e G (0, C]•

Further, lim£i0 me(t ;/?(z)) = m(t\/i(z))
^or í e [0>T1' an(^ so the function
u(-) satisfies (5.7). This completes the proof under condition (Rl).
Next, suppose that (R2) holds. By the same reasoning as in the above argument we may assume again that (HI) holds with co = 0.

In this case the

operators A + B(t) with domains D(A + B(t)) = D(A) n3(t)
satisfy
(v) For 5 , t E [0 , t] , x G D(A + B(s)), and y E D(A + B(t)),
{(A + B(s))x -(A + B(t))y ,x - y),. < <oa\x - y\2.

Further, in a way similar to the derivation of (iv), we infer from (2.a) and

(2.b) that
(vi) liminfhlQh~xd(x,R(I-h(A

+ B(t + h)))) = 0 for íg[0,t)

and xg

3(t).
In view of facts (i), (v), and (vi), the results of Kobayasi et al. [7] and Pavel
[12] can be applied to conclude that the following holds:
(W) There exist a sequence {An} of partitions of [0, t] , a sequence {e„(-)}
of Z-valued step functions on (0, t] , and a sequence {«„(•)} of X-valued step
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functions on [0, t] such that
(w,) for every n > 1,
•

\

= {0 = tno<tn1<--<tnmn)<x},

en(t) = ek for t E (t"k_x, t"k]and 1 < Â:< N(n),

un(0) = xl = z,

('£ - ll-iT\xnk

un(t) = x"k fortE(tnk_x,tnk]andl<k<N(n),

- x"k_x)- e"k= (A + B(t"k))x"k for 1 < k < N(n) ;

(w2) lim^^max,^^^^

lim^oo/oTKWI^

- £_,)

= 0,

lim^f^

= x, and

= 0;

(w3) un(t) converges to some X-valued continuous function u(t) on [0,t]
as n —►
oo and the convergence is uniform for t E [0, t] .

Let «(•) be the function obtained by (w3). Then u(t) ED(A)C\3(t)

c3(t)

for t G [0, t] . By the same reasoning as in the proof under condition (Rl),
this implies that u(-) satisfies (5.7). It now remains to show that u(-) satisfies
(5.6). To this end, let / G D(A*). From (Wj) it follows that

té./)

= (x"k_x,f) + (t¡ - tnk_x)[(xnk,A*f) + (Bxnk,f) + (enk,f)]

for n > 1 and 1 < k < N(n). Hence an induction argument implies that

(uu(t),f) = (z.f)+

f'k[(un(s),A*f) + (Bun(s),f) + (en(s),f)]ds

Jo

for t E (tnk_x,tnk], n > 1, and 1 < k < N(n). Taking any t E [0,x] and
passing to the limit as tk —*t and n —>oo, we obtain

(u(t) ,f) = (z,f)+

f'[(u(s), A*f) + (Bu(s), /)] ds for t E [0, t] .

./o

This together with Proposition 2.4 implies that u(-) satisfies (5.6). Thus the
proof under condition (R2) is obtained. Q.E.D.

6. Characterization

of nonlinearly

perturbed

(C0)-semigroups

In this section necessary and sufficient conditions are given for a semilinear operator A + B of the class &(C ,/i) to generate a nonlinear semigroup

{S(t): t > 0} on C satisfying (5.1) and (5.2). For each h > 0 and x > 0, we
define an operator Jh t from C into X by
(6.1)

JhTx = (ahj~x

[ e~l/hS(t)xdt

forxGC,

where ah t = ¡0re~'/h dt = h(\ -e~r,h). The right-hand side of (6.1) maybe
regarded as a local Laplace transform of S(-)x and the operators Jh T are used
to investigate the ranges of the operators 7 - X(A+ B), X > 0.
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Proposition 6.1. Suppose that both C and /i are convex, and let Jh t be defined
by (6.1). Then the operators Jh have the five properties below:

(i) For h>0, x> 0, and xeC,
can be written as

Jh Tx g D(A) n C a«<7(7 - hA)Jhxx

x + h(ah T1 f* e~'/hBS(t)xdt-he~r,h(ah

T)~x(S(x)x - x).

Jo
(ii) limhl0h~x\(I - hA)Jh Tx- (x + A7ix)| = 0 for x > 0 a«i7 x G C.
(iii) lini^Q |7A Tx - x| = 0 for x > 0 and x G C.
(iv) limsupAi0A_1[/f(7A Tx) -/*(x)] < g(Ax)) for x > 0 and x EC.
(v) limhl0/t(Jh Tx) = /i(x) for x > 0 a«i7 x G C.

TVoo/. Let A > 0, x > 0 and let Jh T be defined by (6.1). Let xeC

. Then it

follows from (5.2) and the convexity of /i that Jh Tx G Ca for some a > 0.
To show (i), we employ Theorem 3.1(v) which states that for every t > 0,

/„'S(s)xds E D(A) and A f0'S(s)xds = S(t)x -x-f0'BS(s)xds.

Multiplying

both sides of this relation by (ah T)~xe~t/h and integrating the resultant equality
with respect to t over (0, t] , we have

(ahyx f^e-tlhAJ^S(s)xds^dt
= (ahzTx j\-'l\s(t)x-x)dt-(ahx)-x

= JhTx-x

j^e-tlh

j\s(s)xds^dt

+ he~T/h(akT)~xf BS(s)xds - h(ah t)~x f e~"hBS(t)xdt.
Jo
'
Jo

We apply Theorem 3.1(v) again to replace the third term on the right side by

he'r/h(ahx)'x

¡S(x)x-x-A

ÍS(s)xds\

.

On the other hand, the left side can be written as

A \(ah x)~xf e~"h i S(s)xdsdt] = hAJh xx-he~x'h(ah T)~XAf S(t)xdt,
Jo

Jo

J

Jo

so that we obtain the first assertion (i). Since e~t/h(ah z)~x -►0 and

(fl*t)-' I e~"hBS(t)xdt ^Bx
Jo

as A — 0+ ,

assertion (ii) is obtained from the relation given in (i). Since

\Jh iXx- x| < \Jh xx -(I-

hA)~x(x + hBx)\ + |(7 - hA)~\x + hBx) - x|

and |(7 - hA)~ | < (1 - œh)~ , assertion (iii) is a direct consequence of (ii).
We next show that (iv) holds. Let x > 0 and x E C. Since /i is convex and
lower semicontinuous, we see from (5.2) and the definition of Jh xx that

Ah rx) ^KJ

' / e "hm(t;Ax)) dt
Jo
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and

h~l[AJhTX)-Ax)]<h-l(ahTrx

f e-"h[m(t;Ax))-Ax)]dt.

Jo
By integration by parts, the right-hand side can be written as

-e-Tlh(ahx)-X(m(x;Ax))-Ax))

+ {ahx)-x f e-tlhg(m(t;Ax)))dt,
Jo

and so we have

limsupA_l[/^(7A Tx) -Ax)]

< g{Ax))

A|0

which proves (iv). Finally, (iii) and (iv) together yield

Ax) < liminf/z(/A

x) < limsup/?(7A x) < Ax) •

from which assertion (v) follows. Q.E.D.
The next result is an immediate consequence of Proposition 6.1.

Proposition 6.2. Let A + B be of the class &(C ,A and let {S(t): t > 0} be a
nonlinear semigroup on C satisfying (5.1) and (5.2). If both C and /i are
convex, then

(6.2)

[JD(A)nCa = C.
a>0

In particular, D(A)f)C

is dense in C.

We are now in a position to prove the main result of this paper.

Theorem 6.3. Let A + B be a semilinear operator of the class 6(C ,/i)

and

suppose that C is convex in X and /i is convex on X. Then the following are

equivalent.
(I) There exists a nonlinear semigroup {S(t): t>0}
(La) S(t)x = T(t)x + /0' T(t - s)BS(s)x ds,

(I.b) /i(S(t)x) < m(t;/i(x))
(II)

for t>0

on C satisfying

and xeC.

For each x E C and each e > 0 there exists a pair (A , xA) G (0, s] x C

such that
(Il.a) \T(h)x + hBx-xh\<hs,
(Il.b) ^(xA)<A(x) + A[s(^(x)) + e].
(III) For each x E C there exist a null sequence {hn} of positive numbers
and a sequence {xn} in C such that

(IILa) limn^ooA;1|r(An)x + AnBx-xJ
(IILb) Hmsur>n^00h:x[Axn) - Ax)]<

= 0,
g(Ax)) ■
(IV) For each x E C there exist a null sequence {hn} of positive numbers

and a sequence {xn} in D(A)nC

(IV.a)

iim,,_

suchthat
A;1 |(x„ - hnAx„) - (x + hnBx)\ = 0,

(IV.b) lirnsup^A/t^xJ-^x)]^^*)).
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(V) D(A)nC is dense in C ; given a > 0 and e > 0 there exists a number
X0 = X0(a, e) > 0 and to each x E Ca and each X E (0, X0) there corresponds
an element xxeD(A)V\C satisfying
(V.a) xx - X(A+ B)xx = x,

(V.b) Axx)<Ax)+*[g(Ax))

+ £]-

Proof. It is easy to see that (I) implies (II). In fact, let (I) hold and fix any
x G C. Set xA = S(h)x for A > 0. Then

limA_1ir(A)x + hBx - x. I = lim|A"'(5'(A)x - T(h)x) -Bx\ = 0,
hlO

"

limsupAhio

[/?(xA)-/z(x)]

hlO

< limsupAhlO

[m(h ;/i(x)) -/t(x)]

= g(/t(x)).

This shows that (II) holds. The implication (II) —►
(III) is obvious. Next,
it is seen from Remarks 5.1 and 5.2 that (V) implies (IV). The implication
(III) -+ (I) is a restatement of Theorem 5.2. Also, the implication (IV) -►(I)
is obtained from Remark 5.2 and Theorem 5.2. It should be noted that the
convexity assumption on C and /> is not necessary for the proofs of the above
implications. We now show that (I) implies (V). Suppose (I) holds. Since
D(A) n C is dense in C by Proposition 6.2, it suffices to show that the latter
half of condition (V) hold. Fix any a > 0 and e > 0. Then one can choose a
number ¿6(0,1]
so that

(6.3)

\g(C)- g(r,)\ < e/2 for £ ,t] € [0,a+ 1] with |£ - t]\ <-S.

Using the numbers a, e and ô, we define

(6.4)

X0= minll/œ,ô

/ ( max ^(i) + «)[.

where œ = max{0,<y-l- coa+x} and œ,o)a+x denote the numbers given by
conditions (HI) and (H3), respectively. Let x G Ca , X E (0,X0), and set

(6.5)

/7=^(x)

+ A[g(^(x)) + £].

We wish to show that there exists xx in the set 7J>(^)nC„ satisfying the relation
(V.a). Once this is done, then it is concluded that the latter half of (V) is valid.
Let x > 0, y E Cß, and set

yh = (1 - h)Jxh xy + hJkh xx for A G (0,1],
where the Jxh x denote the operators defined by (6.1). Then, by Proposition

6.1,
(6.6)
and

yhED(A)nC

for A G (0,1],

yh^y

as A — 0+ ,

|yA- AA^yA- (y + AATiy- Ay + Ax)|

(6.7)

<^-h)\Jxhjy-XhAJxhxy-(y

+ XhBy)\

+ h\Jxh Tx - XhAJxhxx - (x + XhBx)\ + Xh2\Bx - By\

= Xo(h) + Xh2\Bx- By\ as A — 0+.
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We then demonstrate that

(6.8)

yAG Cß for sufficiently small A G (0,1].

If p(y) < ß , then (6.8) follows from the fact that

limsup^(yA) <limsup[(l +h)Ahh
A|0

hlO

ry) + hAJxh xx)] = Ay)-

(In the above estimate the last equality is seen from Proposition 6.1(v).) If
Ay) = ß >then the application of Proposition 6.1 yields the estimate

Ayh) ^ 0 - h)Ahh ,J) + hAhh ,zx)

< (i - h)[Ay) + M(g(Ay))+ e/4)]+ ka*) + W\
< (i - h)Ay) + h[Ax) + Hg(Ay)) + *ß)\
for A G (0,1] sufficientlysmall. From (6.4) and (6.5) we see that Ay) —ß a + ó < a + 1 and |/?(y) - Ax)\ < S. Hence (6.3) implies g(/t(y)) <
g(Ax)) + ß/2 and the extreme right-hand side of the above inequality is
bounded above by

(l-h)Ay)

+ hlAx) + *(g(Ax)) + e)] = ß.

This shows that (6.8) is valid. We now denote by Bß the restriction of the
operator B to the set Cß . Then XBß-1 + x is an operator from Cß into X,
where +x denotes the translation by x ; and we infer from (6.6), (6.7), (6.8)
and Remark 5.2 that XA + XBß - I + x is a semilinear operator of the class

6(Cß) = B(Cß , 0) satisfying D(XA+ XBß-I + x) = D(A) n Cß = Cß and

lim h~xd(y , R(I - h(XA+ XBß-I + x))) = 0 for y g Cß.
Hence we can apply Theorem 5.2 and Proposition 5.1 (see also [6]) to conclude
that there exists a nonlinear semigroup {Sx(t): t > 0} on C„ such that

(6.9)

Sx(t)y = T(Xt)y+ f T(X(t- s))[XBSx(s)y- Sx(s)y+ x]ds,
./o

(6.10)
\Sx(t)y - Sx(t)z\ < e{Xa x)'\y - z\ for t > 0, y G Cß and z G Cß ,
where (D= max{0, œ + 0Ja+x}. Since Xœ< I, (6.10) ensures that {¿'¿(O} has
a common fixed point. Namely, there exists a unique element x¿ in Cß such
that

(6.11)
Since XA+XBß-I+x

Sx(t)xx = xx for all t > 0.
is the infinitesimal generator of {Sx(t): t > 0}, it follows

from (6.11) that xx G D(A) n Cß and
X(A+ B)xx - xx + x = 0.
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This shows that xx satisfies (V.a) and (V.b). Since x ECa and X G (0, A0) are
arbitrary, it is concluded that (V) holds under (I). Thus conditions (I)-(V) are

equivalent. Q.E.D.
7. Notes and remarks
In this section we give a variety of observations of the results obtained in the
previous sections.
7.1. We have shown in Proposition 6.2 that the infinitesimal generator A + B
of the semigroup {S(t)} on C satisfying (La) and (I.b) is densely defined in
C. However the proof of Theorem 6.3 (more precisely, the argument for the
derivation of (6.8)) implies a stronger denseness condition for the domain of

A + B.
Proposition 7.1. Let A + B be a semilinear operator of the class &(C,A and
assume that both C and /» are convex. Let Ca ^ 0 for some a > 0 and
suppose that condition (I) holds. Then

(7.1)

D(A)nCß = Cß forß>a.

7.2. Let A + B be a semilinear operator
by Bß the restriction of B to Cß for
rewritten in the following form:
(R) D(A) n C is dense in C and for
number XQ- X0(a, e) > 0 such that for ß

of the class &(C, A . If we denote
ß > 0, then condition (V) can be

every a > 0 and e > 0 there is a
> a + A[max0<.<a g(Ç) + e] we have

R(I -X(A + Bß)) D Ca forAG(0,A0),

A(I - KA + Bß))~xx)< Ax) + *\g{Ax)) + «] for XG (0 ,X0)and x G CQ.
Furthermore, it is seen from the proof of Theorem 5.2 that if the "range
condition (R)" holds for the semilinear operator A + B, then A + B determines
a unique nonlinear semigroup {S(t)} on C satisfying condition (I) in such a
way that for a > 0, t > 0 and ß > m(x ; a) the exponential formula

(7.2)

S(t)x = Um (i - -(A + Bß)\

x

holds for (6[0,i]
and x G Ca. Notice that me(x;a) < ß for sufficiently
small e > 0. Thus, combining Theorem 3.1 and Theorem 6.3, we obtain the
following semilinear Hille-Yosida theorem.

Theorem 7.2. Suppose that C and /i are convex. Then a semilinear operator
A + B of the class 6(C,A
is the full infinitesimal generator of a continuous
semigroup {S(t)} on C satisfying /i(S(t)x) < m(t;Ax))
for t > 0 and
x E C iff the range condition (R) holds. Moreover, in this case, {S(t)} is
determined through the exponential formula (7.2).

From the above theorem two results below are deduced. The first result shows
that the correspondence between nonlinear semigroups satisfying the growth
condition (I.b) and their full infinitesimal generators is one-to-one.
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Corollary 7.3. Let C and /i be convex. Let Ax+ Bx and A2 + B2 be two
semilinear operators of the the class &(C , A and assume that they are the full
infinitesimal generators of nonlinear semigroups {Sx(t): t > 0} and {S2(t): t >
0} on C satisfying the growth condition (I.b), respectively. Then Sx(t) = S2(t)

for t>0

iff Ax+Bx =A2 + B2.

The second result is a direct consequence of Theorem 7.2, and it may be
understood as a semilinear version of the Lumer-Phillips theorem.

Corollary 7.4. Let A be the infinitesimal generator of a (C0)-semigroup {T(t): t
> 0} of linear contractions on X. Let C be a closed convex subset of X and let
B be a continuous operator from C into X such that B - col is dissipative on
C for some wgR. Then A + B is the full infinitesimal generator of a nonlinear
semigroup {S(t): t>0} on C iff D(A)nC is dense in C and A + B satisfies
the range condition R(I - X(A + B)) D C for X> 0 with Xco< 1. Moreover, in
this case, {S(t)} is determined via the exponential formula

S(t)x=

lim (7 - (t/n)(A + B))~"x fort>0andxEC

and it satisfies \S(t)x-x0\
x0ED(A)nC.

Cut i

< e (|x-x0|

+ t\(A + B)x0\) for t>0,

xeC

and

7.3. Let A + B be a semilinear operator of the class &(C, A and consider
the semilinear problem (2.1). Assume that A is dissipative in X. In this case
one can think of another notion of generalized solution of (2.1) which plays an
important role in the theory of nonlinear semigroups in Banach spaces.
Definition 7.1. An ^"-valued continuous function «(•) on [0,oo) is said
to be an integral solution of (2.1) if u(t) E C for t > 0, Bu(-) is continuous
on [0, oo), u(0) = x and u(-) satisfies

(7.3)

\u(t) -z\-

\u(s) -z\<

j'(Az

+ Bu(i), u(Z) - z)t d£,

for s , t with 0 < s < t < oo and z G D(A).
Proposition 7.5. Let xeC
and let «(•) bean X-valued continuous function on
[0,oo) with u(0) = x. Then u(-) is an integral solution of (2.1) iff it is a mild

solution of (2.1).
Proof. Suppose that «(•) is a mild solution of (2.1). Then it is a weak solution

of (2.1) by Proposition 2.4. Let A > 0 and set uh(t) = A-1 f¡+h u(Ç)dÇ and
fh(t) = h~x ¡l+h Büß) d£, for / > 0. Then we have

(u{t + h)- u(t) - j'+H Bu(i) <%•/) = ( [+

"(0 & -A*f

for / > 0 and / g D(A*). Hence it follows from Lemma 2.1 that uh(-) satisfies
u'h(t) = Auh(t) + fh(t) for i>0. Since A is strictly dissipative and \uh(-)-z\
is absolutely continuous on compact subintervals of [0, oo), we get
(d/dt)\uh(t)

-z\

= (u'h(t), uh(t) - z)s < (Az + fh(t), uh(t) - z)s
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for z G D(A) and a.e.
z G 7)(^) we have

\uh(t) -z\-

t > 0. Therefore for s,t

\uh(s) -z\<

¡'(Az

+ ftf),
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with 0 < 5 < t < oo and

uh(t) - z)sdi

for A > 0.

Letting A J. 0 and using the upper semicontinuity of (•, •) , we obtain the
integral inequality (7.3). Conversely, let u(-) be an integral solution of (2.1)
and set f(t) —Bu(t) for t > 0. Then «(•) is regarded as an integral solution
of the initial-value problem

(7.4)

u(t) = Au(t) + f(t),

t>0;

w(0)= x.

Let x > 0 and, for each n E N, put hn = x/n and t" - ihn for i = 1, ... ,n.
Since A is m-dissipative in X, the approximate difference equation
(7.5)

{hny\uk-uk_x)

= Aunk+ f(tnk),

k = I,...,n;

u(0) = x ,

has a solution (unk:k = I, ... ,n) and is represented as

u"k= (I- hnA)-kx+ hn¿(7 - V)-<*+1-'V(0
i=i
for k = I, ... ,n and n E N. Hence we have

(7.6)

lim uk = u(t ; x) s T(t)x + f T(t - s)f(s) ds for t E [0, t] ,
Jo

where the limit is taken as khn —►
f in [0, t] and n —►
oo. On the other hand,
(unk) satisfies the relations
(u"k- z) - (u"k_x-z)

= hn(Au"k- Az) + hn(Az + f(tnk)),

and so the dissipativity of A implies

K -A- K-i - z\ ï hMz + /(<*)•"* - z)s
for k = I, ... ,n and z g D(A). In view of this and (7.6) we see that the
A'-valued continuous function u(-;x) is an integral solution of (7.4). But the
limit function u(- ; x) of the solutions of (7.5) is unique in the class of integral
solutions of (7.4), so that u(t;x) = u(t) and it is concluded that u(-) becomes

the mild solution of (2.1). Q.E.D.
7.4. It is possible to develop a general theory for locally equi-Lipschitz continuous semigroups on convex sets in X which implies the following result
related to Corollary 7.3 as its simple consequence.

Proposition 7.6. Let A + B be a semilinear operator of the class &(C ,ASuppose that C and /i are both convex, and that A is dissipative in X. If
A + B is the full infinitesimal generator of a continuous semigroup {S(t)} on C
satisfying the growth condition

(I.b) As(t)x) < m(t;Ax))

for î > 0 and xeC ,
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then {S(t)} is the only continuous semigroup on C which satisfies the growth
condition (I.b) and whose infinitesimal generator is A + B.
For the general result we shall publish it elsewhere.
7.5. Let A + B be a semilinear operator of the class &(C, A • *n order
to construct a continuous semigroup on C satisfying condition (I), the explicit
subtangential condition (Rl) (as stated in §5) or condition (II) (as stated in
Theorem 6.3) for A + B can be replaced by the following tangency condition
(II) ' for the nonlinear operator B, provided that A is dissipative in X, the
convex set C is invariant under the linear contraction semigroup {T(t)} on

X and AT(¿)x) < Ax) for í > 0 and x G C :
(II) ' For each x G C and each e > 0 there exists a pair (A , xA) g (0, e] x C
such that
(Il.a)' \x + hBx-xh\<he,

(Il.b)' Axh)<Ax)

+ h[g(Ax)) + e].

In fact, suppose that T(t) maps C into itself for t > 0, and that B satisfies
condition (II)'. Let x G C and e > 0. Then there is an A(e) G (0,e] such
that
\T(h)Bx-Bx\<e/2
for A G (0, A(e)].
Further, condition (II) ' implies that there is (A , xA) G (0, A(e)] x C such that
|xA-(x+A5x)| < eA/2 and /i(xh) < /i(x)+h[g(/z(x))+e].
By the assumptions

on {T(t)} , xh = T(h)xh E C, Axh) < AK) ^ Ax) + h[g(Ax)) + e], and
|T(A)x + ATix- xA| < |T(A)(x + hBx - xA)|+ h\T(h)Bx - Bx\
<\x + hBx -xh\ + h\T(h)Bx - Bx\ < he.
This shows that condition (II) holds for the semilinear operator A + B.
Condition (II) ' was employed in [9] by Martin.
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