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RIGIDITY OF PSEUDO-HOLOMORPHIC CURVES
OF CONSTANT CURVATURE IN GRASSMANN MANIFOLDS

QUO-SHIN CHI AND YUNBO ZHENG

ABSTRACT. Rigidity of minimal immersions of constant curvature in harmonic
sequences generated by holomorphic curves in Grassmann manifolds is studied
in this paper by lifting them to holomorphic curves in certain projective spaces.
We prove that for such curves the curvature must be positive, and that all
such simply connected curves in CP" are generated by Veronese curves, thus
generalizing Calabi’s counterpart for holomorphic curves in CP". We also
classify all holomorphic curves from the Riemann sphere into G(2,4) whose
curvature is equal to 2 into two families, which illustrates pseudo-holomorphic
curves of positive constant curvature in G(m, N) are in general not unitarily
equivalent, constracting to the fact that generic isometric complex submanifolds
in a Kaehler manifold are congruent.

0. INTRODUCTION

Given a harmonic map f from a Riemann surface M into the complex
Grassmann manifold G(m,N), by using the J-transform associated to the
map f, S. S. Chern and J. G. Wolfson obtained the following sequence of
harmonic maps [6],

(0.1) f=fomfi=f— ..

where fj+1 = 6fj for j=0,1,2,...,and f/ M- G(mj,N) are harmonic
maps; one defines m el = 0 if f/ is anti-holomorphic. We call f, a pseudo-
holomorphic curve of position r generated by f when f is holomorphic, where
S is called the directrix of f,. Such curves with the induced metrics from the
associated Grassmannians form a class of minimal immersions. When special-
ized to G(1,n+ 1) = CP", a pseudo-holomorphic curve of position r is just
the rth position vector of a Frénet frame of a holomorphic curve projected
into CP". The importance of such maps comes from the fact that any har-
monic map from the Riemann sphere, or any harmonic map of nonzero degree
from a torus, into CP" is pseudo-holomorphic [7]. Furthermore in [6] these
curves play a central role, when m ; ’s defined in the sequence (0.1) are all equal
and fj ’s are orthogonal, called Frenet harmonic sequences, for the study of
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harmonic maps from the Riemann sphere into G(2,#n). Henceforth they have
attracted much attention.

When a simply connected pseudo-holomorphic curve is of position zero in
CP", i.., when it is holomorphic, Calabi showed that the only such curves
of constant curvature are obtained, up to unitary equivalence, by the Veronese
curves restricted to suitable domains of the Riemann sphere in a linear sub-
space of CP"; furthermore any two isometric holomorphic curves in CP"
must be unitarily congruent [3, 4]. In this paper we generalize Calabi’s results
in the following way. On the one hand we show that there is no (local) pseudo-
holomorphic curve of nonpositive constant curvature in G(m,N) (Theorem 1),
and that all simply connected pseudo-holomorphic curves of positive constant
curvature in CP" are unitarily equivalent to the ones generated by the Veronese
curves restricted to suitable domains in linear subspaces of CP" (Theorem 2).
Notice that the two theorems are completely local in nature, where no topo-
logical assumptions are needed. Theorem 2 implies previous results obtained
in [1] that any pseudo-holomorphic curve of constant curvature generated by a
rational normal curve in CP" is unitarily equivalent to one generated by some
Veronese curve; and also obtained in Bando and Ohnita, Minimal 2-spheres
with constant curvature in P (C), (J. Math. Soc. Japan 39 (1987), sent to us
by the authors after this present paper was done), that any minimal immersion
of the Riemann sphere into CP" of constant curvature is unitarily equivalent
to one generated by some Veronese curve. We would like to point out that the
Riemann surfaces being spheres is crucial in Bando and Ohnita’s analysis in that
they need the facts that the minimal immersions are thus pseudo-holomorphic
and that there are no nontrivial harmonic functions on a Riemann sphere.

On the other hand M. Green showed that generic isometric complex subman-
ifolds in a Kaehler manifold are congruent [9]. We shall classify in Theorem 3
the holomorphic curves from the Riemann sphere into G(2,4) with the induced
constant curvature 2 into two classes, up to unitary equivalence, in which none
of the curves are congruent. This shows that the holomorphic curves of constant
curvature in the Grassmannians are among the “nongeneric” ones, making the
classification of such curves pretty interesting.

The unitary equivalence fails to be true in general for any two isometric
pseudo-holomorphic curves in CP". For example, the complex conjugate of
any holomorphic curve is pseudo-holomorphic and is isometric, but not unitar-
ily equivalent, to the holomorphic curve. Nevertheless one can still ask whether
they are generated by congruent holomorphic curves when the two pseudo-
holomorphic curves are of the same position (In [1] it is proved true in case
when the two isometric curves have the same Kaehler angles.) More gener-
ally it would be interesting to understand the space of noncongruent pseudo-
holomorphic curves in CP" which are isometric to a given one. !

! The first author has shown that a large class of pseudo-holomorphic curves from a compact
Riemann surface into CP? are rigid up to unitary equivalence and the complex conjugation.
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Our starting point is the lifting holomorphic map defined in (1.17), which
transforms the metric of a pseudo-holomorphic curve into that of a holomor-
phic curve. By studying this lifting map, one can conclude the above theorems
via the corresponding counterparts of Calabi on holomorphic curves in CP".
Another consequence of this construction is that the holomorphic liftings of two
isometric pseudo-holomorphic curves must be unitarily congruent, which seems
to be a first step towards understanding the rigidity of such curves (Proposition
1).

Basic material is developed in §1, where we collect formulas relating cer-
tain invariants of pseudo-holomorphic curves by using the method of moving
frames. These invariants have been studied before for various purposes [1, 15].
Construction of the lifting map (1.17) enables us to investigate these invariants,
which leads to the proof of Theorem 1 in §2 and Theorem 2 in §3. The proof
of Theorem 3 in §4 is based on some previous work done by G. Jensen [12].

We would like to thank Professor Gary Jensen, the second author’s advi-
sor, for extensive discussion and kindly showing us their results in [1], which
initiated this study.

1. PSEUDO-HOLOMORPHIC CURVES AND THE LIFTING MAPS

The complex Grassmann manifold G(m, N) is the set of all m-dimensional
linear subspaces of C" through the origin, which can be realized as the homo-
geneous space U(N)/(U(m) x U(N — m)), where

n: U(N) - G(m,N),
g—[g-o]
is a principal U(m) x U(N — m)-bundle, o is the N x m matrix
Im
0 b
and I,, is the m x m identity matrix.

Let W, , be the Maurer-Cartan forms of U(N), 1 < 4,B< N, andlet e
be a local section of n: U(N) — G(m,N). Set

(L.1) ¥Ye=e€¢Wg,),
2 —
(1.2) Bgmm= 2. Yi¥i-
1<i<m
m<a<N

Then dsé(m ) is a U(N)-invariant hermitian metric on G(m,N); when m =
1 and N =n+ 1 this is the Fubini-Study metric on CP" with constant holo-
morphic curvature 4.

Suppose now M is a Riemann surface, and f: M — G(m,N) is a smooth
immersion inducing the metric ds,zu. Locally

(1.3) ds,, = 69,
(1.4) dol =iwAe,
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where 6 is a local unitary coframe on M and w is the real-valued connection
form associated to the metric dsfw . Also

i
2
where K is the Gaussian curvature of dsil .

Now assume that f is a pseudo-holomorphic map from M to G(m,N)
generated by the directrix f. We first note that the pseudo-holomorphic se-
quence (0.1) generated by f must terminate after finite steps. To see this it
suffices to show that the f,’s in the sequence are mutually orthogonal. However
this follows by an easy induction argument from the fact that 99 ( f) c f;,[16],
and that f, = f is holomorphic. For notational simplicity we may assume that

f is linearly full so that N = Ef:o m; . Choose a suitable local unitary frame
e along f, where

(1.5) do=+KOAG,

(1.6) €= (€y» - >€omys€lp> e rCpm s e ,ekmk)
and ¢;,,...,e;, span f; for 0< j <k, and let ¢ =e"(W). Then
[ 9y —Xp 0 0 ]
X0, 0 X("xo —-X,0 0
12 9,
(1.7) ¢=
0 Pr-1 __k—l,ke
L Y P Pk -
where ¢; are u(m;)-valued 1-forms,
8 el
1. X, =il
(1.8) S+l WP
mjy,1 mj,y ,m;

are complex m g xm j-matrix-valued smooth functions for 0 < j < k-1

and 6 is a local unitary coframe on M with respect to the induced metric

* 5 2
A dsG(m,N)'
Foreach 0 < j<k -1, define
2 o—
(1.9) X, o |" = trace(X, - X, . }).

is well defined on a

Since the metric may have isolated singularities, |X el |2

connected open dense subset U of M and there

(1.10) |X P=1.

r—1,r

2
" +1X,

J+1

Here we set |X_, o[ = |X, ,,,|=0.

Notice that when m;=m for j=0,1,...,k—-1, |dct(Xj )| are global

J+1

invariants of analytic type defined on U vanishing only at isolated points, and
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around the points where det(X ;
(1.11) Alog|det(X; ;)|

2 2 2
=mK+2(X,_ ;I"+1X;, ol = 21X 040,

,j+l) # 0 they satisfy [15]

for 0 < j < k—1. In fact it is shown in [16] that when m;’s are different
one can still associated with X g1 a global invariant of analyuc type which
reduces to det(X. . ,) when m; ’s are equal. But we will not use this fact later

J.Jj+1

on.
Notice also that when m = 1, if we set
then (1.10) reduces to
(1.13) g, +d =1,
and (1.11) reduces to
2 2

(1.14) Alogq, =K +2(q;_, +d;,, - 24))-

Now let P: G(m,N) — CP‘™~" be the standard Pliicker embedding [11].
Then for each i, P(f(p)) is an (Zi)-dimensional vector defined up to a mul-
tiple. Also, for 0 < j <k set

F.=P(f0)/\P(f|)/\---/\P(fj).

L(j)—

[F)] is a holomorphic map from M to CP , where

N
L(j)= ( " ) ,
Yieo™;

called the jth associated curve of f; when m = 1, this is just the standard
Jjth associated curve of the holomorphic curve f in CP"™! and the pull-back
metric by FJ can be expressed as [1]

2 —
(1.15) F dSCP./"‘l' |=q100.
Finally we define n,_, ;: M — cPM) | where
(1.16) N()=L{G-1L() -1,
for 1 < j <k by letting
(1.17) ”j—l,j(p)= [F,._l(p)®Fj(p)]

It is easy to check that this is a well-defined holomorphic curve in cP’ . we
will call it the jth lifting map of f, which will play an important role in our
analysis in the sequel.
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2. NONEXISTENCE OF PSEUDO-HOLOMORPHIC CURVES IN G(m, N)
WITH NONPOSITIVE CONSTANT CURVATURE

Without loss of generality one may assume that the metrics induced by
pseudo-holomorphic curves are nonsingular on M , since the following argu-
ment is local.

A nonconstant holomorphic curve in a complex projective space is a pseudo-
holomorphic curve of position zero. For such a curve one has |X, , |2 =1 by
(1.10). Suppose now that the holomorphic curve has constant curvature. Then
by (1.10) all |X; .| are constant, and hence K = 4/N, for some positive
integer.

Now assume that f is a pseudo-holomorphic curve of position r with con-
stant Gaussian curvature K generated by a holomorphic curve f in G(m,N).

If r=0, fy=f is holomorphic. Via the standard Pliicker embedding P,

Po f is a holomorphic curve in C P(::I')_1 with the same constant curvature K .
Therefore K = 4/N, > 0 by the above remark.

If r>0,let n,_, , be the rth lifting map defined by (1.17) and let e be the
local orthonormal frame defined by (1.6). Then locally

(2.1) My, =lleg N ANe,_yy )@ (6 Ao Ne,, )]
By (1.7), (1.8), (1.9), (1.10) and Maurer-Cartan structure equations, one gets
(2.2)

d{(egy A" Ne,_yym_ ) ® (g A Ne,, )}

(Ztraceq) +Ztrace(p) {(eg) A Ne,_1ym_ ) ®(eg A---Ne,, )}

m, m,_,
r—1,r
+ZZq 0{(e01/\m/\e(r_l)‘(,._l)/\eri
i=1 t=1
Neu_1y sy N N1y m, )®(ey Ao Ne,, )}
me.y m, 1
r,r+
+> 4 0leg A ne )
i=1 t=1
® (€g AN, iy Ne,ppy i Ne iy N Ne,,. )}

and hence

my M1 myy
(23) n:—l,rdséP-"'m = <Z Z I r—1 r 2 + Z ZI r r+l 2)

i=1 t=1 i=1 t=1

=(X,_, I +1X

rr+lI

)60 = 60 = £ dsg v -

Therefore the pull-back metrics 1nduced by f, and by the lifting map #,_, , are
identical, and in particular, their Gaussian curvatures are equal. Since 7,_, ,
is holomorphic, one infers K = 4/N, for some positive integer N;,. Thus one
can conclude the following.
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Theorem 1. There does not exist any nonconstant (local) pseudo-holomorphic
curve of nonpositive constant Gaussian curvature in G(m,N).

Corollary 1. All minimal tori of constant curvature in S" are not pseudo-holo-
morphic, when they are regarded as curves in CP" via the standard embedding
of 8" into CP".

Minimal tori of constant curvature in S" have been classified in [2, 13].
These surfaces are of degree zero when imbedded in CP", which provide a
large class of examples verifying that Eells and Woods’ nonzero degree condition
mentioned in the introduction cannot be dropped. One also establishes the
following proposition.

Proposition 1. The holomorphic liftings of two isometric pseudo-holomorphic
curves in G(m,N) must be unitarily equivalent.

Proof. Use the fact that two isometric holomorphic curves in a complex pro-
jective space are unitarily congruent. O

3. RIGIDITY OF PSEUDO-HOLOMORPHIC CURVES OF
POSITIVE CONSTANT CURVATURE IN CP"

Restricting to pseudo-holomorphic curves of positive constant curvature in
CP", where now N =n+1, m =1, and N(j) = (’jv)(jfl) — 1, classical
examples are the Veronese curves V, : C P' - cpP"ccpr" given by

v I(z,w)] = [( (’g)”zw'", <’;’> P (2) ”Z’”)l

whose curvatures are 4/m for 0 < m < n. The following theorem says that
they generate all pseudo-holomorphic curves of constant curvature in CP" .

Theorem 2. Let M be a simply connected Riemann surface not necessarily
closed, and let f: M — CP" be a pseudo-holomorphic curve of constant cur-
vature. Then the curve is unitarily equivalent to an open subset of a pseudo-
holomorphic curve generated by some Veronese curve in a linear subspace of
CP" after reparameterization.

Proof. Notation as in §1. Let f be a pseudo-holomorphic curve in CP" of
position r with constant curvature K. Without loss of generality, we may as-
sume that f, is linearly full. As has been shown in §2, K = 4/N, for some

positive integer N, which is also the curvature for the metric ’1:-1 rdsépm,) .

Since 7,_, ,, is holomorphic, by the theorem of Calabi #,_ -, is unitarily equiv-

N after

alent to a portion of V, | Veronese curve in a linear subspace of CP
reparameterization.

~ ~ Ny
Let £.=(F°,F',...,FE(") "y and F_ = (F°,F" . ...,F")7") belo-

-1 r_l"’

cal lifts of F, and F,_, respectively, where F,' and Fr'_l are local holomorphic
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functions for 0<¢< (,%)-1,and 0<i< (V) —1. Then

(31) ﬁr—l,rzFr®Fr—|
N)__l

o N
LEFL L EE)EG

0 0 0,1
=(FrFr-l’FrF r r—1 )

r—1°-

is a local lift of 7 Since 7,_, , and Vy, are unitarily equivalent,

r—=1,r:
(3.2) fio_y,=A-Vy -h,

where h is a nowhere vanishing local holomorphic function, A4 is a suitable con-
stant unitary matrix, and Vy is the standard lift of ¥, in chott c N+
Comparing components of both sides of (3.2) one sees

(3.3) F'F’ (2) = PY(2)h(z),

where P are polynomials in z for 0 < i < (rfl) —land 0<j < (’:’) —1.

Without loss of generality, one may assume that F,OFrO_l # 0. Then

34 F _ F'F’, _ P;’Zh _ P;‘Z
* 0 0 -0 ) 0
F* FE°F® ~ P°% P

and
(3.5) oy B P
F*, F°F°, ~ P"Y
SO
(3.6) E_ =[(h-P"°n-P*" . h-PO0)7Y)
and
(3.7) E =[P, p°, . pl=)=10)
Thus one may assume further that
(3.8) E_ = npP*° np®", . np* (7Y
and
(3.9) F =", p'0, . pln)=10y

For v = (vy,v,,...,v,) in C**', define ||v|* = X1y |v,*. Then by (3.2)
one gets

. 2 ~ 2,02 =~ 2,2 2\Nojp 12
(3.10) W,y 7= 14V I71R17 = Wy 1A = (1 +12]%) Al
On the other hand,

() ()
- J2 1,0,2
(3.11) LA DRt | IO DR e
j=0

Jj=0
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SO

()1

(-t
(3.12) (L+1z" = | 32 1P E PP

Jj=0

Since functions on both sides of (3.12) are polynomials in variables z and Z,
where 1+ |z|* is an irreducible polynomial, one concludes

(3.13) > IPYE =+,
and
(ri’ll)_l .
(3.14) Yo 1P =1+ 12"
j=0

where C, and C, are positive constants and N,, N, are nonnegative integers
with N, + N, = N, . Therefore,

(3.15) IE_I* = c a1+ 1z,
and
(3.16) IEN? = Cy(1 +12)™.

Now compute the metrics in terms of local coordinates. By (3.8), (3.9), (3.15)
and (3.16) one gets

0" og(IF,_, 1"

* 2 _ M - 2
(3.17) Fr__l(dSCP(I’V)_.)— 5207 |dz| (l+lZ|2)2|dZ| s
(3.18) F'(ds ) = ———321°g(|'ﬁ;||2)| 2P = —2|dz|?
) cp(m) T 020z - (1 +|z]»)? ’
and
. > 1og(I14,_, ,I”)
(3.19) Moy S pun) = ——5 2=t d 2’
N
—l |—60
(1 +z[%)
Therefore
. N
(3.20) F,_l(ds (1)) = 'N‘
and

* 2 _ N2 -
(3.21) F, (dscp(rfn)") = FOGG.
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Comparing (3.20) and (3.21) with (1.15), one has

(3.22) g,_, = \/N,/N,

and

(3.23) g, = \/N,/N,.

By (1.14) all q; are locally constant. Since g ; are continuous, they are globally
constant, and K = 4/(2r(n —r) + n). In particular, g, is constant. But then

(3.24) [ dstpn = ae 1 dsp s

and with this metric f is a holomorphic curve with constant curvature K = 4/n
on M. The Theorem of Calabi now infers that f is unitarily equivalent to a
portion of the Veronese curve V, in CP". Pushing f down to f, the result
follows. 0O

As an immediate corollary we recover Calabi’s theorem on the rigidy of min-
imal 2-spheres of constant curvature in n-spheres.

Corollary 2. The only minimal 2-spheres of constant curvature in a standard
n-sphere are (real) Veronese curves, up to orthogonal equivalence.

Proof. Embed the n-sphere into CP”" in the standard way, and notice that the
minimal 2-spheres are now pseudo-holomorphic in CP". By Theorem 2 they
are generated by the Veronese curves in CP". The rest of the proof proceeds
asin[l]. O

4. HOLOMORPHIC CURVES IN (G(2,4) WITH CONSTANT CURVATURE 2

Holomorphic curves in G(2,4) have been studied by P. Griffiths [10] and by
G. Jensen [12] in details. In this final section, we are going to follow Jensen’s
work to classify all holomorphic maps from S? to G(2,4) with constant cur-
vature 2, thus showing that Theorem 2 is no longer true for a general G(m, N).
In the following computation we will repeatedly use Maurer-Cartan structure
equations without mentioning; details can be found in [12].

Let f be a holomorphic immersion from S? into G(2,4) and let e be a
local unitary frame along f such that (1.7) becomes

Py 912 _t1§ 0
(4.1) o=|%1 P2 0 -16

ne 0 9y 9y
0 5,0 05 04
where t, > t, > 0, and 6 is the unitary coframe with respect to the metric
[dsgy 4 -
If rank 8f = 2, then ¢, # 0 and f is a pseudo-holomorphic curve of
positive zero in G(2,4). Since Gaussian curvature K =2, ,1, is constant by
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[15]. On the other hand fdsé(“) =00 = (£ +£5)00 , then £ + £ = 1. Thus
0<t¢, <t <1 are constant.

If t, =t,, by [12] f is locally, hence by a standard monodromy argument,
globally equivalent to the curve A: s?=cpP' - G(2,4) defined by

“ ol =1 ]

where z,w € C and I, is the 2 x 2 identity matrix.
Now assume that ¢, < ¢,, one can take exterior derivatives on both sides of
equations ¢, =0 and ¢,, =0 to get

(4.3) (8,0, —4,90,3) N0 =0
and

(4.4) (4,91, — 4,03,) N0 =0,
then

(4.5) LY, — 1,0, =Y0
and

(4.6) L@y — 595, =20,

where y and z are locally defined smooth functions, while |y| and |z| are
globally defined on s2.

Taking exterior derivatives on both sides of equations ¢,, =¢,6 and ¢,, =
t,0, one obtains

(4.7 d(t,0)=t,(9,, —95;) A0
and
(4.8) d(t,0) = t,(9,, — 9, A 6.

Using (1.4), (4.7) and (4.8) and observing that iw, ¢,,, ¢,,, ¢;; and ¢,,
are purely imaginary forms, one has

(4.9) 0=, —Q33=0p—Py-

It then follows from taking exterior derivatives on both sides of (4.5) and (4.6)
that

(4.10) [dy+y(iw—9,,+9,,)IN0=0
and
(4.11) [dz+z(iw+ 9, —9,,)]AN0=0.

By a lemma in [5], |y| and |z| are of analytic type. In particular, either they
are identically zero or they only vanish at finitely many points. If yz were not
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identically zero, then via a formula in [8], around the points where yz did not
vanish, one would get from (4.10), (4.11) and (1.5)

(4.12) Aloglyz| =2K =4>0.

Using the maximal principle agument as in [15], one then could conclude
that |yz| must be constant, which would lead to a contradiction since then
Alog|yz| =0. Hence yz is identically zero.

If z = 0, then taking exterior derivatives on both sides of (4.9) and using
(4.5), (4.6) and (1.5), one has |y| = tf - ti. By a suitable choice of a local
unitary frame, one can take y = tf - ti .

Thus by [12], f is unitarily equivalent to the curve h: C P' - G(2,4) de-
fined by

2

z zw(cos ¥ — sin y)
z —zw(cos ¥ — sin y) |z|2+ |w|2 sin 2y
(4.13) h = i 2
w —zw(cos ¥ + sin ) —|w|” cos 2y
w? —Zw(cos ¥ — sin y)
where y is defined by
t, —1t
_a7%
(4.14) tant//—tl+t2, 1>¢>¢>0.

The same argument applies to the case when y = 0. In that case, f is unitarily
equivalent to the curve h: CP' — G(2,4) defined by

|z|2 - |w|2 sin2¥  zw(cos¥ + sin'¥)

z| _ | —zw(cos'¥ + sin'¥) 2
(4.15) h [w] “ | Zw(cos¥ + sin'¥) w?
—|w|2 cos2¥ zw(cos¥ —sin'¥)

where W is defined in (4.14). Thus, we cover the case when ¢, # 0, i.e., all

pseudo-holomorphic curves of position zero in G(2,4) with curvature 2.
Now assume that ¢, = 0, then ¢, = 1 and rank df = 1. Taking exterior

derivatives on both sides of equations ¢, =0, ¢,, =0 and ¢,, = 0, one gets

(4.16) =9, - ¢,
(4.17) P43 = 20
and

(4.18) 9,=Y0,

where again |z| and |y| are well defined and are functions of analytic type on
s?.
Take exterior derivative of (4.16), then

(4.19) >+ 1z =1.
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If y # 0, by taking exterior derivative of (4.18), the same argument as above
shows that

2
(4.20) Alogly| =4(1-|y)) 20
except for finitely many points on S% . Then again |y| is constant, and therefore

a suitable choice of the unitary frame ¢ makes y = 1. So by [12] f is unitarily
equivalent to h: CP' — G(2,4) defined by

Iz - Jw)* V2zw
2

z] _ | -V2zw z
(4.21) L [w] =| e L
0 0

If however y = 0 and z = 1, then f is unitarily equivalent to A: cpP' -
G(2,4) defined by
2

z 0

z| _ 0 1

(4..22) h [w] = Vizw 0
' w? 0

In (4.13) if ¢, = ¢, , one gets a curve unitarily congruent to the one defined by
(4.2), whereas if ¢z, = 0 it gives a curve unitarily congruent to the one defined
by (4.22). Likewise in (4.15) if ¢, = 0, one obtains a curve unitarily congruent
to that defined by (4.21). Therefore all these curves can be uniformly written
as in (4.13) and (4.15) by letting 0 < y < n/4 in (4.13)and 0 < y < w/4
in (4.15). Since each of them has invariants different from those of the others,
they are not unitarily equivalent. In summary, one has

Theorem 3. There are two families of holomorphic curves with constant curvature
2 from S? into G(2,4), which are not unitarily equivalent, and any holomorphic
curve of constant curvature 2 from S? into G(2,4) must be unitarily equivalent
to exactly one of them.
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