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A CHARACTERIZATION OF NONCHAOTIC CONTINUOUS MAPS
OF THE INTERVAL STABLE UNDER SMALL PERTURBATIONS

D. PREISS AND J. SMÍTAL

Abstract. Recent results of the second author show that every continuous map

of the interval to itself either has every trajectory approximable by cycles (some-

times this is possible even in the case when the trajectory is not asymptotically

periodic) or is e-chaotic for some e > 0. In certain cases, the first property

is stable under small perturbations. This means that a perturbed map can be

chaotic but the chaos must be small whenever the perturbation is small. In other

words, there are nonchaotic maps without "chaos explosions". In the paper we

give a characterization of these maps along with some consequences. Using

the main result it is possible to prove that generically the nonchaotic maps are

stable.

1. Introduction

Let W(I, I) denote the class of continuous maps Z —> I, where

compact real interval. The trajectory of x G I with respect to / is the sequence

{/"(•*)}^lo wnere /" denotes the «th iterate of /; the w-limit set of this

trajectory is denoted by to Ax). By Per(/) we denote the set of periodic points

of / ; the period of a point is always its smallest positive period. The metric in

W(I, I) is the uniform one and will be denoted using || • ||.

Asymptotic properties of trajectories have been intensively considered since

the middle of the sixties when excellent papers by A. N. Sarkovskii appeared.

The main reason is applicability of these results in mathematical modelling.

Important are maps with trajectories having regular asymptotical behavior, like

asymptotical periodicity. However, this property can be easily destroyed by ar-

bitrarily small perturbations of the maps and the corresponding unstable models.

In connection with this there appeared some results guaranteeing the stability.

In [15] it is shown that every map / having no periodic orbits of period dif-

ferent from 1,2, ... , 2" , for some n , with Per(/) nowhere dense, is stable.

This result was generalized [16] to the maps / with Per(/) nowhere dense,

which have all trajectories asymptotically periodic. These maps can have cycles

of period 2" for every n , but no other cycles, and are characterized e.g. by the

property that Per(/) is closed [12] (cf. also [10]).
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In [14 and 7] the following classification of mappings is given, generalizing

results from [8]: Every / G ̂ (1,1) has exactly one of the following properties:

A. Every trajectory of / is approximable by cycles. In other words, for any

x and any e > 0 there is p G Per(f) such that

(1.1) limsup|/n(x)-/,(p)|<e.
n—»oo

In application, such trajectories are not distinguishable from asymptotically pe-

riodic ones.

B. For some e > 0, f has a nonempty perfect e-scrambled set S, i.e., such

a set that for any x ,y G S, x ^ y, and any p g Per(f),

(1.2) limsup|/"(x)-r(y)|>e,
n—»oo

(1.3) liminf|r(x)-/>)| = 0,
n—»oo

(1.4) limsup\f(x)-fn(77)| >e.
n—»oo

Every map having property B, is called e-chaotic. It turns out that the e-

chaoticity is a weaker property than positive topological entropy (which is some-

times considered as the critérium of chaos). Actually, for any / G W(I, I) with

zero topological entropy (denoted by h(f) = 0) each of the following, mutually

excluding types of behavior, is possible [14]:

1. Every trajectory of / is asymptotically periodic (or equivalently, for any

x , to Ax) is a cycle).

2. There is some x with coj-(x) infinite, but / is not chaotic.

3. / is e-chaotic for some e > 0.

In this paper we give a full characterization of the nonchaotic maps (i.e.,

maps of the first two types) that are stable under small perturbations in the

sense that the perturbed map can be chaotic but the chaos must be small. (In

other words, no "chaos explosions" are possible for such maps; Theorem 2.2

below). As a consequence, we obtain another useful result. It turns out that the

stability is a generic property of nonchaotic maps (Remark 2.9 below).

The paper is organized as follows. The Main Result with some consequences

and remarks are in §2. Next §3 contains some preliminary results. Nevertheless,

Lemma 3.7 and the ideas surrounding it have particular relevance beyond the

proof of Theorem 2.2 which is given in §4.

2. Main results

We begin with

2.1 Definition. A nonchaotic map / G ̂ (1,1) is called stable if for any e > 0,

any g G ̂ (1,1) sufficiently near to / (relative to the uniform metric) has every

trajectory e-approximable by cycles (i.e., if for any x there is a p G Per(g) such

that (1.1) is true for / replaced by g ).
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2.2 Theorem. A nonchaotic map f gW(I ,1) is stable if and only if the following

two conditions are satisfied:

(i)   Per(/) is nowhere dense (or, equivalently, Per(f) is a first category set,

or even, Per(f) contains no interval);

(ii) for any infinite co-limit set to Ax) and any positive integer n there is a

system Jrn = {l'n;l < i <2"} of periodic intervals such that

oo

(2.1) «/*)=n (ipo ■
n=\

2.3 Remark. If h(f) = 0 (in particular, if / is nonchaotic) then for any infinite

w-limit set to Ax) and for any n, there is always a system Sn of 2" closed

periodic intervals of period 2" covering to Ax) (cf. [14]) but (2.1) may be false

even in the case when every J^ is a minimal periodic cover of period 2" .

In this case, however, n^li(U^) nas a nonempty interior (see, e.g., proof

of Proposition 4.4 below) and when J is any interval contained in it then

f*(J) nJ = 0 for every k, since the sets J, f(J), ... ,fk(J) lie in disjoint

components of the set IJJ^ for every sufficiently large n . Thus we have the

following

2.4 Corollary. Every nonstable map f G W(I, I), that is not chaotic, has a

wandering interval.

Note that also every chaotic map with zero topological entropy must have

wandering intervals (cf. [14]).

2.5 Corollary. If f G ̂ °°(Z ,1) is unimodal with h(f) = 0 and with a nonflat
critical point (i.e., certain derivative of f is nonzero at the critical point) then f

is nonchaotic and stable.

This easily follows from Corollary 2.4 since the described map has no wan-

dering intervals (cf. [5]).

2.6 Remark. The converse statement to Corollary 2.4 is not true. It is easy to

find a map / G ̂ (Z, I) having only one periodic point—a fixed point a, with

wandering intervals converging to it. But the converse is false also in the case

when / has a wandering interval converging to an infinite co- limit set (cf.

Example 5.6 in [14]).

2.7 Remark. The technique of blowing up orbits (cf., e.g., [6]) can be used to

create chaotic as well as nonchaotic nonstable maps. Let /: [0,1] —> [0,1] be a

unimodal map with h(f) = 0, having a cycle of period 2", for every n . Then

/ has a unique cu-limit set—a Cantor-type set to Ax) (cf., e.g., [4]). Now take

an arbitrary a G to Ax) and blow up its backward orbit B(a) = {y,f'(y) = a

for some i > 0}. In other words, replace every point in B(a) by a suitable

interval and compress the rest of the points in such a way that the resulting
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map / again belongs to %?(I,I) with I = [0,1]. It is known [4] that B(a)

contains points interior relative to to Ax). Let z be such a point. Blowing

up z gives an interval with end-points u < v , which clearly belong to to Ax).

It needs some considerations to show that u and v cannot be separated by

disjoint periodic intervals of /. But this is equivalent to the condition that /

is e-chaotic with e arbitrarily close to v - u (see [14] for details). Note that

this construction cannot give maps g with h(g) = 0 having infinite attractors

with isolated points (cf. [3]) which are chaotic, too [14].

If, on the other hand, /: [0,1] —> [0,1] is a nonchaotic map possessing an

infinite to- limit set to Ax), and if for some b G toAx), the backward orbit

B(b) (which is always dense in to Ax)) contains no points interior relative

to co Ax), then blowing up B(b) gives a nonchaotic map / (the property,

that every two points u ^ v belonging to an infinite w-limit set of / can

be separated by periodic intervals, remains unchanged). But to Ax) does not

satisfy condition (ii) from Theorem 2.2 and consequently, / is nonstable. An

example of / with this property is the map g from the proof of Theorem

2.7(a) in [14]: then to Ax) is the Cantor middle-third set and we can take, e.g.,

ft = l.

2.8 Remark. Any map / G ^([0,1],[0,1]), nondecreasing in [0,a], non-

increasing in [b,l] and constant in [a,b] with a < b, which has periodic

points of period 2" for every n, is chaotic [9]. Such a map can be clearly

made to be from W°° .

However, when / is unimodal and sufficiently smooth, and if h(f) = 0,

then we believe that / is nonchaotic and stable. The proof of this statement

remains an open problem.

2.9 Remark. Let / e W(I, I) be nonchaotic. Then the <y-limit sets of g = fm

where m = 2" , have small diameters if n is sufficiently large. This follows, e.g.,

from [14]. Using this it is possible to show that the class of stable nonchaotic

maps is dense in the class of nonchaotic maps from W(1,1). Theorem 2.2

then implies that, for a given e > 0, the class Ae c W(I, I) of maps having

all trajectories e-approximable by cycles, contains an open and dense subset of

the set of nonchaotic maps. Consequently, the nonchaotic maps are generically

stable.

3. Preliminary results

First we recall certain known results that will be useful in the sequel.

3.1 Proposition (A. N. Sarkovskii). Let tp G %(!,!).

(i) For any u g Per(<p)\?er(tp) there is a vgI suchthat to (v) is infinite

and contains u.

(ii) Let q> have no cycle of period / 2" and let £l(<p) be the set of nonwan-

dering points of tp (i.e., uGQ(tp) means that for every neighborhood U
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of u there is some « > 0 with cpn(U)r\U ¿ 0). Then Q(tp) = Per(tp)uA

where A is a (countable) set consisting of points isolated in Q(çz).

Proof. For (i) see [13], (ii) was proved in [11].   D

3.2 Remark. For any tp G $7(1,1), the following conditions are equivalent.

(i)   h(tp)>0;
(ii)   tp has a cycle of period not a power of 2;

(iii)   tp has a horseshoe, i.e., there are closed intervals JQ, Jx c I with at

most one point in common, and an integer n > 0 such that

(3.1) <pn(J0)n<pn(Jx)DJ0uJx.

The equivalence has been proved by Sarkovskii and Misiurewicz and com-

plete references can be found, e.g., in [14].

3.3 Proposition. Let tp G W(1,1) and let J0,J{ be disjoint closed intervals

satisfying (3.1). Then tp is e-chaotic with e = {-dist{J0, Jx}.

Proof. The result is implicitly contained in the proof of Theorem 1 in [7].   D

Next we prove some lemmas that will simplify the proof of Theorem 2.2.

3.4 Lemma. Let tp G ̂ (1,1), h(tp) = 0, let tpm(p) = p for some p G Per(tp)

and let m = 2  . Set tp = tp2m . Then there are no two points x ,y G I with

(3.2) \p(y) < x < p < y < ip(x).

Proof. Assume there are x,y satisfying (3.2). First we find a point q such

that

(3.3) *p(q)<P<q=\p2(q).

If \p(y) = x and y = y/(x), then q = y has the required properties. If

ip(y) < x or v < <p(x) then there is the smallest z g (p ,y] with ip(z) = x.

It is easy to see that ip (z) > z, and since \p (b) < b for b the right-hand

end-point of I, there is the least q > z with \p (a) = q.

Now for v G (z,q),   \p(v) ^ p.   To see it assume the contrary.   Then
2 2 2

ip (v) < v and since tp (z) > z, there would be tp (w) = w for some w G

(z,v) c (z,q)—a contraction. Consequently, ip(q) < p and since ip(q) = p

would imply >p2(q) / q, we have proved (3.3).

Finally, by (3.3), q is a periodic point of tpm of order 4. Since h(tpm) = 0,

the even iterates of q must be separated by the fixed point p from the odd

ones (cf. [2]), i.e., tpm(q) ,tp3m(q) < p < q,(p2m(q). But in our case, tp2m(q) =

W(q) < Q—a contraction.   □

3.5 Lemma. Let tp g ^(1,1) with h(<p) = 0, and let <p(y) < x < y < tp(x), for

some x, y. Then there is not fixed point of tp in [(p(y) ,x]u[y, tp(x)].

Proof. Denote by p a fixed point of tp lying between x and y, and assume

that e.g. tp has a fixed point q g [y, p(x)]. Set J0 = [x ,p], Jx = [y, q]. Then
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<P(J\) ^ l<P(y),q]D J0UJX and <p(J0) D [p,tp(x)] D Jx, so <p2(J0) D J0L¡JX,

and this is a contraction by Remark 3.2(iii).   n

3.6 Lemma. If tp G ?F(Z, Z), h(tp) = 0, and J c I is a closed interval disjoint

with Q(tp) then there is a ô > 0 such that for any n > 1 and any x G J,

\<p"(x) - x\> Ô .

Proof. Assume there are points xk G J and integers zi(zc) > 0 such that

lim.Xj. = x0 and lim|ç»"( \xk) - xk\ = 0 for k —> oo.  Let Ô > 0. Fix a k

with \xk-x0\ < S/2 and \tpn( \xk) -xk\ < 5/2, and set U = (x0-ô,xQ + ô).

Then g>"{ \u) nt/^0, i.e., xQ G Q(g>) and this is impossible since clearly

XQ G J .    D

Before stating the next lemmas, some terminology and notation is needed.

For tp g ^(1,1) and ô > 0, a ¿-chain is any finite or infinite sequence {x,}

of points from Z with \<p(x,) — x¡+x\ < ô for every i. We say that x can be

chained to y, if for any ô > 0 there is a finite ¿-chain with the first term x

and the last term y .

Define v0(tp) as the minimal number with the property that for any e > vQ(tp)

there is a S > 0 such that for every ¿-chain {x,}°71x, limsup^^ \xi+x -x,\ < e.

Moreover, let M (tp) be the set of x G I, for which there is some y G I with

9(y) < x < y < tp(x)    or    tp(x) < y < x < tp(y)

and such that tp(x) can be chained to y and cp(y) to jx: .

3.7 Lemma. Let (pG^(I,I). Then vQ(tp) = sup{\tp(x) - x\ ;   x G M(tp)}.

Proof. The " > " part is trivial. To prove the converse inequality, we may as-

sume z/Q(ç>) > 0. By the definition of uQ(tp), for any k = 1,2,...  there is a

l//c-chain fxf}~, with

(3.4) \xki+x -x.\< v0(tp) + l//c     for any i

and such that limsup,^^ \xk+x - xk\ > u0(tp) - l/k. Let (u ,v ) G I2 be a

limit point of the set {(xk ,xk+x);\xk+x -x¡\> u0(tp) - l/k}, and let (u,v) be

a limit point of {(uk,vk)}k*Lx . Then clearly

(3.5) <p(u) = v,

(3.6) \u - v\ = u0(tp).

Hence to finish the proof it suffices to show that

(3.7) uGM(tp).

Assume for simplicity that, e.g., u < v. For any ô > 0 choose k = k(ô)

and s = s(ô) suchthat l/k <ô , and \uk -u\ < ô, \vk -v\<ô, \xs -u \ < ô ,

\xk+x - vk\ < ô . If ô is taken to be less than (v - u)/A, then we have xs+x >

u + 20 , and so there is the maximal m = m(S) > s + 1 with Xj >u + 2ô for
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j = s + I, ... ,m. Put z(S) = xm, and let z be a limit point of z(5) for

ô -> 0. We have z > « and by the maximality of m, ç»(z) < u. By (3.4),

z-<p(z) < uQ(tp), hence (3.6) gives z < v . Thus tp(z) <u < z < tp(u). Clearly

<p(z) can be chained to u and <p(u) to z, and (3.7) follows.   D

For tpGW(I,I) denote v(tp) = infnvQ(tpn).

3.8 Lemma. Let tp G W(1,1) with h(tp) = 0, and let Theorem 2.2(H) be satisfied

for f replaced by tp. Then v(tp) = 0.

Proof. Assume v(tp) > 0. Then by Lemma 3.7, for any n = 2 there is some

xn G M(tp") such that

(3.8) \tpn(xn)-xn\>u(tp)/2.

We may clearly assume that there is an increasing sequence {n(i)}°^x of powers

of 2 with xn,¡. < <pn{'\xn,A , i— 1,2,... (for the converse inequality the proof

is similar). By the definition of AZ(9>"(,)), there is yn,t) such that <pn(l\ynt¿)) <

Xn(i)  < yn(i)  ^ <PinU)(Xn(,)^S0   V^   haS a fixe^P°int  Pn(i) * (Xn(i) ̂ „(i)) ' for

every i. We may clearly assume that {pn,^}°lx converges monotonically to

some u (if not, take a subsequence). Consider the following two cases.

Case a. p.,, \u for i —► oo. Since by Lemmas 3.4 and 3.5,

(3-9) ^(¡)^K,í+.)'/(,'+1)(^(,+i,))

we have

(3-10) P»(i+l) < y*M) < <Pn{'+l)(Xn{i+l)) < Pn(i)

hence <p"(,)(xn(i)) \ u = Hmpn(i). In view of (3.8), u G (xn{i),<p"{'\xn(i)))

for every large i, hence by Lemmas 3.4 and 3.5, u $. Per (tp). Thus u e

Per(tp)\Per(tp) and by Proposition 3.1(f) there is some v such that to (v) is

infinite and contains u. By Theorem 2.2(ii) there is a periodic interval U of

period 2 and such that ugU and the length of U is less than v(tp)/2.

If u  is the right-hand end-point of U, then by (3.8),   U c (xn(f., u) c

(xn(i)><Pn (xn(iJ) for every large i. But U contains a periodic point of period

2  , i.e., a fixed point of every such tp     , contrary to Lemmas 3.4 and 3.5.

So assume U contains a right-hand neighborhood of u. Then by (3.10), for

large i, (yn.,,,tpn<-'\xn,i)))cU,and U is invariant with respect to tpn{,) hence

we get (<p"{,)(yn(i)), <Pn(,\xn(i))) c U, contrary to (3.8) since the length of U is

less than v(tp)/2.

Case b. Let p^ / x. Then (3.9) implies pn(l) < ^"('+1)(y„(¡>1,) < xn(i+x) <

pn(i+\) and similarly as in the preceding case we obtain a periodic interval U of

the length less than v(tp)/2, with ug U, and consequently, a contradiction,   o
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4. Proof of the main result

4.1 Proposition. Let f G W(1,1) have zero topological entropy. Then the fol-

lowing conditions are equivalent:

(i)   Per(f) is nowhere dense,

(ii)   Per(/) is a first category set;

(iii)   Per(/) contains no interval.

Proof, (ii) => (i) : Assume Per(/) is dense in an interval J . Choose periodic

points p,q G J, p < q, and let their periods be less than m = 2 . Then

fm([P,Q]) - [P>q]- Indeed, by Lemma 3.4, for any r G [p, q]f\Per(f) we have

fm(r) G [p, q], and the rest follows from the density of Per(/) = Per(/m) in

[p, q], since fm is continuous.

Thus the restriction g of fm to [p, q] is a map [p, q] —► [p, q] with h(g) =

0 and Per(g) dense in the domain. By [1], g is a homeomorphism which has

no periodic points of periods other than 1 or 2. This means that Per(g) is a

closed set and consequently, Per(g) = [p, q] = Per(f) n [p, q], i.e., Per(f) is a

second category set.

The implications (iii) => (ii) and (i) => (iii) are trivial.   D

4.2 Proposition. ///e?(/,/) with h(f) = 0, v(f) = 0 and Per(f) nowhere

dense, then f is nonchaotic and stable.

Proof. Let e > 0. Since Per(/) is nowhere dense and h(f) = 0 by Proposition

3.1 (ii) there are closed intervals /.,... ,Jk such that Q(f) nU Ji■. = 0 and

the length of U is less than e/3 for any connected component

(4J)        U of AIM-

Let ex be the minimum of the lengths of J,. By Lemma 3.6 there is ¿, > 0

such that

(4.2) \f(x)-x\>Sx     forxG\JJr

Let e2 = min{e, ,e/3} . Choose n = 2m such that vQ(f) < e2, and let ô2> 0

be such that sup|x/+1 - x,\ < e2 for every S2-chain generated by f" . Let

¿0 = min{¿[ ,ô2} . Since the operator of creating the zzth iterate is continuous

in ^(1,1), for every g G%7(1,1) sufficiently near / we have

(4.3) \\Í-Sn\\<^.

Fix such a g, and let x G I. Then {gJ"(x)}°7¡ is clearly a ô2-chain gener-

ated by f . Hence \gJ"(x)-gu+x]n(x)\ < e2 for every j. Let liminf^^ gJ"(x)

= a, lim sup _toogJ"(x) = ß. To finish the proof it suffices to show that

ß - a < e (since the remaining inequalities can be obtained when x is replaced

by g'(x), i = 1,2, ... ,n - I). Assume the contrary. Then by (4.1 ) there is a

closed interval J c (a,ß)r\\JJ, of the length larger than e2. From (4.2) and

(4.3) we have \y - g"(y)\ > 0 for every y G J. If e.g. g"(y) < y for y G J,
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then there is some j with gnj(x) < gu+X)n(x) and / c (gjn(x) ,gu+X)n(x)).

Thus \gU+X)n(x) - gjn(x)\ > e2—a contradiction.   □

4.3 Proposition. Let f g*&(I ,1). IfPer(f) contains an interval then f is not

stable.

Proof. Let Per(/) contain an interval /. Since Per(/) = \J//={ Fix(fn) where

Fix(/) is the set of fixed points of /, and since every Fix(/") is closed, there is

the smallest m> 1 suchthat Fix(/m)\(Jn<mFix(/'!) contains a closed interval

K = [a,b]c J. Clearly K is periodic since it consists only of periodic points

of period m . Since fm(x) = x for every x G K, and since / is continuous,

/ must be strictly monotonie on K, i.e., K is a homterval of /. Fix some

ô > 0. Let g G $7(1,1) be defined by g(x) = f(x) for x £ (a,b). For

x g (a,b), let g be such a perturbation of / that \\f - g\\ < S and gm is

topologically transitive in K (i.e., gm has a trajectory dense in K ; a similar

construction, for m = 1, is given in [15]). Then for any disjoint closed intervals

Ka,Kb c K, containing a and b, respectively, and for some k, we have

gkm(Ka) n gkm(Kb) d Ka u Kb. Since Ka ,Kb can be choosen arbitrarily small,

by Proposition 3.3 g is e-chaotic with e = (b - a)/3, no matter how small 3

is.     D

4.4 Proposition. Let f G W(I, I). The condition (ii) of Theorem 2.2 is necessary

for the stability of f.

Proof. Assume that condition (ii) is not satisfied. We may clearly assume that

h(f) = 0 since otherwise, by Remark 3.2 and Proposition 3.3, / is chaotic and

hence nonstable. Keeping the notation from Theorem 2.2, set A = H^li(U^) •

If int^ = 0 then A is the w-limit set of x. Indeed, let O(y) be a neigh-

borhood of some y G A . Since (J J^ D U-^+i > f°r any sufficiently large zz

there is an index i(n) such that y G I'/ C 0(y). Moreover, since to Ax) is

clearly infinite and co Ax) c (J-A^ , there is some k(n) with f     (x) G (J^„ ,

and hence by the periodicity of J?n , f (x) G l'n for some s(n). Taking

zz —» oo we get y G to Ax).

Thus we have proved that int A ^ 0. Let / be a maximal closed interval

contained in A . For i / j we have f'(J)nfJ(J) = 0 since f'(J), fj(J)

belong to different components of \J J^ for any sufficiently large n (e.g., for

n > i + j). Let e = diam(7) and let ô > 0. Choose i,n such that

(4.4) diam(Z¿)<¿    and     diam(f(l'n)) < Ô.

Let J C IJn and let m > 0 be such that/w(Z^) = l'n . Now we choose closed

intervals J0,JX c l'n such that dist{70,7,} > e/2 and U0 = fm(J0), Ux =

fm(Jx) are intervals (nondegenerate). Such a choice is clearly possible if fm

is nonconstant near the end-points of IJn. Otherwise we replace / by a little

perturbed map / changing / suitably on the intervals IJn, f(IJn), ■■■ ,fm(IJn)

in such a way that ||/ - f\\ < ô .
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Now define g G &(I,I) by g(x) = f(x) for x <¿ Vn and let g(U0) =

g(Ux) = g(l'„) = f(0 ■ From (4.4), \\f- g\\ < ô . It is easy to see that, for r =

2" , we have gr(J0) = gr~m(UQ) = IJn dJqUJx and similarly g(Jx) dJqUJx.

By Proposition 3.3, g is è-chaotic for ë = e/3 = (diam/)/3, no matter how

small ô is.   D

4.5 Proof of Theorem 2.2. Let the assumptions be satisfied. Then / is stable

by Lemma 3.8, Propositions 4.1 and 4.2. If condition (i) is not satisfied then

by Propositions 4.1 and 4.3, / is not stable. The necessity of (ii) follows from

Proposition 4.4.   D
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