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BASIC DUAL HOMOTOPY INVARIANTS 
OF RIEMANNIAN FOLIATIONS 

PETER Y. PANG 

ABSTRACT. In this paper, we use the Sullivan minimal model construction to 
produce invariants for Riemannian foliations. Existence and vanishing results 
are proved for these invariants. 

1. INTRODUCTION 

In this paper, we prove existence and vanishing results for dual homotopy in-
variants of Riemannian foliations. We shall view a foliation as a decomposition 
of a manifold into submanifolds, called leaves, of the same dimension. Those 
differential forms, which are orthogonal to and invariant along the leaves, are 
called basic; they form a subdifferential graded algebra of the de Rham algebra. 
We observe that for Riemannian foliations, the truncated characteristic homo-
morphism factors into the algebra of basic forms. Using the Sullivan minimal 
model construction [S], we define basic dual homotopy invariants and explain 
how they are related to the dual homotopy invariants of Hurder [Hu]. It fol-
lows that our vanishing result provides criterion for vanishing of Hurder's dual 
homotopy invariants in the case of Riemannian foliations. 

We point out that the idea of defining dual homotopy invariants for other 
complexes, besides the de Rham complex of the manifold as done by Hurder, 
has already been pursued by Lehmann [L]. However, the extensive structure 
theory of Riemannian foliations due to Molino [M] allows us to draw explicit 
conclusions concerning basic dual homotopy invariants. Corollaries (4.4) and 
( 4. 7) are of this nature. 

This paper is organized as follows: in §2, some basic facts from Sullivan's 
theory of minimal models are recalled. In §3, we follow Hurder's construction 
of dual homotopy invariants and define basic dual homotopy invariants. In §4, 
our main results are stated and proved. Several corollaries also appear. 

This paper is taken from a chapter of the author's Ph. D. dissertation written 
at the University of Illinois at Urbana-Champaign under the supervision of 
Professor Franz W. Kamber. The author expresses his gratitude to Professor 

Received by the editors November 10, 1988. 
1980 Mathematics Subject Classification (1985 Revision). Primary 57R32; Secondary 55P62. 
Key words and phrases. Riemannian foliations, minimal model, dual homotopy invariants, char-

acteristic classes. 

189 

© 1990 American Mathematical Society 
0002-9947/90 $1.00 + $.25 per page 



190 P. Y. PANG 

Kamber for his help throughout his graduate studies. The author also thanks 
the referee for suggesting improvements to this paper. 

All manifolds are assumed connected, and geometric structures are supposed 
to be COO . 

2. MINIMAL MODELS 

In this section, we briefly summarize the results on minimal models, which 
will be required in the following. First, we recall the following notions. Some 
references are [S, GM, Hal]. 

Definition (2.1). A differential graded algebra (DGA)(A, d) is called minimal 
if 

(i) it is freely generated as an algebra by a graded vector space with a well-
ordered indexing, which respects the grading. If V denotes the set of 
generators, then 

V = {v (i)' i E I = some well-ordered index set} 

with degv(i) > degvU) ~ i > j; and 

A = 1\ V = the exterior algebra generated by the odd degree 

generators Q9 the polynomial algebra generated by the even 
degree generators; 

(ii) the differential d satisfies 

dV(i) E I\{V«i)}' 

Definition (2.2). Two DGA maps ¢, If/: A --+ B are said to be algebraic ho-
motopic if there exists a DGA map 

H:A--+BQ9I\(t,dt) 

such that Hlt=o dt=O = ¢, Hl t=1 dt=O = If/ ; where /\ (t, dt) denotes the DGA 
generated by t ~here deg t = 0 , 'and d t where deg d t = I , with differential d 
satisfying d(t) = dt, d(dt) = O. 

Theorem (2.3). Let (A, d) be a connected DGA, i .. e, HO(A, d) = the ground 
field. Then there exists a minimal DGA L and a DGA map ¢: L .:::. A, such 
that ¢ induces an isomorphism in cohomology. Furthermore, L is unique up 
to algebraic homotopy. (L, ¢), sometimes denoted just by L, is called the 
minimal model of A. The indecomposable elements of L, L+ /(L+)2 , which 
is isomorphic to a set of generators of L, is well defined and is denoted by 
7l'*(A) , the dual homotopy of A. If L is finite dimensional in each degree, the 
desuspension of the dual of 7l'* (A), s- 17l'*(A) , forms a graded Lie algebra, called 
the desuspended homotopy of A. 
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Theorem (2.4). Let A and B be connected DGA's and let ¢: A --+ B be a DGA 
map. Then ¢ induces Junctorially a map vii ¢ between the minimal models oj 
A and B: 

vilA ~ JfB 

A ---+ B 

such that the above diagram commutes up to algebraic homotopy. vii ¢ is 
uniquely defined up to algebraic homotopy by the algebraic homotopy commuta-
tivity oj this diagram, and depends only on the algebraic homotopy class oj ¢. 
Furthermore. on the level oj indecomposable elements. the induced (functorial) 
map 

¢~: n*(A) --+ n*(B) 

is well defined. and the corresponding desuspended dual 
-1 -1 -1 

S ¢~: s n.(B) -+ s n* (A) 

is a graded Lie algebra homomorphism. 

3. BASIC DUAL HOMOTOPY INVARIANTS 

Let !F be a Riemannian (or SO(q)) foliation of codimension q and di-
mension p on a manifold M. Denote by Q(!F) the principal SO(q)-normal 
bundle of !F , and by w an adapted connection in Q(!F) [KT). 

The usual Chern-Weil construction yields a map 

h(w): J(SO(q)) --+ QOR(M) 

where J(SO(q)) denotes the algebra of invariant polynomials on so(q) and 
QOR (M) is the de Rham algebra of smooth differential forms on M. 

Remark (3.1). We follow the convention that J(SO(q)) vanishes in odd degrees. 
We recall the notions of basic connections and basic differential forms. 

Definition (3.2). Let (M,!F) be a G-foliated manifold and w an adapted 
connection in the normal bundle Q(!F). Then w is said to be basic if 

Lxw= 0 

for every partially horizontal vector field X on Q(!F) (i.e., a global section of 
the Bott connection), where Lx denotes the Lie derivative along X. 

Remark (3.3). Pasternak [P) showed that the normal bundle of every Riemann-
ian foliation has a basic connection. 

Definition (3.4). A smooth differential form rp on a foliated manifold (M,!F) 
is called basic, if 
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for every vector field X tangent to the leaves of sr. Here, i denotes interior 
product. 

Remark (3.5). The basic differential forms constitute a sub-DGA of the de 
Rham algebra, denoted by QB(sr). 

Theorem (3.6). Let (M, sr) be a Riemannian-foliated manifold of codimension 
q, and w a basic connection in the normal bundle Q(sr). Then the Chern- Wei! 
construction induces a map 

hi B: /(SO(q))1 ~ QB(sr) 

where / (S O( q)) I denotes the truncated invariant polynomial algebra: 

/(SO(q))1 = /(SO(q))/{elements of degree > I} 

for I ;::: q + 1. The map hi B is independent of the choice of w up to algebraic 
homotopy. 
Proof. First, denote by Q the curvature of w: 

Q = dw+ Hw, w]. 

Then Q is a basic form: for X a partially horizontal vector field, 

i(X)Q = i(X) dw + ~i(X)[w, w] 
= i(X) dw, since i(X)w = 0 by definition, 
= i(X)dw + di(X)w = Lxw = O. 

LxQ = Lx{dw + Hw, w]} 
= dLxw + [Lxw, w] = O. 

This implies that the Chern-Weil construction factors through the basic forms: 
h (w) 

h(w): /(SO(q)) '!..... QB(sr) c QDR(M). 

Now, let wO ' WI be two basic connections and let I ;::: q + I. Clearly, since 
QB(sr) vanishes in degrees exceeding q, h(wo)' and h(wl ) induce maps on 
the truncated invariant polynomial algebra: 

We will exhibit an algebraic homotopy 

H: /(SO(q))1 ~ QB(sr) 0/\ (t, dt), 

with Hlt=O,dt=O = hi ,B(WO) and Hlt=l.dt=O = hi ,B(WI ). Define 

QI = dwo 0 t + dW I 0 (I - t) - (wo - WI) 0 dt + [wo' wd 0 t(1 - t) 
I 2 I )2 +2[Wo,wo]0l +2[WI ,wI]0(I-t 

E Q2(Q(sr) , so(q)) 0/\ (t, dt). 
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Observe that dwo dw l , Wo - WI' [wo' wd, [wo' wo], [WI' wd are all anni-
hilated by i(X) and Lx for any partially horizontal vector field X on Q(sr). 
We define H as follows: for qJ E /2r(SO(q)) , 

H: qJ 1-+ qJ(.ot , ... ,.ot) (r times of .ot)' 

Then by the above observation and the SO(q)-invariance of qJ, we see that 

H(qJ) E .o~(sr) ® R[/] EB .o~-I(sr) ® R[t] ® dt 

c .oB(sr) ® /\ (I, dt). 

Note that for qJE/2r (SO(q)), 2r>q+1, H(qJ)E.o~q(sr)®I\(t,dt)=O. 
Thus, 

H: /(SO(q))[ -> .oB(sr) ® /\ (t, dl) 

is well defined for I ~ q+ 1 . Obviously, H satisfies the restriction requirements 
at 1 = dt = 0, and t = 1, dt = O. 0 

Theorem (3.7). /n the same setting as the above theorem, h[ B induces 

Lh[ B: L/(SO(q))[ -> L.oB(sr) , 

which is well defined up to algebraic homotopy when I ~ q + 1 ; and 

h ti * * [ B: 7C (l(SO(q))[) -> 7C (.oB(sr)) , 

which is well defined when I ~ q + 1 . 
Proof. Follows from Theorem (2.5). 0 

Remark (3.8). Lh[ Band h: B will be denoted simply by Lh and h ti , re-
spectively, if no confusion arises. 

Definition (3.9). The image of 

hti: 7C*(l(SO(q))[) -> 7C*(.ob (sr)) , 

for I ~ q + 1 are called basic dual homotopy invariants of sr . 

Remark (3.10). In the following, we describe briefly the structure of 
7C*(/(SO(q))[) following Hurder [Hu] and Hurder and Kamber [HK]. First, 
recall that 

where 
(i) a = the largest integer :S (q - 1)/2, 

(ii) degpj = 4j, 
(iii) degeq = q. 

for q odd, 
for q even, 

Denote the minimal model of /(SO(q)){ by <1>: L /(SO(q)){ -> /(SO(q))[, and 
denote by Xi (and xe) the generators of L/(SO(q)){ such that 

<1>(xi ) = Pi (<I>(Xe) = eq ). 
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Denote by Z, the DGA with zero differential and zero multiplication consisting 
of elements of the form 

PJ ® Y/ = pi l ... p:r(e~e) ® Y i ... Y i (Ye ), 
1 s 

with 1 ~ i l ~ ... ~ is ~ r such that 
(i) degpJ ~ I, 

(ii) degp i PJ > I, 
1 

(iii) i k = 0, if degpk < degpil . 

Z, is sometimes called a Vey basis for the cohomology of the truncated Weil 
algebra A(SO(q)), [KT]. 

Since Z, has zero differential and zero multiplication, it is formal and co-
formal [MN]. Consequently, the desuspended homotopy of Z, forms a free 
Lie algebra generated by the desuspended dual of Z" denoted by 2'(S-1 Zn. 
Then 

s-lnJ1(SO(q)),) ~ (S-IX~, •.. , S-I X ;, (S-I X ;)) ffi2'(S- I Zn 
as vector spaces. Thus, as a (graded) Lie algebra, s-ln*(I(SO(q)),) is the 
extension of a free Lie algebra by an abelian one. The structure of this extension 
is described in [HK]. 

Remark (3.11). Hurder [Hu] defined dual homotopy invariants for a G-foliation 
!7 of codimension q on a manifold L: 

hf: n*(I(G),) -+ n*(M), 

where I ~ q if Q(!7) has a basic connection and I ~ 2q otherwise. In the 
case of a Riemannian foliation, they are related to the basic dual homotopy 
invariants as follows: for I ~ q + 1 , 

n*(I(SO(q)),) !!.. n*(nB (.9"')) i. n*(L) 
~ 

h~ 

is commutative where / is induced by the inclusion I: nB (!7) C nDR (L) . 
(n*(M) = n*(nDR(M)).) 

Remark (3.12). Hurder [Hu] proved that if a G-foliation !7 has a trivial nor-
mal bundle, the following diagram is commutative: 

h' 
~ n*(M) 

Z/ ~ H*(A(G),) ---t H~R(M), 
tl. 

where I is appropriately chosen according to the last remark, Jr* denotes the 
dual Hurewicz map, and ~* is the characteristic homomorphism, whose images 
being the secondary characteristic invariants of !7 [KT]. 
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Remark (3.13). For a Riemannian foliation Y of codimension q on a mani-
fold M, consider the diagram 

n*(I(SO(q))q+l) ~ n*(QB(Y)) ~ n*(M) 

1 
n*(I(SO(q))q) 

It can easily be seen that 
. (~hti ) . h ti 
1m I 0 q+ 1 , B ~ 1m q' 

Furthermore, using the identification Z, ~ n*(I(SO(q)),) , it is easily seen that 

h!(Zq)/I~ 0 h!+1 ,B(Zq+l) ~ h!(r) , 

where r = {p J ®yll degpiP J = q + I} ~ Zq. r is nonempty only when q == 3 
mod 4. In the case that the normal bundle of Y is trivial, r consists exactly 
of the universal secondary invariants, which are variable [LP, Hu]. We remark 
further that if we choose a specific basic connection w in the normal bundle 
of Y and consider the map 

h(W)!,B: n*(I(SO(q))q) --> n*(QB(Y)) , 

then r shows up in those universal basic dual homotopy invariants, which 
depend on the choice of w. 

4. EXISTENCE AND VANISHING OF BASIC DUAL HOMOTOPY INY ARIANTS 

Theorem (4.1). Let Y be a codimension q Riemannianfoliation on a manifold 
M, and let W be a basic connection in the normal bundle of Y. Consider the 
map 

h(w)P = h(w)!,B: n*(I(SO(q))q) --> n*(QB(Y)) 

induced by the Chern- Wei! construction. Suppose there are two linearly indepen-
dent elements 0:, pEn * (I (S O( q) ) q)' deg 0:, deg P :S q, whose images under 
h(w)~ are nontrivial and such that dego: + degp > q. Then the image of h(w)~ 
contains the suspended dual of a free (graded) Lie algebra with two generators. 
In particular, S-ln*(QB(Y)) contains a free Lie algebra with two generators. 

Proof. We first show that s -10: * and s -I p* generate a free Lie algebra in 
s-lnJI(SO(q))q)' Let (0:, P) denote the free DGA generated by 0: and P 
with zero multiplication and zero differential. Consider the inclusion 

(0:, P) '-+ I(SO(q))q 

and its minimal model [Hal]: 
(0:, P) --> «(0:, P) ® L , d) --> (L, d J() 

"" 1 I(SO(q))q' 
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Clearly, «(0:, fl) ® L ,d) is the tensor product of the two DGA's «(0:, fl) , 0) 
and (L, d L)' Now, denote the minimal model of (0:, fl) by L' .!... (0:, fl) , 
and consider the DGA map 

cp ® 1 : L' ® L -+ (0:, fl) ® L. 

Clearly, cp ® 1 induces an isomorphism in cohomology, and therefore is a min-
imal model of (0:, fl) ® L. So, by the uniqueness of minimal models, it is a 
minimal model of I(SO(q))q. Therefore, 

n*(I(SO(q))q) = n*(L') EB n*(L). 

Now, (0:, fl) has zero multiplication and differential; thus, it has the real ho-
motopy of a wedge of spheres, i.e., s-ln.(L') is a free Lie algebra generated 
by s-Io:* and S-I fl* [MN, HK). Hence s-ln*(I(SO(q))q) contains a free Lie 
algebra generated by s -10: * and s -I fl* . To finish the proof, we note that the 
de suspended dual of h~ : 

s -I h~: s -lnJQB(y)) -+ S -lnJ1(SO(q))q) 

is a (graded) Lie algebra map. According to the hypothesis, the image of s -I h~ 
contains a free Lie algebra with 2 generators. So the preimage must contain a 
free Lie algebra with 2 generators. D 

Theorem (4.2). Let Y be a codimension q Riemannianfoliation on a manifold 
M. Consider the map 

h;+I,B: H*(I(SO(q))q+l) ~ I(SO(q))q+1 -+ H;(Y) 

induced by the Chern- Wei! construction. Suppose h;+I, B is the zero map; i.e., 
there are no nontrivial primary characteristic classes in the cohomology of the 
basic forms, then 

h!+"B: n*(I(SO(q))q+l) -+ n*(QB(Y)) 

is the zero map as well; i.e., there are no nontrivial basic dual homotopy invari-
ants; in particular, 

~ * * hq+l: n (I(SO(q))q+1 -+ n (M) 
is the zero map. 
Proof. Let w be a basic connection in the normal bundle of Y . Since h;+ I. B = 
0, we have 

h(w) 
Pi -+ h(W)(Pi) = dO: i E QB(Y) , for some O:i E QB(Y)' 

This allows us to extend h (w) q+ I , B to the Weil algebra 

h(w): A(SO(q))q+1 = I(SO(q))q+1 ® APq+1 -+ QB(Y) 

by defining 

h(w)(p) = h(w)(p) , 

h(W)(Yi) = O:i' where dO: i = h(w)(pJ 
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Then, we have the following diagram: 

I(SO(q))q+1 
~i\V 

LI(SO(q))q+1 

h(w) 

'-+ A(SO(q))q+1 
~ie 

~ L A(SO(q))q+1 

nB(y) 
~iq, 

Lh(w) 
~ LnB(y), 

197 

which commutes up to algebraic homotopy. By Theorem (2.4), Lh(w) is de-
termined (up to algebraic homotopy) by the algebraic homotopy commutativity 
of the square on the right. Since A(SO(q))q+1 is q-connected, it is easily seen 
that L A(SO(q))q+1 vanishes in degrees smaller than q + 1. Thus, for degree 
reasons, h(w) 0 e = 0, and Lh(w) is determined by ¢ 0 Lh(w) ~ O. Hence, 
Lh(w) = 0 up to algebraic homotopy. On the dual homotopy level, hU is the 
composition of 

* * 0 * ' n (I(SO(q))q+l) ~ n (A(SO(q))q+l) ~ n (nB(Y)). 

Thus, we have hU+1 B = 0, as claimed. 0 q , 

By the same method, the following theorem can be proved. 

Theorem (4.3). Let Y be a G-foliation on a manifold M with trivial normal 
bundle. Denote by w an adapted connection in the normal bundle of Y and by 
Ll( w) the characteristic homomorphism [KT] 

Ll(W): A(G)[ ~ nDR(M). 

Suppose dimM ~ 21- 2 and Ll* = Ll(W)*: H*(A(G)[) ~ H~R(M) is the zero 
map; i.e., there are no nontrivial secondary characteristic invariants. Then, 

h~ = h:: n*(I(G)[) ~ n*(M) 

is also the zero map; i.e., there are no nontrivial dual homotopy invariants. 

Proof. We recall that A(G)[ has a subalgebra Z[ consisting of cocycles which 
has zero multiplication, and that the inclusion Z[ c A (G) [ induces an iso-
morphism in cohomology [KT]. Denumerate the elements of Z[ by {u i : i = 
1,2,3, ... } such that degui~deguj,if i~j. We recall that degu 1 ~l. 

Now, since Ll* = 0, we have 

Ll(Ui ) = dPi , for some Pi E nDR(M). 

Denote by B(G)[ the DGA A(G)[0A(vl ' v2 ' ••• ) with differential f5 satisfying 
f5v i = ui . Then, Ll extends to a map on B(G)[: 

with 
Ll(V) = Pi' where dPi = Ll(uJ 
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Consider the following diagram, which commutes up to algebraic homotopy: 
h(w) 

d(W) 

J(G), -+ A(G), -+ B(G), 
~i'l' (li~ ~i( 

At'd(w) 
./I J(G), -+ ./I A(G), -+ ./I B(G), -+ ./1M' 

Notice that ./I B(G), vanishes in degrees less than 2/- 1. On the other hand, 
~nder our assumptio~ nDR (M) vanishes in degrees larger than 21 - 2. Thus, 
~(w) 0 , = 0 and ./I ~(w) = 0 up to algebraic homotopy. Hence, 

h~: rc*(l(G),) -+ rc*(A(G),) -+ rc*(B(G),) ~ rc*(M) 

is the zero map as claimed. D 

Corollary (4.4). Let !T be a transversally parallelizable foliation of codimension 
q. Then !T has no nontrivial dual homotopy invariants of degree exceeding q. 
Proof. !T being transversally parallelizable implies that !T has a flat basic 
connection. Thus, the Chern-Weil map vanishes and Theorem (4.2) applies. D 

Remark (4.5). Examples of transversally parallelizable foliations are Lie folia-
tions [F]. 

Remark (4.6). In contrast, we point out that Hurder [Hu] has proved the ex-
istence of nontrivial dual homotopy invariants for many foliations with trivial 
normal bundle. 

The following corollaries can easily be proved. We refer the readers to [Pal 
for details. 
Corollary (4.7). (i) Let !T be a G-foliation of codimension q on a rationally 
elliptic manifold M [Ha2]. Then the dual homotopy invariants of !T of degree 
exceeding I have rank at most 2. 

(ii) Let !T be a G-foliation of codimension q on a manifold M such that the 
normal bundle is equipped with a basic connection. Suppose nB(!T) is rationally 
elliptic. Then the dual homotopy invariants of degree exceeding q have rank at 
most 1, with the nontrivial invariants (if any) of odd degree. 
Proof. We recall that the desuspended dual of rc>'(J(G),) forms a free Lie 
algebra [HK]. Suppose two elements of rc>'(l(G),) , which correspond to lin-
early independent generators in the desuspended dual, give rise to nontrivial 
dual homotopy invariants; then the argument of Theorem (4.1) shows that the 
de suspended dual of these invariants generates a free Lie algebra in s -I rc J M) , 
which will have elements of arbitrarily high degree, contradicting the rational 
ellipticity of M. The second part follows easily from the fact that for a ratio-
nally elliptic DGA A with HI(A) = 0 for i > N, rc i (A) = 0, if j > Nand j 
even, or j > 2N - 1 and j odd [Ha2]. D 
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Remark (4.8). Blumenthal [B] proved that for a homogeneous G / K foliation 
:T on a compact manifold, where G is a compact, connected Lie group and 
G / K is simply connected, there is a map 

rp: nB(:T) -+ nDR(G/K) , 
which induces an isomorphism in cohomology. Thus, nB(:T) is rationally 
elliptic. 

Corollary (4.9). Let :T be a codimension q Riemannian foliation. Suppose 
nB(:T) is coformal [MN]; then the only way in which basic dual homotopy 
invariants of degree exceeding q arise is the one described in Theorem (4.1). 
Proof. This result follows from the fact that co formality is equivalent to the 
differential of the minimal model being quadratic [MN]. 0 
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