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Abstract. A locally compact topological group G is called an (H) group if G

has a maximal compact normal subgroup with Lie factor. In this note, we study

the problem when a locally compact group is an (H) group.

Let G be a locally compact Hausdorff topological group. Let G0 be the

identity component of G. If G/G0 is compact, then we say that G is almost

connected. The structure of almost connected locally compact groups is well un-

derstood and it is the consequence of the solution of the Hubert fifth problem.

Roughly speaking, the structure of almost connected locally compact groups can

be described by the following statement: Every almost connected locally com-

pact group has small normal subgroups such that the quotient groups are Lie

groups and the group itself is the inverse limit of these Lie groups in a natural

way. We cannot expect locally compact groups in general to have such proper-

ties, so we ask when a locally compact group has a compact normal subgroup

such that the quotient group is a Lie group. The purpose of the present note is

to provide some partial answers to this question.

Now, let G be a locally compact group. We may view G as an extension of

G0 by a totally disconnected locally compact topological group G/G0 . Since

the natures of these two types of groups are very different, it is convenient to

study them separately first and then put results together afterwards. Because

our knowledge of connected locally compact groups is by far superior to what

we know about totally disconnected locally compact groups, our main effort lies

on totally disconnected locally compact groups. Actually, we do not lose any

generality approaching our problem by this method. If G/GQ has a compact

normal subgroup such that the quotient group is a Lie group (i.e., a discrete

group), then G has an open normal subgroup Gx suchthat Gx/G0 is compact.

Then (7, has a maximal compact normal subgroup K so that G, ¡K is a Lie

group, since C7, is almost connected. Since K is characteristic in Gx, it is

normal in G. Therefore G/K is a Lie group. Notice that every totally discon-

nected locally compact group has small compact open subgroups. Frequently,
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there are closed subgroups which are "almost" supplemented to the open com-

pact subgroups. Roughly speaking this means that the given locally compact

group G has the form HK such that K is an open compact subgroup and

HnK has void interior.

Now, with this background in mind, it is natural to seek the conditions on

the uniform subgroup H so that there exist compact-open normal subgroups

K with G - HK. In the following, we shall more or less follow this direction.

Our approach to this problem uses two basic notions in locally compact groups:

compactly generated groups and bounded elements. Let G be a topological

group. Recall an element jc of G is bounded if and only if {gxg~l:g e

G} is a relative compact subset of G. The subset B(G) of all the bounded

elements forms a characteristic subgroup of G. In recent years, we have learned

a great deal about this subgroup [8, 11-18]. Here, once again we have found its

usefulness. In fact, implicitly, we have developed a type of relative version of

boundedness.

Now, we sketch some results of the present article (Proposition 4):

Let G be a totally disconnected solvable locally compact group. Let H be a

closed uniform subgroup of G. Let H = D°{H) D D{l){H) D ■■ ■ D D(n){H) =

(e) be the (topological) derived series of H. Assume that D{'](H)/D{,+1)(H)

is compactly generated for 0 < i < n - 1. Then G has a maximal compact-

open normal subgroup. Furthermore, every closed subgroup of G is compactly

generated.

With the boundedness condition, we can say much more (Proposition 10):

Let G be a locally compact totally disconnected compactly generated group.

Let H be a closed uniform solvable subgroup of G. Let H = D°(H) D

D(l)(H) D ■■■ D D{n)(H) = (e) be the (topological) derived series of H. As-

sume that D{i){H)/D{i+l){H) c B(H/D(i+l)(H)) for 0 < i < n - 1. Then G

has a maximal compact-open normal subgroup E. Every closed subgroup of

G is compactly generated. Furthermore G/E is a discrete nilpotent by finite

group.

For locally compact groups in general, we have the following condition (Prop-

osition 11):

Let G be a locally compact group. If G/GQ has a maximal compact-open

normal subgroup, then G has a maximal compact-normal subgroup K such

that G/K is a Lie group.

There are examples which show the converse of Proposition 11 is not true;

however, we have some partial converses (Propositions 14, 15, 16). Here, we

exploit the relations between G and G0. Specifically, we try to use as much

as possible the linear representation of G on the Lie algebra i?(G0) of G0.

We give several examples which indicate these results are likely to be the best

possible along this line, especially Example 21 which shows a certain complex-

ity between the relation of G and G0 when we view G as a subgroup of

GL(^(G0)).
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In view of the importance of the boundedness conditions, an attempt is made

to see what the key features are which make it useful. We introduce the def-

inition of weak boundedness. An element x in G is weakly bounded if and

only if the smallest closed normal subgroup N(x) of G which contains x has

the following properties: (1) N(x) has a maximal compact normal subgroup

K(x) such that N(x)/K(x) is a Lie group, and (2) every closed subgroup of

N(x) is compactly generated. Every bounded element is weakly bounded. Let

B*(G) denote the subset of all weakly bounded elements of G. Then we have

the following results (Proposition 26 and Remark 27):

Let H be a totally disconnected locally compact group. Assume that H has

a finite sequence of closed normal subgroups H = H{ D H2 D ■ ■■ D Hn D (e)

such that (1) Ht/Hi+l is compactly generated, and (2) HtfHM C B*(H/Hi+X)
for 1 < i < n. Then H is an (H) group and every closed subgroup is compactly

generated. If H is a normal uniform subgroup of a locally compact group G,

then G is an (H) group and every closed subgroup of G is compactly generated

(cf. [9]). (A locally compact group G is an (H) group if it has a maximal

compact normal subgroup K such that G/K is a Lie group.)

The following result characterizes the existence of an open invariant neigh-

borhood of the identity (Corollary 32):

Let G be a totally disconnected locally compact group. Then G has a com-

pact open normal subgroup if and only if B*(G) is an open subgroup (cf. [16]).

Now, one may ask what is the significance of a subgroup of B(G) being

locally compact. The following propositions give some answers to this question.

Specifically, when D is a compact group of bounded elements, we show that

the smallest closed normal subgroup N(D) of G which contains D is compact

(Propositions 35, 37, and 38):

Let G be a locally compact totally disconnected group. Let D be a compact

subset of B(G)llP{G). Then the smallest closed normal subgroup N(D) of G

which contains D is compact if and only if N(D) c B(G). If D is a compact
subgroup of B{G), then N(D) c B{G) and it is a compact group. Let E be a

compact subset of B(G). Then the smallest closed normal subgroup N(E) of

G which contains E is compactly generated if E c B(G) (Corollary 39):

Let G be a totally disconnected locally compact group. Then B(G) is locally

compact if and only if P{G) n B(G) is locally compact.

In our discussions, we have singled out a significant class of locally compact

groups, namely, those which have a maximal compact normal subgroup such

that the quotient group is a Lie group. We shall call such a locally compact

group an (H) group. (H stands for Karl H. Hofmann. After reading through an

original version of the manuscript [4], Hofmann points out to us this class of

locally compact groups. This beautiful notion already proves its usefulness in

the present article.)

1.  Standing notation. All the topological groups considered in this note will

have Hausdorff topology.   Let G be a locally compact group.   The identity
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component of G will be denoted by G0. The identity of G will be denoted

by e . Let AT be a subset of G. The subgroup generated by K will be denoted

by (K). Then (K) = UB=,(* U JT1)". If K is compact, and G = (K), then

we say that G is compactly generated. However, if G = (K)~, i.e., (Ä") is

a dense subgroup of G, then for any subset F of G with nonvoid interior,

we have that G = (K) V. When G is locally compact, we may choose V to

be any compact neighborhood (at any point). Then G = (K \J V), and G is

compactly generated. Therefore, for locally compact groups, if there exists a

compact subset which generates a dense subgroup, then this group is compactly

generated. Let B(G) denote the subgroup of all bounded elements of G, and

let P{G) be the subset of all compact elements of G. An element x of G is

compact, i.e., x e P(G), if the smallest closed subgroup which contains x is

compact.

Finally, a topological group G is an (H) group if and only if it has a maximal

compact normal subgroup E such that G/E is a Lie group [4]. When G is

totally disconnected, G is an (H) group if and only if it has a maximal compact

normal open subgroup (so the quotient group is a discrete group).

2. Lemma. Let G be a totally disconnected locally compact solvable group. Let

G = D{l){G) D D{2)(G) • • o D(n)(G) = (e) be the topological derived series of G.

Assume that Z)(,)(G)/Z) '(G) is compactly generated. Then G is an (H) group

and every closed subgroup of G is compactly generated. {Notation: 3t(x)(G) =

<[G, G]), ^(/)(G) = ([^(,_1)(G), ^(,_1)(G)]), D(i)(G) = 2(i\G)~.)

Proof. We prove this lemma by induction on the length of the derived series.

When the length is one, G is an abelian compactly generated locally compact

group. The assertions of the lemma follow from the structure theorem of com-

pactly generated locally compact abelian groups. Now, we assume the lemma

is true when the length of the derived series is less than or equal to n - 1 .

Let F = G/D '(G). Then F has a maximal compact normal subgroup Q

such that F/Q is discrete. Let H be the inverse image of Q in G. Then

Zr"_1'(G) is uniform in H. Now, D(n-1)(G) is a compactly generated locally

compact abelian group by assumption, so it has a maximal compact subgroup

K. Since D("_1)(G) is normal in G and K is a characteristic subgroup of

Z)("_1)(G), it follows that K is normal in G. Let G' = G/K, H' = H/K,

and L' — D("~ '(G)/K. Then L1 is a finitely generated discrete abelian group.

Therefore the automorphism group sf(L') is a discrete group. Let p be the

representation of G' on L' by conjugations (restriction of inner automorphisms

on L' ). Then p(H') is compact, so it is finite. Let M' be the kernel of p

when p is restricted to H', i.e., M' = (kernel of p)r\ H1. Then H1 /M' is

finite and L' c M'. Therefore M1 is a compactly generated (Z) group (i.e.,

central group). By the structure theorem of central groups [7], M' has a max-

imal compact normal group P'. Now, let n be the canonical homomorphism

G —> G/K, and let n~ (/>') = P, where P is a compact subgroup.  It is not
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difficult to see that P is a maximal compact open normal subgroup of G.

Now, we show that every closed subgroup TV of G is compactly generated.

From the isomorphism N/N n P = NP/P c G/P, we may assume that G is

discrete and we show that N is finitely generated. Again, we prove this by

induction on the length of the derived series. So, (by the inductive hypothesis)

assume ND(n~X)(G)/D(n~x)(G) is finitely generated. Since N/N n Z)("_1)(G)

is isomorphic to ND{n~l)(G)/D{n~l)(G), it follows that N/N n D{n~l){G) is

finitely generated. Since N C\D(n~ '(G) is finitely generated, a fortiori, N is

finitely generated. Therefore, the proof is complete.

3. Lemma. Let G be a locally compact topological group. Let H be a totally

disconnected solvable subgroup of G such that (1) H is uniform in G, and (2)

D(-'\H)/D(-l+i\H) is compactly generated for 1 < i < n - 1, where n is the

length of the derived series of H. Then there is a compact normal subgroup K of

G suchthat n(H) is discrete in n(G), where n is the canonical homomorphism

G - G/K. Furthermore D{i){n(H))/D{i+l\n(H)) is finitely generated, \<i<

n-\.

Proof. By Lemma 2, H has a maximal compact open normal subgroup M.

Since H is uniform in G, there is a compact subset Q of G such that

G = HQ. Since M is compact and normal in H, \J{xMx~l:x e Q] -

\J{xMx~l:x e HQ} is compact, therefore M c B(G). Let K be the closed

normal subgroup generated by M. Then K is a compact subgroup of G [16].

Since K n H is normal in H, K n H = M. Therefore HK/K 2 H/H ni-

H/M and D(i)(n(H))/D{i+X){n(H)) is a finitely generated abelian group for

1 </'<«- 1 .

4. Proposition. Let G be a totally disconnected solvable locally compact group.

Let H be a closed uniform subgroup of G with the property: DI''\H)/d'''+1\H)

is compactly generated for 1 < /' < m, where m + 1 is the length of the derived

series of H. Then G is an (H) group and every closed subgroup of G is

compactly generated.

Proof. Let m + 1 be the length of the derived series of G. Then D[m)(G)

is an abelian group. We show that D(m)(G) is compactly generated. Let

F = (HD(m)(G))~ . Then H is a uniform subgroup of F. By Lemma 3,

there is a compact normal subgroup L of G such that, in the quotient group

G/L, the image of H is a finitely generated discrete subgroup. For simplicity of

notation, we may assume that H is a discrete subgroup of F . Now HD(m)(G)

is a dense subgroup of F , so KHD(m\G) = F for any compact open subgroup

K of F . We have the following isomorphism: KD(m)(G)/H n KD(m)(G) -»

HKD(m)(G)/H. Let E = H n KD{m){G). Then £ is a discrete finitely gen-

erated uniform subgroup of KD(m)(G). Hence KD{-m)(G) is compactly gener-

ated. This implies that D{m'(G) is compactly generated, since it is a uniform

subgroup of KD[m)(G).
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Now, we may factor out D(m'(G) from G and proceed to show that

D(m-1)(G) is compactly generated. Certainly, in this case, we need to consider

(HD{m)(G))~/D{m)(G) instead of H itself. So, we need to verify that

(HD(m\G))~/D(m){G)

enjoys the same properties as H. But this is easy to check since the image

of H in {HD{m)(G))~/D(m)(G) is a dense subgroup. So, D{i)(G)/D{i+l){G) is

compactly generated for 1 < i < m. By Lemma 2, G is an (H) group and

every closed subgroup of G is compactly generated.

5. Proposition. Let G be a totally disconnected locally compact group. Suppose

there exist a finite sequence of closed compactly generated normal subgroups G,

G = GlD-DGn, such that GJG^ c B(G/Gi+i) for 1 < í < n - 1. Then
G is an (H) group. Let K be the maximal compact normal subgroup of G.

Then G/K is a discrete nilpotent-by-finite group.

Proof. First, we show that G is an (H) group. We prove this by induction on

the length of the finite sequence. When the length is one, G = G, = B(G) is

a compactly generated FC group. It is known that G has a maximal compact

normal subgroup K and G/K is a torsion free finitely generated abelian group.

Hence G is an (H) group. Now, let F = G/Gn and let n be the canonical

homomorphism G —> G/Gn. By the induction hypothesis, F has a maximal

normal compact open subgroup M'. Let M - n~ (M1). We have Gn c M c

G and M/Gn is compact. Now, we can use the same argument as we did

in the proof of Lemma 2 to conclude that G has a maximal compact open

normal subgroup K so that G/K is a discrete group. Now, we shall prove

that G/K is a nilpotent-by-finite group. For the sake of simplicity of notation,

we may assume that K is trivial and G is a discrete group. We shall prove

this by induction. Since Gn is a discrete finitely generated torsion free abelian

group, Gn is isomorphic to Zm for some m, and its group of automorphisms

is isomorphic to GL(m, Z). Let p be the representation of G on Gn by

the inner automorphisms. Since Gn c B(G), p(G) is relative compact, and

since AutGn is discrete, p{G) is finite. Therefore the kernel G' of p is a

subgroup of finite index in G. Since Gn is abelian, Gn c kernel of p = G'.

Therefore Gn is central in G'. Now, by the induction hypothesis, G/Gn has

a subgroup which is nilpotent-by-finite. Let G" be the inverse image of that

nilpotent subgroup. Then Gn c G" and G" has finite index in G. It is clear

that Gn c G' n G" , Gn is central in G' n G", and G' n G" has finite index in

G. So G' n G" is nilpotent. This completes the proof.

So far, we have assumed the groups involved in our discussions are built up

by compactly generated subgroups. The proofs of most previous statements are

based upon the induction from the bottom of the derived series. This means we

already have the condition "compactly generated" at our disposal. Now, if we

only assume that the group G is compactly generated, in view of the existence of
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compactly generated groups with noncompactly generated subgroups, the matter

becomes much more delicate than before (cf. Example 18).

6. Lemma. Let G be a totally disconnected solvable compactly generated group.

Suppose D^\G) is abelian and a subgroup of B(G). Then D^'(G) is compactly

generated. Furthermore, G is an (H) group. Let E be the maximal compact

normal subgroup of G. Then G/E is nilpotent-by-finite.

Proof. Let X be a compact-open subgroup of D(1)(G). Let N(X) be the

smallest closed normal subgroup of G which contains X. By Proposition 35

or 38, N(X) is a compact-normal subgroup of G which is open in Z)(1)(G). Let

G' = G/N(X). Then D(l){G') is a discrete abelian subgroup of G'. If DW(G')

is compactly generated, then Zr '(G) is compactly generated. In order to show

that Z)(1)(G') is compactly generated we only need to prove that Ü?(1)(G') is

compactly generated since the latter is a dense subgroup of D( '(G). Now, G'

is compactly generated, so G = \J^=l Kln for some compact subset K1 of G'.

Since we have the equality [xy, z] = [x, z]y[y, z] for x, y, z e K', 3>W(G')

is generated by [K1, K'f . Because [K', K'] c .D(1)(G') c B(G') , [K1, K'f

is finite, since ¿)(1)(G') is discrete and [K, K] is finite. Hence Z>(1)(G') is

finitely generated. Therefore D( '(G) is compactly generated. The rest of the

assertions follow from Proposition 5.

7. Lemma. Let G be a compactly generated totally disconnected locally compact

solvable group. Suppose Z)( '(G) is an abelian group and D(2) c 5(G). We

also assume that D(X)(G)/D(2){G) c B(G/D(2)(G)). Then D(X)(G) is compactly

generated.

Proof. Let Q be a compact open subgroup of D{2)(G). Since D(2){G) c B(G)

by Proposition 35, Q generates a compact normal subgroup Q' of G. If we

factor out Q' from G,then £>(2)(G)/Q' is a discrete abelian group. Since we

wish to show that D(1)(G) is compactly generated, factoring out a compact nor-

mal subgroup from G clearly will not change the status of D^fó), so we shall

assume that D^ '(G) is a discrete abelian group without loss of any generality.

Now, by Lemma 6, G/D( '(G) has a maximal compact normal subgroup E

such that (G/D{2)(G))/E is nilpotent-by-finite. It is clear that we may assume

(G/D(2)(G))/E is nilpotent without changing the status of Z>(1)(G).

Let F be the inverse image of E in G. Since F/Z)(2)(G) = E is compact,

F = LD{2)(G) with L a compact subset of G. So, we have the following

situation: (1) D(2)(G) c F = LD{2)(G) C G, (2) [G, [G, G]] c F, (3) G

is compactly generated, and (4) D(2)(G) c B(G). Now, let K be a compact

subset of G which generates G, i.e., G = \J™=1 Kn, AT = i"1 3 é>. Since

[tf, [K, K]] is a compact subset of F, i7 = LD{2)(G), there exists a compact

subset Sx of Z)(2)(G) suchthat [K, [#, #]] c LS, . Since [A", L] is a compact

subset of F, there exists a compact subset S2 of L such that [K, L] c L-S2.
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Let 5 = Sx US2 (in fact, D( '(G) is discrete, S is a finite set). Then we have

(i) [K,L] c LS, and (ii) [K,[K, K]] c LS. Since S c D{2)(G) c B(G),

SG is finite. Now 2¡{X)(G) = ([G, G]) = ([U^",U^"]> is generated by the

elements of the form [kx ■ ■ ■ km , k[ ■ ■ ■ k'n], k¿, k'j e K. Using the equality

[kxk2, k] = [k2, [kxk]][kx, k][k2, k] and relations (i) and (ii), we have the

subset [G, G] is contained in the subgroup generated by X = [K, K] U L U SG .

Since X generates FD{X){G) =LD{X](G), LD{X)(G) is compactly generated.

Since D(X)(G) is uniform in LD(X)(G), D{X)(G) is compactly generated and the

proof is complete.

Observe the group G in Lemma 7 is an (H) group. Let E be the maximal

compact normal subgroup of G. Then G/E is a discrete nilpotent-by-finite

group. Actually, this is true in a more general situation. We state it as the next

lemma.

8. Lemma. Let G be a compactly generated totally disconnected locally compact

solvable group. Let G = D(X)(G) D • • • D D(n)(G) = (e) be the topological derived

series of G. Assume D{,) (G) /D(i+X) (G) C B{G/D(i+X)(G)) for \<i<n-\.

Then G is an (H) group. Let E be a maximal compact normal subgroup of

G. Then G/E is a discrete nilpotent-by-finite group.

Proof. With the help of Proposition 5 the proof can be carried out in the same

manner as the proof of Lemma 7.

9. Lemma. Let G be a totally disconnected locally compact group. Let H be

a compactly generated nilpotent uniform subgroup of G. Then G is an (H)

group.

Let E be the maximal compact normal subgroup of G. Then G/E is a

discrete nilpotent-by-finite group.

Proof. This in one of the main results in [4]. We shall prove this lemma by

induction on the length of the upper central series of H.

Let Z be the center of H. Then Z c B(H) c B(G), since H is uniform

in G. Let Q be the smallest closed normal subgroup of G which contains

Z. It is well known that Q is an extension of a compact normal subgroup

M by a finitely generated torsion-free abelian group [16]. Let Gx = G/Q and

Hx = HQ/Q. Then the length of the upper central series of Hx is less than

the length of the central series of H, so the induction hypothesis is applicable.

Therefore Gx has a maximal compact open normal subgroup Px. Let P be the

complete inverse image of Px in G. Then we have the following conditions:

(1) P is open and normal in G, (2) M c Q C P and P/Q is compact, (3) M

is a maximal compact normal subgroup of Q, and (4) Q/M = Z for some /,

i.e., it is a torsion-free abelian group of rank / for some integer /. Since Q is

normal in G, M is characteristic in Q, so M is a normal subgroup of G. Let

n be the quotient map of P onto P' = P/M and let Q' = n(Q) = Q/M S Zl.

Then Q  is a uniform subgroup of P . Using the same argument as that in the
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proof of Lemma 3, we have a maximal open normal subgroup E1 of P'. Let

E = n~x(E'). Then E is a maximal compact open normal subgroup of G.

Since G/E is discrete and HE/E is a nilpotent subgroup of G/E with finite

index, G/E is a discrete nilpotent-by-finite group.

10. Proposition. Let G be a compactly generated totally disconnected locally

compact group. Let H be a uniform solvable subgroup of G. Suppose

D(i)(H)/D{i+X)(H) C B(H/D{i+X)(H))

for 1 < i < n — 1, where n is the length of the derived series of H. Then G is

an (H) group.

Let E be a maximal compact normal subgroup of G. Then G/E is a discrete

nilpotent-by-finite group.

Proof. Since H is uniform in G, H is compactly generated. By Lemma 8,

H is an (H) group and it has a maximal compact normal subgroup M so that

H/M is a nilpotent-by-finite group. Since M c B(H) c 5(G), it follows that

M is contained in a compact normal subgroup Q of G [16]. Let Gx = G/Q

and Hx = QH/Q. Since Q n H - M, Hx is a nilpotent-by-finite group.

Apparently, Lemma 9' can be applied here. Let Ex be the maximal compact

subgroup of G, and let E be the complete inverse image of Ex in E. Then

it is not difficult to see that E is an open maximal compact normal subgroup

of G and so the proof is complete.

11. Proposition. Let G be a locally compact group. If G/G0 is an (H) group,

then G is an (H) group.

Proof. Let n be the canonical homomorphism from G onto G' — G/G0. Let

M1 be the maximal compact normal subgroup of G', and let M = n~x(M').

Then G0 is uniform in M. Since M is almost connected, it has a maximal

compact normal subgroup Q. Since M is normal in G and Q is characteristic

in M, Q is normal in G. We claim that Q is a maximal compact normal

subgroup of G. Let K be any compact normal subgroup of G. Since n(K)

is normal in n(G) = G', by the maximality of M', n(K) c A/7. Therefore

K c M. Hence K c Q, and it follows that Q is a maximal compact normal

subgroup of G. Because M is almost connected, M/Q is a Lie group. Since

M is an open subgroup of G, a fortiori, G/Q is a Lie group. So G is an (H)

group.

12. Remark. The converse of Proposition 11 is not true, i.e., a locally compact

group G could be an (H) group and G/G0 not an (H) group. The following is

such an example. Let C* be the multiplicative group of all nonzero complex

numbers. Let S be the subgroup of C* consisting of 2" th roots of unity,

n > 0, with discrete topology. Let G be the semidirect product of S • C,

where C is the complex numbers. Then G has no nontrivial compact normal

subgroup, thus G is an (H) group. But G/G0 is an infinite torsion group and

it is not an (H) group.  We note the group G is a solvable group and is not
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compactly generated. However, we do have the following conditions. Let G be

a locally compact group. If G has a compact normal subgroup K such that

G/K is a Lie group, then G' = G/G0 has a compact normal subgroup K' such

that G' /K' is a discrete group. We simply take K' to be the canonical image

of K in G'.

Now, let <f> be the adjoint representation of G on the Lie algebra &(G0)

of G0, </>: G -» GL(^(G0)). In general, </>(G) is not closed. When it is closed,

then we shall see that G/GQ is an (H) group if G is an (H) group. On the other

hand, even if G is compactly generated, it is not enough that G/G0 be an (H)

group (Example 21). In the next few sections, our main theme is to find the

connections between G and its natural representation on £?(G0). To simplify

the matter a little first, we give a simple lemma.

13. Lemma. Let G be a locally compact group and let Q be a compact normal

subgroup of G. Then G is an (H) group if and only if G/Q is an (H) group.

In particular, when G is an (H) group G/G0 is an (H) group if and only if

G'/Gq is an (H) group, where G' — G/K and K is the maximal compact

normal subgroup of G.

Proof. The first statement is obvious. For the second statement, simply observe

that G/G0K is isomorphic to G'/G'0 and the kernel of the map G/G0 to

G/G0K is compact.

14. Proposition. Let G be a a-compact locally compact (H) group. Assume

the adjoint representation of G on G0 has a closed image. Then G/G0 is an

(H) group.

Proof. Let n be the canonical homomorphism from G onto G/G0. Let G, =

n~ (B(G/GQ) n P(G/G0)). Then Gx is generated by all the normal subgroups

Gx of G such that GJG0 is a compact normal subgroup of G/G0. Thus,

G/G0 is an (H) group if and only if Gx/G0 is compact. We know that G

is an (H) group by assumption. By Lemma 13, we may assume the maximal

compact normal subgroup of G is trivial, so G is a Lie group. Let <p be the

adjoint representation of G on the Lie algebra of &(G0) of G0. So <fi: G —>

GL(^(G0)) and 0(G) is closed by assumption. Since Gx = \J^hGk, where

GJG0 is a finite normal subgroup of G/G0 , Gx = G0MX with Mx a maximal

compact subgroup of Gx. Since the maximal compact normal subgroup of

G is trivial, the centralizer of G0 meets Mx trivially for every X e A, i.e.,

ZG{G0) r¡Mx = {e}. To see the last statement, let Zx = ZG(G0) n Gx. Since G0

is open in Gx , ZJZk n G0 = ZXG0/G0 , it follows that ZJZX n G0 is finite and
isa (Z) group. Because the center of the analytic group is compactly generated,

Zx is a compactly generated (Z) group. By the structure of compactly generated

(Z) groups, Zx has a maximal compact normal subgroup Kx which certainly

is characteristic in Gx, so it is normal in G. Hence Kx is trivial. Therefore

Zx n Mx = (e) for each X e A. So 4>\MX is injective. By assumption, qb{G)

is closed, so <f>(Gx) = \JXeA(f>(G0)<f>(Mx) c GL(^(G0)). Since GL(_2*(G0)) has
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a maximal compact subgroup, by conjugacy, we may assume that <j>(Mk) is

contained in this maximal compact subgroup. Now, we have 0(G1)/0(Go) is

compact. Therefore Gx/G0 is compact and the proof is complete.

For the next proposition we need a definition. Let G be an analytic group.

Let N be the maximal connected normal solvable subgroup of ([G, G])~ . The

subgroup N is called the representation radical of G.

In view of Lemma 13, when we consider the representation of G on G0

defined by conjugations, we may assume that G0 is an analytic group without

loss of generality. We shall do so in the next two propositions.

15. Proposition. Let G be a compactly generated locally compact (H) group

with trivial compact normal subgroup so that G is a Lie group. Let 0 be the

linear representation of G on the Lie algebra £?(G0) of G0, let <f>(G)* be the

Zariski closure of 0(G), and let N be the representation radical of G0 . If the

representation radical of 0(G)*0 (as an analytic group) is the same as <j>(N), the

G/G0 is an (H) group.

Proof. We follow the same notation as given in Proposition 14. As we already

observed in Proposition 14, <j>\Mk is faithful. For each X, Gk = GQMk = G0Dk,

where Dk is a finite subgroup of Gk . Since 0(G)*0 has finite index in 0(G)*,

we may assume that 0(G) is a subgroup of 0(G)*0. Let S be a Levi factor

of 0(G)*0. Then <f)(N)S is a normal subgroup of 0(G)*0, since <j>(N) is the

representation radical of 0(G)*0. It is clear that <t>(Dk) is not a subgroup of

4>(N)S for almost all X s A. Now, <t>{G)*°/4>(N)S is a compactly generated

abelian group. Let F = 0~ (0(/V)5). Then G/F is a locally compact abelian

group and it is compactly generated since G is. By the structure theorem of

compactly generated locally compact abelian groups, GXF/F can contain an

infinite torsion group. (Observe that G0F/F is the connected component of

the abelian group G/F.) Therefore Gx/G0 is finite. The proof is complete.

Recall the following result (Corollary 4.11 of [19]): Let G be a finitely gen-

erated subgroup of GL(«, F), where F is a field. Then every completely

reducible solvable subgroup of G is finitely generated. Now, assume 0(GO)

is almost algebraic, i.e., 0(GO) has finite index in 0(GO)*. If Gx/G0 is not

finite, then \Jk€A V^x is not finite. Furthermore <j>(G0)*((>(Dk)/<f>(G0)* is nor-

mal in 0(G)*°/0(Go)*, so except for finitely many indices, <f>(Dk) is contained

in the radical of 0(G)*0 and it is soluble. Now, if G is compactly generated,

then G is generated by a finite subset {xx, ... , xn) of G and G0 , so 0(G) is

generated by {0(x,), ... , 0(*„)} and 0(GO). Extending the base field to the

complex number field and taking the quotient over 0(GO)C we see that <f>(VDk)

is finite by the above mentioned result. Thus we have the following condition:

16. Proposition. Let G be a locally generated group with trivial maximal nor-

mal subgroup. Let <f> be the adjoint representation of G on the Lie algebra

&(G0) ofG0, 0:G^ GL(^(G0)). // 0(GO) is almost algebraic, i.e., 0(GO)
has finite index in 0(GO)*, then G/G0 is an (H) group.
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We note that when GX/GQ is not finite, G0 is not almost algebraic. Let T

denote the subgroup generated by {(f>(xx), ... , <j>(xn)} . Then there are infinitely

many elements from VDk which are in 0(GO)* but not in 0(GO), and they have

the form d = yy, where d e 0(GO)*, v e 0(GO), and y eT. This situation is

illustrated in Example 21.

17. Example. (A compactly generated solvable group which is not an (H)

group.) Let G be the semidirect product: Z • Y~^lx{Z2)i x Y[°°=0{Z2)j, where

-co < i < -1, 0 < j <oo with £Z2 discrete and fJZ2 the product topology.

The action n is the shifting of the indices.

18. Example. (A finitely generated discrete solvable group G, where 31(G) is

not finitely generated and also the center of G is not finitely generated.) We

sketch the example and omit the details [19, 4.21]. The group G is a subgroup

of GL(3, R) generated by the following matrices:

/l    1    0\ /l   0   0\ /l     0     (A

a=    0    1    0     ,        6=011,        r=01/20.
\o o  \) Vo o  \j \o   o   \j

The center of G consists of matrices

(\   0   £m,.(l/2)'
0   1 0

VO   0 1

where the m( are integers and the center is not finitely generated. Observe that

D{X)(G) is not finitely generated. It is easy to check that D(x) (G) / D(2) (G) is not

a subgroup of B(G/D{2)(G)).

19. Example. (A totally disconnected compactly generated locally compact

group which has a uniform solvable subgroup but it is not an (H) group.) Con-

sider those semisimple p-aáic Lie groups with respect to Iwasawa decomposi-

tions [20].

So far, we have seen the importance of the assumption that G is compactly

generated. The following example shows what can happen when the group is

not compactly generated.

20. Example. Let G( = K¡ ■ Hi be the semidirect product, where K¿ is a finite

subgroup and H¡ is a finitely generated discrete FC group, /' = 1, 2, ... . Let

G be the local direct product of the family {{G-* K¡): i = 1, 2, ...}. If K¡ is

a nontrivial group of automorphisms of H¡ for each / e Z+ , then G is not

compactly generated and there are no compact-open normal subgroups of G.

21. Example. (The group G is a compactly generated, (H) group but G/G0 is

not an (H) group.) This example is a combination of the example in Remark

12 and Example 18.

Let H = S ■ C, with 5 the subgroup of nonzero complex numbers of module

one and C is the additive group of complex numbers. Let E be the subgroup



STRUCTURE OF LOCALLY COMPACT TOPOLOGICAL GROUPS 425

of GL(3, R) generated by the matrices a, b, t and

/l    0    r\

0   10    :reR;

Vo   0   \)
here a, b, t have the same meaning as in Example 18. Let F be the semidirect

product E • R3. Here E acts on R3 as a subgroup of GL(3, R). The group

HxF is the semidirect product (SxE)-(CxR3). The group G which we shall

construct is a subgroup of H x F obtained from H x F by taking a subgroup

of S x E. Let P be the one-parameter subgroup of S x E:

Let É c S x E be generated by (1, a), (1, b), (1, t), and let ß be the

subgroup generated by P and É . Then G = ß • (C x R ). It is clear that

P • (C x R3) is an analytic group under the natural Euclidean topology. Now,

define the topology of G by taking P • (C x R ) as an open subgroup, i.e.,

G0 = P • (C x R3). Then G is a compactly generated (H) group. To see that

G/G0 is not an (H) group, one simply observes that

Therefore G/G0 is not an (H) group.

22. Weakly boundedness. We have seen that the boundedness condition plays

an important role in the structure of locally compact groups. In the second

half of this paper (after Proposition 4) we used this condition critically. In

fact, the first half (i.e., Proposition 4) could be done by a weakened notion of

boundedness. Let x be an element of the locally compact group G. Let N(x)

be the smallest closed normal subgroup of G which contains x . Observe when

x e B(G), N(x) satisfies the following conditions: (1) N(x) is an (H) group

and (2) every closed subgroup of N(x) is compactly generated. Now, we use

these two conditions to define weak boundedness. We say that x is weakly

bounded if and only if N(x) is an (H) group and every closed subgroup of

N(x) is compactly generated. Let B*(G) denote the subset of G consisting of

all the weakly bounded elements. We are going to show that B*(G) could be

used to develop a similar theory to that of B(G).

In the following, we shall always assume that G is a totally disconnected

locally compact group.

23. Lemma. Let G be a totally disconnected locally compact group. Then

B*(G) is a group.

Proof. Let x and y be any two elements of B*(G). Let K(x) and K(y) de-

note the maximal compact normal subgroups of N(x) and N(y), respectively.
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Since K(x) is a characteristic subgroup of N(x) and N(x) is normal in G,

it follows that K(x) is normal in G. Similarly K(y) is normal in G.

Let F - (N(x)N(y))~ . We are going to show that F is an (H) group. With-

out loss of generality, we can assume that N(x) and N(y) both are discrete

subgroups, since we can factor out K(x)K(y) from G. Let D1 be any compact-

open subgroup of F . Since N(x) is discrete and finitely generated, there exists

an open subgroup Dx of D' which centralizes N(x). Similarly, there exists an

open subgroup D2 of D1 which centralizes N(y). Therefore, D = Dxr\D2 is in

the center of F . Hence F = N(x)N(y)D, where D is a compact open central

subgroup of F . Observe that F is compactly generated. We wish to show that

every closed subgroup of F is compactly generated. For this purpose, we need

to make a detour first. Let (N(x)N(y))d denote the group N(x)N(y) with

discrete topology. Then (N(x)N(y))d is a countable group (since it is finitely

generated). We have an isomorphism from (N(x)N(y))d/E -»• N(x)N(y)D/D,

where E is a subgroup of (N(x)N(y))d and E is the kernel of the inclusion

map (N(x)N(y))d -» N(x)N(y)D, E = D n N(x)N(y). Now, we wish to

show that every subgroup of (N(x)N(y))d is finitely generated. Let L be

any subgroup of (N(x)N(y))d. In the following, we shall write N(x)N(y)

for (N(x)N(y))d . Observe that LN(y)/N(y) is isomorphic to a subgroup of

N(x)N{y)/N(y). We have N(x)N(y)/N(y) = N(x)/N(x) n N(v). Since every

subgroup of N(x) is finitely generated, LN(y)/N(y) is finitely generated. On

the other hand, L/L n 7V(v) is isomorphic to LN(y)/N(y). Since every sub-

group of N(y) is finitely generated, L n ./V(y) is finitely generated. Therefore,

L is finitely generated.

Now, we can prove that every closed subgroup £ of F is compactly gen-

erated. Since ED/D is isomorphic to E/E n D, £ is compactly generated if

and only if ED/D is finitely generated. Since ED/D is isomorphic to a sub-

group of (N(x)N(y))d , ED/D is finitely generated, a fortiori, E is compactly

generated. In particular, the center Z(F) of F is compactly generated. By

the structure theorem of compactly generated locally compact abelian groups,

Z(F) — Z x K, where K is a maximal compact subgroup of Z(F). Since

Z(F) D D, K D D. Now, it is clear that F is an (H) group. Furthermore, ev-

ery closed subgroup of F is compactly generated. Since xy € F , xy € B*(G)

and 5*(G) is a group.

24. Examples, (a) Let G = Z ■ Z , where n is defined by the matrix (J J),

Then B*(G) properly contains B(G).

(b) Let G = (Z2) • Z , where //(«) = -n . Then G = B*(G), but />(G) c

5(G). Unlike the known fact that P(G)C\B(G) is a group, this example shows

that P(G) n B*(G) is not a group.

25. Proposition. Let G be a totally disconnected locally compact group and

let F be a compactly generated closed normal subgroup of G. Assume that

F c B*(G). Then F is an (H) group and every closed subgroup of F is

compactly generated.
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Proof. Since F is compactly generated, it is generated by a finite subset xx,

... ,xn of F and a compact open subgroup K of F. Let N¡ = A^x,) and

tf¿ = K(Xj) for / = 1,...,« . Then F = (0-=, AT.)-*. Let F = (nJL, ty)~ .
By Lemma 23 (and finite induction), E is an (H) group and every closed sub-

group is compactly generated. So E has a maximal compact normal subgroup

/. Let 6 be the quotient homomorphism G —► G/J. Let É = 6(E),

F' = 6(F), and K' = 6(K). Then E1 is a finitely generated discrete group

normal in G'. Now, using the representation of K1 on E1 by inner automor-

phisms, it is clear that there is an open subgroup M' of K' which centralizes

E'. Following the same type argument as in the proof of Lemma 23, we see

that F is an (H) group and every closed subgroup is compactly generated.

26. Proposition. Let H be a totally disconnected locally compact group. Assume

that H has a finite sequence of closed normal subgroups: H = Hx D H2 D

•■• D HnD Hn+X = (e) such that (1) Hj/Hj+X is compactly generated and (2)

HJHi+x c B*{H/Hi+X) for \ < i < n. Then H is an (H) group and every

closed subgroup of H is compactly generated.

Proof. First, we show that H itself is an (H) group. The proof follows the same

line as that of Lemma 2. We supply here a few details which are needed since

H i now may not be an abelian group. We use induction on the length of the

series H = Hx D ••• D Hn. Without loss of generality, we assume that Hn is

discrete and finitely generated. We assume H/Hn is an (H) group. This implies

there exists a normal subgroup M oî H such that (1) Hn c M c H, H/M

is a discrete group such that every subgroup of H/M is finitely generated, and

(2) M/Hn is compact. Let 0 be the representation of M on Hn , defined by

inner automorphisms, 0: M —► Aut Hn . Since Hn is discrete, Aut Hn is also

discrete.  Let ZM(Hn) be the centralizer of Hn in M.  Then ZM(Hn)Hn =

4>~x<t>(Hn). Since <t>(Hn) is discrete, it is closed. Hence ZM(Hn)Hn is a closed

subgroup. Since <p(E)/<p(Hn) is compact, it is finite. Therefore, ZM(Hn)Hn is

an open subgroup with finite index. Since ZM(Hn)/ZM(Hn)nHn is isomorphic

to ZM(Hn)HJHn, ZM(Hn)nHn is uniform in ZM(Hn). Certainly ZM(Hn)n

Hn is central in ZM(Hn). Hence ZM(Hn) is a compactly generated (Z) group.

Let D be the maximal compact normal subgroup of ZM(Hn). Then D is open

in M, a fortiori, it is open in H. Therefore, H is an (H) group. It follows by

the same argument as that of Lemma 2, that every subgroup of H is compactly

generated.

27. Remarks. (1) In the definition of weak boundedness, we require that every

closed subgroup be compactly generated. This condition is needed, as seen from

the above proof, when we assert that M is a compactly generated (Z) group.

(2) Let G be a locally compact topological group and let H be a uniform

normal subgroup of G. Assume H satisfies the condition of Proposition 26.

Then one can prove that G is an (H) group (cf. [9]).
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We have seen that P(G) n B*(G) is not contained in B(G), i.e., a compact

weakly bounded element may not be a bounded element, and also that P(G) n

B*(G) may not be a subgroup (Example 24(b)). However, P(G)nB*(G) is not

too far away from B(G) as the following Proposition 29 shows.

28. Lemma. Let x e P(G) n B*(G) and N = N(x). Then either x e B(G) or
x$B(N).

Proof. Let x e P{G)r\B*(G), and let TV = N(x) be the smallest closed normal

subgroup of G which contains x. If x e B(N), i.e., x is bounded as an

element in N, then x e B(N) n P(N), a fortiori, x e K(x). This implies that

x e K(x) - N(x), and x € B(G) n P(G). Hence a compact weakly bounded

x is either a bounded element in G or it is not bounded in N — N(x).

Let X be a subset of G and let N(X) be the smallest closed normal sub-

group of G which contains X. When X = {x¡, ... , xm}, then A^X) =

(N(xx)---N(xm))-.

30. Proposition. Le/ D be a compact subgroup of B*(G). Then there exists

a finite subset dx, ... , ds of D such that 6(D) c B(6(G)), where 6: G -*

G/N(dx,...,ds).

Proof. By the proof of Lemma 23, N(dx, ... , dm) is an (H) group. Let

K(dx, ... ,dm) be the maximal compact normal subgroup of N(dx, ... ,dm).

Then N(dx, ... , dm)/K(dx, ... , dm) is a discrete finitely generated group. The

automorphism group

Aut(N(dx,...,dJ/K(dx,...,dJ)

is discrete. Therefore, there exists a subgroup of D of finite index which cen-

tralizes N(dx, ... , dm)/K{dx, ... , dm). Now, we wish to show that there exists

a finite,subset {dx, ... , ds} such that every element d in D is a bounded ele-

ment in G/N(dx, ... ,d). We prove this by contradiction. Hence we assume

for any finite subset {dx, ... , dm) of D, there exists an element dm+x such

that dm+x is not bounded in G/N(dx, ... , dm), i.e.,

N(dm+x)N(dx,...,dm)/N(dx,...,dJ

is not compact. Let dx e D and dx & B(G). There is an open subgroup Dx of

D suchthat Dx centralizes N(dx)/K(dx). Since D/Dx is finite, it has a finite

set of representatives of D over Dx. If every element d in Dx is a bounded

element in G/N(DX ), then every element d in D is a bounded element in

G/N(dx ). Therefore, there exists at least an element d2 in Dx such that d2 is

not bounded in G/N(dx ).

Now, let 0 be the representation of G on N(dx)/K(dx) defined by the inner

automorphisms. Then Dx is contained in the kernel of 0. Since the kernel

of 0 is a normal subgroup, and d2 e kernel of 0, then N(d2) is a subgroup

of the kernel of 0.   Therefore, for any nx e N(dx),  n2 e N(d2), we have
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n2nxdxnxxn2x = nxdxnxxkx for some kx e K(dx), and n2nxdxd2n\xn2x =

(«^¡n^'X/i^n^1)^ for some k'x e K(dx).

Now, suppose we have defined dx, ... , dm with the properties: (1) dj+x e

D., where D. is an open subgroup of D which centralizes

N(dx)/Ki;dx),..., N(dj_xyK(dj_x),

and (2) the image of dj+x is not a bounded element in G/N(dx, ... , rf.) for

2 < j + 1 < m. It is clear we can define dm+x with the same properties. There-

fore, we have a sequence dx, dxd2, dxd2d3, ... in D. Since D is compact,

there exists a subnet of the above sequence which converges to a point d e D.

Since D c B*(G) (factoring out K(d)), without loss of generality, we may

assume that N(d) is discrete. So every subgroup of N(d) is finitely generated

by the definition of weakly bounded element.

Let F be the subgroup of N(d) generated by {nxn2 ■ ■ ■ n¡dnfx • • • nx~x:n¡ €

N(d¡) and / is any positive integer}. Observe d — dxd2---d¡d'¡, where d\ =

d/~xd¡~_}x • ■ -dxxd and d\ is the limit of a subnet of

{"/+i ' "/+l"/+2 ' "/+l"/+2"/+3 ' • ■ •} '

and we have

nxn2--ntdnj ■••nx~  = nxdxn\~ n2d2n2   ■■•nldlnl  d^k^---^,

where k¡ e K(d¡), 1 < / < /. Then F is not a finitely generated group.

This contradicts the fact that every subgroup of N(d) is finitely generated.

Therefore, we conclude there exists a finite subset dx, ... , ds of D such that

6(D) c B(G/N(dx, ... ,ds)). Now, the proof is complete.

31. Proposition. Let D be a compact subgroup of B*(G). Then there exists an

open subgroup D' of D such that D' c B(G).

Proof. By Proposition 30, there exists N = N(dx, ... , ds) such that n(D) c

B(n(G)), where n is the homomorphism from G onto G/Ar. By Proposition

38 (whose proof is independent from that of the present proposition), N(n(D))

is a compact normal subgroup of n(G). Let F = n~xx(N(n(D))). Then F is

normal in G and N is uniform in F . By the proof of Proposition 26, F has

a maximal compact normal subgroup M such that F/M is discrete, i.e., M

is open in F . It is clear that M c B(G). Since M is open in F, D' — F n Z>

is open in D and the proof is complete.

33. Corollary. Let G be a totally disconnected locally compact group with

B*(G) an open subgroup. Let D be a compact subset of B*(G). Then N(D) is

compactly generated. If D is a compact subset of P(G) n B(G), then N(D) is

compact.

Proof. Let K be a compact-open normal subgroup of G. Let 6 be the quotient

homomorphism from G onto G/K.   Since G/K is discrete,  6(D) is finite
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and N(6(D)) is a finitely generated normal subgroup. Therefore, N(D) =

6~X(N(6{D))) is compactly generated. When D c B(G)nP(G), N(6(D)) isa

finite group, so N(D) is a compact normal subgroup.

34. Let D be a compact subset of P(G) n B(G). In general, the smallest

closed normal subgroup N(D) of G which contains D is not compact. As an

example: Let G = n^i(Z2)¡ ' £XZ3)¡ ; here (Z2)( is identified as the group

of automorphisms of (Z3)¿ which is a copy of Z3. Let D be the subset of

\~[°lx{Z2)i which has at most one nontrivial component. The closed subgroup

generated by D is Yi'ZA^h anc*tne smallest closed normal subgroup N(D)

which contains D is the group G. So it is not compactly generated.

35. Proposition. Let G be a locally compact totally disconnected group, let

D be a compact subset of B(G) n P{G), and let N(D) be the smallest closed

normal subgroup of G which contains D. Then N(D) is compact if and only

if N(D) c B(G).

Proof. (1) If N(D) is compact, then N(D) is a subgroup of B(G). (2) As-

sume that N(d) is a subgroup of B(G). Let G' be the locally compact group

obtained from G by adding N(D) as an open subset to the original topology

of G. Let 6 be the identification map from G' to G. We shall write x for

6~x(x) and E' = 6~X(E) for a point x or subset E of G. Then G' is a

locally compact totally disconnected group. Since N(D') c B(G') , it follows

that Bio') is open. By Theorem 1 of [16], G' has a compact normal open sub-

group K1. Observe that N(D') is topologically isomorphic with N(D). Now

D is compact in G, so D' is compact in G'. Thus, D' c \J"=l djK', where

d'j e D', and
m m

DclJdjKcH^dßK.
j=i ;=i

Since TIjli N(dj)K is a compact normal subgroup of G, a fortiori, N(D) =

ri/L] N(dj)K and A(£>) is compact. Now, the proof is complete.

36. Corollary. Let G be a totally disconnected locally compact group. Let D

be a compact subset of B(K)nP(G). If B(G) is closed, then N(D) is a compact

subgroup.

37. Proposition. Let G be a locally compact totally disconnected group and let

D be a compact subset of B(G). If N(D) C B(G), then N(D) is compactly

generated.

Proof. We only need to make the following changes from the proof of Propo-

sition 35. Since D c ]T™ i N(df)K = N{D) and each N(d¡) is compactly

generated, N(D) is compactly generated.

38. Proposition. Let G be a totally disconnected locally compact group and let

D be a compact subgroup of B(G). Then the smallest closed normal subgroup

of G which contains D is compact.
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Proof. Let N(D) be the smallest closed normal subgroup of G which contains

D. Without loss of generality, we may assume that N(D) is an open subgroup

(cf. the proof of Proposition 35). Let ^(D) be the subgroup generated by

{N(d):d e D}. Then ^(D) is a dense subgroup of N(D). Let L be any

compact open subgroup of N{D). Then J"(D)L = N{D). If N(D) is not

compact, then N(D)/L is an infinite discrete space. We shall prove our as-

sertion by contradiction, so we assume N(D) is not compact. Let dx be any

element in D such that dx is not completely contained in L ; such an ele-

ment dx e D exists, otherwise D c L and N(D) is compact. Let fxeG

such that fxdxfxx & L. Let Dx be an open compact subgroup of D such

that Dx c L and fxDxfxx c L. Now, N(DX)L is compact, so there exists an

element f2£ G and d2 e Dx such that f2d2f2x e N(dx)L. Observe that

f2dxd2f2x = (f2dxf2x)(f2d2f2x) e (f2d2f2'x)N(dx)L,

and

w2/r' = cwr'¿wr1) e (wr1^-
So, (f2dxd2f2x)L and (fxdxd2fxx)L are in different cosets and both are differ-
ent from L. Now, we can find an open compact subgroup D2 of Z) such that

D2öfxD2f~x Uf2D2f2x c L. Choose /3 € G and d3 e Z)3 so that f3d3f~x

does not belong to N(dx)N(d2)L.

It is clear that this process can be continued indefinitely and we obtain

a sequence of elements from D: {dx, dxd2, dxd2d3, ...} . Since D is com-

pact, there is a subnet of the above sequence which converges to an element

d e D. It is clear that the orbit d of d contains an infinite discrete sub-

set fdfxx, f2df2x, ... . This violates the condition that N(d) is compact.

Therefore N(D) must be compact, and the proof is now complete.

39. Corollary. Let G be a totally disconnected locally compact group. Then

B(G) is closed if and only if B(G) n P(G) is closed in G.

Proof. If B(G) is closed, P(G) n B{G) c B(G). By Lemma 1 of [16, §3],
P(G)nB(G) is the union of a compact open subgroup of G, so P(G) n B(G) c

P(G). Therefore, (/»(G) n B(G))~ c P(G) n B(G), so P(G) n 5(G) is closed.

Conversely, assume P(G) n 5(G) is closed in G, and let ÍT be a compact-

open subgroup of G. Since K c 5(G), D = K n 5(G) = AT n (5(G) n 5(G)),

where £> is a compact-open subgroup of B(G). So Ar(D) is a compact open

subgroup of B(G). Therefore B(G) is locally compact, and B(G) is closed in

G.

40. Remark. Let // be a totally disconnected locally compact topological group.

If H = 5(//) and // is compactly generated, then H = 5(//) [16]. So if either

(B(G) n P(G))~ or 5(G)" is compactly generated, then B(G) is closed.

41. Proposition. Let G be a a-compact totally disconnected locally compact

group. If B*(G) is closed, then B(G) is closed.
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Proof. We use the same method as in the proof of Proposition 35. Let G'

be the locally compact group obtained from G by adding B*(G) as an open

subset. Then G' has a compact-open invariant subgroup. So B(G') is open

in closed in G'. Observe that 6~ (B(G)) is an open subgroup in G' since it

contains the invariant compact open subgroup of G'. Therefore, let 6 be the

identification map from G' onto. Since G is a-compact, so is B*(G). There-

fore, 6\6~X(B*(G)) is a homeomorphism. Hence B(G) is locally compact, and

B(G) is closed in G.

42. Questions. Assume G is totally disconnected.

(1) Let D be a closed normal subset of G. If D c B{G), is N(D) c B(G) ?

( D is normal if DG = D.)

(2) Let D c B(G). Let JV(D) denote the smallest normal subgroup of G

which contains D. Then N(D) =JV"(D)~. If N(D) is compactly generated,

is JV(D) also compactly generated?

(3) Let H be a closed subgroup of G such that G/H admits a finite left

invariant measure. Is H uniform in G ?

(A) Let D c B(G)—we say D is uniformly bounded if D is relatively

compact. Are there any reasonable conditions on D so that D is uniformly

bounded?

(5) When does there exist a collection of compactly generated open normal

subgroups whose intersection is the identity or a compact subgroup of G ? (Cf.

Example 17.)

(6) Study B*(G) when G is not totally disconnected.

(7) When N(x) is finite for each x € P(G) n B(G), what additional infor-

mation may we possibly obtain from this condition?

(8) Let G be a compactly generated locally compact totally disconnected

solvable group. Assume that D( '(G) is abelian and B(G) n/r1 '(G) is dense in

Dix)(G). Is D{X)(G) compactly generated?

(9) Let G be a locally compact totally disconnected group. Let 6 be an auto-

morphism of G. Assume there exists a dense orbit of G (i.e., {dn(x)\n eZ}"

= G). Is G compact?

(10) Let G be an abelian totally disconnected locally compact group. Let 6

be an automorphism of G. Assume there exists a compact open subgroup K of

G such that G is generated by K and 6 , i.e., G is generated by {6"(k):n e

Z}. What is the structure of G?

(11) Find a suitable definition to characterize "smallness" in totally discon-

nected locally compact groups. Let G be a locally compact group. Find the

conditions so that G = HK, where K is an open compact subgroup and

H n K is small. (Say p(H n K) = 0, where p. is a Haar measure on K.)

Let 38 = {//: G = HK}. Study the conjugacy classes of 38 .

(12) Let AT be a compact totally disconnected group. Let Aut*(A^) be the

automorphism group of K which preserves small open normal subgroups of K .



STRUCTURE OF LOCALLY COMPACT TOPOLOGICAL GROUPS 433

When does Aut* (if) have a compactification, i.e., when is it maximal almost

periodic?

(13) What is the structure of totally disconnected locally compact unimodular

groups (if the Haar measure is a two-sided invariant)?

(14) Study the linear representation of totally disconnected locally compact

groups over local fields.

(15) Assume G is a totally disconnected locally compact group with max-

imal compact-open subgroups. Are there conjugacy properties among these

subgroups (conjugacy under inner automorphisms or automorphisms)? (Note:

If G has a discrete uniform subgroup T, or G/P carries a finite measure, then

G has maximal compact open subgroups.)

(16) What structure theorems can be deduced from results in analysis?

(17) Which conditions on abstract groups provide additional structures on

locally compact groups?
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