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GROTHENDIECK’S EXISTENCE THEOREM IN
ANALYTIC GEOMETRY AND RELATED RESULTS

SIEGMUND KOSAREW

ABSTRACT. We state and prove several kinds of analytification theorems of for-
mal objects (such as coherent sheaves and formal complex spaces) which are
in the spirit of Grothendieck’s algebraization theorem in [EGA, III]. The for-
mulation of the results was derived from deformation theory and especially
M. Artin’s work on representability of functors. The methods of proof depend
heavily on a deeper study of cotangent complexes and resolvants. As applica-
tions one can deduce the convergence of formal versal deformations in diverse
situations.

A powerful tool for the solution of many moduli problems in algebraic geom-
etry is Grothendieck’s existence theorem in [EGA, III, Théoreme (5.1.4)]. This
theorem gives a general algebraicity criterion for coherent formal sheaves and
goes as follows.

Theorem (Grothendieck). Let A be an adic noetherian ring, Y = Spec(A4), #
an ideal of definition for A, Y' = V(#), f: X - Y a separated morphism of
finite type and X' = [~ (Y'). Furthermore, let Y = Y,y = Spf(4), X = Xy
be the formal completions of Y with respect to Y' and of X with respect to X',
and f: X - Y the completion of f .

Then the functor ¥ — F gives an equivalence between the category of co-
herent &\-modules with proper support over Y and the category of coherent

~

ﬁf—modules with proper support over Y .

A generalization of this theorem to algebraic spaces (in the sense of Artin)
can be found in [Knu, V, 6.3]. The applications in algebraic deformation the-
ory are usually made there where one has to verify the effectiveness of formal
deformations (compare for instance [Art, §1]).

As the formulation of Grothendieck’s theorem shows, a straightforward trans-
lation into the context of analytic geometry is not possible. But, having in
mind the applications to deformation theory and especially the algebraization
of formal moduli in the framework of analytic geometry (see [Bi,]), it is indeed
possible to formulate an analogous assertion.

The methods of Palamodov, developed in [Pa,, Pa,] for the solution of the
local moduli problem for compact complex spaces, and the expansion of these
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260 SIEGMUND KOSAREW

techniques given in [B-K], can be used now to establish a proof for this analytic
version. The idea has been known to the author for a long time, but enormous
technical problems had to be overcome and this was achieved quite recently.
One crucial notion is that of a special resolvent and a special resolution (see §§5
and 6), which is a refined version of appropriate data from [B-K] (“zuldssige
Resolventen™). It should be mentioned that this paper relies heavily on the book
[B-K] and only some indispensable definitions are repeated in the appendix.

We are even able to show an existence theorem for formal spaces, by using
the same approach (Theorem (1.7)), and for which no algebraic analogue seems
to be known. As one expects, local existence theorems hold too. But here the
proof is easy in comparison to the global case.

Some applications of the main results are discussed in §12. Among others, we
can prove the following assertion in full generality: Every 1-convex space X with
exceptional set E and supp(J 1(X , Oy)) C E has a semiuniversal deformation
as a germ along E . The essential step for this is to show a formal principle for
deformations of 1-convex spaces (the rest is done analogously like in [B-K, Kap.
V, §5]), which is a consequence of the existence theorem for formal sheaves and
Artin’s approximation theorem.

Our main theorem, Theorem (1.2), seems to be very useful for the represen-
tation of the Chow functor in analytic geometry. But since this functor has not
yet been explicitly defined in the analytic case, we did not touch this question
here.

The main part of this work has been obtained at the Sonderforschungsbereich
170 Geometrie und Analysis in Géttingen to whom the author wants to express
his sincere thanks. Moreover, I want to mention that several statements in this
paper were previously known to J. Bingener, as for example the relative quotient
theorem (§3) and the deduction of the formal principle for 1-convex maps from
the analytic existence theorem for sheaves. He also informed me that P. Deligne
asked if an existence theorem for formal spaces (like in (1.7)) holds too.

1. FORMULATION OF THE MAIN RESULTS

(1.1) We call a C-algebra A formal, if it is a quotient of an algebra of the form
(K)™*, where K =C{x,, ..., x,} is a convergent power series ring and “ na
means completion with respect to the ideal a C m, . So we have 4 = (K )™ /b
with an ideal b in (K )M , contained in the maximal ideal. Especially, every
analytic C-algebra is a formal one. We associate to 4 a space germ S = (0, 4),
consisting set-theoretically of just one point which we always denote by O.

The category An(A)—or An(S)—of complex spaces over A is defined in
a natural way. The local models in An(A4) are given as follows: The smooth
spaces M over A consist (locally) of an open subset D in some C" with
the structure sheaf @, = @, {x,, ..., x,}"*/b&,{x,, ..., x,}"*, or, more
invariantly, &, = !iﬂlkﬁD(éC(A /@*1), where @ is the image of a in 4
(which we denote from now on also by a). The general local pieces are of
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GROTHENDIECK’S EXISTENCE THEOREM 261

the form X = (V(F), (O)/F)lys)), where F C G, is a coherent ideal
and V() C D is the zero-set of ¥ (observe that &,, is a coherent sheaf of
rings). Obviously, one has products in An(4) and also a base change functor
An(4) — An(B), X — X, for each continuous morphism 4 — B of formal
algebras. For any space X in An(4), the spaces X, Jak+t are so-called pseudo-
complex spaces, i.e., C-ringed spaces Y which are locally of the form &,||Y],
where Z is a complex space and |Y| C Z alocally closed subspace (in our case
this subset is even analytic). In the case where 4 is m -adically complete, the
category An(A) is just the category of those formal complex spaces X over A,
for which m @, is an ideal of definition for X .

Let S = (S, 0) be a usual complex space germ, f: X — S a separated
holomorphic map, and A a formal algebra over A := ﬁs,o- In the following,
we consider exhaustions of A4,

(1.1.1) A= m A;
iel

by analytic A-subalgebras 4; of A with filtered index set /. Such exhaustions
always exist. For a formal space germ T over S, we put X, :=T xg X and
fr+ X7 — T denotes the base change of f with respectto T — S. If B is the
algebra belonging to 7', we also write X, and f, instead of X, and f;. Let
Y be aspace in An(A), then we denote by Coh (Y) resp. Coh (Y) the full
subcategories of the category Coh(Y) of coherent sheaves on Y wh1ch consists
of those modules having compact support, resp. those which are in addition flat
over A. We now get the following functors by base change:

(1.1.2) lim Coh, (X,, ) — Coh,(X,,),
iel
(1.1.3) lim Coh, (X, )— Coh, /(X,).
iel

Note that each A, is here considered as a formal algebra. By using known
results, it is not difficult to see that (1.1.3) gives an equivalence of categories
(compare [Bi,, Satz (11.3)]). Also the functor

(1.1.4) Coh(X,) — lim Coh(X,, 1)
k

is an equivalence (see [Bi,, (1.2), (1.14)]) and the same is true for Coh,(---) and
Coh f( -). The surjectivity of (1.1.3) can be deduced from the theorem of Siu
and Trautmann [S-T] concerning the existence of semiuniversal deformations
of coherent sheaves with compact supports, whilst the fully faithfulness is a
consequence of a theorem of Pourcin [Pou]. Vice versa, it is possible to derive
the result of Siu and Trautmann from the equivalence (1.1.3) by using only
abstract deformation theory. One main theorem of this paper is the following
assertion.

(1.2) Theorem. The functor (1.1.2) gives an equivalence of categories.
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262 SIEGMUND KOSAREW

(1.3) Corollary. If X — S is proper and Cohp(- --) is replaced by the category
Vect(---) of holomorphic vector bundles, then

m Vect(X A'_) — Vect(X )

i€l
is an equivalence of categories.

(1.4) Next we are going to formulate an analogous assertion to (1.2) for the
case of spaces. We fix an exhaustion like in (1.1.1) with A = C. For any
formal algebra B, we denote by Anp(B), resp. An, f(B) , the full subcategory
of An(B), consisting of those spaces whose underlying topological space is
compact, resp. those which are in addition flat over B. Again, by base change,
we obtain functors

(1.4.1) lim An,(4;) — An, (4),
iel
(1.4.2) limAn, (4,)— An, (4).
iel

Standard results in deformation theory imply

(1.5) Proposition. The functor (1.4.2) is an equivalence of categories.
Proof. Surjectivity. Let T be the space germ associated to 4 and & — T an
object in An, f(A). Then the special fiber X, in 0 € T is a compact complex
space. Now, denote by Y — § the semiuniversal deformation of X,. By
versality, we get a cartesian diagram

X —— Y

o

T —— §S.
Since the morphism @s,o — A necessarily factorizes over some A4,, we get
(Y,), =&, so we are done.

I"ully faithfulness. Let X and Y be spaces in An, .(4;) and fiX,—»Y, a
morphism in Anp, f(A) . Then the complex space H := Hom A,-(X , Y), defined
over A,, has a section after base change with 4, — 4. The distinguished point
of H is given here by f(0): X ,(0) — Y,(0). We have a commutative diagram

ﬁypo — T o
llI T
X
\
\
N
A —— A

with a section y. The restriction of x to &, , factorizes over some A j

with j > i, and therefore we get a section of A ;- Oy - This shows the
a;°
surjectivity of

l;_g HomAJ(X K YA!) — Hom (X ,,Y,).
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GROTHENDIECK’S EXISTENCE THEOREM 263

Now, let f, g: X, — Y, be two morphisms with f, = g,. Then f and g
induce two sections of 4, — &, ,, which are equal after base change with 4.
But 4, — A is injective, and so f = g. This shows the proposition. O

(1.6) Remark. Assuming the conclusion in (1.5), one can derive the existence
of convergent formally semiuniversal deformations of compact complex spaces
by general deformation theory (compare [Bi,, Korollar (2.7)]).

The second main result is now
(1.7) Theorem. The functor (1.4.1) gives an equivalence of categories.

This assertion can be considered as an existence theorem for formal spaces.
The proof of (1.2) and (1.7) uses (for the local description of spaces and sheaves)
the theory of resolvents, as developed in [B-K, (I1.8)]. For our purpose very
special resolvents are necessary, even more special ones than those considered
in [B-K, Kap. V]. This is rather essential for the proof. Furthermore, we need
a relative version of the quotient theorem in [loc. cit., (I1.12)], which is given
in §3. Concerning some other applications not considered in this paper, it is
useful to state it in a very general way.

(1.8) We are now going to treat the “local” case which is somewhat differ-
ent. Let (X,0) — (S,0) be a morphism of complex space germs. For a
formal algebra B over g ,, we denote by Coh’(X 5> 0) the full subcategory
of Coh(Xy, 0) consisting of those germs of modules whose singularity set is
finite over B. Fix now a formal O -algebra A together with an exhaustion
(A4;);c; asin (1.1.1). Then we have

(1.9) Theorem. Let (X, 0) — (S, 0) be flat. Then the functors

lim Coh'(X, , 0) — Coh'(X,,, 0),
iel '
Coh'(X,, 0) — lim Coh'(X, .1, 0)
k

are surjective. Here a C A is an ideal of definition.

The functors in (1.9) are in general not equivalences.

Next we consider the case of spaces. Let 4 be a formal C-algebra. Then we
denote by Gan(A) the category of complex space germs over A and by Gan'(4)
the full subcategory whose objects X have the property that the nonsmoothness
locus of X — A is finite over A. If we fix an exhaustion (4,),., of 4 by
convergent subalgebras, we have

(1.10) Theorem. The functor

lim Gan'(4,) — Gan'(4)
iel

i€

is surjective.
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264 SIEGMUND KOSAREW

Unfortunately, our method does not yet apply to show that also

! . i
Gan (4) — Ll;:_n Gan (4/a
is surjective. But this should be true nevertheless.

Both results (1.9) and (1.10) are proved by using privileged neighborhoods
for certain complexes and by applying essentially the same idea as in the proof
of (1.2) or (1.7).

At last we want to mention that there is certainly a common generalization
of Theorems (1.2) and (1.7) in the context of graduate (formal) spaces. But
since the foundation of such a theory has not yet been developed enough, we
do not enter into this context.

k+1
)

2. INTRODUCTORY NOTATIONS AND DEFINITIONS

The main part of this section is concerned with the notion of a relative PO-
space and a relative PO-Lie group, where the parameter spaces are banach-
analytic space germs. In the absolute case, these constructions have been dis-
cussed in detail in [B-K, Kap. II]. As the approach given here is sufficient for
our purpose, we have not intended to develop such a relative theory which gives
precisely the one of [B-K] in the absolute context.

(2.1) Let & be a category, S an object of %, and F: & — (sets) a con-
travariant functor. For a morphism S’ — S, we denote by Fy the composition

Cy — E 5 (sets). If for example & is the category (Ban) of banachanalytic
space germs and S = (5, 0) is an object of &, we also write F(0) instead of
F, (induced by the inclusion 0 — §) and call F(0) the fiber of F .

(2.2) Let S be a banachanalytic space germ and ¢ € ]0, 1[. Then the category
Con®(S) of PO-spaces over S is defined in the following way:

The objects of Con®(S) are pairs (S, E) where E is a PO-space (compare
the appendix). We usually write such an object in the form (Eg, 0). If (Eg, 0)
and (Fg, 0) are two objects in Con’(S) , a morphism u: (Eg, 0) — (Fg, 0) will
consist of the following data and conditions:

(1) A morphism u,: (E, 0) — (F, 0) in the absolute category Con® (com-
pare [B-K, (IL.8)]); so u, is a convergent morphism between PO-spaces.

(2) S-morphisms of banachanalytic space germs

Uy 2 Sx(E;, 00— Sx(F,,0)
for A', A€ [l -e¢, 1[ with A’ < 4, such that the equality
. F . E
(idg x4y )ty g =Wy, 4,0 (0dg <03 5)
holds for 4, <, <4, and 4, <4, <2,;here iy, ;: E; »E, and iy ;: F, -
F, are the canonical mappings (see appendix).
(3) uy ,(0) = (@) , for A’ <4.

The composition of two such morphisms is defined obviously. If one replaces
“<” by “<” in the above definition, then, in particular, there are morphisms
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u;: Sx(E;,0)— Sx(F,,0) for A€ [l—¢, 1[, and supposes ¥, to be strictly
convergent (in the sense of [B-K, (I1.8.6(2))], then we shall also call u strictly

convergent. In the case ¢ = 1/2, we just write Con(S) instead of Con'/ 2(S)
(2.3) Now, we fix t, € [1/2, 1[, 4. € [t,, 1]. Let S, E, and F be as above
and g: S — S x ( _» 0) a section of the canonical projection

pry: Sx (F, ,0)— 8.

Then every strictly convergent morphism u: (Eg, 0) — (Fg, 0) in Con(S) in-
duces an inductive system W = (W), g, A.] of banachanalytic space germs
over S, by setting

uy _

W, := Ker (Sx(EA,O) = Sx(Fl,O)) .

(idg, i"x. ogopr,)

We call W the fiber of u in o and write W = u~'(g). One can associate to
W a functor
Wtoz Ban/S — (sets)
T+— @Homs(T, W,).
>t

The fiber of this functor is, according to (2.1), denoted by W, ( ). In the
case F = 0, we write (ES)I for W , and we obviously have (Eq), (0) =
Eto: Ban — (sets), T — li_n}/1L> Hom(T, (E,, 0)).

(2.4) Let G = (Gl)le]to,l[
germs, contained in (fl, s> 0), with a PO-space K. We say that G is a PO-

Lie group over S, if there are S-morphisms of banachanalytic space germs
(compatible in A, 4):

be an inductive system of banachanalytic space

my ;.G xgG, — G, (multiplication),
Jy 432Gy — Gy (inversion),
e:S—-G; (unit section)

for all A, A with ¢, <A < A < A, such that the analogous properties for a
group hold, like associativity, right-left-inverse, etc. (here whenever the com-
position of these morphisms m; ,, j; ,, etc. is defined). Observe that the
functor G,o is group valued.

If G and H are PO-Lie groups over S, then a homomorphism u: G - H
is a morphism of the underlying inductive system which commutes with m, j,
and e. The notions of a PO-Lie subgroup, of a normal PO-Lie subgroup, and
of a semidirect product are defined in an obvious way. A PO-Lie group G over
S is called strict if its “group-structure” is induced by germs of relative and
compatible group structures on each G,. If G is a strict PO-Lie group in
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266 SIEGMUND KOSAREW

the sense of [B-K, (I1.9.2)], then G has a natural structure of a strict relative
PO-Lie group over S.

(2.5) Let G be a PO-Lie group over S and W = (W) 2l 2, A0 inductive
system of banachanalytic space germs over S. A (left)-operation of G on W
of type (-1, 1; —1) is a compatible system of S-morphisms

Wy 52 Gy xg Wy = Wy
for ¢, < A <A< 4., suchthat o = (w; ;) ; commutes with the multiplica-
tionon G and w, (e, x idug )= 1:’/ , - From this, we get an operation of Gto
on W,O which is denoted by c'oto. The operation o is called strict if A’ = A is
also allowed. The notion of an equivariant morphism is obviously defined.

If now o: S — W is an inductive system of sections of W — .S, then we
call o fixed under the operation w if each diagram

idGll x(0,0prg)
1! _— A.I XS W

A
P’sl l‘”m

S = W

is commutative for ' <A (and for A’ < A in the case of a strict operation).

Let u: W — V be an equivariant morphism (with respectto G) and g: S —
V' a section which is fixed under the operation. Then the operation of G on
W induces one on u_l(a).

(2.6) If p: S" — S is a morphism of banachanalytic space germs, we get a
functor Con’(S) — Con®(S’) via base change with ¢ . For W in (2.3), we have
(W;O)S, = (WS,)Z] , where Wy, = (S' x¢ W,), . The notions introduced in (2.4),
(2.5) are consistent with base change. For example, if G is a PO-Lie group
over §, then the base changed object G is again a PO-Lie group over s

(2.7) Let w: G xg W — W be an operation as in (2.5) and let us assume
that W is given as a subspace of (Eg, 0) like in (2.3) and G embedded in
(K, 0) with a PO-space K. If 0: S — W is a section of W — §, the orbit
mapping B: G — W of w in o is given by By = wllyl(idG‘, , g;) for A<

and f = (ﬁ/l’)/l’e]to,/l.['

Suppose now S = Spec(C) . Then f is called direct (with respect to 1—t,) , if
Ker(T(B,)) and Im(T(B,)) are complemented linear subspaces of the Banach
space Kl , Tesp. EA , and one has a compatible system of projections on them
(here A varies in ]z, A.[).

(2.8) We are going to introduce briefly some notation concerning truncations
of complexes. For this, let & be an additive category in which kernels exist. We

fix a complex K in & and a number r in ZU{+o0}. By K'S" we denote the
subcomplex of K with (K" := K for v <r, (KIS} := Ker(K” % K"*')

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




GROTHENDIECK’S EXISTENCE THEOREM 267

for v =r and (K [5'])” :=0 for v > r. If we assume that cokernels also exist
in &, then the quotient complex K=! of K is defined by (K'2")” := 0 for
v <r, (K := Coker(K"™' 4 K") for v = r and (K2} := K" for
v>r.

Now, if m, r are in ZU {xoo} with m < r, we combine the constructions
above and get a complex K"

For m = r, we put K"™"™ := H™(K)[-m]. Here [k] means the shift to
the (—k)th place.

The usual foolish truncation of K between m and r is denoted by K™
(and also analogously by K™ K" within the interval [m, +oo[, resp.
]— o0, r]). Here of course ¥ may be arbitrary again.

3. A RELATIVE QUOTIENT THEOREM

This section is devoted to a relative and expanded version of the quotient
theorem in [B-K, Kap. II, §12]. We begin with some general remarks.

(3.1) Let F: % — (sets) and G: % — (groups) be contravariant functors
on a category % and suppose that an operation of G on F (from the left)
is given. Then the quotient groupoid F/G % & is defined as follows: The
objects of F/G over T € € are the elements of F(T). If a' € F(T') and
a € F(T) are two objects, then Hom /G(a' , a) consists of all pairs (f, g) in
Hom (T', T)x G(T") with g.(F(f)(a)) =a’. Obviously, the set of isomorphy
classes (F/G)(T) is equal to the orbit space F(T)/G(T). Moreover, one has a
functor F/G — F/G of groupoids over % . This is an equivalence of categories
in the case when G operates freely on F.

Now let € = Gan/S be the category of complex space germs over a fixed
germ S. We assume that F and G satisfy the Schlessinger condition (S1')
from [Bi,] and that G is unobstructed (i.e., G(T') - G(T) is surjective for any
S-embedding T — T'). One easily checks that also F/G fulfills (S1'). We fix
aspace T in %, a coherent & -module .# and an element a € F(T). Then
the mapping G, (T[A]) — F (T[#]), ! g+ g.(aT[ 1]) is a homomorphism of
&r o-modules and the canonical surjection of F, (T[#]) onto (F/G),(T[#])
induces a functorial isomorphism

(3.L.1) F(T[A#)/G(TI#]) = (F/G),(T[#))

of &} ,-modules.

(3.2) We fix a number ¢, € [1/2, 1[. Let S be a complex space germ,
G — S a PO-Lie group over S (see (2.4)) and E, F two PO-spaces with
an operation on (Eg, 0) and (Fg, 0). Moreover, we take a section g:§ —
(Fg, 0) of (Fg, 0)— §, fixed by the operation of G, and a strictly convergent
equivariant morphism u: (Eg, 0) — (Fg, 0) in Con(S). The operation of G

"Here T[A] is the trivial infinitesimal extension of T by .# and G, ,resp. F,, is the fiber
of G,resp. F,in lcm ,Tesp. a.
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on the fiber W = u l(a) of u in o induces an operation of G0 on W
If in addition G — § is smooth, i.e., each morphism G, — § is smooth for
A € 1ty, 1[, then the quotient groupoid W;O / Gt0 restnctcd to (Gan/S), fulfills

the Schlessinger condition (S1'). The following theorem tells us when Wto / Gto
has a semiuniversal deformation or is even representable.

(3.3) Theorem. The assumptions and notions are as in (3.2), and, moreover, we
assume that the following conditions are satisfied.:

(1) The operations G x4 (Eg, 0) = (Eg, 0) and G xg (Fg, 0) — (Fg, 0) are
of type (-1, 1; —1) and the spaces E, F are (1 — t)-good (see the appendix).

(2) The fiber operation of G(0) on (E, 0) is direct with respect to (1—t,)—see
(2.7).

(3) uy: (E, 0) — (F, 0) is a direct morphism with respect to (1 —t;), i.e
the tangent mapping T(uy): E — F is direct in the category PO, _,

(4) dimg((W, (0)/G, (0))(Spec(Cl11/£))) < oo.

Then W’o/ G‘o has a finite-dimensional semiuniversal deformation over S .
If in addition

(5) the tangent mapping of the orbit map G,(0) — Ex is injective for all A €
1ty» 11, then the functor Wto /Gt0 of isomorphy classes on Ban/S is representable
by a finite-dimensional space germ.

If (1)-(5) hold and the dimension in (4) is equal to zero, then W;O /('?,0 is
representable by a closed subgerm of S .

(3.4) Remark. The dimension of the vector space in (3.3)(4) is zero, if Gto oper-
ates freely and transitively on W,o , l.e., VV,0 is a formal principal homogeneous
“space” under the action of G,O .

Proof of the theorem. By (3) the image I of T(u,): E — F is a complemented
summand of F in POl_,0 , so we have a retraction v: F — I onto I in
PO, _ o Let W,, resp. M,, be the inverse image of g,, resp. (idg x 7,)0,,
under the S-morphism «,: (E, g, 0) = (F, 5, 0), resp. U, su;: (E; 5,0) —
(Iz,s’o) for A € J¢,, I[. Then W = (W, )1611 I and M = (Ml)lelto,l[ are
inductive systems of banachanalytic space germs over S and each M, — § is
smooth (see [Dou,, Proposition 2, p. 573]). Moreover, we have W C M. If
B: G — (Eg, 0) denotes the orbit of the zero section o of (Eg, 0) — S under
the operation w, we get

(3.3.1) (W, (0)/G, (0))(D) = lim T(W,(0))/Im(T(8,(0))),
A>t,

with D := Spec(C[t]/tz) . Since, according to (1), E is (1 —¢,)-good, it follows
from (2) that the transition homomorphisms from T (W,(0))/Im(7(B,(0))) to
T(W,(0))/Im(T(B,;(0))) are injective for £, < A <A< 1. Because of (3.3.1)
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and (4), there is an index A > ¢, for which the canonical map from T(W,(0))
to (Wto(O) / GIO(O))(D) is surjective. Now we fix a finite-dimensional subgerm
N C M, , smooth over §, such that the map T(N(0)) — (WIO(O)/('?IO(O))(D) is
bijective. For the intersection Y := NN W,, we get T(Y/S) = T(N/S). From
[Dou,, 7.5, Proposition 7], it follows that Y is finite dimensional.

Let A be an arbitrary index with 7, < A’ < A. Then we have the following
important assertion.

(3.3.2) Proposition. The morphism w, ,: Gy X Y — W, is smooth.

For the proof of this statement, we choose subgerms H and K of G, , both
smooth over S, and a S-retraction p: G,; — K with the following properties:

(a) e;: § — G, factorizes over H and K,

(b) H=p""(ey),

(¢) T(G;(0)) = T(H(0)) HT(K(0)) and T(K(0)) = Ker(T'(8,(0))).

The existence of such subgerms is easily seen by using the smoothness of
G, — S and (2). Furthermore, we fix an S-retraction g: (E,l 5.0 - M,
and put

w:=(popr, qowllyi): Gy xgN—KxgM,.
Then we obviously have the inclusions
Gy xgYCy (sz ) C Gy xgN.

If we denote by i, resp. j, the canonical S-morphism from E, ¢ to E, ¢,
resp. from }7/1 s 1o FA,,S, and by k: N — G, xg N the inclusion given by
e,/ , we can calculate

(wk) ™ (K xg W) = (g o (i]N)) " (W) = (iIN) ™ (W)
= (uy o (IIN)) "' (a,) = (o (,|N) " (ay),

since g o (i{|N) = i|N and ju, = u,.i. As now j(0) is injective (according to
(1) and S is finite dimensional, the subgerm (jo(u,|N ))_'(all) coincides with
(u,|N) ( ) =7 by [B-K, (II.12.4)]. From [loc. cit., (II.12.6)] we get

(3.3.3) W (K X l’) = GXI XS Y.

For elements x € T(K(0)), y € T(H(0)), and z € T(N(0)), one obviously
has the identity T(w(0))(x +y, z) = (x, T(B,:(0))(¥) + i(0)(z)) . Therefore
T(y(0)) maps T(G,(0)) x O isomorphically onto 7(K(0)) x Im(T(8,(0))).
Since, by construction of N, the map i(0) induces an isomorphism of T(N(0))
onto T(M,(0))/Im(T(B, (0 ))),the tangent map 7(y(0)) is bijective. This im-
plies by the relative implicit function theorem that w itself is an isomorphism.
So, in particular, ¥ gives an isomorphism from G, x;Y onto K x¢ W, . The
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commutative diagram

G)./ XS Y

D'
v VV}.'
K X l/

shows (3.3.2) and, moreover, also the first part of the assertion in (3.3) with Y
as a semiuniversal deformation.

Now, we prove the second assertion. According to the injectivity of the
infinitesimal orbit maps T(G, (0)) — Fl/ , it is possible to assume H = G,/ in
the proof above for A’ € ]t,, A[. This implies that w,/ ,: Gy xg ¥ — W, is
even an isomorphism and therefore the functor morphism

Homg(-, Y) — W,O/Gt0

is surjective, but also injective: Take v, w € Homg(T, Y) with T € Ban/S,
such that there is a 4" € ]y, Al and o € Homg(T, G,) with @, ,(a,v) =
iow,so (a,v)=(w, z) l(i ow). But since we have the commutative diagram

i

e x Y——»W

we get o = (e;/)r and this gives iv = jw. By [B-K, (IL.12.4)], we obtain
v=w.

The last assertion is true, because one can choose N = S in the proof above
and so Y — S is an embedding. This completes the proof of (3.3). O

At last we want to formulate a kind of finite-dimensional analogue of the
construction in the proof of (3.3), which is often quite useful.

(3.5) Theorem (on relative transversal slices). Let G — S, X — S be com-
plex space germs over the germ S, where G is in addition a relative Lie group
germ over S. Moreover, let w: G x sX - X be an operation with orbit map
By: G(0) — X(0) over the special fiber.

If G — S is smooth, then there exists a subgerm Y C X (not necessarily
unique) with the properties

(1) w: GxgY — X is smooth,

(2) T(Y(0) = T(X(0))/Im(T(By)).
If in addition G = Homg(—, G) operates freely on X = Homg(—, X), then
w: G xgY — X is an isomorphism; if X is a formal principal homogeneous
space under the action of G, then Y — S is an embedding.

The proof of (3.5) is left to the reader as any easy exercise.
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4. FORMAL MAPS INTO BANACHANALYTIC SPACE GERMS;
FORMAL PO-MODULES

(4.1) Let T = (0, A) be a formal germ as in (1.1) and a C 4 an ideal of

definition. We write 4 as a quotient 4 = K A“/ b, where K =C{x, ..., x,}
is a smooth analytic algebra. For any A-module M , we put
k+1

M, :=M/d" M, keN,

and T, denotes the germ (0, 4,). If now Z is a banachanalytic space or
space germ, we define
Hom(T, Z) := !ﬂ‘l Hom(T7, , Z).
k
Obviously, Hom(7T, Z) does not depend on the choice of a.
Let D' cc D cc C" be open polydiscs and X be the space (C"), in An(4).
Then we have

(4.2) Proposition. (i) There is a natural commutative diagram
I'(D, &y)

(D', &y)

where B(D', @) is the Banach space of continuous maps D — C which are
holomorphic on D' .

(i) If D% denotes the shrinking of D by the factor A with A € [0, 1[, we
have for t, € [0, 1[:

Hom(T, B(D , G..))

r(®d", &) = lim Hom(T, BB, 6)).

A>t,

(In the case t, =0, the space DM s Jjust the origin of D.)

Proof. The first part of the assertion is immediately reduced to the case 4 = 4,
where we can apply [Dou,, §5.2]. The second part follows from the first one. O

(4.3) Now, let E be a complete PO-space. For a convergent C-algebra A =
C{x}/b, we put
E,:= E{x}/bE{x}.
Then E, is an A-module (which we call pseudofree), functorial in 4 and
independent of the chosen representation. More generally, if 4 = K“/b is
formal, we define
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We set 0
E,:=Ker(E, — EA/mA).

Obviously, ES =m E,.
Let A be formal and Z abanachanalytic space germ, given as the zero-set of
an analytic map ¢: (E, 0) — (F, 0) between Banach space germs with Taylor

expansion ¢ = ), ¢, . Then ¢ induces a unique map (“composition by ¢”),
@, ES—F),

which is functorial in 4 (with respect to continuous C-algebra homomorphisms
a: A— B) and is, in the case 4 = K =C{x,, ..., x,,}, given by

where f =3 f x" isthe expansion of f (with f € E) and ¢,: Ex---xE —
F denotes the symmetric /-multilinear map associated to ¢, .

(4.4) Proposition. In the situation above, one has a functorial isomorphism

Hom(T, Z) = @' (0).

Proof (sketch). Since @, = Er_n . o 4, > Ve are reduced to the case where A4 is
analytic. The next reductions are that it is sufficient to assume Z = (F, 0) and

A smooth, so 4=C{x, ..., x,}. But here the assertion is trivial. O
(4.5) Let 4 = K/b be an analytic C-algebra with K = C{x,,..., x,}
smooth. On K we have pseudonorms ||-| ,, p € R;"o , defined by || >, a,x"|| p

==Y, la,|p" , which induce quotient pseudonorms on A, also denoted by ||-|| e

Moreover, there is a triangle set (in the sense of [B-K, (IL.3.1)]) A C R:'o , a
constant C > 0 and a C-linear section 7: 4 — K of K — A, such that
Iz(a)ll, < Cliall, forall ae A and p € A. We call A privileged for A.

Let E be a complete PO-space. By setting |3, e x"|| o=, llel; p’, we
obtain pseudonorms ||-||, , on E, and quotient pseudonorms on E, (denoted
by the same symbol) for any p € R'>"0 , A€1]0, 1[. The map 7 induces a C-
linear section 7°: E,— Ey of E;, — E_, such that ||TE(14)||,,,1 < Cllull, ; for
all peA and 1€]0, 1[.

Let F be a second complete PO-space and ¢ € ]0, 1[. An A-linear map
¢: E, — F, is called a PO,(A)-morphism if there are C >0 and p, = p,(¢) €
Ry, po<(1,..., 1),% such that

lp@ll, , < Clull,

2This means “<” in each coordinate.
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forue E,, A€[l—¢,1[,and p < p,. The category PO,(A4) consists of all
A-modules of the form E,, with E a complete PO-space, and of the PO,(4)-
morphisms just defined. We call E, nuclear free if E is a nuclear PO-space
(compare the appendix). Furthermore, we set
PO.(4) = ll_l‘l)‘l PO, (4).
e€lo, 1

Observe that every PO,(4)-morphism is induced by a PO,(K)-morphism: Let
9: E,— F, bein PO,(4) and denote by y the composition

EYF L F,.
Then |[q(/(e')||p’/1 < C'||e||,1 forall Ae[l—¢, 1] and p€ A, p < py(p). Since
Iy <M-ll, , for p' < p, this estimate even holds for all p < p, with a

fixed p, € A, p, < py(¢). Obviously, the canonical K-linear extension of y
to E, has the desired property.

(4.6) Examples. (1) Let ¢,: E — F, v € N”, be a sequence of PO,-
morphisms, such that there are constants C, R > 0 with
*)  lo,@ll, <CR"el,, VeeE, weN" Vie[l-¢, I[.
Then the C{x}-linear map ¢: E{x} — F{x}, givenon E C E{x} by ¢(e) :=
> eN” (oy(e)x", is a morphism in PO,(C{x}). Moreover, the estimate (x)
characterizes PO,(C{x})-morphisms.

(2) Let D cc D' cc C" be two open polydiscs, p,q € N, and M a
matrixin M(pxq,T(D', &) ,). Weset E :=T(D, ). Then M inducesa
PO, (4)-morphism M: E% — E” by multiplication with M foreach ¢ €]0, 1[.

(4.7) Let A — A’ be a morphism of analytic algebras, where A’ is consid-
ered as a quotient of the smooth algebra K’ = C{x|, ..., x,.} . Then for any
PO,(A4)-morphism ¢: E, — F,, the base change ¢, : E,, — F, is defined in
PO,(4'), and PO, (*) is functorial in *.

(4.8) We want to generalize these notions above to formal algebras A4, given
as usual as a quotient 4 = K”°/b. The objects of the category PO,(4) are the
A-modules of the form E,, with E a complete PO-space. The morphisms in
PO, (4) are by definition projective limits ¢ = lim . Pk of PO,(4,)-morphisms
¢, E 4, " F 4, - Here each A, is considered as a quotient of K. Observe that
po(9,) may shrink to 0 for k — oo. The example (4.6)(2) holds in this context
too. We set

PO.(4) := lim PO,(4)
e€]0, I
and call the objects of PO,(A) formal PO-modules over A. Again, there is a
base change functor PO,(4) — PO,(4') for 4 — A" continuous.

(4.9) Remark. Let A be a formal algebra and ¢: E, — E, a morphism in
PO,(4). Then ¢ is invertible in PO,(A4) iff ¢, /m,: E — E is invertible in
PO

e
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For the proof, one immediately reduces to the situation 4 = C{x,, ..., x,,}.
In this case the assertion follows from standard estimates in the proof of the
(analytic) local inversion theorem by using (4.6)(x).

5. SPECIAL POLYHEDRON FAMILIES AND RESOLVENTS

In this section we are going to cut a space 2 in An(A4) into simplicial pieces
and then construct a very special kind of resolution of the structure sheaf which
will be crucial for the proof of (1.7). The construction goes along the lines
of [B-K, Kap. IV, §§1-3], and so we shall be brief at those points which are
analogous to loc. cit.

(5.1) Let X be a (usual) complex space. By a quasi-polyhedron for X , we
understand a triple (P, ¢, E), consisting of a compact subset P of X, a
closed embedding ¢: U — V of complex spaces, where U is open in X and
V open in some C", and an open polydisc £ cc C" with center x,, such that
EcV and P=¢ '(E). Wecall (P, ¢, E) a polyhedron for X if 9" (x,)
is not empty; the point x € P with ¢(x) = x, is considered as the center of
(P, ¢, E). Moreover, we set P:= ¢ '(E).

The morphism ¢ induces a closed embedding P — E of pseudocomplex
spaces which is also denoted by ¢ . In the following, we just write P instead
of (P,¢,E) and U(P), V(P), p(P), E(P) for U,V ,....

(5.2) Now, let T = (0, A) be a formal space germ, a C 4 an ideal of
definition, and &2 a space in An(A4) with structure map f: 2 — T which is
assumed to be separated. We fix a representation 4 = K"°/b as in (1.1) and
denote by Z, resp. Z , the smooth space germ (0, K), resp. (0, K ’\“) Then
a quasi-polyhedron (P, ¢, E) for & |T will consist of a closed subset P C 2,
a closed embedding 0 U— ZxV in An(Z), where U C £ is open and
V is open in some C”, and an open polydisc E cc C" with center X, , such
that E C V and ¢_l({0} xE)=P. If 7' ({0} x {x,}) is not empty, we
call P = (P, ¢, E) a polyhedron for Z2/T . The further notions of (5.1) also
transpose into this context.

For each ¢ € ]0, 1], the (concentric) shrinking P*" = (P", ¢, E®) of P
by the factor ¢ is again a (quasi-)polyhedron for 2°/T .

(5.3) Let & = (P, ¢,, E});; be a family of polyhedrons for Z/T. The
nerve Ner(&) of & is by definition the nerve of the family (P,),.; of compact
subsets of 2, considered as an abstract simplicial scheme. The subset || :=
Uier P; of & is called the support of & . We usually assume & to be locally
finite, i.e., the family (U(P,)),c, is locally finite. If 7 = (¢,),., is a sequence of

numbers in ]0, 1], the shrinking 2 = (P, ¢., E“)),a is again a family
of polyhedrons for 2°/T . In the case where all ¢, = 5 are equal, we also write
P for 2 . Furthermore, we put

n(P) = sup {dimZ +dimE, + Y dimE; v € 1} :
i€l
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For a = {i;,..., i} in Ner(#), we define E := E. X +ee X E. and
Do i= @) X5 X539, U n---Ny, —>Z><V,. x---xV; . Here U =U(P),V,
V(P,),and E;, := E (P) In general (o is only a qua51-polyhedron If /V is
an abstract simplicial scheme, then VAL , k € N, denotes the subscheme of ./
consisting only of simplices of dimension < k.

(5.4) Let & be a family of polyhedrons for 2°/T with nerve /. We
say that & satisfies the polyhedral axiom if the following two conditions are
fulfilled:

(5.4.1) There is a sequence ¢ = (t;);,c, of numbers in ]O, 1[, such that
Ner(#") = Ner(#).

(5.4.2) For {i, i;} in #/)\A#® onehas P, UP, CU, NT, .

(5.5) Assume that & satisfies the polyhedral axiom. We put IxI =
{(iy, 1) € I x I: {iy,1i,} € I 1)\/V }. A change of charts for & consists
by deﬁnmon of a family El , i € I, of open polydiscs in C" (with center
x, of E;, multiradius b = (bf e bi,)’ and E; CC Eiv) , together with Z-
morphisms l
(g ) _

) (pr,, yloiy. Z XFi, 4 XFZ)

for (iy, i,) € I x I, such that g, (P)c{o x E, and the diagrams
0 iy

(ig,ip)

Z x Fil . Zx E
N 7
il
commute. Furthermore, there should be a number ¢ € ]0, 1[ with
sup{[l(y;* " I{0} x E, ) = x4 €10, 1} < gb}, *
for 1§j§ni0 and (i, 1 )eIxI

3Here we use the || + ||,-norms of the appendix.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




276 SIEGMUND KOSAREW

If the index set I is finite, we can always find a change of charts for .

(5.6) Let & be a family of polyhedrons for 2°/T , satisfying the polyhedral
axiom, together with a change of charts. We call % special if a total ordering
on I is fixed and the following properties hold:

(5.6.1) n=n, is independent of i€ 1,

(56.2) E/ c ¥, forall iel,

(5.6.3) the ¢(i°’i') can be represented by open embeddings,

(5.6.4) there are a number / € N and exact sequences

oL

Si
Zxv, _)ﬁ’z\xl/, - ((oi)*(ﬁu) -0

of ﬁfx ,,-modules foreach iel,
(5.6.5) if {i, a} is in /V“)\./V(O), there is an invertible matrix H; , in
1"(2 x V., Gl(/, ﬁzxv)) , such that the diagram

(a,i)y*
l (9 7)"(s,)
T3«F, T34F,
H(i,a)l lid
oL ., o~ _
ZXxE; 5; ZXE;

1S commutative.

(5.7) Proposition. Let 2 be a space in An(T), separated over T, M C & a
compact subset, and (W), a family of open subsets of & covering M .

Then there is a finite special family P of polyhedrons for Z | T and a number
S € 10, 1[ with the properties

(a) each U(P)) is contained in some W, ,

(b) for t, € [sy, [ and t = (t;),., one has Ner(g’m) = Ner(#) and |9(')| >
M.
Proof. First of all we can find for 2°/T a finite family of polyhedrons & =
(Q,, 9,, E,),cg with a shrinking g = (Q: y 9, E;) such that we have

(1) each U, is contained in some W, ,

(2) Uyer 0,2 M,

(3) n=n, is independent of r € R,

(4) there are open Stein subsets E

réeR’

) C Ero for {ry, r,} €Ner(@), ry #r,,

(rg»r,

and Z-isomorphisms

('ov"l). 4 4
o2 xE, . —~ZxE,

. —1 _ . . ( R ) . . _ . .
WIth wro ({O} X E(ro’rl)) - Q’O n er and ¢ rO n o ¢’l |Qr| n Qro - wrolQro n er B
(5) there are a number / € N and exact sequences

1 r
ﬁfo’ L"%xyr - (¢,),(ﬁur) —0 forreR,
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(6) for any {r,, r,} € Ner(@), r, # r,, there is an invertible / x /-matrix

H, on Z x E(r0 ") which makes the diagram

(rg>ry)
! (0" (s,,) .
fxE(,o_,l) ExE(,O’,l)
H(r(, . )l lid
ﬁfxE(,o . T ﬁsz(,o,,l)
commutative.

The existence of such polyhedron families & is proven exactly as in [Fo-Kn,
§5], using a trick of H. Cartan.

Now we fix open Stein subsets E' r) CC E(, " with (p ({O} X Er ’.)) =
Q nQ and such that 9" Z x Er P Z x E(r ) is a well-defined
1somorphlsm We are going to refine & to a family & = ( wl, E));c; with
refinement map 7: I — R, such that E, C Et(, and ¢,, ¢ 0:h) H(,.O, i) are

(2(ig)» 7(i)))
induced by ¢, ¢ 7, H(f(io),z(il))'

We set J = |¢,(Q:)| , r € R, and fix a metric on 2. Around each point
z € J, we put a polydisc E,, whose diameter is so small that the following
conditions are satisfied with (P, := ¢ L {0} xE))):

(I) diameter(P,) < imin{dist(Q.,(Q,): s € R},

(IN) if z € E(m'), (r,r) €Ner(@), then E, C E, . ")

() for """ = (pr,, y" . Z x E, .\~ Z x E, , the estimate
sup([|(w,"""|{0} x E,) - x}|l,: A€ 10, 1[} < g,b”

holds for some ¢, € 10, 1[, all (r,r,) € Rx R and 1 < j<n (here x" is the
center and b" the multiradius of E,).

There is a finite subset I, C J, with UZGI’ E, D q),(Q:). We put I :=
1,1, and define 7: I — R by t|I, ;= r, as well as ¢, := [ U, = UT(,.) ,
V. .= Vr(i) . This gives a family &# = (P,, ¢,, E,),, of polyhedrons for 2°/T,

1

satisfying condition (5.4.2) (because of (I)). By an (arbitrary) small change of
the multi-radii of the E;, we may assume that & fulfills the polyhedral axiom
(compare [B-K, (IV 3. 7)]) We still must spemfy the change of charts for & .

For this we set E =E, If (10, i) isin I < T with 7(iy) = (i), then

E UE, CE, =E,, and p'") shall be induced by i .
10) .
If 1(10) # t(i,), then {z(i;), 7(i,)} € Ner(€) and P UP C Q NQ, i)
according to (I). The center of E; ,resp E , lies automancally in E (x(iy)
resp. E(

4

»1(iy)

Gy) (i) By (II) we have E CEq (io)) and therefore we can deﬁne

o 1) .= o (i © W Z x E . This is the des1red change of charts.
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At last, we define Hl0 i = H . (ig) () |Z X E for {i,,{;} € Ner(&#),
iy # I;. Obviously, these data have the desired propertles and so (5.7) is

proved. O

(5.8) Let & be a special family of polyhedrons for 2°/T with nerve ./
and put J:={1,...,/}. We define

0 -1
R =0, A =]]Ce
jeJ

with free generators e, . of degree —1, and for o = (i, a) € /", i <a, we set

’j

0
&) =65,
= Hﬁfa%,fﬂﬂﬁzﬂ%,fﬂ 11 TE €,
jeJ jeJ 1<j<n

with further free generators €, of degree —1 for j € {1, ..., n}. Moreover,
we put ﬂio’ =0, F E, > %I 7 = 05 g and analogously e%’i}, etc. The
morphism s;: ‘9?1' % - %i 5 is taken from (5.6.4) and

s, % 3?

is given by s,(e; ;) == s,(e; ;) sa(ea’j) i=s,(e, ;) and s,(e, ;)= 2] - y/}“"),
where z? is the jth coordinate function on E, for 1 < j < n. One easily

shows

(5.8.1) Lemma. Coker(s,) = ((¢,),(@,|UNZ <xE,. O

Let H, , beasin (5.6.5) and H; ,(e, ) =¥, k" e .. Weset
/ @
éj Zh_l i a( j’) —sa(ea,j),
j=l

considered as an element in F(Z x E X E s O3 cnxen) -

(5.8.2) Lemma. There are h, , € T(Z x E, x E 0

ZxC"xC") fO" 1< ] < l’
1 <k<n with

n
i (
G+ ko (z-wt)=0.
k=1
Proof. Let ®*": Z x E,—ZxE, ><E be defined by
o= (idy =, ¥).

The commutativity of the diagram in (5.6.5) gives (®“*")"(¢,) =0 for j e J.
This implies the lemma. 0O
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(5.8.3) Remark. In the situation of (5.8.2) we put

o (@) 7 7 T

hi==% h'e =Y (b (|ZXEe, .
J k

Then we get

Sa(h,-) +s. (e, )=0

)
a,j
in (ZxE,, & 5) for jelJ.

(5.9) Definition. Let & be a special family of polyhedrons for 2/T. We
call P augmented if for each (i, a) € Ner(&), i < a, there are elements
h; €T(Z xE,, 0 ), 1<j<I, 1<k<n,such that the identity

sa(hj)+sa(ea’j)=0, jedJ,

" (a) O
h; = Zhj,j'ei,_i’ Zhj,kea,k'
v
; X

Using (5.8.2), (5.8.3), a special & is always augmentable.

holds with

We have now established the necessary preparations in order to construct
special resolvents for the structure sheaf &, with respect to a fixed augmented
special family of polyhedrons. The basic idea is due to Palamodov [Pa,] and
this method has been fairly generalized in [B-K].

(5.10) Let 2 be asabove, Q C & acompact subsetand & = (P,, ¢, E});¢;
a finite augmented special family of polyhedrons for 2°/T with nerve .#" and
|,@(S°)| D> Q, s, €10, 1] near by 1. Each a = (iy,..., {,) in ./ is always
written in ordered form i, <i, <---<i,  and a(a):=1i,, |a|:=m.

For i € I we fix a free graded anticommutative C-algebra (“free” in the
sense of [B-K, (1.7.8)(2)])

R, =Cle; j)jey,
with the following properties:

(1) J; = Hi<o Jik with card(Jik) < oo and deg(e; ;) = ke je Jik; more-
over Ji°={1, ee.s h},

(2) R} =Cle; )0 =

nate function on E, ; for je Jl.0 ,

[(E,,@5) and e; , identifies with the jth coordi-

(3) there is a bijection {1,...,/} > Ji_l , such that the generators e, ;,
JjE€ J,."I , coincide with the generators from (5.8),

(4) on Ri’ 5= L, F(Z X F,. , ﬂik’ ) there is a derivation s; of degree 1 with
s,.2 = 0, such that (Ri,i’ 5;) isa resolvent® of I(Z x F,., (9,),(@%|U;)) and
s, Rl"lf - R?’ 5 1s consistent with the data in (5.6.4).

4“Resolvent” = resolution of this type.
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The simplicial ./ -algebra R = (R,) .  , given by

a
R, = C(eﬂ,j>ﬂCa,jeJa(,)

with free generators e  of degree (deg(e,,, ;) —|B]) and Rg =[(E,, )

(where the transition maps ry: R, — R, are induced by ef j e for
y C B C a), is even a free algebra in the simplicial sense:

a
R=C€] )uer jes,,"

Observe that Ra is consistent with (5.8) for a = (i, a).

On the set of free generators of R, we introduce a function y with c//(e; )
=1if f>a\a(a) and y(e; ) := deg(e,,, ;) otherwise. Obviously, y < 1.
For kK <1 we set

._ a S
=Cleg, )pca,jer,, > V(ep )2k,

Then K* = (K:)ae , 1s a free C-subalgebra of R with K" ¢ k* and
UkKk = R. For i € I we have K,.l = C and the image of R
is just K; in the case a € /\AN ©

For each a € ./, there is a Rg-linear derivation ,: R, — R of degree I,

such that for a free generator e;, ; of R, with B = (iy,..., i,), we have

d,(€5 ;) = Tpey (—1)"e5,, ; in the case || = m > 0, i, = a(a), and

m

a\a(a) in Ra

Ba(e;, j) = 0 otherwise. One easily checks that 63 =0 and each K: is stable
under 4, .

(5.11) Definition. An R%—linear derivation s of degree 1 on R is called special
if the following conditions are satisfied:

(1) The pair (R, s) is a resolvent of [(ZxE,, (0,).(@|U,)) and s|R, 5 =
s; for ien?.

(2) s stabilizes the (obviously defined) filtration K;z‘ of R5. For a free
generator e; . of R, with y(e; ;) >k <0, the element (s —9,)(e; ;) isin

k+1
Ku,f'

(3) For a=(i,a) € AW the restriction s|R;1
priate homomorphism in (5.8).

. (1) a . -1
(4 If a=(i,a)e A", then s(e, ;) =e,, ;+h; for j€J,,  where h;

is given by the formula in (5.9). Observe that /; € K. 5.

(5.12) Theorem. Let &, Q, %, and R be as in (5.10). Then there exists a
special derivation s on Rs. (Such a resolvent (R, s) will be called special for
short.)

5 coincides with the appro-

7>

The proof of the corresponding resuit in [B-K, Kap. IV, Satz 1.7] also applies
to this context. The only modification is that the very last step in the proof of
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[B-K, (IV. 1.7.3)] is taken for granted here, since & is augmented by the & ;-

6. SPECIAL RESOLUTIONS OF COHERENT MODULES

In this section we are going to make a similar construction as in §5, but now
for the case of modules. We start with the following situation:

(6.1) Let 5 be a smooth complex space germ (considered here always as a
formal space germ, so that the underlying set is just one point), X a space in
An(S) with separated structure map X — S, and T = (0, 4) a formal space
germ over S. Moreover, we fix a module ¥ in Coh,(X,) and assume that
the following data are given:

(6.1.1) a finite augmented special family of polyhedrons & = (P,, ¢;, E,);.,
for X/S with nerve .#° and a smooth complex space germ Z " together with
an S-embedding T — 4 , where Z = S x Z' and the completion Z is taken
with respect to some idal a C &, , such that

29| > supp(F) .

Here Z; is the base changed family of polydiscs for X/ Z and t, is a number
in 10, 1[ near by 1;

(6.1.2) a special resolvent (Rg, s) of X/S with respect to & ;

(6.1.3) finite disjoint index sets J 0(9 ), J7'(F) and exact sequences

o e m,—- g, m (F1U, 5) =0
jeJ ™ (F) J€J’(F)

ij = i,f)*

with free generators m; ;
6.1.4) for each {i,,i,} € /NI © commutative diagrams of &= -
0> h .

ig, 2
modules
- (¢;|,io)).(s'_l) .
Hjer'(y) Eio'?mi, Jj Hj€J°(7) Eio_fmi, JJ
§(—1) (0)
4’(10.:',)13 fld’(io.i,)
Ujes-1#) ‘?Eiojmio,j _’Sio Wjer ﬁfioyfmio,j

with isomorphisms <I>(, i) <i>§ n i -

The existence of such data is eas1ly seen, compare the proof of (5.7).
(6.2) On V; we put
0
I #m

jeIl’F)
.l,._l:= H .%’m ;1 H A m
jel Y(&F) jeJOF)

5 is considered as an @_-module via the embedding X — X. 5 -
z
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and define the homomorphism

-1 0
(6.2.1) s M 5 M7

i,Z

. _ d(a)
on Vi,f via the product rule si(ami’j) = si(a)mi,j + (1) asi(mi,j) where

d(a) is the degree of a. For {i,a} € /V“)\./V(O), we have the following
commutative diagram

. — (@2 M) (s,) ; —
N * -1 V a s * 0 Vv
(05 (A FIE, 5) ———— (05")" (£, 3IE, 3)
(6.2.2) o2 I
M _ AP
i,Z s i,2

1

of é’ -modules with an isomorphism <I)(, defined by

a

o Vm, )=&Nm, ),  jelT'(F),
B o€ iy ) = Hy (e, DV g(m, ). Je (&),

where ¢, , isa free generator of R, of degree —1. The data (6.1.1)-(6.1.4)
together with o© , @ are called a special polyhedron family for (X/S; ).

(6.3) Let o = (i, a) bein & with i <a. On Ez,f we set

H .%’:mi,jﬂ H %O?ma,},

Jel)(F) JeI’F)
-1 0 0 -1
M, = H .@ami’jﬂ H ﬂamayju H Z, m;
j€I™\(F) jeI™N(F) J€IN(F)
-1 0
u [ =, m, 1 1I E,m,
jel’F) J€I’F)

. . —1 0 —_ -V
with new free generators m, ; and define s,: /[a,f - '/iaf on (E;xE )z
by

s(m”)—s(muj) veli,a},
. (-1 . 0
sa(ma,j) T q)(l a)(ma,j)’ J€ J (g)a

such that the product rule holds again. One easily shows

(6.3.1) Lemma. Coker(s,) = (¢, 5).(Z|U, 3)) on E 5.

(6.4) Let a = (i, a) bein #" i< a, and

(=1) _ (#)
(D(‘ a)(ma,j) = Z hJ J,m g+ Z & kM k
j'er (#) keJ%(F)
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for jeJ _1(9’ ) . Analogously to (5.8), we now put
F F
&7 = > B s me )+ 3 s (8 0my = s,(mg )

J'es (&) keJ'(F)

~

in F((Fi x E a)z, /fa 0 5). We denote by @9 the graph-mapping over Z
associated to the Z-morphism
(0", & ,): (E

> T, a)

Vv

0 - 0
070 ﬁgﬁ[/li,z]) — By 2> T 14, 3)).

Here [x] means idealization with respect to *. The commutativity of (6.2.2)
immediately gives

(' ¢) =0,

so there are elements h , ﬁ”)k‘r in T((E; x E,)5, f;/’f) for k € J'(F),

veli,a}, 1<r<n suchthat
y) 0)
+Zh (Mg ) +

If we deﬁne

CON (=1) P (&) ¥)
(6.4.1) W == g (my Y=Y R m, = Y ¢ e, m,
k k,v,r

(v) a (a,i)
cj'jk‘( -y ")m, , =0.

AN

on Ea,f , then we get

s, (B +5,(m, ;) =0.
Therefore the following definition makes sense.

(6.5) Definition. A special family of polyhedrons & for (X/S;.%) is called
augmented if for each o = (i, a) € Ner(#), i < a, there are elements 71}?2,

)., in T(E 3G ) for j e JNF), ke JNF), re{l,..., n},
v € {i, a}, such that
F
s, (B +5,(m, ) =0,
where hﬁ.‘?) is defined by the formula (6.4.1).

(6.6) We fix an augmented special family of polyhedrons & for (X/S; %)
with nerve .#/" and a free graded R,-module M, = UjGJi(?) Rm; ; for i el
with the following properties:

(1) J(F) = ]_[g<OJg(9’) with card(J#(F)) < oo and deg(m,; ) =g & j €
J,.g(.?); moreover J,. (&) = J0(57), Jf'(?) = J7 (&) and the generators
m; . are identified with those in (6.1).

l‘]
(2) M, 5 has a differential s; of degree 1 which fulfills the product rule,

such that (M, -, s;) is a resolution of [(E 7 (9; 3). (& |U; 5)); moreover
s, is consistent with (6.1.3). The simplicial R module M= (Ma)ae - With
M= ] Rmy

pCa
J€J, (ﬂ)(y)
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deg(m;,j) = deg(ma(ﬂ)’j) —|B|, and where M'9 — M is induced by mf,j —
m‘y’ ; for y C B C «, is a free R-module in the simplicial sense:
M= [ Rm,.

a€N,
JE€Jyo)(F)

Observe that M(, identifies canonically with F(E(l a) l(l a) from (6.3).

Analogously to (5. 10) a w-function is defined on the free generators m? 8.j of
M, . We set here

k_a . a
=01 K.m; ;. Jedp&F), wimy ) >k,

BCa
for k < 1. Then Kk(9’) = (K:(?))QG/V is a free graded K*-module with
K*NF) ckX(F) and U K (F) =M.

Let a be in .#. Then there ex1sts a unique R z-linear homomorphism
oM - M > of degree 1 which satisfies the product rule with respect to

,Z ,Z
s 'R —»R 5, such that
a a,Z Z
|8]-1 X
a a
8,(my ;)= kZ (=1)"mg
=0

in the case |B| > 0, a(B) = a(a), and 36,(’";,;) = 0 otherwise. Obviously
83 =0 and each K:(.? )z is stable under &, .

(6.7) Definition. A differential s on M; of degree | is called special if the
following conditions are satisfied:
(1) s fulfills the product rule (with respect to s: R; — R3) and (M3, s) is

a resolution of F(f*,z, ((p*,z) (Z1U, 2)); moreoverslMi,E =s, foriel.
(2) s leaves the filtration K (¥ )5 of M invariant and (s —80)(m§’ ;) is
in KXH'(F)5 if w(mj )2k <0.
(3) For a=(i,a)eN () the restriction slM:»i coincides with the homo-
morphism in (6.3).
) If a=(i,a) e /Y, then s(mZ ) =m] ;+h" (see (6.5)) for j €
Ja_l(ﬁ’ ) ; observe that hﬁy) is in K2(9 )5 -
Again, we have the following assertion:
(6.8) Theorem. Let S, X, % , %, and M be as in (6.1), (6.6). Then there
exists a special differential s on M. (4 resolution of the form (M, s) will be
called special.)

The proof of [B-K, (IV. 1.7)] can be applied without difficulties to this situa-

tion. The differential s on M_~ is constructed first by induction on |a| and

then, also inductively, on each K i‘ (&) 5
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7. TANGENT COMPLEXES AND DESCRIPTION OF FORMAL SPACES
AND SHEAVES; SPLITTING THEOREM

(7.1) Let T = (0, A) be a formal space germ, embedded in a smooth germ
Z and & a space in An(T). Moreover, we fix a finite family of polyhedrons
P=(P,9;,E); for Z /Z with nerve ./, satisfying the polyhedral axiom
and |2"| = |2| for some t, € 10, 1[ (see (5.4.1)), a free simplicial C-
algebra R = 1"(—E—* , #), such that R has a differential s with the property
that (R, s) is a resolvent of I‘(F*)f, (0,),(@%|U,)). The fiber differential,
induced by s, will be called s,: R — R.

From now on we consider # as a sheaf on the open simplicial polydisc E, .
We denote by L := Der(# , #) the Z-graded C-vector space, consisting of
all (compatible) derivations of #. For m € Z we set F" := F"(*L) :=
{ue™L: ul#’ =0 for j >-m} and

m m m m
L:=Der(%#,%)/F", Z :=Derg(%5, #3)|F ",

where F ™ is defined analogously. Obviously, each homogeneous component

of "L is a PO-space by taking values of derivations on the free generators of

R and "¥ ="L, as graded objects. Moreover, m129 has the structure of
z

a graded PO-Lie algebra over C (in the sense of [B-K, (II.9.5)]) and mL0 s
the Lie algebra of a PO-Lie group G of type (-1, 1; —1). There is also an
adjoint representation @: G x "LZY — ™L2Y which is convergent of type
(=1, 1; —=1). The mapping

1 2

q: "L "L
u— Yu, u
is strictly convergent and equivariant with respect to w. By setting
_ -1
%Z: (ql) (0)’ 16[1/29 l[a

we get an inductive system W, = (W), of banachanalytic spaces. The image of

5, in the Banach space (L") ; liesin W, and is also denoted by s,. From now
on we always consider W, as a banachanalytic space germ with distinguished

point s,. Using (4.2), (4.4), we see that the image of s in " 27! givesin a
natural way a compatible system of formal maps

(7.1.1) s;iZ =W, Ae[l/2,1].

On Ders(#5, #5) we have the &-linear differential d(u) := [s, u], which
projects down to "%, such that ("%, d) is a complex in PO, ,(&;). On the

special fiber over 0 € Z, we get that dy: "L — "L is induced by u ~ [s,, 4]
on L.
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(7.2) Let ny:=n(&) beasin (5.3) and v > 1, m > n, integers. We put
(with the notation of (2.8))

(7.2.1) Ryi=Ry/RE" 0 Ro= R[ZE""°’/R‘Z§‘(’”+"+"] .

Then Ff , RZ are differential-graded modules over R . By the choice of n,

the complexes RIS and R - are homotopic to zero for each o € A
a,Z ,Z

as complexes of free R A-modules Consequently, I” (Ea 5 ,%ISZ:%)) and
> a,

~ 6 . .
l"'(Ea’E, %a’ z) "~ are homotopxc to zero as complexes in PO, /2(@2). If we

define R and R analogously to (7.2.1), now with respect to s, we get on the
special fiber
(Rz)(0)=R,  (R3)(0)=R.

The graded objects

L:=Der(#, %), £ :=Dery(%;, #5),
endowed with the differential d(u) := 5,u — (—1)dee Jus,y , resp. d(u):
(—=1)%#™ys, are complexes in PO, 12(C), resp. PO, (&), with Z =
graded objects. Moreover, there is a regular spectral sequence

(7.2.2) Tor Z(C HY(Z)) = H'™(I)

O~

and the cohomology modules
(7.2.3) H'P)=T"%/|Z,0,)

are invariants of & /2 and so do not depend on & and R (for a proof,
compare for instance [Pa,, p. 173]. One immediately gets that all restriction
maps th - _L-,l are quasi-isomorphisms for f, < ¢, < t, < 1, especially

dim,. H*(T) < 0o for all k by a standard argument.

Now we are going to make the analogous constructions in the module case.

(7.3) Let S be a smooth complex space germ, X a space in An(S) with
separated structure map X — S, and T = (0, 4) a formal space germ over S,
embedded (over S) in Z with Z=5xZ' and Z' smooth and convergent.
Moreover, we fix a module # in Coh,(X,) and a finite family of polyhedrons
P = (P, 9;, E);c; for X/S with nerve .#°, which satisfies the polyhedral
axiom. We suppose that |.9”ZE°)| D supp(#) holds for some ¢, € 10, I[ near
by 1.

Furthermore, we take a free simplicial graded C-algebra R =T'(E, , %) with
a differential s, on R, such that (R, s,) is a resolvent of the complex

F(E*,S ’ (¢*)*(é’X|U*)) >

SHere I" is the graded global section functor, i.e., I'(I], %) = LI, (%)
"In the sense of [EGA, (0.11.1.3)].
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and a free graded R-module M (having only finitely many generators in each
degree) with a differential s on M, compatible with (Sy)z , such that (M, s)
is a resolution of F(E"f, (¢"2)*(9|UM2)). From now on we consider #
and # as (graded) sheaves on E,. We put “E := Hom(# , #) and,

analogously to (7.1),
"E:=Homy(#,#)/F", "&:=Homy (£, #;)|F"
z

for m € Z. The homogeneous components of ™E are again PO-spaces (by
taking values on the free generators of M over R) and "& = "E, as Z-
z

graded objects. Obviously, "E (29 has the structure of a graded PO-Lie algebra
over C with strictly convergent Lie bracket [ , ]: "EZ?Y x "EZY _, mg(20)
induced by the usual graded commutator of homomorphisms. Again, mEY is
the Lie algebra of a (strict) PO-Lie group G and there is a strictly convergent
adjoint representation w: G x "EC?Y - mEZY  0p Hom, (4, #;) we
have an &-linear differential d, given by u — [s, u], which projects down
to "&, such that ("&, d) is a complex in PO, 12(@5) . Over the special fiber,
this differential d, := d(0) is induced by u ~ [s,, u], where s: M — M is
the fiber differential associated to s.

Now let 6: .#; — # be the F-linear homomorphism with é(m;) = sy(m;)
for any free generator m ; of M over R, such that ¢ fulfills the product rule
with respect to s, . Obviously 6% = 0. If we define w := s — d5, then
w is in Homg,?(/lz, M) and [d5, w] + %[w, w] = 0. The S-morphism
q: "'E; - "'E;, given (on general points) by the formula q(u) := [J, u] +
%[u , U] is a strictly convergent morphism in Con(S), which is equivariant with
respect to the (strictly convergent) operations wé[é]: Gy xg "'E; — '"E; and
wé: Gg X "'Eé - "'Eé 2} Setting

W= (g, (Sx{0}), {0} x {0}),  Aell/2, 1,

then W = (W), is an inductive system of banachanalytic space germs over S .
Using the results of §4, the homomorphism w induces a compatible system of
formal S-maps

(7.3.1) w:Z W, Ae[l/2,1].
(7.4) We fix m := ny+dimZ’ and integers v > 1, m > m,. Again, we
define
TF oo Af ) AL D]
o M= My/MS :
o M o agl<—mgl M[S—(m+'/+1)]
zi=Mz UMz :

8Here wé[é] denotes the Taylor expansion of w_lg “around the point” (0, §) which is well
defined here!
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Then M Xf are differential-graded modules over R5. As in (7.2), the
complexes I“'(E Py (<>mly and T'(E, /2;
PO, /2(@%) and, w1th the obvxous notatlon

, ) are homotopic to zero in
(M5)(0) =M, (My)0) =

We put .
E:=Hom(# , A), g = HomgA(/Zf,ZA).

Then E, resp. &, is a complex in PO, /2(C) resp. PO, /Z(ﬁ ), with & = E
as graded objects. There is also a regular spectral sequence

(1.4.2) Tor”2(C, H(&)) = H"*(E)
and
(7.4.3) HY(%) = Ext}, (7. 9)

by standard arguments. Consequently, the restriction maps th — F’: are

quasi-isomorphisms for ¢, < ¢, <t, <1 and dim, H*(E) < 0o forall k.

(7.5) The construction in (7.4) can be immediately generalized to the fol-
lowing situation: Let & be a second module in Cohp(X ) Wwith a resolution
(Mﬁi, s'), such that the properties in (7.3) are fulfilled (where %, R, and t
remain the same). Defining similarly

E:=E(¥,%):=Homy(#, ),
& =8(F,%):= Hom, (#;, /’)

we have & = E,_ (as graded objects of course) and H*(£) = Ext}, (.7 2)
(there is also a spéctral sequence as in (7.4.2)).

For abbreviation, let “X” be the common notation for “L” and “E” above.
Then the following assertion holds (compare [B-K, (1.9.7)]):

(7.6) Proposition. (1) We have for p € [-v + 1, m — m, - 2]:
Hp((mK)(—u,m—mo——l)) _ }Iq(ooK) )

(2) If homotopy maps h, for ﬁa = (resp. ﬁ; 5) are fixed for every a € ¥

,Z
—my)

and, moreover, a splitting r of K °°" exists in PO, then (h)), and r

—[ v+2,m—m,—3]

define in a natural way a homotopy equivalence u of K onto

(MK m=m0=31 iy the category of PO spaces.
The main result of this section is

(7.7) Theorem. The complex K splits in the category PO for any t € |t,, 1.
Together with (7.6) we obtain
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(7.8) Corollary. If v >3 and m > my+ 6, then the complex

0. 4 1, 4 2
("K"), = ("K), = ("K"),

splits in PO for t € 11, 1.

Replacing eventually & by P forate Ity 1[, we may assume that the
complex

(7.8.1) ("K)*?, dy)

splits in the category PO.

As the proof of (7.7) consists just of a translation of the corresponding result
in [B-K] into the situation with formal basis Z , we restrict ourselves here only to
mentioning the formulation of the crucial steps in our context: By the absolute
splitting criterion [B-K, (II.1.6)], it suffices to show that the restriction map
K- Kt is

(a) a quasi-isomorphism,

(b) modulo homotopy, surjective in PO for t € t,, t,[.

Property (a) is clearly satisfied by (7.2), (7.4). For the proof of (b), one shows
even more:

b X -X ; IS, modulo homotopy, surjective in PO.(#%), where we have
replaced .Z , resp. & , by the symbol .# . The assertion (b) then follows, using
the base change ﬁz — ﬁf/mz. The main ingredients for verifying (b)’ are the
following:

(A) Qg (resp. M) is a homotopy invariant for different resolvents R (resp.
different resolutions Ms);

(B) existence of admissible and (+)-admissible resolvents R, R% ; (resp. res-
olutions M, M%) in the sense of [B-K, Kap. IV, §§1, 2J;

(C) zero-homotopy of the (simplicial) Cech-complex of a resolution of a coher-
ent sheaf on a polydisc (see [B-K, (IL.5)]).

(7.9) Let A4 be a formal algebra and (%, d) be a complex in PO,(4),
resp. PO, (A4), such that the fiber complex (Z(0), d,) has a splitting A in

PO, (C), resp. PO,(C). Without loss of generality, we may assume h? =0 and
hdyh = 0. Denote by # the complex (H(Z(0)),,0). Since Z = %#(0),,
the maps (d;), and h, are endomorphisms of .7, for which we write d),
resp. h, again. Then idy — [d,, h] induces homotopy equivalences

f:%_'('%7do)’ g:(%9d0)_')%
in PO,(4), resp. PO (4), with
gfzid,?” fgzldj—[doah]
If we set r:= d —d,, then (id, + hr) is an endomorphism of Z", which is
invertible in PO,(A), resp. PO.(4). This follows from (4.9). Consequently
(7.9.1) 8 :=gd(id, +hn) ' f1 # - 7,
(7.9.2) wi=(idy, +hr) ' [ # =%
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are well defined morphisms of degree 1, resp. 0, with 9(0) = 0, resp. u(0) =
f, such that (#, 9) is a complex and u: (Z,9) — (%, d) is a homotopy
equivalence in PO,(4), resp. PO,(4) (see [B-K, (IL.2.16)] for a proof). In
particular, we have

(7.10) Theorem. Let % be a complex in PO, (A) with nuclear free components
and ty € 11 — ¢, [, such that

(i) the “restriction” % (0) — 52’,0(0) is a quasi-isomorphism,

(ii) fi’to‘(O) splits in PO.
Then there is a complex # in PO, (A), whose homogeneous components are of
the form # k V: with dim vk < oo, and a homotopy equivalence # — .}‘Zo
in PO.(A).

8. THE SURJECTIVITY OF THE FUNCTOR (1.4.1)

(8.1) We take as a basis the situation of (7.1), (7.2) where we assume in
addition that & is augmented and (Rf’ s) 1is special. Moreover, we fix m >
n(#)+6 and A, € )¢y, 1[. The morphism s, from (7.1.1) can be restricted

to TCZ:
(8.1.1) () T—->W, .

Using (4.2), we obtain from this an & -linear derivation D((s; );;) on
l'J(Efl"} , Zr) of degree 1 which is trivial in degrees < —m and with D((s; );)
= sTlE,El,'} in degrees > —m. The situation in (7.1) gives us a system of data
which fulfills the conditions in (3.2). More precisely, we put there S = Spec(C),
G the PO-Lie group with PO-Lie algebra "L° and E := ("L)", F := ("L)*.
Observe that G operates on F with fixed point 0 € F . Furthermore, the map
u: (E,0) — (F,0) is by definition the Taylor expansion ¢(s,) of ¢ around
the point s, € E. Without loss of generality, we may assume that ('"L)(O’z)
splits in POI_IO.

Then conditions (2) and (3) of Theorem (3.3) hold by (7.8). Condition (4)
also holds by (7.2), (7.6)(2). As the operation w has all the desired properties
in (3.3)(1), we get from Proposition (3.3.2) that there exists a finite-dimensional
subgerm Y of (W, —{sy}, {0}), such that

@; 2.180]: Gy x Y = W, — {50}

is a smooth morphism of banachanalytic space germs for , < A < 4., In
particular, we have a commutative diagram (with Y’ =Y + {s,})

W; 4.
G, x Y———W,

8.1.2 LI
(8.12) PN

T st
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Now we take an exhaustion 4 = m L A, by convergent subalgebras 4, of A
and call 7, the associated space germ to 4, . Since Y’ is finite dimensional,
there is a certain k and a morphism

pe: T, — Y withp=(p,).
The composition T, Ly 4 W, induces again an A4, -linear derivation J
on I" (Eff’}k , ‘%Tk) of degree 1 such that § = D(1p,) and 52 =0. Trivially,
we have J(0) =5, in degrees > —m on the special fiber. We put

Q.)* := (P,E}“) b ﬁ@‘) b

where @, :=p,(0)”'[Coker(Z; ' 3, g,"k)wfj'),k] for a €/ . Then 9, isa
simplicial complex space in An(7,). The morphism g in (8.1.2) induces an
isomorphism
AR AL

which is the identity in the distinguished fiber. According to the special choice
of (R, s), we are able to show
(8.2) Theorem.
An (T}).
Proof. We put for abbreviation § := 7, and m := mg, the maximal ideal of
@, . Moreover, we fix an arbitrary 4 in ]¢;, A.[. Obviously, it is sufficient to
show: For each pair f,a €N @ with B C a, the given Og-algebra homomor-
phism é’% — ﬁﬂ) is an isomorphism in all points of Pg).

First we consider the case a = (i, a) € VAl By (5.11)(3), (5.8), resp.
(5.11)(4), we have

is the associate simplicial space to a complex space in

*

(8.2.1) 3l )=zt -y "(0)mod m%, ¢, forjeJ;,
a a -1 . —1
(8.2.2) 6(ea,j)sea,j+hj(0) mod m%, ¢, forjeJ,
where hj is as in (5.9). We set
0 0 a
‘%a = Z ‘%Q,Sa(ea,j) ’
jeJ?
-1 0 a 0 a
Z =l Z,.se0,+ Y, Z, 50 ).
jeJ? jeJ!
Then 6 induces an exact sequence on Ec(i)sz
“1 ,op=1 8, 0 0
E, sl F, = o I, = (9,(0)),(E ) = 0.
(8.2.3) Lemma. (1) The canonical &g-algebra homomorphism

0 0 0
gi,s *«%s/f%
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is an isomorphism on (pa(O)(Pg)) and the (on this set well-defined) composition

00y s aS/‘%/ —»%

(i,a)" ““a

is, modulo m, induced by z} — y/(“ 20) for je Ja :
(2) The canonical module homomorphism (over 08, )

CAEE AT AREAN
is an isomorphism on (pa(O)(P(A)) and the composition
0(;,141): ‘%a_{? a, s/% +,Z’ ‘9?(1_1? = ‘%_;
is, modulo m, given by e, ; = ¥ i, hj.‘fj,(O)ei’jl for je Ja_l
Proof. Follows from (8.3), (8.4) together with the formulas (8.2.1), (8.2.2). O

Using (5.6.3), (5.6.5), we get that 01 ) 0(71 q) are isomorphisms (observe
that J: = J’ for v € {0, —1}). Consequently, in the commutative diagram,

1
given on PY

@’———»é’

where ¥ is induced by 08.,“) , all morphisms are isomorphisms.
Next, we consider the case o = (i, [;, a) € #@ | Because of the commu-
tative diagram (on P)
@, — G,

2)(io,i,) 2,
@, — G,
2)10 2)(10 a)
it obviously suffices to treat the case g = (i, i;). By construction of R, we
can write
-1
R, 5= (rg uJf« seuo, J
jelt?
]_[ Sel .a),j ! H Sea Wt
jEJf jGJ_

Modulo m%, ¢, we get

a . -1
(8.2.4) 6(e(l a.j) =€ ;+h(0), forjelJ, ,
a a a, i i . 0
(8.2.5) ae, ;) —e(,“ @i~ Clora),) +j(z%, "), forjeJ,
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(for the last congruence see (5.11)(2) in the case k = 0). This time we define

0 0 a
Z, = Z ‘%’a’sé(e(io,a),j),

jeJs?
-1 _ 0 a 0 a 0 a
zZ, =11 o586y, F Zga,sé(ea,j)-*_ E Za,59(€ a),5)>
jeJs? jeJ? jes !

and get the short exact sequence (on Ef;) :

HH 2 ED T s~ (9,(00),(8) = 0.
Similarly to (8.2.3), we have
(8.2.6) Lemma. The canonical morphisms
Ry 5= R sl Fys R H g+ TR
are isomorphisms on (pa(O)(Pg)) .
Proof. Follows from the formulas (8.2.1)-(8.2.5) and (8.3), (8.4). O

The following two easy lemmas were used above.

(8.3) Lemma. Let A — B be a local homomorphism of noetherian local rings
and M =1, Be; a finite free B-module. Moreover, let f, € M, j € JcJ,
be elements, such that there is an invertible matrix G = (G; ) in GL(|J ‘I, B)
Wlth f; = Z}/ Gj’j,ej/ mOd EjGJ’\J BeJ +mAM

Then the inclusion [] ' Be; — M induces an isomorphism

JEJ\J
I se,~ M/ 85
ZAVA jeJ'

of B-modules.

(8.4) Lemma. Let A be an analytic algebra and B = A{z, w} asmooth analytic
A-algebra with variables z = (z, ..., z,), w = (W, ..., w,,). Moreover, let
g €my be elements for 1 < j < n, such that

g =z;+y;(w) modm,B.
Then the canonical A-algebra homomorphism

A{w} - B/ g;B
J
is an isomorphism.

9. THE SURJECTIVITY OF THE FUNCTOR (1.1.2)

(9.1) In this section we take as a basis the situation of (7.3), where we assume
in addition that & is augmented for (X/S;%) and (M3, s) is a special
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resolution of & |#5 (in the sense of §6). Moreover, we fix integers m, :=
n(P) +dimz', m > m, + 6 and a number A, € J{,, 1[. Restricting the
S-morphism w, : Z - W, in (7.3.1) to the subspace T C Z , we obtain

(9.1.1) (W, )g: T — W,

Using the results of §4, this morphism induces in a natural way an & -linear
differential D((w, );) of degree 1 on F’(Eil"}, ;) which satisfies the product
rule with respect to Sx, and such that D((w, );)(0) =5, in degrees > —m.

Again, we can construct a system of data as in (3.2): This time we set, with the
same S, E := ("E)', F:=("E)’,and G:= S x G,, where G, is the PO-Lie
group with PO-Lie algebra ("E )0 (which has strictly convergent multiplication
and inversion in this case). For o:§ — (Fg, 0), we take the zero-section
and u: (Eg, 0) — (Fg, 0) is by definition the morphism ¢, specified in (7.3).
Without loss of generality, we may assume that the complex (("E )(0’2), d,)
splits in the category POl_t0 (see (7.8)). Now, since the tangent map of the
orbit morphism f: G, — (E, 0), associated to w][so]: G, x(E,0)— (E,0),
identifies with —d,: ("E)° — ("E)' and T(u,) = dp: ("E)' — ("E)?, the
conditions (1)-(3) in (3.3) are obviously fulfilled. The finiteness condition (4)
is clearly satisfied, according to (7.4), (7.6). From (the proof of) (3.3.2), we get
that there is a finite-dimensional subgerm Y of W, , such that

(w;,x.)s[‘sk Gy xsg Y =W,

is a smooth morphism of banachanalytic space germs over S for 7, <A < A..
Consequently, we have a commutative diagram of banachanalytic space germs
over §

G, xg Y —— W,

9.1.2 cs
( ) (&.0) >~ T (w;)r

for each such A. Now, we fix an exhaustion 4 = lii»“kAk as in (1.1.1). It

follows again that there is a S-morphism p,: 7, — Y for some k with p =
(p,)r - Here T, is the associated space germ to A4, . If 1: Y — W, denotes
the inclusion, we get an A, -linear differential D = D(ip,) of degree 1 on
rJ(Eil,%‘ , #7.), compatible with Sk, and D(0) = s, in degrees > —m. We
set

L(A) (* -1 0 9
Z = (¢£7)Tk) [Coker(#;; 2 M)
Then Z is a coherent simplicial sheaf on (P,f’}'T)k). The commutativity of
(9.1.2) shows that the S-morphism g: 7" — G, induces an isomorphism
5()  ~ (A
‘?*,T”)*,)T ‘*Z|Pj,)r

*Here ¢, denotes the embedding P, — E, 5,induced by ¢, .

*
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which is the identity on the special fiber. Since (M3, s) is special, we are able
to prove

(9.2) Theorem. & is the associated simplicial sheaf to a sheaf in Coh,(X. Tk) .

Proof. For abbreviation, we put V := T, ,m := m,, and ./ := Ner(¥).
Obviously, it is sufficient to show: For any B,a € N @ with B C a, the
canonical homomorphism G, — G, Is an isomorphism on Po(i),, Jfor each 1 €

]to ’ A-.[ .

First we consider the case a = (i, a) € »Y By (6.7)(3), (4), (6.6), we have
modulo mA4, | :
(9.2.1) D(m? )=m] - (m, )0), forjel(F),

a,j (i,
(9.2.2) D(m’ ()

J=ml  +h70), forjel (7).

We set
@ = M| T,

where 5{%50] denotes the truncation ideal with respect to the differential s, .

The homogeneous components of & are free modules over & := (pff)* (ﬁleg))
for every a. Obviously, D induces a homomorphism

D: g, -0,
of degree 1. This time we define
= 3, ,Dim ),
jeJ(F)

-1 a == a
Zo= 1 Com+ 2 6.,Dm, )
jeJ%sF) j€I &)

and get the exact sequence on Ffi),, :
-1 -1 D, 0 0
ga,V/‘%a — @;,V/‘z/a,y - (q’a,y)*('?;) - 0.
Similarly to (8.2.3), the following assertion holds.

(9.2.3) Lemma. On (/)Q,V(Pg),,) we have
(1) the canonical homomorphisms

Q;V,V _’g:,v/'zfay

are isomorphisms for v=0, -1,
(2) modulo m, the composition

14 v vV ~ 4
@a,V _’@a,v/'%a _'@i,V
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is induced by
m, ;@ (m, )0), forv=0,
’.HZhy)(O i forv =-1

(compare (6.14), resp. (6.5), (6.7)(4)).

From (9.2.3), (6.1.4) we immediately get that in the commutative diagram

%
z_/_>3

all arrows are isomorphisms.
It remains to consider the case where a = (i), i;, a) is in A @ By the
same argument as in §8, we may restrict to the case B = (i, i;). Here we put

> ﬁa.vﬁ(’"?io,a),j)’

JEINF)
a ~ a
H v 0y, Z g, vD(m, ;)
JETI'(F) JeI’(F)

= a
+ Y G,,Dim 4 ),
jeI (&)

(A
and get the short exact sequence on Efl )V

- -1 D, _0 0
a1 a7~ (0, ,).(8) - 0.
(9.2.4) Lemma. The canonical homomorphisms
é’;,V - @’:,V/%V
are isomorphisms on 9, ,,(Pﬁ),,) for v=0,-1.
Proof. Follows from (8.3) by using the formulas (9.2.1), (9.2.2), and (6.7)(2). O

As it is not a restriction to assume S to be smooth in (1.1.2), the surjectivity
of this functor is established.

10. THE FULLY FAITHFULNESS

We first consider the case of modules.
(10.1) Let the situation be as in (1.1) and #, & two modules in Coh, (X, )
1]
for some i, € I. We have to show that the natural map

(10.1.1) lim HomX (9’ Z, )—»Homx (Z, %)

1>10

is bijective. This is achieved in the following way:
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“Surjectivity = Injectivity.” Let ¢: %, — &, be a homomorphism with
9, =0. If we denote by # the cokernel of 17 and by y: ¥, - # the quo-
tient map, then y, is an isomorphism. So there is a map X )7;,}_ - g 4, for
some j > i with x, = (y A)_l . Obviously, y is an epimorphism (Nakayama-
lemma) and yy 4, is too. But this last fact implies that 4, itself is an isomor-
phism and consequently ¢ 4, = 0.

Surjectivity. It is no restriction to assume S to be smooth and ¥ , % in
Cohp(X ). Let T, resp. T, be the associated space germ to A, resp. 4,.

We fix an S-embedding T — Z as in (7.3) and, moreover, a finite family of
polyhedrons & for X/S, satisfying the polyhedral axiom, with
12| 5 supp(F) U supp(¥)
for some ¢, € 10, 1[ nearby 1. Let R, s, beasin (7.3) and M a free (graded)
R-module with the property that M, has a differential s, compatible with s X, »
and such that (M, s) is a resolution of I'(E, ,, (¢, ,),(%IP, 2))-
Next, we take a free R-module M’ and a differential s’ on M7, compatible
with s,_, such that (M3, s') isa resolution of I'E, 5, (¢, 5),(%|P, 5)) and
z > ) 5

s'T: M’T'l - /To is already defined over S . We consider the complex

g .= (Homy, (45, A'3), d)

constructed in (7.4), (7.5). Similarly to (7.7), the fiber complex ?t(O) splits
in PO,(C) for any ¢ € ]¢y, 1[. After shrinking, it is possible to assume the
splitting for (&£(0), d;) . We have
0 ——
H (&)= HomX2(372, g = HomXT(9’T, ).
Now, take an element ¢ in Hom X, (%7, %) and consider it a zero-cycle in

?T. We adopt the notation from (7.9) with 7 := gr and & a splitting
of Z(0). We may assume that ¢ = u(y) with a zero-cycle ¥ in (Z, 9).
Since # is a complex with finite free components, there is a zero-cycle ¥’ in
some (Z?Ti , 37,. ) with c//'T = . It is now sufficient to show that (u(y/))|/T(2_')

is already defined over T, (observe that s'TllT'(Z"” is defined over S). By

1]
formula (7.9.2) and the convergent expansion (idj, + hr)_l = idg — (hr) +

(hr)? = .-, this follows from the

Assertion. Let n be in % % with r]|/£T(Z'” defined over T,. Then
(hr)(m) "

is also defined over T,.

Proof. By definition of 4 and r, it suffices to see that dT(n)IIT(Z'” is defined
over T;. But this is clear from the formula d.(n) = s'Tn — nsy, and because
s and s'TllT'(Z'” are even defined over S. O
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(10.2) Next we treat the case of spaces, i.e., the fully faithfulness of the
functor (1.4.1). For this let X, Y be spaces in Anp(A,.O) for some i, € 1. We
have to show the bijectivity of the map
(10.2.1) hm HomA (X Y, ) — Hom (X ,,Y,).

1>10

Surjectivity Let ¢: X, — Y, be a morphism in An(4) and I"¢ C
(Xy;x,Y,) = (Xx, Y), the graph of ¢. By the surjectivity of (1.1.2),
there is an index i > 1(0) and a closed subspace ' C X, x, Y with I, = F
If we consider now the projection pr: I' —» X i then pr 4, 18 an 1somorph1sm
and, in particular, pr is an embedding. The fully faithfulness of (1.1.2) implies
that (pr) 4, is an isomorphism for some j > i, so we are done.

Injectzvzty Let ¢, v bein Hom, (X Y,) with ¢, = y, . If we denote by
1"¢ resp. F , the graph of ¢, resp. l// con51dered asasubspaceof X, x Y,
we have (F¢)A = I"¢A = I“WA = (FW)A. The subspace (I"(oﬂI' ) — 1" of F has
the property (I“¢ nr ) (I“¢) 4, and so, by the same argument as above we
get (F¢ n rw)Aj = (l'q,)A for some j > i or, alternatively, 1" ﬂF = 1"¢A

J
This proves 1"“ C rw,,. By symmetry, we may assume F = F , which
shows the injectijvity. 0 K

11. PROOF OF THE LOCAL STATEMENTS IN §1

We first show Theorem (1.9). Since the proof is partly very similar to that
of §9, we shall be brief at some points. By T, resp. T;, resp. T® , we denote
the associated formal space germs to A4, resp. A4, resp. A/ak+' . Let ¥ be
in Coh'(X > 0). We take an S-embedding X — Es , where D is a compact
polydisc around 0 in some C”, further a free graded algebra # over @, such
that %, has a differential s X, giving a resolvent of é’XT (we may assume that

Sx, L%(Z—l) is already defined over S), and a free graded #-module .#Z =
]_L.E £ m; together with an Sx, -compatible differential s on ./Z,., such that
(A}, s) is a resolution of & . We denote by 5o M — A the fiber differential
of s. By the formula d(m;) := 1&sy(m,), i € I, we get a sXT-compatiblc
differential J: #, — .#,. We put

A := Hom,, (M, M), & =% /FZ( ))

©Z:=Hom, (A, M), Z:=("ZLIF*F )(2")

where F™(---) is defined analogously to (7.1). Then these graded objects are
complexes (with differential induced by u — [s, u], resp. u — [s,, u]) and
sheaves of graded Lie algebras. The homogeneous components of £, resp.
&, are finite free modules over @BT , Tesp. &5 . We have

g@zj% (F,F)=H'("ZL)=H(Z).
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Here the last identity follows from the fact that H” (F 2(-%)) =0forv=1,2.
Moreover, since SingXT(E" ) is finite over T and ¥ is flatover T at all points
not in Sing X, (&), we obtain easily

. 1
(11.1.1) dime H' (Z) g, < 0.
Now the map
(11.1.2) 45 L - L
induced by

W [d, w]+ 3w, w]
is even “definable over S.” This follows immediately from the fact that
Sx, lﬂ}z_’) is defined over S and [J, w]|%, 2//(T° =0,s0 [J, —]I.‘ZTl is defin-
able over S. We fix a triangle set A C R';O which is privileged for the complex
2) (compare [B-K, Kap. II, §3]). Then
L,:=T(D(p),2)," pea,
is a graded PO-Lie algebra (even in the “strict sense”) with PO-Lie group G 5>
associated to Lg, and we have restriction maps

!
Lp—»Lp,, forp <p.
We set
=(L,),, X
so L ) is a graded Banach Lie algebra, and we may assume that

(11.1.3) H'L)=H(Z)q. PpEA,
if A is small enough. The map (11.1.2) induces strictly convergent S-mor-

phisms
2

I
4L, s— L, s

and S-morphisms
— =l -2
q,: Lp,S — Lp,S
of banachanalytic spaces, compatible in p. We put Wp = ﬁ;'(o) , where o is
. -2 . .. .
the zero-section of L 0.5 S . Again, we have the adjoint representation

w,: Gy sxsL, s =L, s

induced by (g, u) — gug_ (if we use an “interpretation” of G , as automor-
phisms), and also
wp GprSLpS_)Lp,S

YHere D(p) is the open polydisc of multi-radius p around 0 C".
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. —1 —1 el 1 1 3 ”»
The Taylor expansion wp[é] of @, G, sxs L,¢g—L,s around (0, J)
is well defined here: it is induced by (g, u) — gug_l + g6g_1 —d, and
(gog ' - 6)|/£/T(2'2) is already defined over S, since its restriction to £, Zlﬁ

is zero. In this way, we obtain again an operation
! —1
[5] Gp s Xs p s_’Lp,s

and ¢ p is equivariant with respect to @ p[é], wf, .
We fix p, € A. By the proof of (3.3.2) and (11.1.1), (11.1.3), we can find a
finite-dimensional subgerm Y C (Wp0 , 0), such that

(11.1.4) B61:G, sxs ¥ > W,
is a smooth S-map of banachanalytic space germs for each p € A, p < p,.
Our differential s gives a S-map
5, T - W,J

for each such p, compatible with W, — W, for p<p.Let (g,x): T —
G 5.5 Xs Y be a lifting of s . Then yx is already defined on some 7;. The
construction of §9 shows us that there is a module ¥ € Coh(X, , 0) with
¥,= % . It remains to show that & is in Coh'(XA. ,0). Let Ti' C‘Ti be the
universal subspace with the property that &, x is tlat over Ti' for all points
x € X,\{0}. If the isomorphism &, = F isl defined at all points of X, C D
(otherwise shrink D), then T — T, necessarily factorizes over Ti'. But then
T, = T since A, — A is injective. This implies Ze Coh( 4, 0).

We consider the second functor in (1.9), which is the composition of

Coh’(X,,, 0) & Coh'((X,, 0)") % lim Coh’(X 0),
k

A/ak“ s

«w/Nss

where means the completion with respect to the ideal a&, . If we replace
A I

Coh'(---) by Coh(---), then it is known that k is an equivalence of categories.
But this is also true for Coh'(---), which is a consequence of the following
facts:

Let A be a noetherian commutative ring and M a finite A-module. Then
the singularity set Sing,(M) of M can be defined by the ideal

ZF )-Ann ,(F,_,(M))

r=0
(compare [Ku, Appendix D]), where F;(M) denotes the ith Fitting ideal of
M.

(11.2) Lemma. Let A — B be a local homomorphism of local noetherian rings,
a C m, an ideal, and M a finite B-module. We put 4, := Afdt, B, =
B®,A,, M, :=MQ®;B,.
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Assume that B, /Sy (My) is a finite A -module for each k € N. Then
B/Sy(M)+aB isa finite A;-module. If A is a-adically complete, then B/Sy(M)
is finite over A.

Proof. Take a prime ideal y € Spec(B) with y D aB and let y, be the image
of y in B, , which is prime again. Then we have the equivalent properties

D Sy(M) <3k eN:y, D SBk(Mk).

We denote by S, the pre-image of SBk(Mk) in B. Then, obviously, S;(M) C
Sis1 €Sk - So for any 1 € Spec(B), we have

9D Sp(M)+aB & 3k:pDS,.

This implies /S;(M) + aB = /S, , for k large enough. By assumption, B/S,
is finite over A4, . So we get that B/Sy(M) + aB is finite over 4.

Now assume A to be a-adically complete and set N := B/Sg(M). Obvi-
ously, it is sufficient to show that (N)"® is finite over A, since N — (N)"* is
injective. But this is standard now.

In the next step we are going to show the surjectivity of * which is more
subtle. Fix F in Coh'((X 4 0)"). With the notations above, F has a resolution
of the form (A |(D;, 0)", 5), where “*” means completion with respect to
a8, - For abbreviation, we set M. := (#;](Dy,0)", M := #|(D, 0),
R:=%|(D,0), Ry = (#|(Dy, 0)™, B:=Fy_,, B:= B“,f = B/m,B,
and K := &), = R°. Moreover, we define ®L; = Homﬁr(MT, M) and
L, L similarly as in the beginning. Obviously, we have H l(°°LT) =H l(LT)
and L;/m L, = L. We want to show that supp H "L c {my}. For this, let
n € Spec(K), n # my, and p be the pre-image of y in ﬁ(}. We distinguish
two cases:

(1) p 2 Ker(R). — B).

Here we get F, = 0. Consequently, (M\T)p and (M) are homotopic to zero.
This immediately implies H'(L), = H'(L,)=0.

(2) p O Ker(R). — B).

Let p’, resp. u’, be the image of p, resp. p, in ﬁ, resp. B. Then p’ and
n are prime again, since y D Ker(R® — B). We assume p’ D S5(F). Then
p D Sp(F )B. By assumption, §/SB(F ) is a finite A4-module, so y' D m%
for k large enough. This also implies y D m’,‘( and so y = m,, which is a
contradiction. Consequently, p’ 7 Sz(F) and Fp, is free over ﬁp/. By the
flatness of the composition A - B — B — BP/ , we see that M, is a resolution
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of fn, . This implies again H l(Ln) =H '(HomR (M, , M,)). Using the quasi-
isomorphisms

Homg (M, M) —_

/

we get H'(L ) =Ext; (F,,F,)=0.
The finiteness condition (11.1.1) holds now in this context too. With the
same argument as above, s induces S-morphisms

k k
s® T )—>Wp(k), plk) €A,

Hom, (M, F /)

—

Hom(ﬁr)v (Mp),, Fu’)

foreach k € N. Observe that the sequence (p(k)), 5 may convergeto 0 € R".
By (11.1.4), we have liftings (g,,, x;) of s to G,4).s Xs Y, which can
be even chosen compatible in k& (use induction on k and the smoothness in
(11.1.4)). Hence, we obtain a S-map x: T — Y with EL(k)[J](gp(k), xX) = s®
for all k. Because of Y C Wpo, we get a module & in Coh(X,, 0), such
that £ = F. Note that € is defined over D(p,),- But we have also & €

Cob'(X,, 0), since S,(%)"* =55(Z). O

The proof of Theorem (1.10) uses the same method and techniques, therefore
we restrict ourselves here to mentioning the data: Take £ in Gan'(4), a T-
embedding Z — ET (where D is some compact polydisc), a resolvent K5 of
O, and put

¥, =Derp(By, Fy), L= (CLF(CZ)) Y,
* P :=Der(#,R), L:="L/FL)=0.
The assumption on the smoothness locus of 2 — T gives the finiteness con-
dition (11.1.1). Observe that Der (%, , %#;) = HomﬂT(QgT/T , #Zr) and

Der(%Z , #) = Hom4(Q, , #). One chooses A again privileged for .# ©.2)
The rest of the proof of the assertion can be taken from §8 and from above. O

12. SOME APPLICATIONS

(12.1) First we want to give a proof for Corollary (1.3). Obviously, it is
sufficient to show the surjectivity of the functor in (1.3). For this, let & be
in Vect(X,) of rank r (we may assume that the special fiber X, is connected)

and £ a coherent sheaf in Coh(X,) with &, = . Let Y° > Y'>... >

Y* be the chain of closed subspaces of X, , defined by the chain of Fitting
ideals Fy(¥) C F|(¥)C - - C F(¥) of & (see [Ku, appendix D]). Because of
F(2),=F/(%,) forall v,weget X, =Y;=Y;=-—-=Y, ' >Y;=0.

v
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The fully faithfulness of (1.1.2) implies that X, =Y; for v =0,...,r—1
J J

and Y;. =, where j is some index > i. Then &, must be locally free of
J J
rank r (see [loc. cit., D.13]). This shows the assertion. O

Let X,S, A, A, beasin (1.2) and & a coherent &,-module. For a formal
O,-algebra B, we define

Qg /x/s,p(B)

to be the set of all quotients # of &; in Coh,(Xp). Obviously, Qg y/s ,(-)
is a (covariant) functor. Theorem (1.2) immediately gives us

(12.2) Theorem. The canonical map

li_r)n Qg/X/s,p(Ai) - QZ’/X/S,p(A)

iel
is bijective.
(12.3) Remark. Using Frisch’s theorem on the universal flat locus (compare
[Fr] or also [Fl-Ko, Theorem (5.7)]), it follows from (1.2), resp. (1.7), that
the functor (1.1.3), resp. (1.4.2), is an equivalence of categories. If we replace
Qs 1X/5,p by the subfunctor G, IX)S.p. [ consisting of those quotients which
are in addition flat over the base, then Theorem (12.2) holds for Q. /x/S.p.f A8
well (using the same argument).

In the book [B-K], the existence of semiuniversal deformations for 1-convex
spaces, considered as a germ along its exceptional set E , has been proved under
the assumption that E is analytically thin (see [loc. cit., (V.5.2)(b)]). We are
going to show that this condition is not necessary by using the surjectivity of
(1.1.2). The procedure is nearly the same as in [loc. cit.], the only difference
is that one has to prove a stronger version of the formal principle (V.6.2) for
deformations.

(12.4) Let S be a complex space and 7 C S a closed complex subspace with
infinitesimal neighborhoods S, , n € N. Moreover, we fix a point s € T. Fora
complex space X over S and a closed subset K of the fiber X, we denote by
(X/K)" the completion of the pseudocomplex space X|K = (K, 4|K) along
(the pre-image of) 7. If Y is another complex space over .S, L a closed subset
of Y ,and f: X — Y a S-morphism with f(K) C L, then the completion

(fI(K, L)": X][K - Y]L

of
(fI(K,L)): X|IK—-Y|L

along T is well defined. With these notions we have

(12.5) Theorem. Let X — S, X' — S be 1-convex spaces over S with relative
exceptional sets E,E' and 9: (X|E)" — (X'|E)" an S-morphism. Then
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Jfor each integer n > 0, there is an S-morphism ¢: X|E, — X 'IE; such that
¢sn = WS" .
Proof. Tt is no restriction to assume E_ and E; connected. Denote by f: X —
Y, f: X' - Y' the relative Remmert quotients of X, X' over S and put
F := f(E), F' := f/(E'). Then there is exactly one S-morphism v: (Y|FS)A —
(Y'|F))", making the diagram

(fIE, . F,)"
_

X|E, Y[F,
di Ik
Xl‘l‘E; Y/’l‘Es/

(/1B F))”
commutative. Since E_, E, are connected, one has F, = {y}, F, = {y} and
the assertion follows now from (12.7).

(12.6) We fix the situation in (12.4). Let f: X - Y, f': X' — Y’ be two sep-
arated S-morphisms and L = {y}, L' = {)'} be pointsin Y,, ¥,. We assume
that K = f7'(L), K" = f7'(L) and 7: (X|K)" - (X'|K)", ¥ (YIL)" -
(Y'|L")" are S-morphisms, such that the diagram

XTK (JI(K, L) YIL

d
XK’ Y'[L

(f'1K L)
is commutative.

(12.7) Theorem. Assume that f is proper in the situation above. Then for each
n >0, there are S-morphisms ¢: X|K — X'|K', y: Y|L - Y'|L' with ¢ =
95 . Wg =V and such that

(SIK', L)) op=wo(fI(K, L)).

Proof. In the following, we consider X, X', resp. Y, Y', always as pseudo-
complex spaces along K, K, resp. L, L' . Obviously, 4 := (ﬁy)A = é’? (com-
pletion with respect to T) is a formal algebra over &, . We fix an exhaustion
(A4,;);c; of A by convergent @, -subalgebras. Let T, be the associated space
germ to A;. Then there is a factorization of ¥ into Y - T, - Y' for some
i€l and /

Z =X T X1 X T

is a space in An(T,). Obviously, we have Z; = X x,. X'. The graph I, of

¥ is a closed subspace of Z; , proper over Y . By (1.2), there is some j > i
and a closed subspace I' of Z, with I'; = I"a. We may also assume that
J
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the projection I' — X T, is an isomorphism, otherwise we increase j enough.
Consequently, T" is the graph of a T-morphnsm XXy — X . Now, we take
an nth order approximation p: Y — TJ of the Y-morphlsm Y - T] , such
that Y 5 Tj — Y is the identity and put

!

Then (¢, w) has the desired properties. O

13. APPENDIX

For the convenience of the reader we want to mention here some notions
from [B-K] which are indispensable for this paper.

Let E be a C-vector space. Then FE is called a PO-space if E is endowed
with a family ||-]|,, 4 € ]0, 1[, of seminorms, such that ||-||,; <|-||, holds for
A < A. Fix ¢ €10, 1[. The category PO, is by definition the category whose
objects are PO-spaces and whose morphisms u: E — F are C-linear mappings,
such that there is a constant C = C(u) > 0 with |lu(e)||, < Cl|le||, forall e € E
and A €[l —¢, I[. We put PO := mePOE. Let E be a PO-space. Then
E, denotes the completion of E with respect to the seminorm || - ||,. The
projective limit E, := 1+i£1/1<z E, of Banach spaces, defined for ¢ € 10, 1[, is
in a natural way a PO-space with || - ||j1 =1l For 0< { <t<1, one has
canonical homomorphisms (also called “restrictions”) i, ,: E, — E, which

are compatible with the PO-structures. Obviously, E, is the completion E
of E as a topological vector space. E is called nuclear if the canonical maps
E — E . are nuclear maps between Banach spaces for A’ < 4. In this case all
E 0 <t <1, are FN-spaces. Let ¢ bein ]0, 1]. We call E e&-good, if E is
complete and all maps E, - E, are injective for 1 —e <A’ <A<1.

The most important example of a PO-space is the following. Let x be a
fixed point in C" and

P;:{zeC":|zi—xi|<b,-,lSiS”}

the open polydisc around x with multi-radius b = (b, ..., b,) € (R>0)" . We

denote by pY the (concentric) shrinking of P by the factor 4 € ]0, 1[. Let
f=%,f(z—x)" be a holomorphic function on P. We define

£, = S R"e",  aeto, 1L

veN"

Then E :=T(P, @.) is a PO-space with this family of seminorms. Moreover,
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E is 1-good and nuclear. We have the identifications
E,=B(PP,0.), 0<i<l,
E=T(P",g.), 0<t<l.
Here B(K, @..) denotes the Banach algebra of continuous functions f: K — C
on K c C" compact, such that f |I°< is holomorphic.
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