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INVERSE SCATTERING FOR SINGULAR POTENTIALS
IN TWO DIMENSIONS

ZIQI SUN AND GUNTHER UHLMANN

ABSTRACT. We consider the Schrodinger equation for a compactly supported
potential having jump type singularities at a subdomain of R2. We prove that
knowledge of the scattering amplitude at a fixed energy, determines the location
of the singularity as well as the jump across the curve of discontinuity. This
result follows from a similar result for the Dirichlet to Neumann map associated
to the Schrédinger equation for a compactly supported potential with the same
type of singularities.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this paper we consider the Schrodinger equation for a compactly supported
potential, ¢, having jump type singularities at a subdomain of R?. We prove
that knowledge of the scattering amplitude at a fixed energy, A¢, determines the
location of the singularity as well as the jump across the curve of discontinuity.

This problem is reduced to the study of the Dirichlet to Neumann map for
the Schrodinger operator —A + ¢ — A3 in a bounded domain of R?. (For the
application considered here it is enough to consider the domain to be a ball
containing the support of g.) We prove that in dimension two the Dirichlet to
Neumann map for the Schrédinger operator —A + g — Ag determines uniquely
the location of the singularity of g as well as its jump across the curve of
discontinuity.

The scattering amplitude of a potential g € L>°(R") with compact support is
defined via the outgoing eigenfunctions. Namely, VA € R\0, w € S"~!, there
exists ¥, (4, x, w), solution of

(1.1) (~A+q -2y, =0
satisfying
(1.2) W, = e 4 a4(4, 0, w)e*! + O(|x| (=720

|x|(”—|)/2

with 6 = x/|x|. The scattering amplitude, a,(4, 6, w), measures the effect of
the potential ¢ on plane waves of the form e/**'®
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The inverse scattering problem at a fixed frequency 4y € R\0 is to study the
map

N
(1.3) g2 a,

where

(1.4) aq.5,(0, w) =au(4o, 0, w).

In dimensions n > 3 the map %, is formally overdetermined in the sense
that we want to determine a function of rn-variables from a function depending
on 2(n — 1) variables. Injectivity of 2 was proved by Novikov [No] in this
case. This result can also be proven, as we shall indicate below, as a conse-
quence of the global uniqueness result proven by Sylvester and Uhlmann for
the Dirichlet to Neumann map A,_ e [S-U, I]. See §2 for more details.

However, injectivity of %/ is an open question in the 2-dimensional case.
The difficulty is that this is a formally determined problem in this case. In-
jectivity of &, for g close to zero was proven by Novikov [No]. Again this
result follows from the corresponding result for the Dirichlet to Neumann map,
Aq_l(z) , proven by Sylvester and Uhlmann [S-U, II]. Sun and Uhlmann [Su-U,
I] used the results of [Su-U, II] for the Dirichlet to Neumann to prove that ./
is locally injective near most potentials (an open and dense set of potentials in
the W!.> topology) and globally injective for pairs of potentials in an open
and dense set in the W1 x W1 topology.

In this paper we consider potentials g; € L>(R?), j = 1,2, with com-
pact support, having jump type singularities across the boundary of a bounded
smooth domain Q) c R?, j =1, 2. More precisely,

Theorem 1. Let g; € C‘(Q_é), gj € CY(RA\Q)), j =1, 2. Also assume that
(@F —a)eq, # 0, j = 1,2. If S,(q1) = H,(q2), then Q) = Qf and
(gf —ay )lag‘l) =(q5 —4q; )|agg where q;“ (resp. qj‘) denotes the interior (resp.
exterior) limit of q; on 9.

We now define the Dirichlet to Neumann map. Assume that g € L>(Q),
where Q C R” is a bounded smooth domain. Assume also that A2 € R\0 is

not a Dirichlet eigenvalue for —A + g. Then for every f € H'/?(0Q) there is
a unique solution u € H'(Q) of the Dirichlet problem

(1.5) (-A+q-24u=0,  ulsa="/

Then we define

(16) Mg =55)

with u a solution of (1.5) and v the outer unit normal to 9Q. The inverse
problem is then to study the map

A
(1.7) a5 Az

Injectivity of A was proven in [S-U, I] in the case n > 3 for g € C*(Q).
This was extended to ¢ € L>®(Q) in [N-S-U]. This problem is formally overde-
termined in this case. For the formally determined 2-dimensional case injec-
tivity of A was proved in a W!->(Q) neighborhood of ¢ = 0 [S-U, II]. This
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was extended by Sun to potentials close to constant [Su, I]. Recently, Sun and
Uhlmann [Su-U, II] proved that A is injective near most potentials (an open
and dense set in W' ><(Q)). In this paper we prove

Theorem 2. Let q; € L>(Q) where Q is a bounded smooth domain in R2 and
g, €C\(Qy), gjeC HQ\Q)) where Q) is a bounded smooth domain such that

Qé CQ, j=1,2. Assume that A} € R is not an eigenvalue for —A + q;, and
4] =g Moy #0, j=1,2.1f

(1.8) Aql_i(z) = qu_lé 5

then
Qy=Qf and (qf - 4 )loay = (45 — 43 )logz
with g defined as in Theorem 1.

In §2 we shall show that Theorem 2 implies Theorem 1. The proof of Theo-
rem 2 consists in showing that the hypothesis (1.8) implies that g;—¢q, € C%(Q) .
This is done by using an extension of the special solutions constructed in [S-U,
II] to potentials with jump type singularities across a submanifold.

Isakov [I] has considered earlier the inverse transmission problem and ob-
tained several interesting uniqueness results. However, his methods do not
apply here.

The plan of this paper is as follows: In §2 we shall prove Theorem | and
Theorem 2, and in §3 we shall prove a technical proposition needed in §2.

2. PROOFS OF THE THEOREMS
First we show how to prove Theorem 1 using Theorem 2. It is well known by
now how to relate the Dirichlet to Neumann map A,_ 2 with the fixed energy

scattering amplitude a(4g, 6, w) in any dimension. We sketch the procedure
below. We assume g € L*(R"), suppg C B(0, R). Let G,(x,y, Ap) be the
outgoing Green’s kernel for —A+ ¢ —A3. The single-layer operator, which is an
invertible operator from H'/2(0Q) to H??(0Q), is defined by

2.1) St = [ g 6ol ¥ 400/ (9)dS

where dS denotes surface measure.
It was proven in [N] (see Theorem 1.6; the proof is also valid in two dimen-
sions) that

(2.2) Apg = n

is injective. More precisely (see (1.40) in [N])

(2.3) Agjz=A_p+ 5’;:]3 G

where 5; + 2 is as in (2.1) with ¢ = 0. Next we sketch how to prove that the
map

(2.4) Freiy = (@)

is injective.
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This is an old result of Berezanskii [B] who showed how to go from the far

field (%4,(q)) to the near field (& ,13). The main element is the asymptotic
expansion of the outgoing Green’s kernel, namely

etolx| —(n=1)/2—1
(2.5) Gy(x,y, A) = W%(%,y, ) + O(|x| )

with 8 = —x/|x| and y, the outgoing eigenfunction. Now if .2 (q1) =
#,(q2), by (2.5) and (1.1) we get
(2.6) Ga(x, ¥, A0) = Gg,(x, ¥, Ao) = O(|x|~tn= V2=t |y|=(n=Di2= 1),
Now

¢(X, y) = qu(X, Y, lO)"qu(x’ Y, AO)
solves

(~Ax—A)p =0 for|x| >R, |y| > R.
Therefore by Rellich’s lemma we obtain that

qu(X,y, '10) = qu(x, y, 10) for |XI, ‘yl > R

proving the injectivity of the map (2.4).

In this way, we have reduced the proof of Theorem 1 to the proof of Theorem
2.

Theorem 2 follows readily from the following

Proposition 2.1. Assume Q, Ao, Qé, gj, j = 1,2, as in Theorem 2 with
Aql_;% = qu_;% . Then q —q» € CO(Q) .

Before giving a proof of Proposition 2.1, we need to recall the construction
of special solutions of (—A + q)u =0, where g € L>* with compact support.

Proposition 2.2 [S-U, II]. Let { € C2 with {-{ =0, g € L*(R?) with compact
support, and —1 < & < 0. Then there exists a constant C; = C\(d) such that
Jor |8 > Cill(1+1x|2)qll L= gey » there exists a unique solution of (~A+q)uq =0
in R? of the form

(2'7) uq(x’ C) = eX°C(1 + Wq(xa C))

with y, € LX(R?). Furthermore there exists a constant C; = C3(6, ||qlL~(r2))
such that

(2.8) I¥all 2wy < G /IL]

Here L%(R?) is the weighted L* space:

2.9) GE) = {7: [ (a4 prisps <o),
R2

If we choose

(2.10) C=%(ik+.lk), k=(k1,k2)eR2,J=(_01 1>,i=\/—_1,

then a straightforward computation shows that

9 + (ko + ik))wg —awy = q.
The above proposition follows directly from the lemma below.
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Lemma 2.1 [S-U, II]. Let g € L>(R?), with compact support and f € L}, (R?),
—1<d<0,and | € C. Then there exists a constant C3 = C3(J) such that for
11| > C3[|(1+1x|2) gl Lo (re) there exists a unique function w € L}(R?) satisfying
(2.11) 8O0 +)w—-gw=f inR>.
Moreover

||w||L§(1R2) < (C4/|l|)“f“L§+l(]R2) s
where Cy = C4(9, ||8llL~(r2)) IS a constant.

In [S-U, II] it was also proven that if we assume in addition that g € C'(R?)
then y, has an asymptotic expansion for |{| large of the form

_ _ax) b(x, k) D2
(2.12) Ye(x, ) = ik T Tt kR x in R?,

with a, b € L(R?), —1 < < 0. Moreover,

lallr2me) + 161l 2 g2y < Cs

where Cs = C(d, ||qllc1(r2)) 1s a constant.
Here a satisfies

(2.13) da=q
and b satisfies
(2.14) 0(0 + ky + ik))b — qb = k(qa — 40q).

In our case the difficulty in proving an expansion of the form (2.12) is that
we cannot directly use the proof in [S-U, II] to conclude b € L}(R?) since the
right-hand side of (2.14) is not even a function. A very similar problem was
considered in [Su, II]. An expansion of the form (2.12) was proven there if 9¢q
has delta type singularities on the boundary of simply connected smooth sub-
domains of Q. In our case, we need to prove such an expansion for potentials
having jump type singularities across general smooth subdomain of €, not just
simply connected ones. However, this difficulty can be dealt with, as stated in
the next proposition. The proof of this result will be given in the next section.

Proposition 2.3. Let g € L™(R?) with compact support and Qy C R? be a
bounded domain with smooth boundary. Let q € C'(Qy), and q € C'(R?\Qy).
Let { €C? with {-{=0, —1<6<0. Then for |{| > Ci||(1 +|x|*)qll &) -
the unique solution of (—A+ q)u =0 asin (2.7) satisfies

_ a(x) b(X,k)
(2.15) Vo, O = it T o 1 k)

with

x in R?,

||a||L§(R2) +Ib(x, k)“Lg(RZ) < Ce

and Cg = Cg(d, lgllerg,) - l9llcrr\q,)) IS @ constant.

Given g € L>*(Q) and the corresponding special solution y, as in (2.4)
(we extend g = 0 outside Q). We consider the function 7, considered in the
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0 approach to the inverse scattering problem by Beals and Coifman [B-C] and
Ablowitz and Nachman [N-A], which is defined by

(2.16) T,(k) = /Q ek g(x)(1 + wy(x, &) dx
where k = (k;, k;) € R?, |k| large and

1 . 0 1
E(Jk+lk)’ J=<_1 O)

An important fact about 7, is that knowledge of A, determines 7, uniquely
as a function of k for |k| large (see [N-S-U]). The proof of this fact follows
readily by integrating by parts and a result in [S-U, II]. Namely, ,(x, &)
satisfies

(2.17) Sk =

(2.18) Ay, + 28 -V, = qy, + 4.

Multiplying (2.18) by e’*"% | integrating both sides of (2.15) over Q, and using
Green’s theorem we get

T,(k) = / ek g(x)(1 + wg(x, &) dx
(2.19) @

=/6Q [drk%_w aal/( ixe k)+2e1x k(ék l/)l//q ds.

Thus, T,(k) depends only on the boundary values of y, and of dy,/0v.
Applying Proposition 2.1 of [S-U, II] we have that these boundary values are
determined uniquely by A, . Therefore T, is determined uniquely by A, .

In the proof below we shall show that 7, contains all the information about
the location of the singularity of g as well as the jump of ¢ across the curve
of discontinuity. A very interesting problem is to reconstruct the location of

singularities of the potential and the jump across the surface of discontinuity
from T,.

Proof of Theorem 2 using Proposition 2.3. Let R = Cy||(1 + |x|?*)q||z~ where
C, is as in Proposition 2.2. We assume R > 1. We shall show that

(2.20) k|(T, (k) — 4(k)) € L*(jk| > R), 0<s<l.
By (2.19),

Ty - (k) = [ e quq(x, &) dx
By Proposition 2.3 we have that

1
||t

&l

/ Bk gy, &) dx
Q

<

/e’x"‘ (x )a(x)dx!
/|q b(x, k)| dx.

—

+
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Thus we get
1/2
(/ |k|2S|Tq<k>—a<k>|2dk) <
|k|>R

¥ ( L. ( kllz_s)z ([ aiecr. k)Idx>2 dk)

=1+ 1.

/ e*kq(x)a(x)dx
Q

1/2

L}(R?)

By using Plancherel’s Theorem we obtain

I = /nz e*kq(x)a(x)dx

= 2n)*lg(x)a(x)|| 2x2)
L(R?)

and by the estimate (2.12) on a(x) we get
I < gl @ 18l 3000) < +oc.

Using the estimate on b(x, k) in Proposition 2.3 we obtain

1/2
1 2
I < lalli=@ ( [ (=) ub(~,k>||iz<mdk) < Cllgllz=q@ < o
iki>r \ k|

for some constant C < oco. Thus, we have proven (2.20). Nowlet g;, j=1, 2,
be given satisfying the hypotheses of Theorem 2. The assumption A, =
implies
T, (k) = Ty, (k) for |k| large.
Thus
0 - 0:0) = [ o dx— [ eFaruy, dx
and by (2.20)
|k* (41 (k) — da(k)) € L*(|k| > R)
for 0 <s < 1. This implies that
Gi(k) — ga(k) € L(R?)
and, consequently,
(2.21) qi(x) — q2(x) € H(Q) foralls,0<s< 1.

To prove that g, and ¢, have the same location of singularity as well as
jump across the discontinuities, it is enough to show that

(2.22) a1 — g € COQ).

This follows from (2.18) and the following trace lemma.

Lemma 2.2. Let h be a piecewise C' function defined on Q. Suppose h €
HS(Q), s> 1/2. Then h e CY(Q).

Proof. Suppose h is not in C%(Q). Since h is piecewise C' there exists a
disc B C Q and a simple C' curve L C B such that when we restrict 4 on
B, h is C!' on B\L and h has jump type discontinuities on L. We may
assume, without loss of generality that B = {|x| < ¢} and L is a portion
of the x;-axis in B. Furthermore, by multiplying 4 by a suitable compactly
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supported, positive function, one may assume further that 4 itself is supported
in B. Now consider the function:

F:xy— h(-, x3) € L*(Ry,), X #0,

where h(-, x;) is defined as a function of x,. By assumption, & € H5(R?),
s > 1/2. Thus by the standard trace theorem, F must be continuous as a map
from R,,, to L%(R,,). But this is not the case since

lim A(-, x3) # lim A(-, x3). O
x,—0t x;—0-

3. PROOF OF PROPOSITION 2.3

This section is devoted to the proof of Proposition 2.3. We shall show that
the special solutions y, have expansions of the form (2.12) for |k| large, where
q has a jump type discontinuity across the boundary of a subdomain Q, C Q.
The existence of such an expansion is proven in [Su, II] when Q; is a simply
connected domain. In the case that Q; is not simply connected some difficulties
arise and the method in [Su, II] cannot be applied directly.

First we claim that, under the hypotheses of Proposition 2.3, the function ¢
can always be written as a sum of a finite number of other functions that carry
only jump type discontinuity across some simply-connected domains. We state
a simple lemma describing precisely such a decomposition of ¢ .

Lemma 3.1. Let g be a function in L*(Q) such that q € C Q- Q) and
g € CY(Qy), where Qy C Q is a subdomain with smooth boundary. Then there
exists a simply-connected domain D;, and functions qo, q;, 1 < j < m, such
that

(1) q=QO+ET=1Qj-
(2) @eClQ).
(3) 4gjlp, € C'(D)), gjlap, =0, 1 <j<m.

Proof. The proof of this lemma is elementary but cumbersome. We only give
a detailed proof for a special case. The complete proof can be done using
induction.

Let D;, D,, and D3 be simply-connected domains with smooth boundary
such that Dy,ND, =@, D; CQ, j=1,2,and D3 C D,. We consider the
case that Qy = D; U (D,\D3).

Let go € C'(Q) be a C! extension of glg\q, to Q, i.e., go(x) = g(x) for
x € Q\Qp. Then let

q(x) —do(x), x€ Dy,
a0 ={ 8
s X € Q\Dl

Next, let g; € C!(D;) bea C! extension of g(x)— go(x)|p,\p, to D, and

set

(4, xeD,,
(%) = { 0, x€D.
Finally set
g5(x) = { q4(x) —q2(x), x€Ds,
3 0, x € Q\Ds.
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Clearly, qo, 91, 42, and g3 satisfy the condition of Lemma 3.1.

Hereafter, we assume g = qo + Z;":] q; where qo,q;, 1 < j < m,are given
by the above lemma. For y, to have an expansion of the form (2.2), a and b
must satisfy

(3.1) da=gq,

(3.2) 0(0 + (ky + ik;))b — gb = k(qa — 40q).

As we mentioned earlier, the difficulty in obtaining the expansion (2.2) lies in
the equation (3.2). More specifically, the discontinuity of ¢ introduces a delta
type singularity in dq, while the rest of the right-hand side of (3.2) gives no
problem. We divide b into two parts

(3.3) b=b +b,

where

(3.4) 38 + (ky + ik;))by — gby = kqa — 4kdqo,
(3.5) 90 + (ky + iky))by — gby = —4k ) g;.

j=1
By Lemma 3.1, we note that dqy € L> with compact support. (We define

(0qo)(x) = 0 when x € R?\Q.) Then by Lemma 2.1, there exists a solution
b, satisfying (3.4) and

(3.6) 161 (-, k)||Lg(1R2) <C

where C is independent of k.
To solve (3.5), we divide b, into two parts again:

(3.7) by = b3 + by

where

(3.8) (0 + (ks + iki))bs = 4k 3 0g;,
j=1

(39) 5(8 + (kz + lk[))b4 - qb4 = qb3.

The crux of the matter is to solve (3.8). Suppose for the moment that one gets
a solution b3 in L3(R?) for (3.8). Then by Lemma 2.4 again, there will be a
solution b4 for (3.9) and the whole problem is solved.

Let / be a simple closed and smooth curve in R?, and let h € L*(/). We
define the distribution d, ; € D'(R?) by

(3.10) On,1(9) = /Ih(f)(v(f)df, Vg € C5°(R?).

Let f be a function on R? such that f is C! everywhere except in /, where
S/ has a jump type discontinuity across /. We denote by [f]; its jump, that is

(3.11) V@)= lim fx)- lm S0,

from inside / from outside /
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Using these notations we can write

04 = 0((x,)-iv(x2))a;}/2,0D; T Pj > 1<j<m,

where v(x;), v(x;) denote the x; and x; components of v and

dq;j, x¢€DjorR*\D; )
3.12 = 2 J I 1<j<m,
(3.12) bi {m x €dD;, sJ=m
and z = x; + ix,. Then we split b3 into
m
(3.13) by=by+) b],
Jj=1
where
_ . m
(3.14) 8(0 + (ky + ik1))bs = 4k >_ p;,
Jj=1

(3.15) 3(8 + (k + iky))bj = 4k (x,)—iv(xa)ig)1/2, 0D, » 1<j<m.

From (3.12) we conclude p; € L>(Q), thus we can get a solution for (3.14)
using Lemma 2.4. The existence of a solution for (3.15) follows directly from
the proposition below.

Proposition 3.1. Let [ be a simple closed and smooth curve in R? and let h €
H'(l). There exists a unique function @ in L3(R?), —1 <d <0, satisfying

(3.16) (0 + (ki + iky))w = 6y
provided that k = k, + ik, # 0. Moreover
(3.17) ool zaqe) < (C/RDIAN sy 17

Proof. The proof of this proposition is similar to the proof of Lemma 5.1 in
[Su, IT]. We only give an outline of the proof. Let us recall two lemmas. Let L
be either 9 or 0.

Lemma 3.2 [S-U, ). Let f € L3, ,(R?), —1 < < 0. Then there exists a
unique solution u € L3(R?) satisfying

(3.18) Lu=/.
Moreover
(3.19) ||u||L§(1R2) + ||vu”L§H(R2) < C||f||L;+](R2) )

where C = C(d) is a constant.

Lemma 3.3 [Su, II]. Let [ = {x € R?, |x|=1}, he H'(]), =1 <36 <0. Then
there exists a unique v € LX(R?) satisfies

(320) Lv = (5/‘,.

Moreover,

(3.21) “U“Lg(RZ) < C“f”LZ(I) >
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(3.22) IVl 2gxiety + V0022 g5ty < A 1 vy
We construct

(3.23) =LA+ e MMk g

A computation shows that w solves (3.16) if

(3.24) 94 =0y,

(3.25) OB = —e?mk2)g 4,

By a conformal change of variables, we may assume that / is the unit circle of
R2. (Note that & and 0 is invariant under such a change of variables.) Using
Lemma 3.3 we get a unique solution A4 satisfying

1/2 1/2
(3.26) 14l gy + 1940z gevgy S ClRI s 1A
To prove (3.20), we note that (assuming / is the unit circle) 94 = dz/z)n, 1+ 41,

where
{ 04, zeRX\/,
A =

0, zel,
is a function in L%, (R?). We write
(3.27) B=B +B,,
where
(3.28) OBy = —e*™KDS 5 h 1= Oz om0 »
(3.29) OB, = A,.

By using Lemma 3.3, we get a solution B, € L%(RZ) and
(3.30) 1Bl 2zey < CllANG Al

Since 4, € L}, ,(R?) is a regular function, one can solve (3.28) by using Lemma
3.3 to get a solution B, satisfying

(3.31) ||32”L§(1R2) < Cl!VA||L§+l(RZ\1)'

Combining the estimates (3.26), (3.30), and (3.31) one gets the estimate (3.17).
The existence of the expansion (3.2) is now proven. Uniqueness follows from
Lemma 2.1. O
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