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HOMOGENEOUS FOLIATIONS OF SPHERES

DUOJIA LU

Abstract. In this paper we discuss Riemannian foliations of the round sphere.

We prove that there are no homogeneous Riemannian foliations of the round

sphere with dimensions of the leaves bigger than three.

1. Definitions and the statement of the Main Theorem

A foliation (Mn, ZZF) of an «-dimensional smooth manifold M" is a k-

dimensional integrable subbundle of the tangent bundle TM" of M" (k <

n). The maximal integral submanifolds of dimension k are the leaves of the

foliation (Mn , ZF). We are only concerned with nontrivial foliations: 0 < k <

n.
Let (Mn , g) be a connected «-dimensional Riemannian manifold with the

metric g. Then a foliation (Mn , ZF) is called a Riemannian foliation if the

leaves are locally equidistant, namely, there is a small ball around every point of

M" such that the intersections of the leaves with the ball are parallel. Locally

the leaves are the fibers of a Riemannian submersion.

Let G be a Lie subgroup of Iso(M", g). Without loss of generality, we may

assume that G is connected. Then the orbits of G are locally equidistant. If,

furthermore, the orbits of G axe of the same dimension through every point,

we have the important case of a homogeneous Riemannian foliation. For the

round sphere S" , Gromoll and Grove proved the following theorem [6, 7].

Theorem 1.1 (Gromoll-Grove). Let (Sn , ^) be a Riemannian foliation ofi the

round sphere S". Then
(1) If Z?~ has I-dimensional fibers, then SF is a homogeneous Riemannian

foliation given by the orthogonal action of R1 on Ck = R2k (n = 2/c - 1 ), which

can be described after conjugation as

e2nit(zx ,z2,...,zn) = (e2nW^zx, e2"'e><z2,..., e2«'e*'zk),

o < dx < e2 < ■ ■ ■ < ek < i.

These foliations are Seifert fibrations (i.e., all fibers are compact) iff all 0, 's

are rational. There is only one filtration among these foliations, which is the
Hopfifibration Sx -> S2k~x -+ CPk~x corresponding to 0, = 62 = ■ ■ ■ = 6k = 1.

(2) y cannot have 2-dimensional fibers.
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(3) If ZF has 3-dimensional fibers, then ZF is a homogeneous Riemannian fo-

liation given by the direct sum of orthogonal irreducible representations of SU(2)

on C2k = R4k , which can be described after conjugation as

Vm,®Vmi®-..®Vm¡,     l<mx<m2<--<mj,

where the m¡ 's are odd positive integers and Vm¡ is the irreducible representation

of S U(2) on the complex space of homogeneous polynomials in two variables of

degree m¡. These foliations are all Seifert fibrations. The only fibration among

these is the Hopfifibration S3 —> S4k~x —► HP*-1 corresponding to mx = m2 =

••• = rtij = 1.

According to the above theorem of Gromoll and Grove, all the low dimen-

sional Riemannian foliations of the round spheres are homogeneous. In this

paper, we prove the following result which classifies the homogeneous Rieman-

nian foliations of the round spheres.

Main Theorem 1.2. // (Sn , ZF) is a nontrivial homogeneous Riemannian folia-

tion on the round sphere Sn , then ZF has either 1- or 3-dimensional fibers, and

ZF can be described as in Theorem 1.1.

Remark. Once one knows that the dimensions of the fibers of ZF are either

one or three, one can argue directly as in the following proof or one can use the

statement of Theorem 1.1 to get the description of ZF.
The classification of the Riemannian foliations of the round spheres is related

to the following rigidity theorem of Gromoll and Grove [5].

Theorem 1. 3 (Gromoll-Grove). Let M be a complete Riemannian manifold of

dimension n>2 with sectional curvature K > 1 and diam(/V7) = n/2, then M

is a homotopy sphere or M, the universal cover of M, is isometric to a rank-one

symmetric space, except possibly when M has the integral cohomology ring of

the Cayley projective plane Ca P2.

In the proof of this theorem, Gromoll and Grove applied their result on the

low dimensional Riemannian foliations of the round sphere S" . Correspond-

ingly, if one is able to show the uniqueness of the Riemannian foliations of S"
with fibers which are homotopy seven-spheres, then one can improve the above

rigidity theorem of Gromoll and Grove to say that either M is a homotopy

sphere or M is isometric to a rank-one symmetric space.

2. Proof of the Main Theorem

The idea of the proof of the Main Theorem 1.2 is to determine all equivalence

classes of orthogonal actions of connected Lie groups on S" whose isotropy

group at every point has the same dimension. Hence we look at all linear

representations of a compact connected Lie group and compute the dimensions

of the isotropy groups at each point of S" . For convenience, we assume that

all representations are faithful.

We achieve the proof of the Main Theorem 1.2 in three steps.

Step I. We prove the following proposition which enables us to consider only

the irreducible representations.
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Proposition 2.1. Let O: G —> SO(« + I) be a faithful representation of a con-

nected Lie group G of rank larger than one. If G> gives rise to a homogeneous

foliation, then <P is irreducible.

Proof. Assume <S> is not irreducible, i.e., after conjugation, we have the com-

plete, irreducible decomposition of O into <S> = Oi © <I>2 © ■ • • © Q>k , where

O, : 77 -* SO(ij), j =1,2, ... ,k, and n +1 = i\ + i2 H-h/'/t. Hence for g e
G, and x = (xi, x2,..., xk), Q>(g)x = x iff <bj(g)xj = xj, j = 1,2,..., k.
It follows that if Gx and Gx (j = 1,2, ... , k) denote the identity compo-

nents of the isotropy groups Gx at x and GXj at x¡ for j — 1, 2,..., k,

then G°x çf){GXj:xj ¿0,1 < j < k}. Since G°x and GXj are of the same

dimension, we have Gx = Gx if x} ^ 0 (1 < j < k). This implies that Gx is

a fixed subgroup of C7 for all x e G. Since <E> is faithful, we have Gx = {e},

where e is the identity element of G. This means that every isotropy subgroup

of G is discrete. Therefore a maximal torus of G acts on S" locally freely.

By diagonalization we see that this action must be a circle action. Hence G is
a rank-one Lie group.   Q.E.D.

Corollary 2.2. If a homogeneous Riemannian foliation ZF is given by a reducible

representation, then ZF has 1- or 3-dimensional fibers.

Proof. By Proposition 2.1 G is isomorphic to Sx, R1, SU(2), or SO(3) and
the action is free by using the same argument as in the proof of Proposition

2.1. Clearly all the locally free orthogonal actions of any rank-one connected

Lie group give rise to homogeneous Riemannian foliations with 1 - or 3-di-

mensional fibers.   Q.E.D.

Remark. One can show that if the action of a group G gives rise to a nonsingular

orbit foliation of a manifold, then the rank of the isotropy groups is equal to

that of G minus one.

Therefore, we only need to consider the irreducible representations.

Step II. Now we prove the following proposition which allows us to consider
only the case where « = 15 and k = 7 .

Proposition 2.3. Let ZF be a Riemannian foliation of the round sphere S" with

k-dimensional fibers. Then k = 1, 3, or 1. When k = 14, then « = 2m + 1
(m = 1, 2, ... ) ; when k = 3, then n = 4m + 3 (m = 1,2, ...); and when
k = 1, then « = 15.

The proof of this proposition is a direct application of several known theo-

rems. Here we list the theorems which will be used without proof.

Theorem 2.4 (Ghys [4]). Let S be a simply-connected Riemannian manifold

which is a rational homology sphere. If ZF is a Riemannian foliation on S,

then ZF is either a Seifert fibration or ZF has l-dimensional fibers.

Theorem 2.5 (Haefliger [8]). Let ZF be a Seifert fibration on a compact manifold

M. Let F be the generic fiber of ZF and X be the space ofi leaves. Then there
is a space BX and a continuous map from M onto BX which is homotopically

equivalent to a locally trivial fibration with base BX and fiber F. Furthermore,

there exists a natural map from BX to X inducing an isomorphism in rational

cohomology.
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Theorem 2.6 (Browder [3]). If p: S2 -> B is a fiber map, with base B and fiber
F connected polyhedra, B ^ point, then F = Sx, S3 or S1. In case F = S1,

B<=SS.

Proof of Proposition 2.3. Suppose k = 1 , then ZF is given by a representation

of R1 on Cm+1 by Theorem 1.1. Suppose k > 1, by Theorem 2.4, y is a

Seifert fibration. Then Theorems 2.5 and 2.6 imply that k = 3 or k = 1, and
when k = 1, then « = 15. When k = 3, an easy computation of cohomology

shows that « = 4m + 3 .   Q.E.D.

Remark. In case that ZF~ is a homogeneous foliation, the generic fibers are

simply the principal orbits of the group action by G. Hence the generic fiber

is a homogeneous manifold which is also a homotopy sphere. It is well known

that if a homogeneous manifold is a homotopy sphere, then it is diffeomorphic

to the standard sphere (Besse [1]). Therefore the generic fibers are in fact
diffeomorphic to spheres.

Step III. Now we have to look at irreducible orthogonal actions of connected

Lie groups on Sx5 and show that none of these groups has principal orbit

diffeomorphic to the sphere S"7. The following is a complete list of pairs (G, H)

of connected Lie groups such that G/H is diffeomorphic to S1 (Besse [1]).

(1) (SO(8),SO(7)).
(2) (SU(4),SU(3)).
(3) (U(4),U(3)).
(4) (Sp(2),Sp(l)).
(5) (Sp(2),U(l),Sp(l)U(l)).
(6) (Sp(2)Sp(l),Sp(l)Sp(l)).
(7) (Spin(7),G2).

Therefore, for each couple in the above list, we need to look at the faithful

irreducible representations of the group G of proper dimensions, namely those

representations which give us orthogonal actions of G on Sxs irreducibly and

faithfully. For short, we call these representations admissible.

We denote the equivalence classes of complex irreducible representations of

real type, complex type, and quaternionic type by Irr(C7, C)r , Irr(C7, C)c,

and Irr(C7, C)h respectively. Similarly, we denote the equivalence classes of

real irreducible representations of real, complex, and quaternionic types by

Irr(G, R)r, Irr(G, R)c and Irr(C7, R)H , respectively. For a complex repre-

sentation V, we let r£ V be the underlying real representation. It is well

known that if V e Irr(t7, C)R, then r%V = U©U where U e Irr(G, R)R.

If V e Irr(C7,C)c, then rgV e Irr(G\R)c, and if V e Irr((J,C)H, then

r^V e Irr(C7, R)h (see [2]). Hence the admissible representations come from

the complex 16-dimensional irreducible representations of real type, and the

complex 8-dimensional irreducible representations of complex of quaternionic

types.

We can derive the possible dimensions of admissible representations for G

of all couples in the above list by computations using Weyl's formula. The

results are as follows:

(1) SO(8). For SO(8), there are three complex 8-dimensional irreducible

representations and no 16-dimensional ones. Since all complex irreducible rep-
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resentations of SO(2/c) for k even are self-conjugate and of real type, these

representations are not admissible.

(2) SU(4). For SU(4), there are no irreducible complex representations of

eight and sixteen dimensions.

(3) U(4). Since SU(4) xU(l)-> U(4) is a covering map, any irreducible

representation of U(4) lifts up to an irreducible representation of SU(4) xU( 1).

On the other hand, any irreducible representation of SU(4) x U(l) is of the

form V ® V , where V and V are irreducible representations of SU(4) and

U(l) respectively. But V is 1-dimensional since U(l) is abelian. Hence the

dimension of V <g> V is the same as that of V. It follows that there are no

irreducible complex representations of dimensions eight and sixteen for U(4)

from the previous argument.

(4) Sp(2). For Sp(2), there is only one complex irreducible representa-

tion of possible dimension sixteen. This representation has the highest weight

X = Xx + X2, where X\ and X2 are the fundamental weights. Let Vx and V2

be the irreducible representations of Sp(2) corresponding to the fundamental

weights Xx and X2. Then the irreducible representation corresponding to X is

the Cartan composite V = Vx * V2, which is the irreducible summand of mul-

tiplicity one in Vx ® V2 with the highest weight X = Xx + X2. The irreducible
representation Vx of the fundamental weight Xx is the natural action of Sp(2)

on H2 = C4. The fundamental representation V2 is 5-dimensional and real,

which actually can be identified as the natural action of SO(5) on C ® R5.

Therefore, V is of quaternionic type which is not admissible.

(5) Sp(2)U(l). The irreducible representations of Sp(2)U(l) are of the

form V ® V, where V is an irreducible representation of Sp(2) and V of

U(l).   The fact that U(l) is abelian implies that  V is 1-dimensional.   So
V ® V has the same dimension as that of V. From (4), we know that the only

possible dimension for admissible representation of Sp(2)U(l) is sixteen, and

V is of quaternionic type.  Clearly,  V is not self-conjugate.  Hence V and

V axe not of the same type. Since V ® V is self-conjugate iff V and V axe

of the same type, then V ®V is not self-conjugate, therefore not of real type.
This implies there are no admissible representations for Sp(2)U(l).

(6) Sp(2)Sp(l). Let V®V bean irreducible representation of Sp(2)Sp(l),
where V is any irreducible representation of Sp(2) with the highest weight

X = m\Xx + m2X2.   mx, m2 e Z+ , Xx  and X2 the fundamental weights, and

V is any irreducible representation of Sp(l) with the highest weight mp,

m € Z+, p the fundamental weight. By Weyl's formula, we see that there are

two complex 8-dimensional irreducible representations of Sp(2)Sp(l) corre-

sponding to

(i)   imx, m2, m) = (0, 0, 7),
(ii)   (mi, m2, m) = (1, 0, 1).

There are also three complex 16-dimensional irreducible representations cor-

responding to

(iii)   imx, m2, m) = (0, 0, 15),
(iv)   imx, m2, m) = (1, 1,0),

(v)   (mx,m2,m) = (1,0, 3).

In cases (i), (iii), and (iv), either Sp(2) or Sp(l) acts trivially, therefore the

representations are not admissible.
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In case (ii), the corresponding representation is V ® V, where V is the

fundamental representation of Sp(2) with the highest weight X = Xx, and V

is the fundamental representation of Sp(l) with the highest weight p . In fact

V is the standard representation of Sp(2) on H2 = C4, and V is the standard

representation of Sp(l) on H = C2 . Hence V ® V is of real type, therefore

not admissible.
In case (v), the irreducible representation of Sp(2) Sp(l) is V® V , where V

is the fundamental representation of Sp(2) on H2 , and V is the 4-dimensional

representation of SU(2) = Sp(l) on the complex space of homogeneous poly-

nomials in two variables and of degree three. Clearly, both V and V are

quaternionic. This implies that V®V is real. Therefore we can write V®V =

U©U, where U is a real irreducible representation of Sp(2)Sp(l) of real di-

mension sixteen. So V ® V is admissible.

(7) Spin(7). There is only one complex 8-dimensional irreducible represen-

tation A3 of Spin(7) and no 16-dimensional ones. The representation A3 is

the only possibly admissible one for dimensional reasons. It is known that A3

is self-conjugate and of real type. Hence A3 is not admissible.

Now we see that the only admissible representation is V® V of Sp(2) Sp( 1 ),

where V is the fundamental representation of Sp(2) on H2 and V can be

seen as the standard action of SU(2) = Sp(l) on the complex space of ho-
mogeneous polynomials in two variables and of degree three.   Furthermore,
V ® V = U © U, where U is a real irreducible representation of real dimen-

sion sixteen with respect to some real structure. For different real structures,

the decomposition V ® V = U © U gives rise to isomorphic U 's. Hence we

need only to choose one real structure to see if U gives rise to a homogeneous

foliation.
Recall that U can be taken as the eigenspace of the positive eigenvalue one

of the real structures. On the other hand, if 7 is a quaternionic structure of

V and J' is a quaternionic structure of V, then J ® J' is a real structure

of V ® V. We choose J for V to be the multiplication by j from left.

Under the identification of H = C + C,, J is composed of the C-linear map

induced by right multiplication of j followed by complex conjugation c: C4 —►
C4 such that c(w) = w. The right multiplication by j can be written as
u + vj i-» (u + vj)j = -v + uj. Hence for z = (zi , z2, z3, z4) e C4, or

z = (zx+ z-ij, z2 + z4j), we have /

Jz = c(zj) = c(-z3 + Zxj , -Zi, + z2j)

or

Jz = c(-z3, -z4, zx, z2) = (-z3, -z4, z,, z2).

To choose J' for V , we identify V with the standard action of SU(2) on

the complex space of homogeneous polynomials in two variables and of degree

three. For any g e SU(2), and any f(zx, z2) e V, the action of g is given

by (g, fi(zx, z2)) H+ f((zx, z2)g).
Precisely, if we choose the monomials z3, z\z2, zxz\, and z\ as the linear

base of V , and write
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then the action on V is given by the matrix Ag

(

Ae =

a2b   _        ab2_

3a2b   a2a - 2abb   2adb - bb2   3b2a

2adb   aa2 - 2~äbb   3d2b3ab2 bf
ab -a2b

bl  \

)if

Let

œ =
0
0

1\
0
0
0/

and J' = ceo.  It is clear that ceo = coc and J'2 = (cto)2 = of = -1.  By

computation, œA = Ato and cA = Ac, where A = Aj.  So Acto = cAto =

cto A , that is, J' A = AJ'. Therefore J' is a quaternionic structure of V .

Since the eigenspace of the eigenvalue positive one of J ® J' is given by

{v®v' ®(J ® J')(v ® v') = v ® v' © (Jv) ® (J'v')\ v G V, v' e V'},

and for (ux + Vxj, u2 + v2j) e H2 , (ax ,a2,a$, af) 6 C4 , we have

J(ux + vxj, u2 + v2j) = (-Ux + H\j, -v2 + H2j),

J'(ax ,a2,ai, a4) = (a4, -â3, a2, -ax).

We see that

77 = {(ux + vxj, u2 + v2j) ® (ax ,a2,a^,, a4)

+ (-Ux + ü\j, -v2 + u2j) ® (d4, -d-i ,d2,-ax):

(ux + vxj, u2 + v2j) 6 H2, (ax ,a2,ai% a4) € C4}.

We now look at a specific point p :   p = ( 1, 0) ® ( 1, 0, 0, 0) -h (j, 0) ®
(0, 0, 0, -1 ), and compute the dimension of the isotropy group at p .

For any g e Sp(2) Sp(l), g can be written as

g =
((;«)•(*»)■

where

(I Í)«•<*>. v-» .
The image of p under the action of g is

€SU(2) = Sp(l).

(a, y)®(ai, -3a2b, 3ab , -b ) + (aj, yj)®(-b\ -3b2a, -3ä2b, -ä3).

If gp = p, then we see immediately that y = 0. Furthermore, by solving

the equation gp = p, we have a = 0 or b = 0, and in both cases ß = 0. For

b = 0, we have a ¿0 and

'-((

For a = 0, we have b ¿0, and

-1

0
a   0
0   a

-((Vï).(iî))

|¿| = 1, af = l.

\S\ = l,  b6=l.
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Since all the elements of the form

(US)-(-iS))
are conjugate to the elements of the isotropy group at p of the form

((".'!)■(!»)■

it follows that the identity component of the isotropy group at p is isomorphic

to S3. So we know that the dimension of the isotropy group at p is equal to

dim(S3) = 3.
Note that dim(Sp(2)) = 10 and dim(Sp(l)) = 3, so the dimension of the

orbit through p has dimension ten, which shows that the orbit of the action

through p is not covered by S1.

Thus Step III is completed and so is the proof of the Main Theorem 1.2.
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