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HOLOMORPHIC MOTIONS AND TEICHMULLER SPACES

C J. EARLE, I. KRA, AND S. L. KRUSHKAL'

In memory ofHalsey L. Royden

Abstract. We prove an equivariant form of Slodkowski's theorem that every

holomorphic motion of a subset of the extended complex plane C extends to a

holomorphic motion of C . As a consequence we prove that every holomorphic

map of the unit disc into Teichmüller space lifts to a holomorphic map into the

space of Beltrami forms. We use this lifting theorem to study the Teichmüller

metric.

1. Introduction

Let E be a subset of the extended complex plane C = C U {00} , and let A

be the unit disc {t G C; \t\ < 1} . By definition, a holomorphic motion of E is

a function /:Ax£->C satisfying

(a) f(0, z) = z for all z £ E ,^

(b) f(-,z) is a holomorphic ( C-valued) function on A for each z £ E, and

(c) f(t, •) is injective on E for each t £ A.

Holomorphic motions were introduced by Mané, Sad, and Sullivan in [24].

They have been important in the study of dynamical systems ([24], [36], and

[38]) and Kleinian groups ([37], [4], and [21]).
Since its inception the study of holomorphic motions has been dominated

by the problem of extending a given motion / : A x E -> C to a motion

/:AxF-tC of a set F that properly contains E. Important partial results

were obtained in [24], [39], and [5], and an essentially complete solution was
obtained by Slodkowski, who showed in [33] that every C-valued holomorphic

motion of a subset of C can be extended to a C-valued holomorphic motion of

C. (It is a routine matter to extend Slodkowski's result to the case of C-valued

motions. We indicate one method in the appendix of this paper.) A simpler

and more self-contained proof of Slodkowski's theorem (relying on essentially

the same basic machinery) has recently been given in [1]. See also [42].

There is an intimate connection between holomorphic motions and Teichmül-

ler spaces, first pointed out by Bers and Royden in [5]. They used results from

the theory of Teichmüller spaces to obtain theorems about holomorphic mo-

tions. In this paper we reverse that process by using Slodkowski's theorem to

obtain new results about Teichmüller spaces. We need an equivariant form of
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Slodkowski's theorem, which we prove in §2. (A more general equivariant ver-

sion of his theorem has been announced independently by Slodkowski in [34].)

As an immediate application, we show in §3.1 that every holomorphic map of

the unit disc into Teichmüller space can be lifted to a holomorphic map into

the space of Beltrami coefficients. (We remind the reader that in contrast the

projection from the space of Beltrami coefficients to Teichmüller space does

not admit a holomorphic section [7] unless the image Teichmüller space has

dimension zero or one.)

The lifting theorem in §3.1 seems likely to have numerous applications, some

of which we give here. It obviously resolves (in the affirmative) the conjecture

in [12] that every holomorphic map of the unit disc into the Teichmüller space

T(p, 0) can be lifted to a holomorphic map into the Teichmüller curve; see §3.2.

It also makes possible a very simple proof, given in §5, of Royden's theorem (see

[30]) on the equality of the Teichmüller and Kobayashi metrics on Teichmüller

space (even in the infinite dimensional case). After a brief discussion of ex-

tremal Beltrami coefficients, we turn our attention to the study of holomorphic

isometries of the unit disc into Teichmüller space. We show that if a holo-

morphic map from A into Teichmüller space preserves the distance between

t.vo distinct points or is an infinitesimal isometry at a single point, then it is a

global isometry. The one point case solves a problem posed and partially solved

in [31]. Even the two point case is new for infinite dimensional Teichmüller

spaces. Finally, we study the uniqueness of geodesies in Teichmüller space and

the uniqueness of the lifts of holomorphic maps of the disc into Teichmüller

space whose existence is guaranteed by the lifting theorem in §3.1.

2.  AN EQUIVARIANT VERSION OF SLODKOWSKI'S EXTENSION THEOREM

The proof of the extension theorem in Slodkowski [33] makes little effort to

control the properties of the extended motion, but it can easily be modified to
make some control possible. The following theorem is sufficient for our pur-

poses. Slodkowski has independently obtained a different equivariant version

of his extension theorem (see [34]).

Theorem 1. Let E be a subset of C that contains at least three points, and let G

be a group ofMöbius transformations that map E onto itself. Let f : A x E -* C

be a holomorphic motion of E. Suppose that for each g £ G and t £ A there

is a Mobius transformation 6t(g) such that

(1) f(t,g(z)) = 9t(g)(f(t,z))

for all z £ E. Then f can be extended to a holomorphic motion of C (still

called f) in such a way that (1) holds for all g £ G, t £ A, and z £ C.

Proof. The classical lambda lemma of [24] guarantees that / can be extended

to a holomorphic motion of the closure E of E, and that the extended motion,

which we still call /, is a continuous map from Ax E to C. The set E is G-

invariant, and the continuity of / implies that ( 1 ) holds for all g £ G, t £ A,

and z £ E. Therefore we shall assume from now on that E is closed.

For each t £ A and g £ G, the Möbius transformation 8t(g) is completely

determined by equation (1), since E contains at least three points. It follows

easily that for each t £ A,  9t is a homomorphism of G into the group of
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Möbius transformations and that 0O is tne identity. It also follows that each

of the homomorphisms 0, is injective. Indeed, if gx and g2 belong to G arid

Ot(gi) = Qt(gi), then equation (1) gives

f(t, gx(z)) = f(t,g2(z)) for all z£E.

Therefore gx(z) = g2(z) for all z £ E, so gx = g2.

Identifying the complex Lie group PSL (2, C) with the group of Möbius
transformations in the usual way, we obtain for each g in G a map / >-* 6t(g)

from A to PSL (2, C). We claim that each of these maps is holomorphic. To

see this, choose three distinct points zx, z2, z3 in E. For each t in A, let ht

be the unique Möbius transformation such that

(2) ht(zj) = f(t,Zj) for j= 1,2, 3.

For any g in G, equations (1) and (2) imply

(3) et(g)(ht(zj)) = f(t, g(zj)) for j = 1, 2, 3.

The right-hand sides of equations (2) and (3) are holomorphic functions of t

for each ;', so the maps t h-> ht and t*-* dt(g)°ht are holomorphic. Hence so

is t h-> 6t(g), as we claimed.

We have proved that the family {0, ; t £ A) is a holomorphic family of

isomorphisms, in the sense of Bers [4]. Since 0n is the identity, 6t is a quasi-

conformal deformation for all t in A, by Proposition 1 of [4]. In other words,

for each t in A there is a quasiconformal homeomorphism f of C inducing

6t, in the sense that

ft°g = 6t(g) o ft for all g £ G.

In particular each of the isomorphisms 6t is type preserving.

Let E' be any G-invariant subset of C, closed or not, that contains E, and

let / be a holomorphic motion of E' extending the given motion of E. We

will say that / is G-equivariant if ( 1 ) holds for all t in A, g in G, and z in
E'.

For each z in C let Gz — {g £ G; g(z) = z]. Our first goal is to extend /

to the G-invariant set E U F, where

F = {z £ C ; the group Gz is nontrivial}.

The set E is closed, G-invariant, and contains at least three points, so it con-

tains the fixed points of all parabolic and loxodromic (including hyperbolic)

transformations g in G. (To see this, consider the orbits of points of E un-

der the action of the cyclic group generated by a parabolic or loxodromic g in

G.) Thus, if z g F - E, the group Gz contains only the identity and elliptic

transformations. The same is true of each group 6t(Gz), since the isomor-

phisms 6t are type preserving. Therefore all these groups are abelian, and for

each t in A the nontrivial elements of 6t(Gz) all have the same pair of fixed

points in C. Since 8t(g) depends holomorphically on t for each g in (7, we

conclude that for each z in F - E there is a unique holomorphic function cpz

on A such that 0Z(O) = z and 4>z(t) is fixed by 6t(g) for all g in Gz and t
in A.
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We extend f to EöF by putting f(t, z) = (¡>z(t) if t £ A and z £ F -E .
We claim that this extended map / is a G-equivariant holomorphic motion

of E U F . We leave it to the reader to check that / is (/-equivariant and has

the defining properties (a) and (b) of a holomorphic motion. The injectivity

property (c) is more delicate.

As a first step toward verifying (c) we shall prove

If f(t', z) = f(t', g(z)) for some g £ G, t' G A,
(4)

and z G E U F, then g G Gz.

This is certainly true if z G E , so suppose z £ F - E . Put w = f(t', z) and

note that

e,(g)(w) = f(t',g(z)) = w,

because of the (7-equivariance of / and our hypothesis. Choose a quasiconfor-

mal homeomorphism f,i of C inducing 0, and observe that g fixes the point

z> = (ft')~l(w). (That is, g £ Gzi .) Similarly, if h £ Gz, the C7-equivariance

implies that 0,< (h) fixes w , so h £ Gzi and Gz c Gz<.

We shall assume that g £ Gz (so, in particular, z' / z) and obtain a contra-

diction. Choose a nontrivial h in Gz. The commutator h* = h o g o h~x o g~x

is parabolic, so z' is its only fixed point. The transformation dt<(h*) is also

parabolic and fixes both f(t', z'), by the t7-equivariance, and w, because

ft induces 0c . Therefore f(t', z') = w (= f(t', z)). Now, since h £ Gz

and Gz c Gz<, G-equivariance implies that 6t(h) fixes both f(t,z) and

/(/, z') for every t in A. But 6t(h) is always elliptic, and its fixed points

are given by two holomorphic functions of t in A with disjoint graphs. Since

f(0, z) t¿ /(0, z') we must have f(t, z) ^ f(t, z') for all t in A, contradict-

ing the equality when ? = t'. We have proved (4).

Now we can prove the injectivity property (c). Suppose f(t', z) = f(t', z')
for some t' in A and z and z' in E U F. We must show that z = z'. That

is true if both z and z' belong to E, so we assume that z £ F - E. Now for

all g in C we have

/(r1, g(z)) = 0,(£)(/(/, z)) = Ms)(/(i', z')) = /(f, g(z')),

so f(t', z) = f(t', g(z)) if £ G Gz*. By (4) we conclude that Gz> c C7Z, so
by symmetry GV = Gz. Since z £ F - E, Gz is a nontrivial abelian group.

If z ^ z', then z and z' are the two fixed points of Gz, so /(/, z) and

f(t, z') are the two fixed points of 6¡(g) for any t in A and nontrivial g in

G. This contradicts our assumption that f (t', z) = f(t', z'), so z = z' and

(c) is proved. We have extended / to a G-equivariant holomorphic motion of

El)F.
Now let E' be any G-invariant subset of C such that E u F c E', and let

z0£C-E'. Put

E" = E'\J{g(zo);g£G}.

We claim that every G-equivariant holomorphic motion of E' extends to a

G-equivariant holomorphic motion of E" .

To verify this claim, let / : A x E' —» C be any G-equivariant holomorphic

motion of E'. Extend it (this is possible by the extension theorem of Slod-

kowski [33]) to a holomorphic motion of E' u {z0} that we continue to denote
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by /. To extend this motion to E" , we set

f(t, g(z0)) = e,(g)(f(t, zq)) for t £ A and g £ G.

We must show that the extension is a well-defined G-equivariant holomorphic

motion of the set E". If gx(z0) — g2(zo) for gx and g2 in G, then gx = g2

(since zq fi F). Thus / is well defined. The G-equivariance follows imme-
diately from the definition of /, and properties (a) and (b) of a holomorphic

motion are again easily verified. In fact, (a) holds by hypothesis for z £ E' and

by construction for z = z0. If z = g(z0) for some g in G, then (a) follows

from the fact that 6o(g) - g for all g £G. Similarly, property (b) is obvious

for z g E' u {z0} and also holds at g(zo) for all g £ G, since 6¡(g) depends

holomorphically on t.
Before verifying (c) we make some observations about the fixed points of

transformations in 0((G), for any given í in A. We denote by Fg the set of

fixed points of any nontrivial g in G. For any subset D of E', we define

f(t,D) = {CeC; Z = f(t, z) for some z £ D}.

For any nontrivial g in G, the set f(t,Fg) is contained in the fixed point

set of 6t(g) because / is G-equivariant. In fact f(t,Fg) is precisely the

fixed point set of 6t(g) since 6, is type preserving. Thus, all fixed points of

nontrivial elements of 9t(G) belong to the set f(t, F), which, by hypothesis,

is contained in f(t, E').
To verify (c), assume that f(t, zx) = f(t, z2) for some t in A and zx

and z2 in E". We must prove that zx = z2. That is true by construction

if zx and Z2 both belong to E' u {z0}, so we assume that zx = g(zo) for

some nontrivial g in G. By G-equivariance, f(t, z0) = f(t, g~x(z2)). If

z2£ E', then f(t, g~x(z2)) £ f(t, E'). Since f(t, z0) i f(t, E'), we must
have Z2 = h(zo) for some h in G. It follows, by G-equivariance, that f(t, zq)

is a fixed point of

et(g)-xodt(h) = et(g-xoh).

Since f(t,zo)£f(t,E'),-we conclude that g = h and zx = z2, as required.
We have proved our claim that / can be extended to a G-equivariant holo-

morphic motion of E".

To prove Theorem 1 we simply iterate the construction above, applying it

first with E' = E U F , and choosing the successive points z0 so that the union

of their G-orbits is dense in C. Corollary 3 to Theorem 1 in [5] guarantees

that the sequence of extended motions converges to the desired G-equivariant

holomorphic motion of C.    □

3. The lifting theorems

3.1. Lifting to the Beltrami coefficients. Throughout this paper, Y will be a

Fuchsian group operating on the upper half plane H2. We shall, as usual, denote

by L°°(lrl2, T) the complex Banach space of bounded measurable Beltrami

differentials for Y supported on H2. Its open unit ball J?(Y) is the space of

Beltrami coefficients for Y. Let T(T) be the Teichmüller space of Y and <P :

Jf{Y) —> J(Y) the canonical projection. We shall use the Bers embedding (see
[14] or [27]) to identify T(T) with a subset of the space of bounded holomorphic



932 C. J. EARLE, I. KRA, AND S. L. KRUSHKAL'

quadratic differentials B2(T) for the group Y on the lower half plane H2. Thus,

in particular, <$(p) G B2(Y) for all p in Ji(Y).

In [7] and [8] it was proved that in general the projection map <P has no

globally defined holomorphic section. Thus, if we are given a complex manifold

B and a holomorphic map f : B -> Y(Y), there is no guarantee that there is a

holomorphic map g : B —> Ji(Y) such that O o g = f. However, the extension

theorem in §2 leads almost immediately to the following lifting theorem.

Theorem 2. If f : A —* Y(Y) is a holomorphic map, then there exists a holomor-

phic g : A -> J?(Y) such that í> o g = /. If p0 £ Jf(Y) and O(//.0) = f(0), we
can choose g so that g(0) = pq.

Proof. Recall that (thanks to the Bers embedding) f(t) £ B2(Y) for each t £ A.
Using right translations (and thus perhaps changing the group Y to a quasicon-

formally conjugate group, see [14] or [27]), we may assume that f(0) = 0.

Let I = E U {oo} and E = M2 U I. Observe that E is a T-invariant set.

We shall use the map / to define a T-equivariant holomorphic motion of E.

For each t £ A, let f(t, •) be a meromorphic function whose Schwarzian

derivative is the quadratic differential f(t). The fact that f(t) £ T(Y) means

that /(/, •) is schlicht on H2 and has a continuous schlicht extension to E.

Therefore we can and do specify f(t, •) uniquely by requiring that it fix 0, 1,

and oo . Thus, in particular, /(O, z) = z for all z G E .

It is easy to verify that the map

/:Ax£-»C

is a holomorphic motion of E. In addition, since f(t) is a quadratic differ-

ential, for each / G A and y £ Y there is a Möbius transformation 6t(y) such

that

f(t,y(z)) = 6t(y)(f(t,z))

for all z £ E. Thus / is the desired T-equivariant motion.

Using Theorem 1, we extend / to a T-equivariant holomorphic motion /

of C. For each t £ A, let g(t) be the complex dilatation

g(t)=h(t,-)ifz(t,-)

of f(t, •) in H2. The T-equivariance of / implies that g(t) £ ^(Y) for

every t £ A, and Theorem 2 of [5] implies that the map g : A —> ̂#(T) is

holomorphic. By definition of the Bers embedding, Q>(g(t)) is the Schwarzian

derivative of the schlicht function f(t,-) in H2. Therefore Oo^ = /.

The lift g that we have just constructed satisfies g(0) = 0. If p0 is a

Beltrami coefficient such that <!>(po) = 0, let h : J?(Y) -> J?(Y) be the right
translation that carries 0 to ^o ■ Then cp o h = O, so h o g is a lift of / that

maps 0 to po.   u

Remark 1. Suppose the holomorphic map / : A —> T(T) with f(0) = 0 is an
isometry with respect to the Poincaré metric on A and the Teichmüller metric

on T(rj. (These metrics are defined in §§4 and 5.) If the dimension of T(Y) is

finite, it is not hard to prove that / has a unique holomorphic lift g : A —* Ji(Y)

satisfying g(0) = 0. We shall prove a more general uniqueness theorem in §8.
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Remark 2. According to a remark of Bers and Royden [5] (see the final sen-

tence and Proposition 4 in that paper), Slodkowski's extension theorem in [33]

implies Theorem 2 in the special case that the group Y has type (0, n), so that

T(r) is the Teichmüller space T(0, n) of the «-times punctured sphere. The

general case of Theorem 2 depends on our equivariant version (Theorem 1 ) of

Slodkowski's theorem.

3.2. Lifting to the Teichmüller curve. In the work of the first two authors on

choosing points on varying Riemann surfaces of finite analytic type [12] the

following problem was proposed. Let / be a holomorphic map from a complex

manifold B into the Teichmüller space T(p, 0). (Here T(p, n) is, of course,

the Teichmüller space of Riemann surfaces of finite analytic type (p, n).) De-

termine all holomorphic maps h : B —► \(p, 0) such that n o h = f. (Here

n : \(p, n) —► T(p, n) is the universal Teichmüller curve of Riemann sur-

faces of finite analytic type (p, n); \(p, «)' c \(p, n) is the total space

of the corresponding punctured curve. The fibers of \(p, n) over J(p, n)

are compact, while each fiber of \(p, n)' has n punctures. In particular

\(p, 0) = \(p, 0)'.) In [12] it was conjectured that for B = A, a lift h always

exists. The lifting theorem of the previous subsection immediately implies that

conjecture.

Theorem 3. If f : A —> T(p, n) is a holomorphic map, then there exists a holo-

morphic h : A -> \(p, n)' such that n o h = f.

Proof. Choose a torsion-free Fuchsian group Y of type (p, n), so that T(p, n)

= T(Y). The canonical projection <P from ^f(T) to T(p, n) can be written

in the form O = n o ¥, where *F : Ji(Y) -* \(p, n)' is holomorphic and n :

\(p, n)' -» T(p, n) is the restriction of the projection map of the Teichmüller

curve to the punctured Teichmüller curve (see [19] or [27]). By Theorem 2,

there is a holomorphic map g : A —> Ji(Y) such that <S> o g = f. The required
map h = x¥ o g.    □

Remark 3. It is easy to see that every map h satisfying the requirements of

Theorem 3 has the above form h = *¥ o g. In fact the universal covering space of

\(p, «)' is naturally isomorphic to Y(p, n + 1), and we can write *P = w o 0,

where <j> : ̂ #(T) —> T(p, n + 1) is a canonical projection and w : T(p, n + 1) ->

V(p, n)' is a holomorphic universal covering (see [19] or [27]). Given h as in

Theorem 3, choose a lift h : A —» T(p, n + 1). By Theorem 2 there is a

holomorphic map g : A —> J?(Y) such that h - 4>° g ■ Clearly *Fo g = h.
Thus the description of the lifts h : A —> \(p, n)' of a given / is completely

reduced to a description of the lifts g : A —> Jf{Y) of the same map. We shall

say more about the problem of describing the lifts g in §§8 and 9.

4. Metrics in Ji(Y)

4.1. Teichmüller's metric. As in [14] we define the Teichmüller metric Xjt(T)

on J?(Y) by

... ,       , . _i    p - v
(5) T,#(r)(/7,i7) = tanh _ .

for p and v in Jf{Y).
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The right side of (5) equals

ess sup{dA(p(z), v(z)) ; z G H2},

where dA is the Poincaré metric (of curvature -4) on A, defined by

(6) dA(z, Q = tanh~l
1-zÇ

for z and C in A.   It is therefore not surprising that the metric xjr(V) is

induced by the Finsler structure F^^ on Jf{Y) defined by

(7) Fjr(T)(P,v) = 1 - W

for p in Ji{Y) and v in Loc(E2, Y). The easy proof that this Finsler structure

induces the Teichmüller metric on ^(Y) is given in [11]. (The reader should

note that the Teichmüller metric in [11] differs by a factor of two from the

metric defined here.)

4.2. Kobayashi's metric. Let X be any connected complex manifold modelled

on a complex Banach space, and let H (A, X) be the set of holomorphic maps

of A into X. The Kobayashi function 3x '■ X x X —► [0, +oo] is defined for

all x and y in X by

(8) Sx(x, y) = inf{dA(0, t) ; f(0) = x and f(t) = y for some f £ H(A, X)},

provided the set of maps described above is nonempty and +oo otherwise. It is

obvious from this definition that if X and Y are connected complex Banach

manifolds and / : X —> Y is a holomorphic map, then

(9) 3Y(f(xx), f(x2)) < 3x(xx, x2) for all xx,x2£X,

with equality if / is biholomorphic.
By definition, the Kobayashi (pseudo)metric d\ on X is the largest (pseudo)-

metric on X such that

dx(x, y) < 8x(x, y) for all x, y £ X.

In particular, if 3x itself is a metric, as will be the case in our examples, then

dx and Sx are equal.
The following proposition implies that the Teichmüller and Kobayashi met-

rics on ^#(T) coincide. It is essentially a special case of a general result of L.A.

Harris (see Exercise 6 on p. 394 of [16]), but we shall provide the proof for the

reader's convenience.

Proposition 1 (Harris). For all p and v in Ji(Y) we have

Sjt(V)(p, v) = Xj?(r)(p, v).

Proof. We may assume that p / v. Assume first that p = 0. Suppose that

/ G H(A,J?(Y)),f(0) = 0,   and f(t) = v for some t in A. Then, by the
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Schwarz lemma (see p. 100 of [18] or p. 184 of [17]),

|t| > ll/MIU = MU-

Taking the infimum over all such / we obtain

àjrtr)(0, v) > dA(0, IMU) = T>(n(0, v).

To obtain the opposite inequality we choose the particular function /(/) =

WIMloo and observe that

í#(n(°» v) <4(0, ||^||oo) = T^(r)(0,i7),

since /(Halloo) = v. That proves the proposition if p = 0.

If p ¿ 0, observe that the function / : Jt(T) -» L°°(H2, Y) defined by

for all k in Jf(Y), is a biholomorphic map of Jf(Y) onto itself. Therefore

Sjr(T)(p, v) = 8j?(Y)(f(p), f(v)) = T^(r)(0, f(v)),

which equals xjr(T)(p, v), by (5).   D

5. Metrics in T(T) and the Royden-Gardiner theorem

5.1. Teichmüller 's metric. The Teichmüller metric (5) and Finsler structure (7)

on ¿#(Y) induce a quotient metric and Finsler structure on T(T). To be more

explicit, the Teichmüller metric Tj(d is given by

TT(n(?>, ^) = inf{T^(r)(^,^);/Jandi7 in^iT),

<&(p) = (p, and<D(i/)=^},

for all tp and y/ in T(r), and the infinitesimal Teichmüller metric i^n is
given by

(H)
%(*(/i), V) = mf{FjriT)(ti, v);v£ L°°(M2, Y) and <V(p)v = <//},

for all p g Jf(Y) and ip £ B2(T)). (Recall that we are using the Bers embedding

to interpret the canonical projection 4> : J?(Y) —> T(T) as a holomorphic map

onto an open subset T(T) of B2(r).)

According to a general theorem of O'Byrne [28], the distance function in-

duced on T(T) by the Finsler structure (11) is the Teichmüller metric (10); see

also §7.2 of [14].

5.2. The Royden-Gardiner theorem. An important theorem of Royden [30]

states that on the Teichmüller spaces T(p, 0) the Teichmüller metric and Koba-

yashi function are equal (and hence the Teichmüller and Kobayashi metrics co-

incide). Royden's theorem was ultimately extended to all Teichmüller spaces by

Gardiner (see Chapter 7 of [14]). Our first lifting theorem provides an almost

trivial proof of this important result.
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Theorem 4 (Royden-Gardiner). For all Fuchsian groups Y and all <p and \p in

T(Y), we have

TT(r)(P> V)=*T(n(î'' V)-

In particular, the Teichmüller and Kobayashi metrics of Y(Y) coincide.

Proof. Fix any <p and y/ in T(T). The inequality (9) implies immediately that

&T(D(<P, y) <inf{<7^(r)(/J, v);pandv in Ai(Y), 0(/j) = <p, and <D(i/) = ip}.

Hence, by Proposition 1 and formula (10),

St{d(9, V) <tjiT)(<P, V).

For the opposite inequality, choose / in H (A, T(Y)) so that f(0) — tp and

f(t) — y/ for some t in A. Use Theorem 2 to write / = Ooj with g in

H (A, Jf{Y)). Again using Proposition 1, we have

dA(0, t) > Tjr<T)(g(0), g(t)) > TTir)(<t>(g(0)), <S>(g(t))) = tT(t)(<P, V).

Taking the infimum over all such / and using (8) we get

àr(T)(<P,V)>TW)((p,y/).    □

6. Extremal Beltrami differentials

6.1. The Hamilton-Krushkal' condition. We call the Beltrami coefficient p £

J£(Y) extremal if

(12) T^(r)(0,/í) = TT(D(0,O(/í)),

or (equivalently)

H//IU = infilli/IU ; v £ jr'Y) and 4><v) = <t>(p)}.

We call the Beltrami differential p G L°°(H2, Y) infinitesimally extremal if

(13) JF#(r)(0,/7) = JFT(r)(0,<D'(0)/7),

or (equivalently)

(14) Halloo = infini/H«, ; v £ L°°(H2, Y) and #(0)1/ = <D'(0)/7}.

Let Q(T) be the Banach space of integrable holomorphic quadratic differ-

entials for T (defined on H2), and let Q(T)* be its dual space. Let P :

L°°(H2, T) -+ Q(T)* be the linear transformation of norm one defined by

putting

;i5)   (Pp)(tp)=í¡   p(z)<p(z)
J Je2/v

dzdz
if p £ L°°(H2, T) and <p £ Q(Y).

It is well known (see for instance pp. 155-157 of [10]) that Pp = 0 if and only
if O'(0)/i = 0. That fact and the Hahn-Banach theorem give

(16)       HP/ill = inffJMU ; Pv = Pp} = infilMloo ; #(0)1/ = #(0)//}.

Comparison with (14) yields the following useful fact (see [28]).
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Proposition 2. A Beltrami differential p £ L°°(]rl2,r) is infinitesimally ex-

tremal if and only if it satisfies the Hamilton-Krushkal' condition \\Pp\\ = Halloo-

This condition owes its name to the following important proposition, which

is the end result of deep and important work by at least four mathematicians.

Hamilton [15] and Krushkal' [23] established necessity of this condition for

extremality (in this connection see also [3] and [28]). Sufficiency when the

group T is trivial was established by Reich and Strebel [29], and Strebel [35]

showed how the arguments in [29] extend to the general case. A good reference

for the proposition in full generality is Chapter 6 of Gardiner's book [14].

Proposition 3. A Beltrami coefficient p £ Ji{Y) is extremal if and only if it

satisfies the Hamilton-Krushkal' condition.

6.2. An application of Schwarz's lemma. The following lemma will be crucial

to our study of isometric holomorphic maps from A (with its Poincaré metric)

to Y(Y) (with the Teichmüller metric). It also provides a flexible method for

obtaining new extremal Beltrami coefficients from a given one (see the proof of

Theorem 6 in §8).

Lemma 1. Let g : A —> ̂(Y) be a holomorphic map with g(0) = 0. The
following conditions are equivalent:

(a) there is t' in A-{0} such that g(t') is extremal and ||g(Olloo = |*'|»

(b) g'(0) is infinitesimally extremal and ||g'(0)||oo = 1. and

(c) for all t in A, g(t) is extremal and ||g(/)||oo = 1*1-

Proof. Let P : L°°(H2, Y) -» Q(T)* be the linear map (15) and let h = Pog.
Then ||«(/)|| < k(0IU < 1 for all t in A, and A(0) and g(0) are both 0.
We can therefore apply Schwarz's lemma to both g and h .

Now assume (a). By (a) and Proposition 3, ||«(i')ll = l|g(Olloo = |i'| for

some t' in A - {0}. This is the case of equality in Schwarz's lemma, so (see p.

184 of [17])

(17) ||«'(0)|| = ||g'(0)||oo = l.

Since «'(0) = P(g'(0)), Proposition 2 says that (17) is equivalent to condition
(b). Thus (a) implies (b).

Now assume (b). This means (17) holds. Again this is the case of equality

in Schwarz's lemma, so for all t in A we have

l|A(i)ll = HsWIloo = |/|.

That proves (c), since h(t) = P(g(t)).

Finally, (c) trivially implies (a).   D

7. Holomorphic isometries from A into T(T)

Recall that H(A, T(Y)) is the set of holomorphic maps of A into T(T). For
any / in H (A, T(Y)) the Royden-Gardiner theorem gives

(18) rW)(f(t),f(t'))<dA(t,t')

for all t and t' in A. Letting t' approach t in (18) we get the inequality

(19) ¿W/M./'M/^y-^np,
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for all / in A (and / as above). We call / in H(A, T(Y)) a holomorphic

isometry if equality holds in (18), and hence also in (19), for all t and t' in A.

If T(T) is finite dimensional, / G H(A, Y(Y)), and equality holds in (18) at
a single pair of distinct points of A, then Teichmüller's theorem implies easily

that / is a holomorphic isometry. The question whether equality in (19) at

a single point also implies that / is a holomorphic isometry (still in the finite

dimensional case) was studied by Royden in [31], and he obtained some positive

results in that direction. Our lifting theorem allows us to give an affirmative

answer in all cases, even if the dimension of T(T) is infinite.

Theorem 5. Let f : A —> T(r) be holomorphic and let tx £ A. Suppose either

that

(20) TT(T)(f(h), f(h)) = dA(tx, t2) for some t2 # tx

or

(21) FT{r)(f(ti),f'(ti)) = T3^]2-

Then f is a holomorphic isometry.

Proof. We shall prove first that the two point equality (20) implies the infinites-

imal equality (21). Since we can precede / by a holomorphic isometry of A

and follow / by a right translation (an isometric and holomorphic map) from

T(T) to T(P) (for some group Y' quasiconformally conjugate to Y), we may

assume that tx = 0 in A and that f(0) = 0 in T(T). By Theorem 2, we can

choose a holomorphic map g : A —> ̂(Y) so that g(0) = 0 and <£> o g = f.

Assume (20). Then

dA(0, t2) = TT(r)(0, f(t2)) < T^(r)(0, g(t2)) < dA(0, t2),

so

tT(d(0, f(t2)) = i>(r)(0, g(t2)) = dA(0, t2).

The first equality says that g(t2) is extremal; the second implies that ||g(¿2)||oo =

\t2\, by equations (5) and (6). Thus g satisfies condition (a) of Lemma 1, so

condition (b) also holds. Condition (b) says precisely that

1 = lls'(0)||oo = IW(0))||.

Now (16) and the chain rule give

\\P(g'(0))\\ = inf{|Hoc ; #(0)1/ = #(0)(s'(0))} = inf{|M|oo ; #(0)!/ = /'(0)}.

Therefore (using (11)) we can rewrite condition (b) as

(22) 1 = 11^(0)1100 =iV)(0> /'(0)).

which implies (21) since tx - 0 and /(0) = 0.
Next we shall prove that the infinitesimal equality (21) implies not only (20)

but the much stronger equation

(23) W/Ci), f(t)) = dA(h , t) for all t G A.



HOLOMORPHIC MOTIONS AND TEICHMÜLLER SPACES 939

Again we may assume without loss of generality that tx = 0 in A and f(0) = 0

in T(T). Choose g : A -> Jf(Y) as above and observe that

FT(r#,/'(0))< 11^(0)11«, <1,

by (11) and Schwarz's lemma. Now i*T(r)(0, f'(0)) = 1, by (21), so g satisfies
equation (22). We saw above that (22) is condition (b) of Lemma 1, so g

satisfies the equivalent condition (c). In other words

WO, /(<)) = WO, <W))) = W)(°> s(0) = 4(0, 0

for all t in A. Since tx — 0 and f(0) = 0, this implies (23).
We have proved that for any tx in A equation (23) follows from either (20)

or (21). Now choose any t' in A. To complete the proof we must verify the

equation

(24) W/(0. fit)) = ¿aC ' 0 for a11 * in A-

If t' - tx there is nothing to prove, so we assume t' ^ tx. In that case the

known equation

rT(D(f(i'),f(ti)) = dA(f,ti).

is a two point equality with t' in the position formerly occupied by tx . As we

have already seen, that two point equality implies the required equation (24).   D

The finite dimensional case of the theorem solves the problem posed by Roy-

den [31]. We state this result formally as

Corollary 1. Assume that T(Y) is finite dimensional. Let f : A -> T(Y) be

holomorphic and let tx G A. Suppose that either (20) or (21) holds. Then f is
a holomorphic isometry, and its image is a Teichmüller disc.

Proof. The only statement that we have not proved is that in the finite dimen-

sional case the image of a holomorphic isometry is a Teichmüller disc. This

is a well-known consequence of Teichmüller's theorem. We shall not offer a

proof here since we shall prove a substantially more general result in the next
section,   d

Our second corollary answers a question raised in [20]. Let Y be a finitely

generated torsion free Fuchsian group (of the first kind) of type (p, n). Let

n : &~(Y) —► T(Y) be the Bers fiber space over the Teichmüller space T(T).

The base space of this fibration is T(p, n) ; the total space is isomorphic to

Y(p, n + 1 ), and therefore carries a Teichmüller metric. Assume now that

(P> n) ¥" (0, 3). It was shown in [20] (also in [26]) that the fibers n~x(x), x £

Y{Y) are not Teichmüller discs in ^(Y) (they are, of course, conformai discs).

In fact it was shown that for all x £ Y(Y)

(25) x3riT)(tx, t2) < dA(tx, t2) for all tx and t2 £ n'x(x) with tx ¿ t2.

However, the question of whether there is a similar strict inequality between

the infinitesimal metrics remained open. Now we can prove

Corollary 2. Let Y be a torsion free Fuchsian group of type (p, n) ^ (0,3). For

every x £ T(Y), the restriction to n~x(x) of the infinitesimal Teichmüller metric
on &~(Y) is strictly less than the infinitesimal Poincaré metric on this disc.
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Proof As usual it is no loss of generality to assume that x = 0 in Y(Y), so

that n~x(x) = 7r~'(0). If the infinitesimal metrics were equal at some point,

Theorem 5 would imply that the map f(t) = (0, t) from H2 to ^(Y) is a
holomorphic isometry onto its image n~x(0), contradicting (25).   D

8. Uniqueness of geodesics

By definition, a geodesic segment J in T(T) is the image of an injective

continuous map / from a nontrivial compact real interval [a, b] into T(r)
such that

TT(r>(/(*i), /(*3)) = TT(r)(/(xi), f(x2)) + rT(T)(f(x2), f(x3))

whenever a < xx < x2 < x3 < b. The points f(a) and f(b) are called the

endpoints of J and are determined (as an unordered pair) by J. We say

that the geodesic segment / joins the points <px and tp2 in T(Y) if they are

the endpoints of J . Any closed connected subset of a geodesic segment is a

geodesic segment (provided that it contains more than one point).

Given two distinct points tpx and tp2 in T(r) there is always at least one

geodesic segment joining them. To see this we may (as usual) assume that

tpx = 0 and we can choose an extremal Beltrami coefficient p ^ 0 in Jf{Y)

with <b(p) - tp2. The image of the map / : [0, \\p\\\ -* T(Y) defined by

(26) f(t) = <t>(tp/\\p\\oc),

for t in [0, 11/71|] is a geodesic segment joining the given points. In fact, if we

extend / to A by using formula (26) for all t in A, the resulting function (as

can be seen, for instance, from Theorem 5) is a holomorphic isometry from A

to T(r).
We call p G J?(Y) a uniquely extremal Beltrami coefficient if

0(i/) ¿Q(p) whenever v £ J?(Y),  v¿p, and ||z/||oo < \\p\W

In particular, every uniquely extremal p is extremal.

When T(T) is finite dimensional every extremal p is uniquely extremal and

has the special form

(27) P = k\tp\/tp,

where 0 < k < 1 and tp £ Q(Y) - {0}. (See Chapter 6 of [14].) Moreover,
every geodesic segment is uniquely determined by its endpoints, and every holo-

morphic isometry / : A —> T(r) with f(0) = 0 has the form (26), with p given

by (27). The image of such a holomorphic isometry is called a Teichmüller disc.

When T(r) is infinite dimensional, an extremal p is not necessarily uniquely

extremal, and there always exist two points that are the endpoints of infinitely

many distinct geodesic segments. This was proved by Li Zhong (see [41]) when

the group Y is trivial and by Tanigawa (see [40]) in the general case. However,

Li Zhong proved (see Theorem 3 in [41]) that the geodesic segment joining

0 and <í>(p) is unique if p is uniquely extremal and \p\ is constant. The

following theorem includes the converse of Li Zhong's result. It also implies the

statements in the preceding paragraph about uniqueness of geodesic segments

and holomorphic isometries in the finite dimensional case.
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Theorem 6. Suppose p in J?(Y) is extremal and nonzero. The following four

conditions are equivalent:

(a) p is uniquely extremal and \p\ = \\p\\oo a.e.,

(b) there is only one geodesic segment joining 0 and <£(//),

(c) there is only one holomorphic isometry f : A —> T(Y) such that f(0) = 0

and f(\\p\\oo) = *(/*), and
(d) there is only one holomorphic map g : A -* ^(Y) such that g(0) = 0

and<t>(g(\\p\U) = ®(p).

Proof. Li Zhong proved in [41] that (a) implies (b). (Li Zhong assumes that the

group T is trivial, but his proof works equally well in the general case.) To prove

that (b) implies (c), suppose fx and f2 are holomorphic isometries both of

which carry 0 in A to 0 in T(T) and ||/¿||oo in A to ®(p) in T(T). Condition

(b) implies that fx = f2 on the line segment [0, ||/7.||oo], hence everywhere in

A. Thus, (b) implies (c).
Next we prove that (a) implies (d). Suppose g : A —* J£(Y) is a holomorphic

map such that g(0) = 0 and O^CI^IU)) = ®(p). By Schwarz's lemma,

ll£(Nloo)||oo < ll/illoc.

The unique extremality of p therefore implies that g(||¿u||oo) = V- ■ Now k =

¿¿/Halloo is an extreme point of the closed unit ball in L°°(H2, Y) since, by (a),
|A| = 1 almost everywhere. We can therefore use the strong form of Schwarz's

lemma (see p. 95 of [6]) to conclude that

g(t) = tk for all t G A.

The proof (as in [6]) goes as follows. Let h(0) = g'(0) and h(t) = g(t)/t for

t in A - {0} . Then h is a holomorphic map from A into the closed unit ball

of L°°(H2, T). Since k is an extreme point of that ball and A(||/*||oo) = k, the

strong maximum modulus theorem (Proposition 6.19 of [6]) says that h(t) = k

for all t in A and g has the required form. Since this uniquely determines

g, (a) implies (d).
Observe that if the dimension of T(T) is finite, Teichmüller's theorem im-

plies that (a) holds, and hence the remaining three conditions hold as well. Thus,

in the finite dimensional case, Theorem 6 is an easy (and familiar) consequence

of Teichmüller's theorem. For the remainder of the proof we shall assume that

T(T) is infinite dimensional.

We prove next that (d) implies (c). Let / : A —> T(T) be a holomorphic

isometry that sends 0 and \\p\\oo to the required points. Using Theorem 2,

choose a holomorphic map g : A -> ^#(T) such that g(0) = 0 and O o g = f.

Then #g(INIoo)) = ®(p) >  so the uniqueness condition (d) implies that

g(t) = tp/WpWoo for all t £ A.

Therefore /(/) is given by equation (26) for all í in A, and (d) implies (c).

It remains to prove that (c) implies (a). We shall prove first that if (c) holds,

then \p\ = \\pWoo almost everywhere. Fix r in the open interval (0,1) and

let Er be the ( T-invariant) set {z G H2 ; \p(z)\ < /"||/7||oo} ■ We need to prove

that Er has measure zero.  Choose a nontrivial q> in Q(Y).  Let Xr be the
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characteristic function of Er. For / in A, put

fi(t) = ®(tp/\\p\U
and

fr(t) = 4>((tfl/\\P\U + ^(t - \\p\U(Xr\<p\/<p)).

These functions are holomorphic maps from A to T(Y) sending 0 to 0 and

ll/ulloo to <b(p), so they are holomorphic isometries, by Theorem 5. Hence, by

(c), they coincide. Therefore

o = f((0) - fM = ̂ WpUvmxMlv).

Therefore P(Xr\(p\/<p) = 0 so, by (15),

\dzdz
P(Xr\9\l9)(9)= ¡I     \9(z)\

J JEr/r

= 0.

Since the zeros of tp are isolated, Er must have measure zero, as required.

Finally we must show that (c) implies that p is uniquely extremal. The

proof is inspired by Li Zhong's computations on pp. 271-272 of [41]. We must

introduce more notation. If / is a quasiconformal homeomorphism of H2

onto itself, we define its complex dilatation pf by the formula

Pf = filfx.

If / and g are two such homeomorphisms, the chain rule implies the useful

formula

(28) Pfog = *> + ^f°**'
}g      l+Pg(PfOg)ag

with ag = (\gz\/gz)2 .

If v is any Beltrami coefficient, we denote by wv the unique quasiconformal

homeomorphism of E2 onto itself whose complex dilatation is v and whose

continuous extension to the closure of H2 (still denoted by wv) fixes the points

0,1, and oo.

Now assume (c). Suppose \\i>\\oo < IMIoo and i>(i/) = <D(/7). We must show

that v = p. Since p is extremal, so is v, and ||i/||oo = IMIoo • By Theorem 5,

f(t) = 0(ii//||i/||00) is a holomorphic isometry, and by (c)

O(WIMIoo) = ®(tp/\\p\\oc) for all t £ A.

This observation has two useful consequences.  First, we use (c) with the ex-

tremal Beltrami coefficient v in the role of p, concluding (as above) that

(29) \v\ — ||i/||oo (= IMIoo) almost everywhere.

Second, we observe that <S>(sv) - Q>(sp) if 0 < 5 < 1. Equivalently, wsv = wSfl

on E for all 5 in (0, 1). Therefore, for any fixed 5 in (0,1) we have

(30) wß o (wSfl)~x o wsv = Wh on E.

The left side of (30) defines a quasiconformal homeomorphism Wx of H2

onto itself, and (30) says that Q>(k) = <¡>(p).   To compute k we shall use
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equation (28) twice. To simplify the resulting formulas we write \\p\\oo = k

and sk = k'. Recall that \p\ = k almost everywhere. First we use (28) with

f = Wf¿o (ws/J)~x and g = ws/i, so that fo g = wß . Solving for p¡ and taking

absolute values we find that

(31) \pf\ = (k-k')/(l-kk')

almost everywhere. Put k" = (k - k')/(l - kk') and observe that

(32) k = (k' + k")/(l+k'k").

We next use (28) with / as before but g = wsu , so that /o g = u¡x . Thus k is

given by the right-hand side of (28). Taking absolute values and using equations

(29), (31), and (32) we find that

\pg\ + \PfOg\     _    k' + k"     _,,_■■■■      x

lM-l+\pg\\pfog\-l+k'k"-k{-mU

almost everywhere. Since <S>(k) — <S>(p) and p is extremal, k is also extremal.

Therefore (c) holds with k in the role of p, and we conclude that \k\ = k

almost everywhere. This can happen only if (pf o g)ag, and hence k, is a

positive multiple of pg (= su) almost everywhere. We conclude that k = v

almost everywhere, so

Wu=WX = Wßo (WsßyX o Wsv

and

Wv o(wsv)   ' = Wft o(wsJSß)

everywhere in H2. Letting 5 approach 0 we find that wv = wß everywhere

in H2, so v = p as required.   D

Remark 4. When the dimension of T(T) is finite, the implications (a) => (b)

and (b) =*■ (c) tell us that every geodesic segment is uniquely determined by

its endpoints and that the image of any holomorphic isometry is a Teichmüller

disc.

Remark 5. In [41] Li Zhong asks whether condition (b) above holds whenever

p is a uniquely extremal Beltrami coefficient. In view of Theorem 6, Li Zhong's

question is equivalent to the question whether every uniquely extremal p has

the property that \p\ = ||/7||oo almost everywhere. This is well known to be a

difficult problem.

Remark 6. The functions f in the proof that (c) implies (a) can be used to

show that there are infinitely many distinct geodesic segments with endpoints

0(0) and Q>(p) whenever p is extremal and the set where \p\ is less than \\p\\

has positive measure. A construction of such Beltrami coefficients p is given

by Tanigawa in [40].

9. Uniqueness of liftings

If the extremal Beltrami coefficient p satisfies condition (a) of Theorem 6,

then condition (d) is also satisfied, so the holomorphic isometry / : A —> T(r)

defined by equation (26) has a unique (holomorphic) lifting g : A —> J?(Y)

with g(0) = 0. One might hope that this is the only case in which such liftings
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are unique, but the following theorem provides numerous counterexamples to

such a conjecture. (See Corollary 3.)

Let T(l) and .#(1) be the Teichmüller space and space of Beltrami co-

efficients of the trivial Fuchsian group (which consists of the identity alone),

respectively. Thus, if Y is any Fuchsian group, T(T) is a subset of T(l),

Jt(Y) is a subset of JÍ(l), and O : J?(Y) -> T(T) is the restriction to J?(Y)
of O : Jf(l) —> T(l). The space T(l) is the universal Teichmüller space of

Bers.

Theorem 7. Suppose the Fuchsian group Y contains no elliptic transformations.

Let f : A —► T(T) be a holomorphic map. Suppose there is exactly one holomor-

phic map g : A -> ̂ (Y) such that g(0) = 0 and Oog = /. Then g is the
only holomorphic map from A into ^£(1) such that g(0) = 0 and O o g = f.

Proof. Suppose h : A —> ̂#(1) is a holomorphic map such that h(0) = 0,

<I> o h = f, but h t¿ g . We shall obtain a contradiction. Let h and g be the

holomorphic motions of C defined respectively by

h(t, z) = wh{t)(z)

and

g(t,z) = w^)(z).

(As usual, wM is the quasiconformal homeomorphism of C that fixes the points

0,1, and oo and has complex dilatation p in H2 and 0 in H2.)

Choose to in A so that h (to) / g(to), and choose zq in C so that

h(tQ, Zq) ¿ g(t0, Zq).

Since <Po/¡ = (pog,we have

h(t, z) = g(t, z) for all (í.z)eAx H2.

Therefore zq g H2.

Since g maps A into ^f (T), for each t £ A and y £Y there is a Möbius

transformation 9,(y) such that

g(t,y(z)) = et(y)(g(t,z))

for all z G C (and in particular for z G H2). As in the proof of Theorem 1, we

define a holomorphic motion g* of the T-invariant set

E" = H2 U {y(zo) ; y G Y}

by setting g* = g in A x H2 and

g*(t,y(zo)) = 6l(y)(h(zo)).

By Theorem 1, we can extend g* to a holomorphic motion of C so that

g*(t,y(z)) = 9t(y)(g*(t,z))

for all t £ A, y £Y, and z G C.
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As in the proof of Theorem 2, we obtain a holomorphic map g* : A —> J?{Y)

by putting

g*(t) = g;(t,-)i?z(t,.).

Since

wg'(t)(z) = g*(t, z) = g(t, z) = w8(,)(z)

for all z G H2 , we have O o g* = O o g. Therefore, by our hypothesis on

g, g* = g. This in turn implies that g* = g everywhere in A x C. But, by

construction,

g*(t0, Zo) = h(t0, Z0)¿ g(to, Zq).

That is the required contradiction.   D

Corollary 3. There is a holomorphic map f : A -> T( 1 ) such that there is exactly

one holomorphic map g : A -> Jf(l) satisfying g(0) = 0 and <P o g = f, but
f is not a holomorphic isometry.

Proof. Let Y be the group of cover transformations of a holomorphic universal

covering map n : M2 —> X, where A' is a Riemann surface of finite type. Let

f : A—> T(r) be a holomorphic isometry with f(0) = 0. Then / satisfies the

hypothesis (and conclusion) of the last theorem. But f is not a holomorphic

isometry when viewed as a map into T(l), since the inclusion map from T(r)

to T(l) contracts Teichmüller distances. (See McMullen [25].)   D

Remark 7. The first author has constructed a rather complicated example of

a holomorphic map / : A —> T(l) with the properties stated in the above

corollary and with the additional property that it cannot be interpreted as a

holomorphic isometry into a smaller Teichmüller space. It is still of the form

/(/) = ^(tp/WpWoo), where p £ Ji(l) has the property that \p\ = ||//||oo almost

everywhere. Every known example of an / satisfying the conditions of the

corollary has that special form.

10.  NONEXISTENCE OF LIFTINGS

Theorem 2 depends very much on the fact that the domain of the holomor-

phic map / is A. If the domain of f is two-dimensional, the lifting theorem

may fail, as the following example shows.

Theorem 8. Let Y be a Fuchsian group with signature (1,2; n, n), 2 < n <

oo, and let A, B, C, D be canonical generators, so that Y has the presentation

A o B o A~x o B~x o C o D = Cn = Dn = I.

Let a : Y —> Z/nZ be the homomorphism that satisfies

a(A) = a(B) = 0, a(C) = 1,  and a(D) = -1.

The kernel of a is a closed surface group Yn of genus n, and the inclusion map

o/T(r) in T(Y„) cannot be lifted to a holomorphic map of T(Y) into J£(Yn).

Proof First we shall verify that Y„ is a closed surface group of genus n . Since

every elliptic transformation in Y is conjugate to a power of C or D, the kernel

T„ of a contains no elliptic transformations. Therefore the quotient map

from H2 to the Riemann surface H2/T„ is a holomorphic universal covering.

The natural projection from H2/r„ to H2/T is a branched covering map with
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a compact image. Since this map has finite degree n, HI2/r„ is a compact

Riemann surface. To compute its genus we observe that

Area(H2/r„) = n Area(H2/T) = 2n(2n - 2).

Here we have used the formula on p. 233 of [13] to express the area of H2/T

(with respect to the area measure induced by the hyperbolic metric of curvature

-1 on H2) in terms of the signature of Y. A second application of that formula

shows that Y„ has signature (n , 0) as required.

Now T„ is a normal subgroup of Y, so conjugation by C determines an

automorphism of the closed Riemann surface lH2/rn, which in turn determines

an automorphism of T(Y„). The fixed point set of that automorphism is pre-

cisely T(Y), and the inclusion map from T(T) to T(r„) is isometric. (See §2
of [9] and Lemma 5.1 of Kravetz [22].)

Suppose that h : Y (Y) —► -#(r„) is a holomorphic lifting of the inclusion

map of T(T) in T(r„). Thus <P o h is the identity map on T(r). We may

assume that h(0) = 0. We must show that such an h cannot exist. Since

O : ̂ (Y) —► T(Y) has no holomorphic sections (see [7]), it suffices to show that

h(<p) £ JT(Y) for all <p £ Y(Y).
Choose any <p ̂  0 in T(Y), and choose a holomorphic isometry / : A —>

T(T) with /(0) = 0 and f(to) = <p for some point to in the interval (0, 1).

We can interpret / as a holomorphic isometry into T(Tn), and conclude that

h o / : A —► JK{Yn) is the unique holomorphic lift of / that maps 0 to 0. But
we know that there is a holomorphic map g : A —> Jf{Y) such that g(0) = 0

and <I> o g = f. Since JÍ(Y) c Jf(Y„), we must have ho f = g. In particular

h(<p) - g(to) € Jf(Y) as required.   □

11. Appendix

Slodkowski [33] considers only holomorphic motions such that the set E

and the values of the motion / are contained in the finite plane C. It is easy

to reduce the general case to the case of the finite plane, but a little care is

necessary since two meromorphic functions can have intersecting graphs even

if their difference has no zeros. To achieve the reduction, choose any point zq

in E and let fo : A —> C be the holomorphic mapping /(•, zq) . Then either

fo is a meromorphic function on A or fo = oo. In either case we can write

fo = <p/V> where tp and \p are (C-valued) holomorphic functions on A with

no common zeros.

Choose holomorphic functions a and ß on A such that ßy/ - acp = 1

identically on A (see Theorem 15.15 of [32] or Lemma 3.5.6 of [2]). For t in
A, let At be the Möbius transformation

, ,   ,      a(t)w - ß(t) ~
A,(w) = —t-{-Í-V4,        i/JGC,

y/(t)w-<p(t)'

and observe that At(f(t, zq)) = oo for all t in A. Next, define a holomorphic

motion g of the set Aq(E) by putting

g(t, Aq(z)) = At(f(t, z)) for all (t, z) e A x E,

so that g(t, oo) = oo for all t in A. Since g takes only finite values on the

set A x (Aq(E) - {oo}), Slodkowski's theorem permits us to extend the motion
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g to a motion of C. The desired extension of / is then given by

f(t,z) = A;x(g(t,Ao(z))).
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