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ON THE LOCAL REGULARITY
OF SOLUTIONS IN LINEAR VISCOELASTICITY

OF SEVERAL SPACE DIMENSIONS

JONG UHN KIM

Abstract. In this paper we discuss the local regularity of solutions of a nonlocal

system of equations which describe the motion of a viscoelastic medium in

several space dimensions. Our main tool is the microlocal analysis combined

with MacCamy's trick and the argument of the classical energy method.

0. Introduction

In this paper we discuss the local regularity of solutions of an integro-differen-

tial system which describes the motion of a linear viscoelastic medium in several
space dimensions. The system is given by the following equations:

u\t{t, x) = qf(t, x)-^ruJ(t,x) + Dfj(t,x)^-uJ(t, x)

(0.1) +[Mtf(t,s,x)^uJ(s,x)ds

[' d
+     Njj(t,s,x)-—uJ(s,x)ds,    fori = 1,..., n,

Jo oxa

in (0, oo) xi?",

(0.2) u(0, x) = u0(x),    ut(0, x) = ux(x),    in R",

where x = (xx, ... , x„) £ R" and u = (ux, ... , un) denotes the displacement

from equilibrium. We employ the convention of summation on repeated in-
dices. The system (0.1) stands for the conservation of linear momentum. The

integral terms are accountable for the effect of memory. Since these terms are
nonlocal, the problem addressed in the present paper is a new kind in the subject

of local regularity of solutions.

The constituent law for a linear viscoelastic material with memory is given

by

(0.3) <Jia(t,x)= f    K?f(t-s,x)eJfi(s,x)ds,
J—oo
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where oya is the stress tensor and Sjp is the strain tensor defined by

(0'4) e" = 2{dx-,+Jx-)-

The kernel function Kff is given by

(0.5) Kff(t, x) = G°/(0, x)8(t) + H(t)^G^(t, x),

where G"f(t, x) is the relaxation function and 8(t), H(t) are the delta and

Heaviside step functions, respectively. Since the relaxation function is derived

from the density function of the stored energy, it satisfies the symmetry condi-

tion:

(0.6) G»/ = G% = Gj.

The conservation of linear momentum is expressed by

d2    ■       d
(0.7) P'dt2U'= dx~a'a + ^''    f°r ' = *' '" ' "'

where p - p(t, x) is the density of the material and f = (f\, ... , fn) stands

for the external force. We assume that the medium was undisturbed before the

initial time t = 0, and that there is no external force. Then, (0.1) follows from

(0.3) through (0.7). We note that if the density p depends on time, then the

convolution structure of the memory kernel is broken. When the past history

of the material for / < 0 is taken into account, it can be easily incorporated

into the external force. Since the system is linear, we may use the superposition

so that the effect of the external force can be separately studied by the same

method of analysis with zero initial conditions. In fact, if the external force is
C°°-smooth, then we may simply ignore it in view of our purpose.

The system (0.1) is by now well understood in the context of the Cauchy

problem and the initial-boundary value problem; see [3]. There are also some

results on the nonlinear system. For extensive references, see [14]. On the other

hand, the investigation of wave propagation and the effect of a memory term

on the regularity of solutions is not complete yet, even though there are many

earlier works on this. We cite [2], [5], [7], [10], [12], [13], and [14] among
others.

Here we focus on the local regularity of solutions in conjunction with the

propagation of singularities. Since the memory term is nonlocal, we cannot

directly apply the known results on the propagation of singularities in linear

elasticity. In fact, the nature of singularities in linear viscoelasticity is different

from that in linear elasticity. The main difference lies in the possible emergence

of stationary singularities. These singularities are weaker than those carried by

the initial data, and they do not move away. This interesting phenomenon

was first pointed out in [5], and was completely analyzed in [10] for a linear

homogeneous viscoelastic medium in one space dimension. The authors of [10]

used the Laplace transform and obtained precise results on the propagation of

singularities for various kinds of memory kernels. In particular, they showed

that if the memory kernel is smooth, stationary singularities can appear. In the

framework of local regularity, this result was extended to a one-dimensional
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nonhomogeneous medium in my previous work [11].  The method of [11] is

different from those of all earlier works. It consists of the following three tools:

(i) MacCamy's trick,
(ii) Hormander's result on the propagation of singularities, and

(iii) the argument of the classical energy method.
In the present paper, we still employ these tools to work out a similar result

in several space dimensions. However, completely new technical difficulties

arise in the case of several space dimensions, particularly in using MacCamy's

trick. The purpose of MacCamy's trick is to control the integral term, which

is nonlocal. It consists in rewriting the original equation in an equivalent form

where the integral term is of lower order. Obviously, it is easier to handle the

integral term if the order becomes lower. For implementation of MacCamy's

trick, we should solve a Volterra integral equation. In one space dimension, this

is a fairly simple matter. But in several space dimensions, the integral kernel

is a matrix pseudodifferential operator of order zero. This is a new kind of

problem, and we present all the details for this in §3.

We shall outline the contents of other sections. In §1, we state the main result

and sketch a general strategy of the proof. In order to justify the statement

of the main result, we need a general existence theorem and the domain of

dependence of solutions which is technically necessary in the proof of the main

result. Hence, in §2, we establish the existence, uniqueness, and domain of

dependence of solutions to the Cauchy problem. The existence of solutions is

known in some particular function spaces. But we need it in a more general

function space. The domain of dependence seems to be also known, at least as

folklore. However, we could not find any appropriate reference which provides

the proof of these results according to our need. Therefore, we present the

details of the proof rather than beg the readers to believe the theorem. After all

these preparations, we give the details of the proof of the main result in §4.

This paper has not discussed reflection of singularities on the boundary. It

has been investigated by many people for hyperbolic equations, and it is known

that the propagation of singularities can be very complex depending on the

geometry of the boundary. In linear elasticity, it is also known that there can be

singularities that run along the boundary. They are called Rayleigh waves, and

were investigated in [16]. In case of a nonlocal system of equations, propagation

of singularities near the boundary seems to be wide open for future investigation.

Finally, I would like to express my gratitude to Professor M. Renardy for

useful information on this subject. I am also grateful to the anonymous referee
for constructive comments.

Notation.

W = the set of all «-tuples of complex numbers,

Z+ = the set of all nonnegative integers,

Z" = the set of all rc-tuples of nonnegative integers.

We shall employ the following multi-index notation. For a = (ax, ... , a„) e
jn

\a\ = ax + ■ ■ ■ + a„,     a\ = ax\ ■ ■ ■ an\.

For aJeZJ, ft < a means /?, < a,, for each i. If a, B £ Z" and p < a,
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we write

\fi)     \Bx)'"\B»)- B\{a-B)Y
For a £ Z1, x £ R" , f € Rn , and * 6 i?,

Dj = -v711!^-,    for j = 1,..., n,

ux - UX un   ,       Ut--yj-1—.

For m £ R, Hm(Rn) denotes the usual Sobolev space equipped with the

norm

(0.8) Wf\\H»<m = \\(i + \Z\)mM)\\mR»),

where /(£) is the Fourier transform of f(x). When / is WN valued and each
component belongs to Hm(Rn), we still write / e Hm(R"). We also follow

this convention for other function classes.

The following notation is standard. For an open subset Q of R" ,

3S'({71) = the space of distributions over Q,

WF(u) = the wave front set of u, for u £ 3''(fl).

For u £ 3S'(fX), we say that u is Hm at Xq £ Q if there is a function tf>(x) £

Q°(fl) such that 4>(x) = 1 in a neighborhood of x0 and </>u £ Hm(R").
For m £ R and T > 0, we write

<9""([0, T]x[0, T]xRn xR")

= the set of all complex valued a(t, s, x, ^)

() £C°°([0,T]x[0,T]xR" xR")

which satisfies the following condition:

for each (a, B, y, 8) £ Z+ x Z+ x Z" x Z" , there is a positive constant Kapyg

such that

(O.io) \d?dfdyd*a(t, s, x, oi < KaPyS(i + \z\)m-w,

for all (t,s,x,Z)e[0, T]x[0, T] x Rn x Rn.

We also use some subsets of ^m([0, T] x [0, T] x R" x R"):

<9""([0, T] x R" x Rn) = the set of all elements
(0 11) VL       J '

'    ' of <9""([0,T]x[0,T]xR"xR") which are independent of s,

(0.12)
<9""(R" xRn) = the set of all elements of <¥""([(), T] x [0, T] x Rn x R")

which are independent of / and s.

If A = [atj(t, s, x, £)] is an NxN matrix with each entry a,; e J?*m([0, T]

x [0, T] x R" x R"), we still write A £ S""([0, T] x [0, T] x R" x Rn). If
each entry au belongs to «S*"»([0, T] x Rn x R") (resp. 5fim(Rn x Rn)), we

also write A £ fm([0, T]xR" xR") (resp. &m(Rn x R")) .
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For a(t,s,x,cD£S"m([0, T]x[0, T]xR"xR"), a(t,s,x,Dx) denotes

the pseudodifferential operator depending smoothly on t and 5 defined by

(0.13) a(t,s,x,Dx)f=(2n)-" f a(t, 5, x, <J)e,-JC*«/(£)di,
Jr"

for each f(x) £ CffiR"). We can also define a(t, x, Dx) and a(x, Dx) by
(0.13) if a{t,x,Z) £5""([0, T] x R" x Rn) and a(x,£) 6 5""(Rn x Rn),

respectively. When .4 e ^([0, T] x [0, T] x Rn x Rn) is an NxN matrix,

A(t, s, x, Dx) is also defined by the formula (0.13) with a ffN valued / e
C^(Rn). In the same way, A(t, x, Dx) and A(x, Dx) can also be defined.

For m £ JR, we write

6>PSm([0, 7] x [0, T] x R") = the set of all a(t,s,x, Dx)

where a(t,s,x,t;)£5i?m([0, T]x[0, T]xR" xR"),

OPSm([0, T] x R") = the set of all a(t, x, Dx)

('    ' where a(t,x,c;)£<¥"n([0, T]xR"xRn),

(0.16) OPSm(Rn) = the set of all a(x, Dx), where a(x, £) e ^m(/?" x Rn),

(0.17)     O/'.S-^dO, 7] x [0, T] x Rn) = p| OPSm([0, T] x [0, T] x R").
m€R

Similarly, OPS-°°([0, T] x R") and OPS-°°(R") are also defined.

1. Statement of the main result

We first state the assumptions and the main result for the general form

of equations (0.1), and then recap them for the special case of homogeneous

isotropic media.

1.1.   The general case.  We note that all the coefficients of (0.1) are real valued,

and make the following assumptions.

C°f(t, x) £ C°°([0, oo) x R") and all the
(1.1) ,J

derivatives of each C"r are bounded on [0, oo) x R".

j 2)    Cff't, x) = C'J>}(t, x) = Cf*(t, x), for all (t, x) £ [0, oo) x R»

and every a, /?, / and j.

There is a positive constant Co such that

(1 3)        C^^' •x)£q,£^ - co£a'ec-', f°r a11 (t, x) £[0,oo)x R" and

every symmetric tensor eai,

Dfj(t, x) £ C°°([0, oo) x Rn) and all the

derivatives of each £)?■ are bounded on [0, oo) x R",

(1 5)   KP(l's^ *)' Nu(t,s, x) £ C°°([0, oo) x [0, oo) x R"),

and all of their derivatives are bounded on [0, oo) x [0, oo) x R".



364 JONG UHN KIM

Next we let Xk(t, x, <jf), k = 1, ..., p, represent the distinct eigenvalues of

the matrix [C°f(t, x)^p], £ = (£,,..., £„) / 0, such that

We assume that there is a positive constant cx such that if k ^ /, for
k, 1= 1,... ,p,

(1.6) \Xk(t,x,S)-Xl(t,x,ci)\>cx

holds for all (t, x) £ [0, oo) x i?" and |£| = 1.
Under the above assumptions, it is easy to see that the algebraic multiplicity

of each Xk is independent of (t, x, £) e [0, oo) x Rn x (R"\{0}) and that

(1.7) Xx(t,x,c;)>{co\Z\2,

for all (t, x, £) £ [0, oo) x Rn x Rn . We also have the following fact.

Lemma 1.1. For k = I,... ,p, Xk(t,x,cl) is homogeneous of degree two in

£ / 0, and for each (a, B, y) £ Z+ x Z% x Z% there is a positive constant Kapy

such that

(1.8) \d?d£dlxk't,x,t)\<Kalty\i\2-\y\,

for all (t,x,i)£[<d,oo)xRnx (i?"\{0» .

For the proof of (1.8), we use (1.1) and (1.6) to represent the projection

operator associated with Xk(t, x, %) in terms of the Dunford integral. Then

the projection operator is used to express Xk(t, x ,£,) through the trace formula.
Since the argument is standard in the theory of perturbation of eigenvalues, we
omit the details.

Next we set

(1.9) &k(t,x,T,Z,) = x2-Xk(t,x,c\),    fork=l,...,p.

Definition 1.2. A bicharacteristic strip of (0.1) is a solution (t(s), x(s), t(s),

i(s)) of

(1.10) d£- = ^&k(t,x,T,$))    j=l,...,n,

(lid s-£**«.*.*.o.

(1.12) ^i = -±.^>k(t,x,r,i),    j=l,...,n,

(1-13) ^ = -^k(t,x,r^),

(1.14) <?k(t(s),x(s),T(s),Z(s)) = 0   and   t(j)^0,

for some k = 1, ... ,p.

If t > 0, then the above system is equivalent to

(1.15) ^f = --^yjxk(t,x,i),    j=l,...,n,
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(1.16) ^- = -^yJxk(t,x,£),    j=l,...,n,

(Ln) Tt=yw>x>Q>

(1.18) &>k(t,x(t),T(t),Z(t)) = 0,

and if t < 0, then it is equivalent to

(1.19) ^- = -^~yJxk(t,x,^),    j=l,...,n,

(1.20) ^ = -^yjXk(t,x,t\),    j=l,...,n,

(1-21) ^-t=-^Xk(t,x,i),

(1.22) <?>k(t,x(t),T(t),Z(t)) = 0-

By virtue of Lemma 1.1, it is easy to see the following fact.

Lemma 1.3. Each bicharacteristic strip (t, x(t), T(t), £(t)) is defined globally in
t£[0,oo).

Definition 1.4. If (t, x(t), r(t), £(t)) is a bicharacteristic strip, then the curve

(t, x(t)) in [0, oo) x R" is called a bicharacteristic curve.

We now state the main result.

Theorem 1.5. Suppose that all the above assumptions are satisfied and that u is

a solution o/(0.1) and (0.2), where

(1.23) (uo,ux)£Hv(Rn)xHv~x(Rn),    for some v £ R.

If each bicharacteristic curve (t, x(t)) passing through (t*, x*), t* > 0, does

not intersect the singular support of «o and ux at t = 0, then there is a function
<j>(t, x) £ Cq°(R"+x) which is identically 1 in a neighborhood of (t*, x*) and

such that

(1.24) <pu£C°c(R;Hv+x(Rn)).

Furthermore, if, in addition, x* does not belong to the singular support of Uo

and ux , then

(1.25) <f>u£C°°(Rn+x).

A few remarks are in order concerning the scope of the above theorem. The

theorem does not imply that stationary singularities must appear. Even if all the

above assumptions are satisfied, singular initial data do not necessarily generate
stationary singularities. An interesting example in one space dimension was

given in [10]. However, we can easily obtain a sufficient condition for the

emergence of stationary singularities as a byproduct from the proof of the above

theorem. Since the condition involves a technical tool, we will postpone its

presentation: see Proposition 4.12.
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We note that (1.5) is the only assumption on the kernel functions for our

result. The case of singular kernels is not addressed in this paper. A singular

kernel can have a regularizing effect on solutions, and entirely different phenom-

ena can occur. For various examples in one space dimension, the readers are

again referred to [10]. It is known that some other condition on the memory

kernel such as positive-definiteness enables the integral term to dissipate energy.

This has been crucially used to obtain global solutions of nonlinear problems:

see [ 14] for extensive references on this matter. This device does not improve

the regularity of solutions, while it controls the growth of solutions if the kernel

functions are smooth. In this paper, the asymptotic behavior of solutions is not

an issue and such a condition, which is, in fact, consistent with real physics,

does not help our analysis.
Next we shall outline the general strategy of the proof of the theorem. First

of all, we need to make a precise statement on the existence and uniqueness of

solutions to the Cauchy problem (0.1) and (0.2). We also need to investigate

the domain of dependence of solutions, which is technically necessary in the

process of the proof of Theorem 1.5. This will be done in §2. We then put the

system (0.1) in the following form:

(1.26) u,, = L(t)u+ / d>(t, s)u(s) ds,
Jo

where L(t) and <&(t, s) stand for n x n matrices of differential operators of

second order which depend smoothly on the parameters t and s, and u de-

notes the displacement vector with components u,■, i = 1, ... , n . We employ

MacCamy's trick to reduce the order of the integral term. In contrast to the case

of one space dimension, the use of MacCamy's trick involves manipulation of

some pseudodifferential operators. We put

(1.27) v = u + [ L(t)<P(t, s)u(s) ds,
Jo

where L(t) is a parametrix of L(t) so that the operator L(t)L(t) - I is regu-

larizing.  / is the n x n identity matrix.

Then L(t)®(t, s) is an nxn matrix of pseudodifferential operators of order

zero, and we solve for u, which can be represented by

(1.28) u = v+ f R(t,s)v(s)ds.
Jo

Here R(t, s) is an operator which can be formally obtained through the stan-

dard procedure for Volterra integral equations. But we have to prove that

R(t,s) is an nxn matrix of pseudodifferential operators of order zero which

depend smoothly on t and 5 . For the proof of this, a result of Beals [1] is a

key element. The details are given in §3. After this, we write (1.26) in terms of

v so that

v„ = Lv- (2R,(t, t) + Rs(t, t))v - R(t, t)v,

(1.29) /•'
- /  R„(t,s)v(s)ds + f,

Jo

for some / £ C°°([0, oo) x Rn). We then diagonalize L(t) to treat the mi-

crolocal regularity of each component of v . Here, Hormander's result on the
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propagation of singularities is crucial. After we establish the local regularity of

v, we translate it into the local regularity of u and complete the proof. The

technical details are given in §4.

1.2. Homogeneous isotropic case. We will recap our main result in the context

of a homogeneous isotropic medium in R3. In this case, (0.5) reduces to

(1.30) Kff(t, x) = p(t)(8ij8aP + 8ip8aj) + q(t)8ia8jP ,

where 8tj is the Kronecker delta and p(t), q(t) are given by

(1.31) p(t) = p(0)8(t) + H(t)£-p(t),

(1.32) q(t) = X(0)8(t) + H(t)£-X(t).

Here p(t) and X(t) + \p(t) are associated with shear and volumetric defor-

mation, respectively. By putting X = X(0), p = p(0), X(t) = j\X(t) and

p(t) = j-tp(t), the equations of motion (0.1) reduce to

—u\t,x) = {X + p)——u>(t,x) + p-B^jU\t,x)

(1-33) +j\X(t-s) + p(t-s))-^-~uJ(s,x)ds

f' d2
+      p(t-s)dx dx u'(s,x)ds,     i = l,2,3,

where the mass density is taken to be 1. Without the integral terms, these are the
well-known equations of motion in linear elasticity for homogeneous isotropic
media, where X, p are the Lame constants, and 5(3A+2^), p(3X + 2p)/(X+p)

are called the modulus of compression and Young's modulus, respectively. It is
natural to assume that

(1.34) p>0,    3X + 2p>0,

from which the condition (1.3) follows. The condition (1.5) will also follow if

suitable assumptions are made on X(t) and p(t) in an obvious manner. The

condition (1.4) is trivial. Here the matrix [C°f(t, x)c;ac;p] becomes

/p\^\2 + (X + p)^x, (X + p)^2, (A-rAO&fc       \
(1.35) (X + p)^x, m2 + (X + p)^2, (A+ 0)66 •

\      (A + AOfcfi,                (A+ /*)&&,          m2 + (X + p)^J

This matrix has a simple eigenvalue (X + 2p)\£\2 and a double eigenvalue p\t;\2
for |£| > 0. Therefore, the conditions (1.6) and (1.7) also follow from (1.34).

Since the eigenvalues are independent of t and x, the bicharacteristic strips
given by (1.15) through (1.22) are all straight lines.

We now recap Theorem 1.5 in this special case. Let (t*, x*), t* > 0, be

fixed. Then there are two cones in [0, oo) x R} with vertices at (t*, x*). The

first cone consists of family of straight lines given by

(1.36) x = x* + y/pcl(t - f),    0<f <t*,  |£| = 1.
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It is evident that this generates a cone as £ runs through the unit sphere \£\ = 1.

The second cone is generated by

(1.37) x = x* + y/2jr+~Xct(t-t*),    0<t<f,  |£| = 1.

If these two cones do not intersect the singular support of the initial data at

t = 0, then (1.24) follows.

2. Existence, uniqueness, and domain of dependence

The existence theorem is known in some particular function classes which

include the function space of finite natural energy. A more general result on the

existence of solutions is necessary to justify the statement of Theorem 1.5, and

the domain of dependence of solutions is used in its proof. The existence theo-

rems for an initial-boundary value problem can be found in [3] and [14], among

others. Our existence theorem for the Cauchy problem is stated as follows.

Theorem 2.1. Let (u0, ux) £ Hv(Rn) x Hv-x(Rn), for some v £ R.    Un-

der the assumptions (1.1) through (1.5), there is a unique solution u(t, x) of
(0.1) and (0.2) in C([0, oo); Hu(Rn))nCx([0, oo); Hv-x(Rn)). Infact, dtku £

C([0,oc);H»-k(Rn)), for each k>l.

Proof. Since all the coefficients in (0.1) are real, it is enough to consider only

real-valued functions. We will adapt an argument for the symmetric hyperbolic

system without an integral term; see [15]. Let us write (0.1) as

(2.1) utt = L(t)u+ / 0(f, s)u(s)ds,
Jo

where L(t) and ®(t, s) are matrix differential operators of second order which

depend smoothly on t and 5. We need pseudodifferential operators whose

symbols are defined by

(2.2) Am(£) = (l + |£|2)m/2,     m£R,

(2.3) >pe(Z) = (I + e\Z\2)-l/2,    e>0.

Then, we have

(2.4) Am(Dx)£OPSm(Rn),    m£R,

(2.5) <pE(Dx)£OPS-x(Rn),    e>0,

(2.6) {Ve(Dx) : 0 < e < 1} is a bounded subset of OPS°(Rn).

From now on, the argument Dx will be suppressed. We also note that these

operators map real valued functions to real valued functions, and define, for

e>0,

(2.7) G£(t) = ipEL(t)ipe,

(2.8) NE(t,s) = ipe<t>(t,s)ipE,

so that

(2.9) Ge(t)£OPS°([0,oo)xRn),
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(2.10) NE(t, s) £ OPS°([0, oo) x [0, oo) x R").

Here we have used the notation (0.14) and (0.15) with [0, T] replaced by

[0, oo). Let (w0, wx) £ Co°°(Rn) x Clf(J?") and consider the Cauchy problem

with any fixed e > 0:

(2.11) wft = Ge(t)wc+ ( NE(t,s)w£(s)ds,
Jo

(2.12) we(0) = w0,    wf(0) = wi.

Since GE(t) and NE(t,s) are bounded linear operators from Hm(Rn) into

itself, for each m £ R, depending smoothly on t and s, there is a unique
solution we of (2.11) and (2.12) such that

(2.13) ws £C°°([0,oo);Hk(Rn)),    for all k £ Z+.

Next we will suppress the superscript e and derive estimates. For this, we use

the notation (•, •) which stands for the inner product in L2(Rn), and note that

all the functions are Rn valued. By applying A'' to both sides of (2.11), we

obtain

(A"tt>„, A"w,) = {A'lGe(t)A-'tA'iw, A»w,)

+ /['AKNE(t,s)w(s)ds,AKw,\ ,

and

(A"w,, A»wu) = ((A"Ge{t)A-'t)*A'tw,,Aiiw)

+ /a"w,,  f A*N,(t, s)w(s)ds\ ,

where (A^G^OA"")* denotes the adjoint of A"G£(f)A-''. We then define

(2.16) HE(t) = A"G£(f)A-" - (A"G£(;)A-"r

so that

(2.17) {HE(t) : 0 < e < 1} is a bounded subset of OPS1 ([0, oo) x Rn),

since {GE(t) : 0 < e < 1} is a bounded subset of OPS2([0, oo) x Rn) and the

principal symbol of GE(t) is symmetric. Using this, we add (2.14) and (2.15)
to obtain

-j-AiA^w,, A"w,) - (A^GE(t)A-^A^w , A"w))

(2.18) = -(A"wt, (He(t))*A"w) - (A"Get(t)A-'lA>lw , A"w)

+ 2 I j A»NE(t,s)w(s)ds,Afwt(t)\ ,

where (HE(t))* is the adjoint of HE(t) and GEt(t) is the derivative of GE(t) in
t.

By virtue of the assumptions (1.1) through (1.4), we can apply Garding's

inequality to the operator A^L(/)A_/i. Hence there are positive constants ax
and a2 such that

(2.19) -(A^OA-^.^^a.ll^ll^^-azll^lli^,,,,
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for all R" valued <j> £ C§°(R") and all t > 0. Since

A'G.WA-* = ^A"L(0A-"^e,
it follows from (2.19) that

(2.20) -(A"Ge(0A-"A"w, A'w) > atHM^II2^) - a2||^A^|||2(Rn).

Next, by means of the identity

(2.21) HE(ty = y/e((A»L(t)A-»y - (A"L(0A-"))w.,

we can derive

(2.22) |<A"w,, (HE(t))*A»w)\ < a3(\\y,EA»wt\\2LHRn) + ||^A^||^l(/fn)),

where 0:3  is a positive constant independent of e and t.   We also use the

identity

(2.23) A"C7£,(0A-" = y/EA» Lt(t) A-»y/E,

to obtain

(2.24) KA"G„(0A-"A"u>, A"w>| < a,\WEA^w\\2H,(Rn),

where 04 is a positive constant independent of e and t. It now follows from

(2.18) and the above estimate that

HA',ii»/Wlli»(jp)+«ill^A',ti;(OlliVi(ji.)
< a2||^A^(0|||2(Rn) +a5(||A^0||2¥1(J?n) + HA"™,^,^)

(2'25) +o«/'(II^A'ti;(5)||^(JP) + ||^A''«;,(*)||il(JP))rf5

+ 2 J /Fa^N^s, q)w(n)dn,A^ws(s)\ ds,

for all t > 0 and all 0 < e < 1, where as and a6 are positive constants. Now

we observe that

f /JSA>lNE(s,n)w(n)drl,A'iws(s)\ds

= / [' A«NE(t, n)w(n)dn, A"w{t)\

(2.26) <      s v

- / ( / A»(dsNe{s, n))w(n)dn,A^w(s)\ ds

- f (A"NE(s, s)w{s),A"w{s))ds.
Jo

Using the identity

(2.27) A"tfe(f, »/) = ^£A"d>(r, q)A-^eA",

and Holder's inequality, we can estimate each term of (2.26) so that

\J Ij*A*NE(s, n)w(n)dn,A»ws(s)\ ds

(2.28) <^ax\\y/tA*w{t)\fHXm + <*it j U^A^OOH2^)^

+ a8y   ||^A^t(j(5)|||/1(/j„)fij + a9?2y   H^A^u;^)!!^,^^^,
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where ct-j, a% and ag are positive constants independent of e and t. We also

find that

WVe^MQWhat*) ^ II^A^ollla^)
(2.29) rt

+ J {||y/EA'iws(s)\\2mRn) + ||^A"tfj(j)|||2(Jlll)}^,

for all t > 0. Combining (2.6), (2.25), (2.28), and (2.29), we resort to Gron-
wall's inequality and put back the superscript e to obtain

II^WII2^.^) + \\WEt(t)\\w{R»)

< a(p, T)(\\wo\\2Htl+l{Rn) + HWiH^.)) ,

for all / e [0, T] and all e e (0, 1]. Here a(p, T) is a positive constant which

depends on p and T > 0, but is independent of e. Now fix any T > 0. By

virtue of (2.30), we can extract a sequence {we(t)} such that

(2.31) yrtw'^w   weak*inL°°(0, T; H^1 (Rn)),

(2.32) wf->w,   weak*inL°°(0, T;H^(Rn)),

for every p £ R, for some Rn valued function w(t, x). It is easy to see that
w satisfies

(2.33) wt, = L(t)w+ / <J>(r, s)w(s)ds
Jo

(2.34) w(0) = w0,    Wt(0) = wx.

It follows from (2.33) that

(2.35) w£C°°([0,T];H>x(Rn)),

for every p £ R. Hence, we have established the existence of smooth solutions

when the initial data are in Co°(R"). For two smooth solutions wx and w2,

we have the following estimate

(2 36)    l|u;1(r)~u,2(')ll^+1(^) + IIw}(t)-w?(t) fmm

< a(p, T)(\\wx(0) - w2(0)\\2Hll+l{Rn) + K(0) - w2(0)\\2m{R„}),

for all t £ [0, T] and each p £ R. This can be obtained through a simi-

lar procedure as above, but without using y/E. Now suppose that (uq, ux) £

H"(Rn)xHu~x(Rn) is given. Then, we can approximate (uo,ux) by a sequence

in Co°°(Rn) x Cff (/?") which converges to (u0, ux) in HV(R") x H"-x(Rn).

For each approximate data, we obtain a smooth solution. By means of (2.36),
we obtain a true solution u in C([0, T]\ H"(Rn)) nCx([0, 71; Hv~x(Rn)). It

follows from (2.1) that

dtku£C([0,T];H»-k(Rn)),

for each k > 1. Here T can be arbitrarily large. Uniqueness follows by

repetition of the above argument, and the proof is complete.

Next we state the domain of dependence of solutions. This is not of a sharp

form, but it is enough for our purpose and the proof is simpler. Let us fix any

t0 > 0 and x0 £ R" , and define for 0 < t <t0, e > 0 and n > 0,

(2.37) ci(t) = {X£Rn: \\x - x0\\ < e + 2n(t0 - t)}.
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Then Q(t) is a closed w-dimensional ball for each t, and Uo<«f0{(^> ̂ (0)}

is a truncated cone in R"+x. For the time being, we suppress the dependence
of Q,(t) on e > 0 and n > 0.

Theorem 2.2. Let u be a solution of'(0.1) a«d (0.2) vw'f/z (w0, «i) € H"(Rn) x

H"~x(Rn), for some v £ R, under the assumptions (1.1) through (1.5).  There

is a positive constant r\ depending only on the coefficients of(0.l) such that if

Q(0) is disjoint from supp«o U suppwi for some e > 0, then u = 0 in the set

Uo<K,0{('>"('))>•

Proof. We shall proceed in the spirit of [4], which discussed the equations of

homogeneous anisotropic elasticity. On account of the memory term, our cal-

culations are more involved. We rewrite (0.1) as

u'tt = (C^u^)a + Efjui

(2.38) ft f
+ J (M^(t,s)uJfi(s))ads + J  Krj(t,s)ui(s)ds,

where the subscripts a and /? denote the partial differentiation in jcq and Xp ,

respectively. Here, Ef, and Kf- are derived from the coefficients of (0.1) in an

obvious manner. Let us assume

(uo,ux)£CS°(R")xCox(Rn),

so that the solution is smooth. For the above fixed to > 0 and x0 £ R" , we put

for 0 < t < t0 , e>0 and r\ > 0,

(2.39) r (0 = \f   (u\u\ + C°fu>auj) dx.
1 Ja(t)

We then differentiate B'(t) in t to obtain

^r=/ (u\u\t + cr[uiypt)dx + \(  cf'utydx
at     Jn(t) F       i Jaw

-n [     (uM + Cffu'^dx

=  1   (uitCffuJ)adx+ f    u'Efjuidx
..... Jm Jm
(2.40) .    , .

+ j     u\(t) |y (M°f(t, s)uJp(s))a dsj dx

+ f    ui(t){ FK?j(t,s)ui(s)ds)dx
Jii{t) wo )

+ \(    C#«y, dx-nj     (u\u> + Cf-futy) dx.
2 Ja{t) Jdii(t)
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By integration by parts, we have

^f>= -n f     (u>ui + Cffuiluj>)dx
at Jd£l(t)

+ [     ^u\C^uUx+ f    u\Efjuidx
Jdtyt) H JCl(t)

+ j     Lu\(t) { / Mf(t,s)uUs)ds) dx
(2.41) Jm{t) 7° V

-J    <M\J M^(t,s)uJfi(s)ds^ dx

+ J    u[(t) U Kfj(t,s)ui(s)ds\ dx

+ U  qftu%dx,

where C = (Ci.--.Cn) is the outward unit normal vector on dCl(t) with

respect to the x variables. In fact, C = (x - xo)/\\x - xq\\ . We will estimate
each integral of (2.41). In the following estimates, fc/'s denote positive constants
which depend only on the coefficients of (2.38). First we observe the following

identity as in [4] by using (1.2) and (1.3):

-l-Cffu^+l-CauiCffujfi

(2.42) = -\c°f (M< - ico«j) («J - jjC,u?) + ±C°fUfiu<ui

<±c?fufiuiui,

and thus,

- n I      CffuM dx+ f      CauiCffui, dx
(2.43) Jetf Jm{,)

1 Jdil(t) 2 JdCl(t)

For the fourth integral (2.41), we integrate in t over [0, h], for 0 < h < to,

so that

lo   [Lai k"'W{jf ̂''*)"£<*)rf4 dx) dt

(2.44) <y [   [      u\(t)u\(t)dxdt
Jo   Jdil(t)

+ ^/w        fujp(s)uJ(s)dsdx)dt,
7   Jo   [Jdii(t)Jo p J
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for any y > 0. The last integral of (2.44) can be estimated as follows:

/   W       / ui(s)uL(s)dsdx > dt
Jo   \Jda(t)Jo   p      p J

= /   < /   /      ui(s)ui(s)dxds > dt,
Jo    [Jo  Jdil(t)    p        p J

by putting p = e + 2n(t0 - t),

,„.,,, 1      re+2tito rt0+{e-p)/(2ri)    r

(2-45) / / / uJfi(s)u^(s)dxdsdp,
ztl Je+2r,(t0-h) JO J\\x-x0\\=p

by changing the order of integration,

t       rh    re+2ri(tQ-s)    /•

< x- /    / / uJJs)uJJs)dxdpds
^n Jo Jo J\\x-xv\\=p p    p

= ■*- I ujR(t)ui(t)dxdt.
2*1 Jo Jaw  "      p

For the fifth integral of (2.41), we integrate in t over [0, h], for 0 < h < to,
and use integration by parts to obtain

-J J    utiQy^Mtfit.s^Wds} dxdt

= ~ j    <(h) { j M°f(h, s)ujp(s) ds } dx

+ [   f   ^Jt)Mfht,t)u^B{t)dxdt
Jo Jatf)

(2.46) + f   f    u}a(t)ij M^(t,s)ujfi(s)ds\ dxdt

-2n j   I      m£(0{ FM^(t,s)ujJs)ds) dxdt
Jo Jea{t) Wo J

<y f    ui,(h)uUh)dx + y f   f     u^u^dxdt
JQ(h) JO   Jdil(t)

+ (^+h+k5h2 + ^) F [ Mj,(o«i(o dx dt,
V y 7   J Jo Ja't)

for any y > 0, where (2.45) has been used. It is easy to see that

(2.47)

/  {the third integral + the sixth integral
Jo

+ the seventh integral of (2.41)} dt

<k7 [   f    u\(t)uit(t)dxdt + (k% + k9h2) f   f    u^K^dxdt.
Jo Jn(t) Jo Ja(t)

Combining the above estimates and calling forth the dependence of Q(r) on
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e > 0, we arrive at

g(h,e)<£(0,e)-n f   f        u\(t)u\(t) dx dt
Jo   Jdil{t,e)

-it \     qfuw^wdxdt
1 Jo   Jdil(t,e)

+ (? + —)[   I        u\(t)u\(t)dxdt
\       1 / Jo Jaa{t,e)

(2.48) + (M + M + k4 + k5h2 + ^ + k% + k9h2\
\2yn       y y J

x /   /       uUtKtfdxdt
JO   Jil{t,e)

+ y f       iijh)u?a{h)dx + y I   I        u!a{t)u?a(t) dx dt
Jtl(h,e) JO   JdQ(t,e)

+ k-i       /       u\(t)u\(t) dx dt,
Jo Ja{t,s)

for every y > 0, n > 0, 0 < h < to and £ > 0. Next let us choose n > 0 such

that

(2.49) | < \n.

Now to, xo and n are fixed. Suppose that there are 0 < £i < e2 such that

(2.50) Q(0, £2) n {supp Uq U supp «i}   is empty.

By virtue of Korn's inequality with the aid of (1.1), (1.2) and (1.3), there are

positive constants dx and d2 such that

T /        qfuUtW^dxde
n     .    Jei  Jaatt.e)
{*■••>l) ,£2   * ,e2   ,

>dx        / u'a(t)u'a(t)dxde-d2        / u'(t)u'(t)dxde,
J ex   Jdil{t,e) Je,    JdSl(t,e)

for all 0 < t < to , and

/    qfuUt)uj,(t)dx
(2.52) '*•'>

>dx /       u'a(t)u'a(t)dx-d2 u'(t)u'(t)dx,
Jci{t,e) Jtl{t,e)

for all 0 < t < to and £1 <s<e2. Since

(2.53) ul(t,x)= /  u't(s,x)ds,
Jo

for all x £ Q(0, £2), we can derive

(2.54) /      ui(t)u\t)dx<t [  I       u\(s)u\(s)dxds,
J(l(t,e) Jo  Jsi(s.e)
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for all 0 < t < t0 and £1 < £ < £2. It also follows that

(2.55)
re2     f re2     /• /•/

/    / u'(t)uj(t)dxdE<t       / /  u\(s)u\(s)dsdxde
Je,    Jaa(l,e) Je,    Jdil(t,e)Jo

<t / u't(s)u't(s)dxdeds + t      /        u\(s)u\(s)dxds
Jo  JEi    Jd£l{s,e)    ' Jo  Jil{s,e,)

<t I  // u\(s)u\(s)dxdeds +-— /   /* W's, e)deds,
Jo  Je,    Jdil{s,e) ^2 — Cl Jo  Je,

for all 0 < t < to . We have used the fact that %?(s, e) is nondecreasing in £ .

By combining (2.52) and (2.54), we obtain

(2.56) /      ui(t)ui(t) dx < 2-?(t ,e) + ^ F g>(s ,e)ds,
Jn(t,e) «1 "i    Jo

for all 0 < t < to and ex < e < e2. It also follows that

T /        K(t)u'a(t) dxde<^- f2 / CffutiWM) dx de

(2.57) +// / u\(s)u\(s)dxdeds
d\    Jo  Je,    Jdil{s,e)

+ d2_2t_ r' fe2g{     )ded

dX £2 - £l Jo  Je,

for all 0<t<t0.
We now choose y > 0 such that

(2'58) 7<minU'T'^'2^Fj-

Finally we integrate (2.48) in £ over [fii, £2], and take into account (2.49)

through (2.58), so that, for some positive constant d^,

(2.59) [1g(h,e)dE<di [   [ * &(t, e)dedt,
Je, Jo   Je,

for each h £ [0, to]. This yields

(2.60) ^(t, £2) = 0,     for all 0 < t < t0.

We have established the above theorem for (u0, ux) £ C0DO(/?") x C03O(i?").

For (u0, ux) £ Hv(Rn) x Hu~x(Rn), v £ R, we start by finding a sequence

{(uo, uk)}kL\ in Cox(Rn)xC0x(Rn) which converges to (u0, ux) in H"(Rn)x

H"~X(R"). We can arrange that if (71(0, e) is disjoint from supp«o U supp«!

for some £ > 0, then it is also disjoint from supp Mq U supp u\ . Now we

apply the above theorem to the solution with the initial data (u§ , u\) for each

k. Then, we arrive at the conclusion for the true solution u by continuous

dependence of solutions on the initial data.

3. Preliminaries for generalization of MacCamy's trick

In this section, we develop necessary tools for the proof of Theorem 1.5.

First we recall some facts on the basic calculus of pseudodifferential operators.
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Lemma 3.1. <9""([0, T] x [0, T] x R" x R") is a Frechet space with the topology

induced by the family ofseminorms indexed by (a, fi, y, 8) £ Z+ x Z+ x Z£ x

Z»:

sup{(l + \Z\)-m+W\d?dfdyd*a(t, s, x, 0|:

(t,S,x,£)e[0, T]x[0, T]xRnxRn}.

Lemma 3.2. The product map defined by

(3.2) (ax(t,s,x,£), a2(t,s,x,cl)) ^ ax(t, s, x, £)a2(t, s, x, £)

is continuous from ^""'([O, T] x [0, T] x R" x R») x S?m>([0, T] x [0, T] x
Rn x Rn) into S?m^m*([0, T] x [0, T] x R" x R").

Lemma3.3. Let aj(t, 5, x, <J) e S*m>([0, T]x[0, T]xRnxRn), j= 1,2,...,

be such that mj j -oo as j -* oo. Then, there is

a£<9"n>([0, T]x[0, T]xRnxRn)

such that
oo

(3.3) «~5>
;=i

in a sense that

N

(3.4) a - Y^ ^ £ ^m"+1 ([0, T] x [0, T] x Rn x R"),

for every N > 1.

This can be proved by slightly modifying the proof of Proposition 18.1.3 of

[9]-

Lemma 3.4. Let F, be a Frechet space for i = 1, 2, 3. If Ax is a continuous

linear mapping from Fx into F2 and tj> £ C°°([0, T]x[0, T];FX), then

(3.5) A10GCoo([O,r]x[O,r];F2).

If A2 is a continuous bilinear mapping from Fi x F2 into F3 and y/j £
C°°([0, T] x [0, T];Fi), 1 = 1,2, then

(3.6) A2(^ , W2) £ C°°([0, T] x [0, T]; F3).

Next, for Banach spaces Bi and B2, we denote by £?(BX; B2) the Banach

space of all continuous linear operators from Bi into B2.

Lemma3.5. Let a(t, s,x,$) £Sfim([0, T]x[0, T]xR"xRn) forsome m£R.

Then,

(3.7) a(t,s,x,Dx)£ C°°([0, T]x[0, 71; 2\Hk(Rn); Hk~m(Rn))),

for each k £ R.

Proof. This follows from Lemma 3.4 and the fact that the linear mapping from
S*m(RnxRn) into £f(Hk(R");Hk-m(Rn)) defined by

(3.8) b{x,Z)~b{x,Dx)

is continuous for each k £ R.
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Lemma 3.6. If Aj(t, s, x, c;) is an N x N matrix and

Aj(t,s,x,Dx)£OPSm-([0, T]x[0, T]xRn),

mj £ R, for i - 1,2, then the composite operator

B = Ax(t, s, x, Dx)A2(t, s, x, Dx)

belongs to OPSm'+m^([0, T]x[0,T]x Rn). Furthermore, the mapping

(3.9) (Ax(t, s,x,0,Mt,s,x,0) ~B(t,s,x,Z)

is continuous from ^w'([0, T] x [0, T] x Rn x Rn) x <¥"">([0, T]x[0,T]x

R" x Rn) into ^m'+m2([0, T] x [0, T] x R" x R"), and

B(t, s, x, f) - Ax(t, 5, x, £)A2(t, s, x, £)

£^mi+m2-x([0,T]x[0,T]xRn xR").

Proof. This follows from Lemma 3.4 above and Theorem 18.1.8 of [9], which

says that the above mapping defined by (3.9) is continuous from S?m\ (Rn x Rn)

x ^m'(Rn x Rn) to /9"n,+m2tRn x Rn} and the mapping from the left-hand

side of (3.9) to (3.10) is continuous from 5em^(Rn x R") x ym'(Rn x Rn) to
^m,+m2-ltRn XjR").

Lemma 3.7. Let A(t,x,£) = Ax(t, x, c\) + A2(t, x, tl), where Ax(t, x,£,) £
<9""-x([0, T]xRn x R") and A2(t,x,£) £ ^m([0, T] x R" x R"), m£ R,

are N x N matrices such that for some positive constant r\,

(3.11) \det A2(t,x,c\)\>n   if(t,x)£[0, T]xRn and \Z\ = 1,

and

(3.12) A2(t, x, £) is homogeneous of degree m in £ for ]£] > 1.

Then, there is an N x N matrix B(t,x,£,)£ ^~m ([0 ,T]xRnxR") such that

(3.13) A(t,x,Dx)B(t,x,Dx)-l£ OPS-°°([0, T] x R"),

(3.14) Bit, x, Dx)A(t, x, Dx) -l£ OPS~°°([0, T] x R").

Proof. There is a positive constant c such that A(t,x,tl) is invertible for

|cj| > c. By virtue of (3.12), we can choose an N x N matrix E(t, x,Q £
S*-m([0, T]xR" x Rn) such that

(3.15) E(t,x,Z) = A(t,x,trx,

for \£\ > c. We then set

(3.16) R(t, x, Dx) = I-A(t,x,Dx)E(t,x,Dx).

It follows from (3.10) that

(3.17) R(t,x,Dx)£OPS~x([0, T]xRn).

By Lemma 3.3, there is a matrix operator Q(t, x, Dx) £ OPS°([0, T] x R")

such that

(3.18) Q~I + R + R2 + -- .

Now let us set

(3.19) B(t,x,Dx) = E(t, x, Dx)Q(t, x, Dx).
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We claim that this B satisfies (3.13) and (3.14). For this, we set

(3.20) Qm = / + R + ■ ■ ■ + Rm.

Then, / - AEQm = Rm+X £ OPS^m+x\[0, T] x R"), which implies that

(3.21) I-AB£OPS-°°([0, T]xRn).

Next, we define

(3.22) R(t,x,Dx) = I-E(t,x, Dx)A(t,x,Dx),

(3.23) Q~I + R + R2 + --,

and

(3.24) B(t,x, Dx) = Q(t,x, Dx)E(t, x, Dx).

Then, it follows that

(3.25) I-BA£ OPS-°°([0, T] x Rn).

Meanwhile, we obtain from (3.21)

(3.26) BA - BAB A £ OPS-°°([0, T] x Rn),

which, combined with (3.25), yields

(3.27) BA - BAB A = I - BA   mod OPS-°°([0, T] x R"),

and hence, (3.14) follows.
For generalization of MacCamy's trick, we shall use a particular version of

Beals's result [1] on the characterization of pseudodifferential operators. First
of all, let us introduce some necessary notation:

S^(Rn) = the space of C°° functions in R"

which decay rapidly at infinity,

(3.29) S"(R") = the dual of S"(Rn).

As above, if / is ^N valued and each component of / belongs to <9"(Rn)

(resp. S"(R")), we still write / e S^(Rn) (resp. S"(R")). For a linear oper-
ator B from &>(Rn) into S"(Rn), we define

(3.30) -LjB = [yf^lXj , B] = y/^lXjB - yTABXj ,

(3.31) MjB = [Dj, B] = DjB - BDj ,

for j = I, ... , n , and

(3.32) V = L\--.V*,    fory = (yx,...,yn)£Z1,

(3.33) M6 = M*A...M**,    for8 = (8x,...,8n)£Zl.

Next we define a set of N x N matrix operators:

(3.34)
2? = {B : B is a linear operator from S?(Rn) to 5<"(Rn) and satisfies

VM6B £ S?(H~\y\(Rn); L2(R")), for every (y, 8) £ Z* x Z%},
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which is equipped with the topology induced by the family of seminorms:

(3.35) \\UM*B\\y,    for (y, 8) £ Z? xZ%.

Here || • \y is the operator norm from H~M(Rn) into L2(Rn). The following

is a particular matrix version of Theorem 2.9 of [1].

Lemma 3.8. If Bear, then LyMsB e OPS-M(R») for each (y, 8) £ Z^xZ?,
and the linear map B i-> b(x, <*) is a topological isomorphism from J*? onto

^°(R" x R"), where B = b(x, Dx).

Combining this with Lemma 3.4, we infer

Lemma 3.9. Let B(t, s) be an N x N matrix operator such that B(t, s) is
a linear operator from S?(Rn) to S?'(Rn) for each (t, s) £ [0, T] x [0, 71.

Then, we have
(i) If UMsB(t, s) £ C°°([0, T] x [0, T];^(H-M(Rn); L2(Rn))) for each

(y, 8)£Z%xZl, then B(t, s) £ OPS°([0, T] x [0, T] x R").
(ii) // B(t, s) £ OPS°([0 ,T]x[0,T]xRn), then for each p£R,

LyM5B(t, s) £ C°°([0, T] x [0, T]; £f(H-M+p(Rn); Hp(Rn))).

Now we proceed to prove the following fact.

Theorem 3.10. Let A be an N xN matrix operator such that A(t, s, x, Dx) £

OPS°([0, T]x[0,T]x Rn). Define Ax = A and

(3.36) Ak+X(t, s, x, Dx) =      Ax(t,n,x,Dx)Ak(n,s,x,Dx)dn,

for k > 1. Then, for each m > 1,

m

(3.37) Bm(t, s, x, Dx) = Y<Ak(t, s,x,Dx)£ OPS°([0, T] x [0, T] x R")
k=\

and, as m-»oo,

(3.38) Bm^B    inC°°([0,T]x[0,T];^),

for some B(t, s, x, Dx) £ OPS°([0, T] x [0, T] x Rn).

For the proof of this theorem, we need some preparation.

Lemma 3.11. For any m = mx + m2, mx > I, m2 > 1,

(3.39) Am(t,s,x,Dx) = / Ami(t, n, x, Dx)Am2(n, s, x, Dx)dn.

We can easily derive (3.39) by induction.

Lemma 3.12. If m > mx + m2 + 2, then

(3.40) d^d^Am(t, s, x, Dx)\s=l = 0,

in OPS°([0, T]xR").

Proof. (3.40) is obvious for m = 2, mx = m2 = 0. Assume that (3.40) is true

for 2 < m < r, m > mx + m2 + 2. For any mx > 0, m2 > 0, mx + m2 > 1,
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we have

(3.41)
dtmidsm*Ar+l(t,s,x,Dx)

= TCx(kx ,k2,h, l2)d^dljAx(t, n, x, Dx)dk'd^Ar(n,s, x, Dx)

+ Y,C2(kx ,k2,lx, h)d*d}}Ai(t,n,x, Dx)dk^d^Ar(rj, s, x, Dx)
L—' ' ' t\=s

+ f dtmiAx(t,n,x,Dx)d^Ar(q,s,x,Dx)dn,
Js

where Cx and C2 are nonnegative constants depending on kx, k2, lx and l2,

and the summation is taken over

(3.42) kx+k2 + lx+l2<mx + m2-l.

Hence, if mx + m2 + 2 < r + 1, then k2 + l2 + 2 < mx + m2 + 1 < r and thus,

(3.43) dpd!>Ar(n,s,x,Dx)\i=s = 0.

Therefore, ifwi + m2-l-2</'-(-l, then

(3.44)
dtm>dsm>Ar+x(t,s,x,Dx)

= TCx(kx ,k2,h, h)d*dl}Ax(t, n,x,Dx)      dpdj*Ar(t, s,x,Dx)

+ f dtmiAx(t,n,x,Dx)d^Ar(n,s,x,Dx)dn.
Js

As above, if mx + m2 + 2 < r + 1, then

(3.45) d^d^Ar(t,s,x,Dx)\t=s = 0.

Consequently, we have

(3.46) dtm'dsm2Ar+x(t, s, x, Dx)\t=s = 0,

if mx + m2 + 2 < r + 1. By induction, (3.40) is valid for all m>2.

The following formula of expansion is also useful later on.

Lemma 3.13. Let Ax and A2 be linear operators from S*(Rn) into itself. Then,

for each (a, fi) £ Z% x Z» ,

(3.47) LaM^ AXA2 = ^ 5Z (") (^d)(L7MsAx)(La-yM^sA2).

Proof of Theorem 3.10. Fix any rtj £ Z+, j = 1, 2, 3, 4, and set a = nx +
n2 + 2. We shall show that

(3.48) \\LaMPd?>dsm>A2ka{t,s,x,Dx)\\a<Ck\t-s\k/k\,

for all (t, s) £ [0, T] x [0, T], k > 1, mx < nx, m2 < n2, and (a, B) £
Z1 x Z1 satisfying |a| < «3 and \B\ < n4, where C depends on nx , n2,

«3, «4, but is independent of k . Here || • ||Q denotes the operator norm from
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H~W(R") into L2(R"). When k = 1, mx <nx and m2 < n2, we use Lemmas
3.11, 3.12 and 3.13 to derive

LaM^dr'dsm2A2a(t,s,x,Dx)

= LaM^j d^Aa(t,n,x,Dx)d^A0(n,s,x,Dx)dn

(3.49) !■   N /   N   .,
= E £ U     U     / {L'M*drMt,ri,x,Dx)}

y<c,6<P  ^     '    ^      '   ^

x {La-yM^ddpAa(n,s,x,Dx)}dn.

According to Lemma 3.9, there is a positive constant dx depending on nx, «2 ,
«3 and «4 such that

(3.50) \\La-yMP-sd^Aa(n,s,x,Dx)\\a,y < dx,

and

(3.51) \\LyMsdtm'Aa(t, n,x,Dx)\\y < dx,

for all (n,s),(t,n) £ [0, T] x [0, T] and all a, P, y, £, Wi and m2

satisfying |q| < «3, |/?| < «4, y < a, 8 < ft, mx < nx and m2 < n2. Here

|| • ||Qi}, denotes the operator norm from H~^(R") into H-M(Rn) and || • \\y

denotes the operator norm from H~Iy'(7?") into L2(Rn). Now we use

to derive (3.48) with C = Q =f 2ni+"<d2. Next let us suppose that (3.48) is

valid for 1 < /c < q, for some C > Cx . Then, again by Lemmas 3.11, 3.12
and 3.13, we have

LaMfidtmidsm2A2{,+l)<J(t,s,x,Dx)

= LaM^d^d^ j A2qa(t,n,x,Dx)A2a(n,s,x,Dx)dn

= EzZ(ay)(s) F{LyMsdr'A2qa(t,n,x,Dx)}

x{La-yM*>-sdsm>A2a(n,s,x,Dx)}dn,

for mx < nx and m2 < n2. By means of (3.48) for k = q, we obtain

(3.54) IILWV'^^, »7, X, Dx)\\y < C\t-n\"/q\,
for all (t,n)e[0,T]x[0, T] and all y, 8, m, satisfying |y| < «3, |«5| < n4
and mi < nx . Meanwhile, by the same argument as for (3.50), we find that

there is a positive constant C2 depending only on nx , n2, n3, and n4 such

that

(3.55) \\La-yM^sd^A2a(n,s, x, Dx)\\a,y < C2,

for all (n, s) £ [0, T] x [0, T] and all a, P, y, 8, m2 satisfying y < a,

8 < P , \a\ < n-i, \P\< «4 and m2< n2. Combining (3.52) through (3.55), we
obtain

\\LaMPd^d^A2(q+X)a(t, s, x, Dx)\\a
(j.JOj

<2n>+n*C2Cq\t - s\q+x/(q + l)\.
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Hence, if we take

(3.57) C = max{Cx,2n'+n*C2},

(3.48) is valid for all k > 1. Next we fix any 1 < p < 2a - 1. By the same
argument as above, we have

(3.58) \\LaM^dpd^A2ka+ll(t, s,x, Dx)\\a < Ck\t-s\k/k\,

for all (t, s) £ [0, T] x [0, T], k > 1, mx < nx, m2 < n2 and (a, P) £
Z" x Z" satisfying |a| < «3 and \p\ < n4 , where C depends on nx, n2, n3,

«4 , but is independent of k . With help of (3.48) and (3.58), we apply Lemma
3.9 to B and conclude the proof.

A crucial step in MacCamy's trick is to represent solutions of a Volterra

integral equation. Here we deal with a Volterra integral equation whose kernel

is a matrix pseudodifferential operator. Let A(t, s, x, Dx) bean NxN matrix

operator which belongs to OPS°([0, T] x [0, T] x R" x R"), and consider a

Volterra integral equation

(3.59) v(t) = u(t) - j A(t,s,x, Dx)u(s)ds,
Jo

for 0 < t < T, where u(t) and v(t) are WN valued and belong to W(Rn)

for some p £ R.

Theorem 3.14. For given v(t) £ C([0, T]; H>l(Rn)), p £ R, the solution u(t)

of (3.59) can be represented by

(3.60) u(t) = v(t)+ I  B(t,s,x, Dx)v(s)ds,
Jo

where B(t, s, x, Dx) is an N x N matrix operator which belongs to the space

OPS°([0, T]x[0, T]xR").

Proof. Let us define
m

(3.61) Bm(t,s,x,Dx) = Y,Mt,s,x,Dx),
k=\

where we write Ax = A and

(3.62) Ak+X(t,s,x, Dx)= I Ax(t,n,x,Dx)Ak(n,s,x,Dx)dn,

for k > 1 . Next we set

(3.63) um(t) = v(t)+ I Bm(t,s,x, Dx)v(s)ds,
Jo

for m > 1. Then, it follows that

/ A(t,s, x, Dx)um(s)ds
Jo

= / A(t, s, x, Dx)v(s)ds

(3.64) Jo   t

+      A(t,s,x,Dx)l      Bm(s,n,x,Dx)v(n)dn\ds

= / Bm+X(t, s,x, Dx)v(s)ds.
Jo
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By virtue of Theorem 3.10, there is an operator

B(t, s,x,Dx) £ OPS°([0, T] x [0, T] x R")

such that

(3.65) B=limBm   in C°°([0, T] x [0, 71; &),
m—*oo

from which it follows that

(3.66) lim um = u   in C([0, T]; H^R")),
m—>oo

for some u £ C([0, T]; H^(Rn)). By combining (3.63) through (3.66), we find
that

(3.67) u(t) = v(t) + I B(t,s,x, Dx)v(s)ds
Jo

and

(3.68) / A(t, s, x, Dx)u(s) ds = / B(t, s, x, Dx)v(s)ds.
Jo Jo

Consequently, u satisfies (3.59). Finally, the uniqueness of the solution of

(3.59) follows from Gronwall's inequality, and the unique solution is repre-

sented by (3.60).

4. Proof of Theorem 1.5

According to Theorem 2.1, there is a unique solution u(x, t) of (0.1) and
(0.2) for given (u0,ux) £ Hv(Rn) x Hv~x(Rn) such that

(4.1) u£Ck([0,oo);Hv-k(Rn)),

for all k £ Z+. (4.1) will be used whenever necessary. We shall proceed

according to the general strategy outlined in § 1.

4.1. Reformulation of (0.1). Let us define nxn matrices L and O in terms

of their entries:

(4.2) Lu(t ,x,£) = -C»f(t, xfatf + yf-lDfjit, x)£Q ,

(4.3) <D,-,(*,s,x,i) = ~M^(t, s, x)Up + yTlNfj(t, s, x)£a,

for t £ [0, oo), 5 € [0, oo), x £ R" and t\ e Rn . Then, (0.1) can be rewritten

as

(4.4) utt = L(t, x, Dx)u +      <£>(t,s, x, Dx)u(s)ds.
Jo

We fix a positive number T such that

(4.5) T>t\

where t* appeared in Theorem 1.5. The operator L(t, x, Dx) satisfies the

conditions in Lemma 3.7. Thus, there is a parametrix

L(t,x,Dx)£OPS-2([0,T]xRn)
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such that

L(t,x, Dx)L(t,x,Dx) = L(t,x, Dx)L(t, x, Dx)

= 1   mod OPS-°°([0, T] x Rn),

where I is the identity mapping. Next we write

(4.7) Q(t,s,x, Dx) = Lit, x, Dx)4>(t, s, x, Dx),

so that

(4.8) Q(t,s,x,Dx)£ OPS°([0,T]x[0,T]x R"),

and define

(4.9) v(t) = u(t) + f Q(t,s,x, Dx)u(s)ds.
Jo

By virtue of Theorem 3.14, there is an nxn matrix operator R(t, s, x, Dx) £

OPS°([0, T] x [0, T] x R") such that

(4.10) u(t) = v(t)+ I R(t,s,x,Dx)v(s)ds.
Jo

In terms of v , (4.4) is equivalent to

vlt = Lv + Rx(t,x, Dx)vt + R2(t, x, Dx)v

(4.11) f
-      Rtt(t,s,x,Dx)v(s)ds + f,

Jo

where

(4.12) Ri(t,x,Dx) = -R(t,t,x,Dx).

R2(t,x,Dx)= -2—R(t,s,x,Dx)

(4.13) "
- —R(t,s,x,Dx)

(4.14) f=(I-L(t,x,Dx)L(t,x,Dx)) [ ®(t, s, x, Dx)u(s)ds.
Jo

By means of (4.1) and (4.6), we can deduce that

(4.15) f£C°°([0,T];Hk(R")),    for all k > 0.

4.2.   Microlocal regularity along bicharacteristic strips.   We need some prepa-

ration.   Choose any (t0, x0, £o) £ [0, t*] x R" x R", <^0 ̂ 0.   By virtue of

(1.1), (1.2), (1.3) and (1.6), there is a conic neighborhood J^ of (to, xo, £o)
in [0, oo) x R" x (R"\{0}),

(4.16)
Jr = {(t,x,4):t>Q,\t-t0\<dl,\x-x0\<d2, M -fc/Koll <83,i^0}

for some 8, > 0,  / = 1,2,3, and there is an nxn  real matrix function

A(t, x, £) and a positive constant c such that

(4.17) A(t,x,Z)e&°([0, T]xRn xR"),
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(4.18) A(t, x, £) is homogeneous of degree zero in <* for \£\ > 1,

(4.19) \detA(t,x,Z)\ > c,    for every (t,x,Q satisfying |£| > 1,

(4.20) A(t,x,$)-i[C°f(t,x)ZaZp]A(t,x,Z)=(        ■.. ),
Vo JPJ

for all (t,x,tl) 6 / satisfying |<j;| > 1, where the last matrix is a block
diagonal matrix with

(4.21) Jk=Xk(t,x,Z)Ik,    k=l,...,p,

(4.22) Ik = the nk x nk identity matrix,   k = I, ... , p.

Here nk is the algebraic multiplicity of the eigenvalue Xk . By (4.18), (4.19)

and Lemma 3.7, there is a parametrix B(t, x, Dx) £ OPS°([0, T] x Rn) such

that

(4.23) the principal symbol of B is A(t,x, C)_1 for |£| > 1,

(4 24)       ^('' X' Dx)B^ >x'D^=zB(t'x' Dx)A(t >x,Dx)

= 1   mod OPS-°°([0,T]xRn).

Next let us fix any / = I, ... , p, and denote by T/(f) = (t, x(t), x(t), £(t))

the bicharacteristic strip which corresponds to &\(t, x,x,S,) defined by (1.9)

and satisfies

(4.25) x(t*)=x*,    z(t*) = x\    c;(t*)=C,

where t* > 0 is the same as above and (t* , £*) ^ (0, 0). We restrict to

(4.26) y,(t) = (t,x(t),Z(t))-

Then, there are tm, a conic neighborhood JVm of y\(tm) in [0,oo) x

Rn x (Rn\{0}) and nxn matrix operators Am(t, x, Dx), 5m(r, x, Dx) £

OPS°([0 ,T]xRn),form = 0,l,...,q, such that

(4.27) 0 = t0 < h < • • • < tq = t*,

(4.28) U     y,(;)c/ffl,     m = 0, 1,...,<7-1,
tm<t<tm+,

(4.29) the principal symbol of Bm(t, x, Dx) is Am(t, x, £)~x for |£| > 1,

(4 30)     Am(t, X, Dx)Bm(t, x, Dx) = Bm(t, x, Dx)Am(t, x, £>x)

1 '    j = /   mod OPS-°°([0, T] x i?"),

(4.31)      Am(t, x, tirx[Cff (t, x)^„]Am(t, x, {) is diagonal as in (4.20),

for all (t,x,Z)eJrm, |fl>l.

Remark 4.1. In general, there is not a global smooth diagonalizing matrix. For

(1.35), a global smooth diagonalizer does not exist on account of the hairy ball

theorem.

Next we recall tne following definition on microlocal regularity.
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Definition 4.2. Let w £ 2'(Rn+x)  and a £ R.   We say that w  is Ha  at

(to, xo, T0, &) 6 Rn+l x (i?n+1\{0» if w = wx+w2 with

(4.32) wx£Ha(Rn+x),

(4.33) (to,Xo,To,l;o)tWF(w2).

We are now prepared to discuss the microlocal regularity of solutions of the

equation:

(4 34) W" = L(t>x> D*)w +Fi(t,x, Dx)w,

['    ' +F2(t,x,Dx)w + f   in(0,T)xR",

where the symbol of L was defined by (4.2), and Fx and F2 are nxn matrix

operators such that

(4.35) Fx(t,x,Dx)£OPS°([0,T]xRn),

(4.36) F2(t, x, Dx) £ OPSX([0, T] x Rn).

Using the same notation as above, we fix / = 1, ... , p and m = 1,..., q — 1,

and assert the following.

Lemma 4.3. Let p < a - 1 and assume that

(4.37) w£Ck([0, T];H»-k(Rn)),    for all k £ Z+,

(4.38) w and f are H"-x at     [j     r,(t),
tm<t<tm+,

(4.39) w is H" at Ti(tm).

Then, w is H" at T/(t), tm < t < tm+x.

Proof. Let Bm(t, x, Dx) be the same as above, and set

(4.40) y = Bm(t,x,Dx)w.

It is evident that

(4.41) y€C*([0, T];H"-k(RH)),    for all k £ Z+ ,

and

(4.42) Am(t,x,Dx)y = w + g,

for some g £ C°°([0, T]; Hk(Rn)), for all k £ Z+.  Consequently, we find
that

(4.43) y„ = BmLAmy + Gxyt + G2y + h,

where

(4.44) Gx = BmFxAm - 2BmAmt,

(4.45) G2 = -BmAmtt + BmFxAmt + BmF2Am ,

(4.46) h = Bmf+(I- BmAm)y„ - BmLg - BmFxgt - BmF2g + Bmglt.

On account of (4.35) and (4.36), it is apparent that

(4.47) Gx(t,x,Dx)£ OPS°([0,T]xR»),

(4.48) G2(t, x,Dx)£ OPSX([0, T] x R").

We need a special version of Theorem 18.1.35 of [9].
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Lemma 4.4. If H(t, x, Dx) is an nxn matrix operator in OPSm([0, T]xR"),

for some m £ R, then

(4.49) y,{t)H(t,x,DxyV(t, x,Dt,Dx)e OPSm(Rn+x),

(4.50) V(t,x,Dt,DxMt)H(t,x,Dx) £ OPSm(Rn+x),

for any y/(t) £ Cq°((0 , T)) and any nxn matrix operator *¥(t, x, Dt, Dx) £

OPS°(Rn+x) that satisfies

(4.51) V(t,x,T,Z) = 0,

for all (t, x,r,c;) £ Rn+X x Rn+X such that \£\ < e\x\ and \x\ > l/e, for some

£ >0.

By virtue of this, Bm(t,x, Dx), Gx(t,x, Dx) and G2(t, x, Dx) are matrix

pseudodifferential operators in (t, x) microlocally along T/(t). Consequently,

we find that

(4.52) y is Ha~x at T,(t),        tm < t < tm+x,

(4.53) yisH" atr,(tm),

(4.54) h is Ha~x at T,(t),        tm < t < tm+x.

Meanwhile, for (t,x,£) £ JVm  satisfying  |£| > 1 , the principal symbol of

BmLAm is the diagonal matrix:

M ON

(4.55)
\0 JPJ

where  Jk = Xk(t,x,tl)Ik  and Ik  is the  nk x nk  identity matrix, for k =
I, ... , p . In accordance with (4.55), we write

where yk is W"k valued, for k = I, ... , p . Now there is a conic neighborhood

cfm of T,(t), tm < t < tm+x, in Rn+X x (Rn+X\{0}) such that

(4.57) cfm c {(t, x, x, <J) : (t, x, £) £^m, x £ R}

and

(4.58) x2-Xk(t,x,Q^0,    forall(t,x,x,£,)£(fm, ifk±l.

We can also find a conic subset cf^ of <fm and y(t,x,x,i)e 5*°(Rn+x xRn+x)

such that

(4.59) |J   r,(o c <rn,

(4.60) suppy c (¥mn{(t, x, x, £) : x2 + \Z\2 > \, |£|>e|t|,  for some £> 0},

(4.61) y(t,x,T,£) = l,    for (t, x,x,t) €<% satisfying x2 + |£|2 > 1,
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(4.62) y is homogeneous of degree zero in (t , £) for x2 + |<^|2 > 1.

By choosing a function y/(t) £ Cq°°((0, T)) which satisfies

(4.63) y/(t) = 1, on an open interval containing [tm , tm+x],

we have from (4.43)

(4.64) y/ytt = y/BmLAmy + y/Gxyt + y/G2y + y/h   in Rn+X,

and thus, by applying y(t,x,Dt, Dx) to both sides,

p p
(4.65) Qkyk = iZQk,jyi + Y.'Ek,iyjt + Pk,   foxk = i,...,p.

7 = 1 7=1

Here Qk(t, x, Dt, Dx) is an nkxnk matrix operator in OPS2(Rn+x) such

that

(4.66) the principal symbol of Qk = y(t, x, x, £)y/(t)(x2 - Xk(t, x, £))Ik,

for x2 + \c;\2 > c, where c is a positive constant and Ik is the nk x nk identity

matrix. Qk>j and Ekj are nkxnj matrix operators such that

(4.67) ekJ£OPSx(Rn+x),

(4.68) EkJ£OPS°(Rn+x),

for k, j = 1, ... ,p. It follows from (4.54) that pk is a 8"1* valued function

such that

(4.69) pk is H°-x at r;(/),        tm < t < tm+x,    for k = I, ... , p.

For (4.67) through (4.69), we have used Lemma 4.4. By virtue of (4.52), (4.58),
(4.61), (4.66) and (4.69), we can derive from (4.65)

(4.70) yk is H" at T,(t), tm < t < tm+x,

for k / /. Using this, we consider

(4.71) Qiy, - 0uy, - Euyn - £6/,^ +£E/>;y;-I + P,.
Ml Ml

The right-hand side is Ha~x at Tt(t), t,„<t< tm+x , on account of (4.69) and

(4.70). Now we apply Proposition 3.5.1 of [8] to find that

(4.72) y,isH°at      [j     T,(t).
tm<t<tm+,

Now (4.70) and (4.72) yield that

(4.73) wisH°at      [j     r,(t),

and the proof is complete.

Remark 4.5. For Lemma 4.3, we cannot use Theorem 4.1 of [15, p. 135] unless

all the distinct eigenvalues of [Cff(t, x)E,atlp] are simple. If there is a multi-

ple eigenvalue, then at least one family of bicharacteristic curves of the scalar

pseudodifferential operator det(r2/ - [Cff(t, x)tla^p]) degenerate into a single

point. Such degenerate bicharacteristic curves are useless since our purpose is
to relate the local regularity of solution near t = 0 to the microlocal regularity

of solution at a specified point.

Next we note a couple of technical facts.
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Lemma 4.6. Let p £ R. Suppose that y/(t) £ C0°°((0, T)), *¥(t, s, x, Dx) £

OPS°([0, T]x[0,T]x R") and v £ Ck([0, T]; Hf-k(Rn)), for all k £ Z+.
Then,

(4.74) y/v£H'l(Rn+x),

(4.75) y/(t) [ v¥(t,s,x,Dx)v(s)ds £ Hft(Rn+x).
Jo

Proof. If p < 0, then (4.74) and (4.75) follow directly from the Fourier trans-
form. If p is a positive integer, (4.74) and (4.75) are obvious. If p is an

arbitrary positive number, they follow by interpolation.

Lemma 4.7. Let p £ R and v £ Ck([0, T]; H»-k(Rn)), for every k £ Z+. If
v is a solution o/(4.11) in (0, T) x R" , then

(dkv)tt = L(dkv) + (Rx + kLtL)(dkv)t

(4-76) +Qk,odtkv + --- + Qktkv

+ I  <&k(t,s)v(s)ds + fk,
Jo

for each k £ Z+, where L is a parametrix of L as in (4.6) and

(4.77) Qk,j(t,x,Dx)£OPS°([0,T]xR"),     j = 0,l,...,k,

(4.78) ®k(t, s, x, Dx) £ OPS°([Q, T] x [0, T] x R"),

(4.79) fk£C°°([0,T];Hm(Rn)),    for all m £ Z+.

Proof. (4.76) can easily be shown by induction. We omit the details.

We proceed to prove the following result on the microlocal regularity along

a bicharacteristic strip.

Lemma 4.8. Let p£ R and suppose that v is a solution of(4.11) in (0, T)xRn

such that v £ Ck([0, 71; H^~k(Rn)), for all k£Z+. Let T,(t) = (t, x(t),x(t),
£(t)) be a bicharacteristic strip of (0.1). If (t, x(t)) is disjoint from the singular

support of v at every t £[0, e], for some e > 0, then

(4.80) dkv is i/"+1 at T,(t),    for each 0 < t < T,

for all k £ Z+ .

Proof. We can partition the interval [0, T] as above and apply Lemmas 4.3 and

4.6 to each subinterval successively to derive (4.80) for k = 0. Now suppose

that (4.80) is valid for 0 < k < N, and set

(4.81) w=d,N+xv.

It follows from Lemmas 4.6 and 4.7 that

(4.82) wlt = Lw + (Rx + (N + l)LtL)wt + QN+X ,oW + y,

where y is H^ at T/(f), for each 0 < t < T. Again by Lemma 4.3, we find

that

(4.83) w is 7/"+1 at r;(0 ,        0 < t < T.

By induction, (4.80) is true for all k £ Z+ .
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4.3.   Local regularity of v .  Here we shall establish the following fact.

Proposition 4.9. Let v be a solution of (4.11) in (0, T)xRn such that for some

p£R,
(4.84) v £ Ck([0, T]; H^k(Rn)),

for all k £ Z+. Let (t*, jc*) 6 Rn+X, 0 < t* < T, and assume that each
bicharacteristic curve of (0.1) passing through (t*, x*) does not intersect the

singular support of v near t = 0. Then, there is a function q>(t, x) £ Co°(R"+x)
which is identically 1 in a neighborhood of (t*, x*) and such that

(4.85) (pv £ C°°(R; H'1+2(Rn)).

Proof. Choose any (t* , £*) £ Rn+X\{0}. If 0>k{t*, x*, x*, £*) = 0, for some
k = I, ... , p , then there is a bicharacteristic strip passing through (t*, x*, x*,

£*) and the corresponding bicharacteristic curve does not intersect the singular

support of v near t = 0. Therefore, we can apply Lemma 4.8 to find that

(4.86) dkv is H^1 at (t*, x*, x*, £*),

for all k £ Z+ . If 3»k(t*, x*, x*, £*) ? 0, for each k = l,...,p, then
D2 + L(t, x, Dx) is microlocally elliptic at (t*, x*, x*, £*), and thus it follows

from (4.11) that

(4.87) v is i/"+2 at (t*, x*, x*, £*)•

By induction, we can deduce from (4.76) that

(4.88) dkv is H^2 at (t*, x*, x*, C),

for every k £ Z+ . Combining (4.86) and (4.88), we have

(4.89) dkv isHf+x at(t*,x*),

for every k £ Z+ . Next, there is a positive number 8 such that if

(4.90) \(i,x)-(t*,x*)\<8,

then any bicharacteristic curve passing through (t, x) does not meet the singular
support of v near t = 0, and consequently,

(4.91) dkv is//"+I at (t,x),

for every k £ Z+ . Hence, there is a positive number £ such that

(4.92) v £ C°°([t* -e,t*+e]; H"+x(Be)),

where BE = {x £ R" : \x -x* | < £} . Using the fact that L(t, x, Dx) is strongly

elliptic in R" , we derive (4.85) from (4.11).

Proposition 4.10. In addition to the assumptions in Proposition 4.9, we further
assume that

(4.93) x* & sing supp v(0) U sing supp vt(0).

Then, there is a function 4>(t, x) £ C03O(7?',+1) which is identically 1 in a neigh-
borhood of (t*, x*) and such that

(4.94) cj)v £ C°°(Rn+x).

For the proof of this, we first observe the following fact.
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Lemma 4.11. Let JT(t,s, x,Dx) £ OPS°([0, T] x [0, T] x R").   Under the
same assumptions as in Proposition 4.10, we have

L(t)k f J?(t,s)v(s)ds

(4.95) J° t
= J?kA(t)vt(t)+J?k,2(t)v(t)+ j ^k(t,s)v(s)ds + <pk,

Jo

where the arguments x and Dx have been suppressed and

(4.96) J?kA(t)£OPS2k([0, T]xR"),

(4.97) J?k,2(t)£OPS2k([0,T]xR"),

(4.98) ^k(t,s)£ OPS°([0,T]x[0,T]xRn),

(4.99) (pk£Cc°([0,TY,H»+x-2k(Rn)),

(4.100) {(t, x*) : 0 < t < T} is disjoint from sing supp <f>k .

Proof. This is trivial for k — 0. Suppose that (4.95) is valid for 0 < k < m.
Then,

L(t)m+l f J?(t,s)v(s)ds
Jo

(4.101) =L(t)J?mA(t)vt(t) + L(t)J?m,2(t)v(t)

+ f L(t)^m(t,s)l(s)L(s)v(s)ds + dm,
Jo

where L(s) is a parametrix of L(s) and

(4.102) em= f L(tWm(t,s)(I-L(s)L(s))v(s)ds + L(t)<pm.
Jo

By virtue of (4.6), (4.84), (4.99) and (4.100), it is easy to see that

(4.103) 6m £ C°°([0, 71; Hp-x-2m(Rn)),

(4.104) {(t, x*) : 0 < t < T} is disjoint from sing supp 6m.

Meanwhile, we can write

/ L(tWm(t,s)L(s)L(s)v(s)ds
Jo

'= j J(t, s) lvss - Rx(s)vs(s) - R2(s)v(s)

(4.105) +jRss(s,r1)v(n)dn-f(s)jds

' ^ J(t, t)v,(t) - {Js(t, s)\s=l + J(t, t)Rx(t)}v(t)

- J(t, 0)u,(0) + {Js(t, 0) + J(t, 0)Rx(0)}v(0)

+ \ ?(t, s)v(s)ds- f J(t, s)f(s)ds,
Jo Jo
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where

(4.106) J(t, s) = L(t)%fm(t, s)L(s) £ OPS°([0, T]x[0, T]xR"),

9-(t, s) = Jss(t, s) + ds{J(t, s)Rx(s)}

(4.107) -J(t,s)R2(s)+ f J(t,n)R^(n,s)dr,
Js

£OPS°([0, T]x[0, T]xRn).

Now we set

<t>m+x = -J(t, 0)u,(0) + {Js(t, 0) + J(t, 0)Rx(0)}v(0)

(4-108) f< ,      ,
- /  J(t,s)f(s)ds + 6m.

Jo

Then, it follows from (4.15), (4.84), (4.93), (4.103) and (4.104) that

(4.109) <pm+x £ C°°([0, T];H»-x-2m(Rn)),

(4.110) {(t, x*): 0 < t < T} is disjoint from sing supp 4>m+x.

We also set

,A1„y J?m+XA(t) = L(t)J?mA(t) + J(t,t)
(4.111) -   ,.V ; £OPS2m+2([0,T]xRn),

(4 112) ^rn+\,2(t) = L(t)J?m,2(t) - Js(t, S)\s=t - J(t, t)Rx(t)

£OPS2m+2([0, T]xRn).

It is now apparent that the representation formula (4.95) is valid for k = m+l.

By induction, it is valid for all k £ Z+ .

Proof of Proposition 4.10. We apply L(t)k to (4.11) and write, by Lemma 4.11,

L(t)k+Xv = L(t)kvtl - L(t)kRx(t)v, - L(t)kR2(t)v - L(t)kf

(4.113) ft
+ Rk,i(t)v, + Rkt2(t)v+ /  ®k(t,s)v(s)ds + pk,

Jo

where

(4.114) Rk,x(t)£OPS2k([0, T]xR"),

(4.115) Rka(t)£OPS2k([0,T]xRn),

(4.116) <S>k(t, s) £ OPS°([0, T] x [0, T] x R"),

(4.117) pk£C°°([0,T];HK+x-2k(Rn)),

(4.118) {(t, x*): 0 < t < T} is disjoint from sing supp pk.

Suppose that for some small positive numbers £ and 8X,

(4.119) v£C°°([t* -e,t* +e];H>i+2m(BSl)),
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where Bs, = {x £ R" : \x - x*\ < 8X} . Then, we use (4.84) and (4.113) through
(4.118) with k = m to deduce that

(4.120) v £ ^([t* - e, t* + e]; Hf,+2m+2(Bs2)),

for some 0 < 82 < 8X . By induction, we can assert that

(4.121) v is Ck at (t*, x*),    for each k £ Z+.

As in (4.90), there is a positive number 8 such that the same assumption as for

(t*, x*) holds for each (i, x) satisfying

(4.122) \(t,x)-(t*,x*)\<8,

and hence, for such (t,x),

(4.123) v is Ck at (t, x),     for each k £ Z+.

Now the proof of (4.94) is complete.

4.4. Conclusion of the proof of Theorem 1.5. We are now back to the statement

of Theorem 1.5. Fix any T > t*. According to Theorem 2.1, there is a unique

solution u(t, x) of (0.1) and (0.2) such that

(4.124) u£Ck([0, T];Hv~k(Rn)),

for every k £ Z+ . It follows from (4.9) that

(4.125) v£Ck([0,T];Hv-k(Rn)),

for every k £ Z+ . Now suppose that

(4.126) Xo £ sing supp u0 Using supp ux.

Then, by means of superposition of solutions, we can use Theorem 2.2 to find

a positive number 8 such that if 0 < t < 8 and |x - xo| < 8, then (t, x) &
sing supp u . Using the same xo and 8 , we can assert

Lemma 4.12. If 0 <t < 8 and \x - xo| < 8, then

(4.127) (t, x) £ singsuppv.

Proof. Fix such (t, x). Let £ = 8 - \x -xo\, and choose y/\(x) and y/2(x) in
C0oo(/?") such that

f 1, for lx — x\ < e/5,

(4'128) "'W={o, hr|x-*|>.)4,

,, nQ« ,  y     ( 1, for |x-x| <£/3,

(4-129) ^) = {o, for|x-x|>£/2.

Then, it follows from (4.9) that

y/xv = yixu+ /  y/xQ(t, s, x, Dx)(l - y/2)u(s)ds
(4.130) Jo

+      y/xQ(t,s,x, Dx)y/2u(s)ds.
Jo

It is evident that y/x(x)Q(t, s, x, Dx)(l-y/2(x)) £ OPS-°°([0, T]x[0, T]xRn)
and y/2(x)u(t,x)£Coc([0,8];Hm(Rn)),forall m £ Z+ , from which (4.127)

follows.
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Hence, if a bicharacteristic curve does not intersect the singular support of

wo and ux at t = 0, then it does not intersect the singular support of v near

t = 0. Now the hypotheses in Proposition 4.9 are satisfied, and

(4.131) <j>v£Cco(R;Hv+2(R")),

for some 4> £ C0DO(i?'1+1) which is identically 1 in a neighborhood of (t*, x*).

Next we write (4.10):

(4.132) u = v+      R(t,s,x,Dx)v(s)ds.
Jo

Combining (4.125), (4.131) and (4.132), we find that

(4.133) <t>u£CQO(R;H,/(Rn)).

We now improve the local regularity. It follows from (4.132) that

L(t)u = L(t)v + j L(t)R(t, s)L(s)L(s)v(s)ds

(4.134) t    J°
+ [ L(t)R(t,s)(I-L(s)L(s))v(s)ds

Jo

where the arguments x and Dx have been suppressed and L denotes a para-

metrix of L as before. By virtue of (4.6) and (4.125), the last integral belongs
to C°°([0, T];Hm(R")) for every m £ Z+ . In the meantime, we use (4.105)

to write

/ L(t)R(t,s)L(s)L(s)v(s)ds
Jo

(4 135) = K{1, t)Vt{t) ~ {^(t'^^'+KC' t)Ri(t)}v(t)

['      ' -K(t,0)vt(0) + {Ks(t,0) + K(t,0)Rx(0)}v(0)

+ f &(t, s)v(s)ds- f K(t, s)f(s)ds,
Jo Jo

where

(4.136) K(t, s) = L(t)R(t, s)L(s) £ OPS°([0, T] x [0, T] x Rn),

3{t, s) = Kss(t,s) + ds{K(t, s)Rx(s)}

(4.137) - K(t, s)R2(s) + J K(t,n)Rm(n,s)dn

£OPS°([0, T]x[0, T]xR"),

(4.138) f£C°°([0,T];Hm(Rn)),    for every m £ Z+.

Meanwhile, it is apparent from (4.9) that

(4.139) v(0) = u0,    vt(0) = ux+Q(0,0,x,Dx)u0,

so that

(4.140) (v(0), vt(0)) £ Hv(Rn) x H"-x(Rn).

We now combine (4.125), (4.131), (4.134) through (4.140) to obtain (1.24).
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Next we further assume that

(4.141) x* £ sing supp u0 U sing supp u x.

Then, by the pseudolocal property of Q(0, 0, x, Dx),

(4.142) x* 0 sing supp v(0) U sing supp vt(0).

Therefore, (4.94) holds. We then apply L(t)k to (4.10) and write, by Lemma
4.11,

L(t)ku(t) = L(t)kv(t) + UkA(t)vt(t) + Uk<2(t)v(t)

(4.143) f<
+ I 3fk(t, s)v(s)ds + wk,

Jo

where

(4.144) Ukj(t)£OPS2k([0,T]xRn),

(4.145) nfci2(0 £ OPS2k([0, T] x Rn),

(4.146) &k(t,s)£OPS°([0, T]x[0, T]xRn),

(4.147) wk £ C°°([0, r];//"+1-2fc(.R")),

(4.148) {(t, x*) : 0 < t < T} is disjoint from sing supp wk.

By means of (4.94), (4.125), and (4.143) through (4.148), we can argue as in
the proof of Proposition 4.10 to arrive at (1.25).

Remark 4.11. We note that (4.135) indicates how the initial data can influence

the local regularity of solutions through the vertical lines {(t, x) : t > 0} that

intersect the singular support of the initial data.

4.5. Emergence of stationary singularities. In this subsection we will find a

sufficient condition that ensures the emergence of stationary singularities. We

choose arbitrarily large T > 0, and rewrite (4.132) as

u = v + / R(t, s)L(s)L(s)v(s) ds

(4.149) 7
+ / R(t,s)(I-l(s)L(s))v(s)ds,

Jo

where the symbols have the same meaning as in (4.134), and the second integral
belongs to C°°([0, T]; Hm(Rn)) for every m £ Z+. As in (4.135), we can

rewrite the first integral as

f R(t,s)L(s)L(s)v(s)ds

= y(t, t)vt(t) - [%(t,s)\s=t+y(t, t)Rx(t)}V(t)

[ •      ' -y(t,0)vt(0) + {%(t,Q)+y(t,0)Rx(0)}v(0)

+ f T(t,s)v(s)ds- f y(t,s)f(s)ds,
Jo Jo
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where

(4.151) y(t, s) = R(t, s)L(s) £ OPS~2([0, T]x[0, T]xR"),

T(t,s)=%s(t,s) + ds{y(t,s)Rx(s)}

(4.152) - y<t, s)R2(s) + Fy(t, n)Rm(n, s) drj
Js

£OPS~2([0, T]x[0, T]xRn),

(4.153) /eC°°([0, 71; Hm(R")),    for every m £ Z+,

and Rx and 7?2 were defined by (4.12) and (4.13).
Now suppose that

(4.154) w0 = 0,     ui£H'/-x(R")\Hv(Rn).

Then, it follows from (4.139) that

(4.155) v(0) = 0,    vt(0)£Hl/-x(Rn)\HI'(Rn),

and hence there must be a point x* such that

(4.156) vt(0) is not H" at x*.

Let us suppose that there is 0 < t* < T such that any bicharacteristic curve

passing through (r*, x*) does not intersect the singular support of vt(0). By

the same argument as for (4.131), it follows that

(4.157) v(f) is Hv+2 at x*,

and, by (4.151),

(4.158) ^(t*, t*)vt(t*) is Hv+A at x*,

(4.159) {%(t*,s)\s=r +y(f,t*)R\(n}v(n isH»+4 atx*.

We also see that

(4.160) /   T (t*,s)v(s)ds is H^2 atx*.
Jo

We now assume that

(4.161) |deti?(r,0,x*,O|>c,,

for all \£\ > c2, for some cx,c2 > 0.  Since R(t* ,0,x,Dx) £ OPS°(R"),
(4.161) implies that R(t*, 0, x, Dx) is elliptic at x*. Consequently,

(4.162) y(f , 0)ur(0) is Hv+X at x*, but is not Hv+1 at x*.

Combining (4.157) through (4.162), we find from (4.149) that

(4.163) u(t*) is H»+x at x*, but is not Hu+1 at x*.

The singularity described by (4.163) is a stationary singularity, because any

bicharacteristic curve passing through (t*, x*) does not intersect the singular

support of the initial data and because the location of singularity of the initial

data at x* has not changed as time evolved. If there is c > 0 such that the
above assumptions on t* are satisfied for each t* > c with the fixed x*, then

(4.162) is true for all t* > c with the fixed x*. This can be easily implemented

if v,(0) has compact support and (4.161) holds for all large t*. Hence we have
proved the following.
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Proposition 4.12. Suppose that the initial data have compact support, and sat-
isfy (4.154) and (4.156). If (4.161) holds for all large t*, where the constants
cx and c2 may depend on t*, then a stationary singularity exists and persists

permanently.
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