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ABSTRACT. For a linear flow ® on a vector bundle 7w : £ — S a spectrum can
be defined in the following way: For a chain recurrent component M on the
projective bundle PE consider the exponential growth rates associated with
(finite time) (e,T)-chains in M, and define the Morse spectrum X7,(M, ®)
over M as the limits of these growth rates as ¢ — 0 and " — oo. The
Morse spectrum 37, (®) of @ is then the union over all components M C PE.
This spectrum is a synthesis of the topological approach of Selgrade and Sala-
mon/Zehnder with the spectral concepts based on exponential growth rates,
such as the Oselede¢ spectrum or the dichotomy spectrum of Sacker/Sell. It
turns out that X,;,(®) contains all Lyapunov exponents of & for arbitrary
initial values, and the X7, (M, ®) are closed intervals, whose boundary points
are actually Lyapunov exponents. Using the fact that ® is cohomologous to
a subflow of a smooth linear flow on a trivial bundle, one can prove integral
representations of all Morse and all Lyapunov exponents via smooth ergodic
theory. A comparison with other spectral concepts shows that, in general, the
Morse spectrum is contained in the topological spectrum and the dichotomy
spectrum, but the spectral sets agree if the induced flow on the base space is
chain recurrent. However, even in this case, the associated subbundle decom-
positions of E may be finer for the Morse spectrum than for the dynamical
spectrum. If one can show that the (closure of the) Floquet spectrum (i.e.
the Lyapunov spectrum based on periodic trajectories in PE) agrees with the
Morse spectrum, then one obtains equality for the Floquet, the entire Os-
elede¢, the Lyapunov, and the Morse spectrum. We present an example (flows
induced by C°° vector fields with hyperbolic chain recurrent components on
the projective bundle) where this fact can be shown using a version of Bowen’s
Shadowing Lemma.

1. INTRODUCTION

For a linear, time invariant differential equation & = Az in R? the corresponding
eigenspace structure can be described in two different ways: Let V' be the sum of
(generalized) eigenspaces of A corresponding to all eigenvalues \; with equal real

Received by the editors January 25, 1994 and, in revised form, March 31, 1995.

1991 Mathematics Subject Classification. Primary 58F25, 34C35, 34DO08S.

Key words and phrases. Chain recurrence, ergodic theory, Lyapunov exponents, dichotomy
spectrum, topological spectrum, Oseledec¢ spectrum, Floquet spectrum, hyperbolic flows, shadow-
ing lemma.

This research was performed during a stimulating visit at the Institute for Mathematics and
Its Applications, Minneapolis. It was partially supported by DFG under grant no. Co 124/8-2
and by ONR grant no. N00014-93-1-0868.

©1996 American Mathematical Society

4355

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



4356 FRITZ COLONIUS AND WOLFGANG KLIEMANN

part. Then
z €V iff \T(z) = A" (z) = Re )\,
where AT and A\~ are the Lyapunov exponents of the solution ®;z, defined by

AT (x) = limsup 1 log |®:x| , A~ (z) = limsup 1 log |®x|.
t—o0 t t——00 t

Besides this characterization through exponential growth rates, the subspace V' can

be described topologically, by looking at the induced differential equation on the

real projective space P?~1: The projection of V onto P4~! is a component of the

chain recurrent set of the projected flow.

For linear, time variant differential equations such a decomposition of R? is,
in general, not possible—this is the problem of Lyapunov regularity. Therefore,
one has to use more general spectral concepts, which can be developed in various,
convincing ways if the linear system is a part of a dynamical system, i.e. a cocycle
over a base flow: One considers a linear flow ¥ : R x £ — FE on a vector bundle
7 : E — S and defines the Lyapunov exponents A(e) for e € E as above using
the cocycle. The characterization via exponential growth rates is essentially used
in the theory of exponential dichotomies (see e.g. [DK], [Cp], [SS2], [S]]) and in
Oseledec theory [Os] in order to obtain ‘regular’ spectral concepts for linear flows. In
particular, the corresponding ‘eigenspace structure’, i.e. (continuous or measurable)
subbundle decompositions of F, are obtained by looking at points characterized by
their exponential growth behavior.

The topological approach has been used by Selgrade [Sg] and by Salamon and
Zehnder [SZ]. For linear flows on vector bundles the exponential growth rates of
trajectories in different chain recurrent components of the projected flow on the
projective bundle PE may be equal (cf. e.g. the simple, but elucidating example
in [SZ], p. 626, or the example in the context of bilinear control theory in [CK1],
Example 4.11). Therefore, this approach yields a finer analysis of the ‘eigenspace
structure’, i.e. here the chain recurrent components on PE. Note however, that for
a chain recurrent base space S the set of spectral values obtained via the dichotomy
spectrum of Sacker and Sell, which is based on exponential dichotomies, agrees with
the set obtained from the topological characterization on the projective bundle.

The Morse spectrum, developed in this paper, is based on the topological ap-
proach. Over a chain recurrent component M of the projected flow on PE we
consider the exponential growth rates associated with (finite time) (g, T')-chains in
M and define the Morse spectrum X 7,(M, ¥) of the linear flow ¥ over M as the
limits of these growth rates as ¢ — 0 and T' — oo. The Morse spectrum Xz, (¥) is
then the union over all components M C PE. Thus this paper goes one step further
in the program initiated by Conley [Cn], Selgrade [Sg] and Salamon and Zehnder
[SZ]: Tt starts from the topological characterization, but defines a spectrum via
exponential growth rates. Thus it can be viewed as a synthesis of both approaches.
It turns out that the Morse spectrum contains the Lyapunov spectrum of the flow
W, and it is in general finer than the topological and the dynamical spectrum. Over
a chain recurrent base space S the sets of spectral values agree for all three con-
cepts, but the associated subbundle decomposition (the ‘eigenspace structure’) of
the Morse spectrum can be finer. An advantage of the Morse spectrum is its close-
ness to the Lyapunov spectrum: If it is possible to ‘close’ the defining (e, T')-chains
approximately via trajectories of the projected flow, then one may be able to show
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that the Lyapunov and the Morse spectrum agree. An example for this fact is
presented in Section 6, using a refined version of Bowen’s Shadowing Lemma, see
also [CK6] for results on the Lyapunov spectrum of L*°-families of time varying
matrices.

Another connection between the topological approach and the approach based on
exponential growth rates has been established by Bronstein and Chernii [BC]. They
showed that a decomposition into exponentially separated subbundles is equivalent
to an attractor-repeller decomposition in the projective bundle. We will use their
result in order to show that the intervals of the Morse spectrum over a chain recur-
rent base space are strictly ordered.

The contents of this paper are as follows: After the introductory Section 2, col-
lecting some basic notions and facts on linear flows on vectorbundles, the central
Section 3 introduces the concept of the Morse spectrum. It is shown that the peri-
odic Morse spectrum (based on periodic (e, T)-chains) consists of closed intervals,
and it contains all Lyapunov exponents for arbitrary initial points. Furthermore, it
enjoys an upper semicontinuity property with respect to perturbations of the flow.

In Section 4 we show that the boundary points of the Morse spectral intervals are
attained as actual Lyapunov exponents for almost all initial values in the support of
ergodic invariant measures on the projective bundle. This implies in particular that
the periodic Morse spectrum and the Morse spectrum agree. The main tools for
these results are the facts that every linear flow on a vector bundle is cohomologous
to a subflow of a smooth linear flow on a trivial bundle, and that for smooth
flows on these bundles the Krylov-Bogolyubov construction of invariant measures
can be generalized to chains. Then the Morse spectrum can be analyzed using
smooth ergodic theory, which also yields integral representations for all Lyapunov
exponents.

Section 5 discusses the relations of the Morse spectrum to other spectral con-
cepts, namely the topological spectrum [SZ], the dichotomy (or dynamical) spec-
trum [SS2], the Oselede¢ spectrum [Os], and the Lyapunov spectrum of the flow.
One obtains the following chain of inclusions

0%4ic COSmo € |J Tosw)c  |J  Tos(w)

p ergodic 1 stationary

C ELy C EMo C EiEop C Edic-

Over a chain recurrent base space the last two inclusions are equalities. Further-
more, the relations between the associated subbundle decompositions are analyzed.
It holds that (with X p; denoting the Floquet (i.e. periodic) spectrum of a flow)

Ype C U Yos() C Xy CXmo-
p ergodic

Therefore, if one can show that c¢f¥py = /¥ ;,, then all four sets of spectral values
agree. This property holds, if chains can be shadowed in such a way by actual
trajectories on the projective bundle, that the chain exponent and the Lyapunov
exponent are close. This idea is carried out in Section 6 for C'* vector fields with
hyperbolic chain recurrent components of the induced flow on the projective bundle.
The main tool is a refined version of the continuous time Shadowing Lemma.
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2. Basic CONCEPTS FOR FLOWS ON VECTOR BUNDLES

A continuous time flow on a metric space (.9, d) is given by a continuous map
U:RxS—S with

for all t,s € R,p € S. As usual, we write ¥; := U(¢,-). Note that each U; is a
homeomorphism in this setup. For A C S, the w-limit set of A is given by

w(A) := {q € S; there are py, € A, ty, — oo with U(tx,pr) — q as k — oo},

and similarly for w*(A) via t, — —oc.
An (g,T)-chain ¢ of ¥ is given by (cf. [Cn], Section II or [AK])

neN, Ty,...,Thn_1 >T, and pog,...,pn_1 € S such that
d(U(T;,pi),pit1) <efori=0,...,n—1.

An (g,T)-chain is called periodic, if p, = pg. The chain recurrent set R(¥) is de-
fined as R(¥) = {p € S; for alle, T > 0 there is a periodic (&, T')-chain with p = po}.
The restricted flow U|R(P) is chain recurrent, which is equivalent to the fact that
R(¥) = AU A* for every attractor-repeller pair (A, A*) of ¥|R(¥). A chain recur-
rent flow on a connected space is chain transitive. Hence W restricted to a connected
component M of R(¥) is chain transitive. The number of these connected compo-
nents is finite iff there exists a finest Morse decomposition { My, ..., My,}; in this
case the Morse sets M; coincide with the connected components of R(¥).

We use the standard definition of (real) vector bundles = : E — S, as given
e.g. in [Kal, Chapter I: 7 is a continuous surjection such that the fibers E,
7~ (p),p € S, are d-dimensional (real) vector spaces and E is locally isomorphic to
S x R%. Our base space S will be a compact, connected metric space. Furthermore,
we keep fixed a (Riemannian) metric on F, constructed by adding up the inner
products obtained from a finite coordinate covering of E (cf. [Ka], Theorem 1.8.7,

r [SZ], Appendix). Note that any two metrics on F are isomorphic (cf. [Ka],
Theorem 1.8.8 and Corollary 1.8.9). We denote the inner product by (-, -}, and the
metric by | - |.

The zero section Z in F is a continuous map Z : S — E given by Z(p) =0 € E,,.
For the following construction compare e.g. [SZ], Appendix. The projective bundle
PE is given by PE = (E\ Z)/ ~, where e ~ €’ if m(e) = w(e’) and there exists @ € R
with e = ae’. The canonical projection map will be denoted by P: E\ Z — PE.
For A C E we write PA = {Pe;e € A\ Z}. There exists a unique projection
Pr : PE — S such that the following diagram commutes

E\Z—"  pE

R

Note that PFE is a compact metric space, iff S is compact.
A linear flow ® on a vector bundle 7 : £ — S is a flow on E preserving fibers
such that

D(t,e1 +e2) = D(t,e1) + (¢, e2), teR, er,es € E,, and
D(t, ae) = ad(t,e), teR, aeRecE,,
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i.e. the induced maps ®(t,-), : E, — Er(1,e) are linear. ® induces a flow 7® on the
base space S, which we denote by p-t fort € R;p € S, and a flow P® on E, see
[SZ], Lemma 2.1.

A cohomology F' between a linear flow ® on 7; : F; — S and a linear flow ¥
on 7y : By — S is a fiber respecting homeomorphism F': E; — FEs such that the
induced maps Fj, on the fibers are linear, and the diagram

B L. B

v | K2

B L. B
commutes. A cohomology F between ® and ¥ induces a homeomorphism PF on
the associated projective bundles such that

PE, £ . PE,

(2.1) mtl lwt
PEl — PEQ
PF
commutes for all ¢ € R.
A linear flow ® on a trivial bundle S x R? is called smooth if there exists a

continuous function A : S — gf(d,R) such that the R%-component satisfies for all
teR

(2.2) %@(t,p)x =A(p-t)®(t,p)x, (p,z) € S x R%

Here we have written ®(¢, p)x instead of ®(¢, (p, x)) to emphasize that (2.2) concerns
the RZ-component of the flow, i.e. the associated cocycle. The following results
will be needed in Section 4.

2.1. Lemma. Let ® be a smooth linear flow on S x R? with A(p) given in (2.2).
Then

t

log |9 (¢, p)z| — log|]| = / (A(p - ), z)dr
0

fort € R, (p,z) € S x R%. Here (-,-) and | - | denote the inner product, and the
corresponding metric in R

This result follows easily by differentiating |®(¢, p)x|?. For future use we define
the continuous function

(2:3) q:Sx PN =R, q(p,x) = (Alp)z,z).
(P9=1 is the projective space in R%.)

2.2. Lemma. Let ® be a linear flow on S x RY. Then ® is cohomologous to a
smooth linear flow ¥ on S x RY.

For a proof see e.g. [EJ], Lemma 1.21 (smoothing lemma) or [JPS], Lemma 3.2.
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3. THE MORSE SPECTRUM

In this section we introduce the Morse spectrum of linear flows on vector bundles.
It is based on Morse decompositions of the flow on the projective bundle, and
consists of limits of (finite time) exponential growth rates of (e,7T)-chains. The
Morse spectrum is the union of (not necessarily disjoint) intervals, and contains the
Lyapunov spectrum of the flow. In fact, as we will see in Section 4, the boundary
points of the intervals are actually Lyapunov exponents.

First of all, we summarize some results on the form of the chain recurrent compo-
nents of the projected flow P® and their relation to the chain recurrent components
of the induced flow on the base space S.

3.1. Theorem. Let ® be a linear flow on a vector bundle w : E — S with projected
flowP® onPr : PE — S. Let M C S be a chain recurrent component of the induced
flow on S.

(i) The chain recurrent set of P®|(Pr)~1 M has finitely many components (Morse
sets) Ma,.... My with1 <{=4(M) <d:=dimkE,, pe S.
(ii) Every M; defines a (continuous, constant dimensional) subbundle of 7=t M

via

(3.1) Vii={ecrm 'M;e¢ Z = Pec M;}
and the following decomposition into a Whitney sum holds

(3.2) TTIM=Vi& eV

(iii) Conversely, every chain recurrent component M of P® is of the form described
in (i), in particular Pr(M) is a chain recurrent component in S.
(iv) The chain recurrent sets R(P®) and R(w®) satisfy

(3.3) R(P®) = P(r (R(1®))).

Proof. Let M be a chain recurrent component of the flow on the base space S. Note
that w|r=*M : 7=1M — S is a vector bundle (local trivialization is obtained by
restricting the charts of 7 : E — ), and the induced flow on S restricted to M is
chain recurrent. Now (i) and (ii) follow from [Sg], Theorem 9.7, or [CK4], Theorem
4.5.

Conversely, let M be a chain recurrent component of P®. Then Pr(M) is a
chain transitive set in S. It remains to prove maximality. Let M C S be the
chain recurrent component containing Pr(M). Now apply the first part of the
theorem to M: It follows that M is contained in a chain recurrent component
M, of PO|(Pr)~tM with Pr(M;) = M by the subbundle property of V;. From
maximality of M, it follows that M = M,, proving (iii).

Finally, (3.3) follows from (i) and (iii). |

The Morse spectrum of a linear flow ® will be defined as the limits of (finite time)
exponential growth rates of (e, T)-chains in the chain recurrent components of P®:
Let @ : R x E — FE be a linear flow on a vector bundle 7 : £ — S. For ¢,T7 > 0 an
(e,T)-chain ¢ of P® is given by n € N, Ty, ..., Ty—1 > T,Pey,...,Pe, € PE with
dPO(T;,Pe;),Pejr1) < e for i =0...n— 1. (Here d(-,-) is the induced metric on
PE.) Define the exponential growth rate of ¢ by

(3.4) Q) = (i Tz) i(log@(Ti,eiﬂ — log|e;)
i=0 =0
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with e; € P~1(Pe;). Recall that | - | is a (fixed) metric on E.
3.2. Definition. Let ® be a linear flow on a vector bundle. Define the Morse
spectrum of ® on a chain recurrent component M of the projected flow P® as
Yaro(M, ®) ={\ € R; there are ¢* — 0, 7% — 0o and (¥, T")-chains ¢* in
M with A\(¢*) — X as k& — oo},
The Morse spectrum of @ (on 7 : E — S) is
Ero(®) = U{Ep0(M, ®); M is a chain recurrent component of PP}.

For a compact invariant set 7 C PE we define the Morse spectrum X/, (7, @)
of ® on 7 as the union of the Morse spectra of the chain recurrent components of
P®|7 defined as above.

The following lemma collects some simple facts about the Morse spectrum.

3.3. Lemma. Let ® be a linear flow on a vector bundle w : E — S. Then

(i) a10(®) = Saro(@|rH(R(7 D)),

(i) Zpro(®) = U{Snmo(®|m~tM); M is a chain recurrent component of 7®}.
(iii) If {M; ... M,} is a Morse decomposition of the base flow 7®, then Xp,(P) =

Sno(®|m1M;), in particular, if 7® has a finest Morse decomposition
=1

Jj=

n £(M;)
{My,...,M,}, then Zpo(®) = U U Emo(M;i, ®). Here My;,i = 1,
J=1 =1

.., L(Mj), denote the chain recurrent components of P®|(Pm)~*M;.

Proof. Part (i) follows from Theorem 3.1(iv), while (ii) and (iii) are immediate
consequences of the definitions and of Theorem 3.1(i) and (iii). |

For the rest of this section we will work with the periodic Morse spectrum,
which has nice regularity properties. Recall that the periodic part of the Lyapunov
spectrum are the Floquet exponents, and these are a part of the regular Lyapunov
spectrum. It is an open question, under which conditions the Lyapunov spectrum
agrees with (the closure of) the Floquet spectrum (see [CKG6] for a result in this
direction on L*-families of time varying matrices). However, it will be shown in
Section 4. that the Morse spectrum and the periodic Morse spectrum always agree.

3.4. Definition. Let ® be a linear flow on a vector bundle, and let M be a chain
recurrent component of the projected flow P®. Define the periodic Morse spectrum

of ® on M as
P (M, ®) ={)\ € R; there are ¥ — 0, 7% — 0o and periodic (¢¥, T")-chains
¢* in M with A\(¢*) — X as k — oo}.
As in Definition 3.2. we define X%, (®) and X4, (7, ®).

Note that the results from Lemma 3.3. remain valid for the periodic Morse spec-
trum. The following result describes the behavior of the periodic Morse spectrum
under time reversal.

3.5. Proposition. For a linear flow ® on a vector bundle m : E — S let the
corresponding time reversed flow ®* be given by

(3.5) O*(t,e) := O(—t,e), teR, ecE.
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Then we have R(P®) = R(P®*) and X4, (®) = —X4, (P*).

Proof. Recall that the chain recurrent set of a flow is the intersection over all AUA*,
where A is an attractor and A* its complementary repeller [Cn], Section 11.6.2. or
[Ak]. Under time reversal A and A* exchange their respective roles, and one obtains
the first assertion. This follows also from the following more explicit construction,
which we need for the second assertion:

Let M be a chain recurrent component of P® (and of P®*). For ¢, > 0
let ¢ be a periodic (¢,T)-chain of P® in M given by n € N, Ty, ..., Tp—1 > T
and Peg,...,Pe, € PE. An (e,T)-chain ¢* of P®* in M is obtained by ‘going
backwards’: Let T{,...,T,_; > T and Pej, ..., Pe} € PE be defined by

TF=Tp i1, i=0,....,n—1,
Pe; :=PO(T—i—1,Pep_i_1), 1=0,...,n—1,
Pe; := Pej,.
Then we have fori =0...n —2
d(Pe* (T3, Pef), Pef,y)
=d(P®* (T,—i—1,P®(Tp—i—1,Pen_i—1)), PO(T—i—2,Pe,_;—2))
=d(Pep—i—1,PO(T)—i—2,Pe,_i—2)) < €
and
dPO*(Tr_,,Pel_),Per) = d(Pey, PO(ty—1,€n-1)) < €.

For the chain exponents we obtain

n —1lp1
M) = (ZT> > (log|®(T;, e;)| - log lei])
i=0 i=0
n—1 “1n
= (Z Ti*> Z(log len—iz1| = log | @™ (T ;1 en_i1))
i=0 i=0
— A", O

Next we show that the periodic chain spectrum over a chain transitive set in PE
is an interval.

The proof is based on a ‘mixing’ of exponents near the extremal values of the
spectrum.

3.6. Theorem. Let ® be a linear flow on a vector bundle m : E — S, and let
T C PE be closed and P®-invariant such that PO|T is chain transitive. Define

(3.6) kn(T) :=inf X5, (T, ®) , kp(T) :=supXh, (T, ).
Then X4, (T, ®) = [k3(T), kp(T)].

Proof. Tt suffices to show that for all A € [k3(7), kp(7)], all 6 > 0, and all £, 7 > 0
there is a periodic (¢,T)-chain ¢ in 7 with

(3.7) IA(Q) = A < 6.

Then closedness of the Morse spectrum yields the result. Fix 6 > 0 and ¢,7 > 0.
There are periodic (g, T)-chains ¢* and ¢ in 7 with

AMCT) <k (T)+6, MC) > rp(T) = 6.
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Denote the initial points of (* and ¢ by Pej and Peg, respectively.

By chain transitivity there are (¢, T')-chains ¢; from Pefj to Peg and (3 from Peg to
Pe, both in 7. For k € Nlet ¢** and ¢* be the k-fold concatenation of ¢*, and of ¢,
respectively. Then for k, ¢ € N the concatenation (¥ = (30(*0(;0(* is a periodic
(e,T)-chain in 7. Note that the exponents of concatenated chains are convex
combinations of the corresponding exponents. Hence for every A € [A(¢*), A(¢)] one
finds numbers k, ¢ € N such that [A(¢**) — | < &. This proves (3.7). O

The next result shows that the periodic Morse spectrum contains the entire
Lyapunov spectrum of the flow ®. The relation of the Morse spectrum to other
spectral concepts will be discussed in Section 5. Recall the definition of a Lyapunov
exponent

1
(3.8) Ale) := limsup n log |®(t, ).
t—o0
The Lyapunov spectrum of a linear flow ® on a vector bundle 7 : E — S is defined
as
(3.9) Yry(®) :={\(e);e € E}.

3.7. Theorem. Let ® be a linear flow on a vector bundle 7 : E — S. Then for
all e € E we have

(3.10) Ae) € X8, (w(Pe), ®) C XH, (M, D),

where M is the chain recurrent component of P® containing w(Pe) C PE. In
particular

(3.11) 51, () C 28, (®).

Proof. The inclusion (3.11) is a direct consequence of (3.10). In order to show
(3.10) recall that w-limits sets are connected and contained in the chain recurrent
set. Hence the component M containing w(Pe) is well defined for e € E. We
have to show the following: For all 6 > 0, and all ,7 > 0 there exists a periodic
(e,T)-chain ¢ in w(Pe) with

(3.12) IM(e) — M(¢)] < 6.

Fix § > 0,e > 0,7 > 1. Since P® is uniformly continuous on the compact set
[0,2T] x PE, there is 8, = 61(8,¢,T) > 0 such that for all Pa,Pb € PE with
d(Pa,Pb) < 6; it follows that

(3.13) d(P®(t, Pa), PO(t, Pb)) < %
and

5
(3.14) |log|®(¢, a)| — log|®(¢,b)]| < ;

for all t € [0,2T], where a € P~(Pa),b € P~1(Pb) are chosen appropriately with
|a| = |b] = 1. We may assume that |e| = 1 and that

(3.15) d(P®(t,Pe),w(Pe)) < é; for all t > 0,

replacing, if necessary, e by |®(7,e)|~1®(r, e) for 7 large enough. By definition of
the Lyapunov exponent there are ¢,, — oo with

1
)\(e) = lim t—10g|(1)(tnve)|a

n—oo n
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where we can assume without loss of generality that P®(t,, e) converges for ¢, — 0.
Now fix N € N such that for all n > N

(3.16) A(PD(t,,e), PO(ty,e)) <

[SCENO)

Setting o,, = t,, — txy we have

Ae) = A(@(ty.0)) = lim % log |B(0m, Bt €))].
Choose n large enough such that with Ty := ¢, we have Ty > 2T and
(317) IN) = - log [2(Th, B(t. )] < 5

Clearly, (3.15) remains valid with ®(¢y, e) instead of e. Hence writing e instead of
D (tn,e) in (3.16) and (3.17), we obtain in addition to (3.15)

(3.18) d(P(Ty, Pe), Pe) < % and

1 o
(3.19) [A(e) = - log |@(To, el < 5
0

We partition the interval [0,7p] into pieces of length 7; with 7' < 7; < 2T with
7=0,...,£—1. Thus

-1
(3.20) To=Y 7 and Tp> L
=0

Set yo =€, yj+1 = ®(75,y;) for j =0,...,¢ — 1. Then ®(Ty,e) = y¢ and

-1

1 1
(3.21) T log |®(To,e)| = T ;aog lyj+1] — logly;|)
-1
/—1 /—1
= (D 7] D (og|®(r,y;)| - log luil).
7=0 7=0

Define an (5, 7T)-chain CinPEby ¢ € N,1o,...,70-1 > T, Pyo,...,Pys_1,Pyy €
PE, noting that by (3.18) we have

(3.22) d(P®(7e—1,Pye—1), Pyo) <

Wl ™

Using (3.21) we obtain
- 1
(3.23) MO = o log [ (T, )|
0
But the chain f is not necessarily contained in w(Pe). In order to obtain an appro-
priate chain ¢ in w(lPe), we use (3.13) and (3.15): For Py; = P®(7;,Py;—1) (j =
0...¢—1) we find points Pz, ...,Pzy_1,Pz; = Pz in w(Pe) with

d(PD(t, Py;), PB(t, Pz;)) < % for t € [0,27].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



THE MORSE SPECTRUM OF LINEAR FLOWS ON VECTOR BUNDLES 4365

Hence we obtain for j =0,...,/—1
d(P®(7;,Pz;),Pzjq1) < d(PO(t;, Pz;), PO(7;,Py,))
+ d(P® Tjapyj)v Pyji1) + d(Pyj41,Pzj41)
€

€
< g + g + g =€
where for j = /—1 we have used (3.22). We have shown that £ € N, 71, ..., 7p_1 > T,
and Pz, ...,Pz;_1,Pz; = Pzy € PE define a periodic (e, T)-chain in w(Pe).
For the exponential growth rate of the chain ¢ (3.19) and (3.23) yield

);
(

[A(e) = MO < [Ae) — TilogI‘I)(To,e)ll + A0 = AQ)l

6

s
<5+ Zlog@n,yjl log |y;| — [log |®(t;, 2;)| — log |2]]} -

Here we may take y; € P~!(Py;) and z; € P~ (Pz;) appropriately to obtain from
(3.14), (3.15) and (3.20)

6 1 6

This proves (3.12) and concludes the proof of the theorem. |

3.8. Remark. A flow restricted to an w-limit set is chain transitive, see e.g. [Cn],
Section I1.6.3.C. Hence combining Theorems 3.6 and 3.7 we obtain for all e € E

(3.24) Ae) € [k, (w(Pe)), kp(w(Pe))].

In fact, the proof of Theorem 3.7 shows that all limit points of 1 log|®(t,¢)| for
t — 0o are contained in [k} (w(Pe)), ky(w(Pe))].

3.9. Remark. The result (3.10) remains true for linear flows on vector bundles over
a noncompact base space S, provided that the positive orbit {®(¢,e);¢ > 0} is
relatively compact.

8.10. Remark. Let A~ (e) := limsup 1 log |®(t, e)| be the backward Lyapunov expo-
t——o0

nent of e € E under the flow ®. Then A~ (e) € X8, (®|P~!(w*(Pe)) C BF, (M*, @),
where M* is the chain recurrent component of P® containing w*(Pe). This is proved
in exactly the same way as Theorem 3.7, using the periodicity of the approximating
chains.

The rest of this section is concerned with the behavior of the Morse spectrum
under perturbations of the flow. In general, continuity of the spectrum cannot be
expected, since it does not even hold for the chain recurrent set. However, a certain
upper semicontinuity property can be established.

We consider the following family @ of linear flows on a vector bundle 7 : £ — S,
parametrized by a € A, where A is a compact metric space: Let ® : AXRx E — F
be a continuous map such that for all o € A

(3.25) ¢ := P(ar,,") :RXxE—E

is a linear lowon 7 : £ — S.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



4366 FRITZ COLONIUS AND WOLFGANG KLIEMANN

3.11. Theorem. Consider the family (3.25) of parametrized linear flows. Set
PO = oo’ for some a® € A, and let T° C PE be a compact, P®°-invariant set
such that P®°|T° is chain transitive. Assume that for every neighborhood W of T°

there exists a neighborhood V' of o in A such that for all « € V there is a compact,

P®*-invariant set T with T C W. Then
(3.26) {\ €R; there are o — a° and N\* € E’;wo(’fo‘k, <I>°‘k) with \F — \}
' C 3P, (T, ®°|P~H(T?)).

Proof. Let A be in the set on the left hand side of (3.26), with corresponding a*
and T* := T°". It suffices to show that for every 6 > 0 and all e, > 0 there is a
periodic (g, T)-chain ¢ of P®° in 7° with

(3.27) A= X(O)| < 6.

Choose 6 > 0, ¢ > 0 and T > 1. Then there is ko := ko(6,e,T) € N such that for
all k£ > kg the following holds: For all Pa € T there exists Pb € 79 such that for

all ¢ € [0, 27
(3.28) d(PO* (¢, Pa), PO (¢, Pb)) < g
where we have set ® := ®>". This estimate follows directly from the uniform

continuity of P®|A x [0,27] x PE and the assumptions on {7%,a € A}. Similarly,
we may choose kg large enough such that for all k£ > kg

(3.29) [log (1, )] 105 |2°(1, )| < 5

for an appropriate choice of a € P~(Pa) and b € P~1(Pb). From the definition of A
it follows that there are, for k large enough, periodic (5,7')- chains ¢* of PO*|T*,
given by n* € N, TF,...,TF >T, Pyk.. .]P’yﬁk € TF with

sty

(3.30) d(POF(TF, Pyk), Pyk, ) < % for j=0...nF -1,
5
(3.31) A =AM < 3

Fix k and repeat the construction in the proof of Theorem 3.7 for each interval
[0,TF], j =0...n; — 1: Partition the intervals [0, T}] into pieces of length 7J; with
T < Tﬁ- < 2T. Then use (3.28)—(3.30) to find elements Pzﬁ € 7°, which yield a
periodic (g, T)-chain ¢° of P®° such that

(3.32) M) - A < 5.

Now (3.31) and (3.32) yield the assertion (3.27). |

It is well known (cf. e.g. [Si], Section 3.2.2) that the chain recurrent set depends
upper semicontinuously on perturbations of the flow: This set cannot increase
discontinuously under small perturbations, but it can decrease in jumps. (Actually,
it is easy to find examples, in which a chain recurrent component vanishes under
small perturbations: Take e.g. a family of one dimensional differential equations
at a saddle-node bifurcation.) With this in mind, one can prove the following
version of the preceding theorem.
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3.12. Corollary. Consider the family (3.25) of parametrized flows ®* and set
Pk = o for a sequence o — o in A. Assume that the induced flow 7®° on the
base space S has a finest (finite) Morse decomposition. Then

(3.33) {N € R; there are \¥ € S8, (®%) with \*¥ — A} ¢ 28, ().

Proof. By constructing appropriate (g, T)-chains it is easy to see that 70 := {Pe €
PE; there are Pe¥ € R(P®F) with Pe* — Pe} C R(P®Y). 79 is compact, and
hence for every neighborhood W of TV there exists K € N such that for all k£ > K
we have R(P®*) C W. By assumption, R(7®") consists of finitely many com-
ponents Mj, ..., M,, and hence R(P®°) has finitely many components M, j =

1...n,4 = 1...4(M;), compare Theorem 3.1. Therefore W can be chosen as
n £(M;)

w= U UJ W(M,;), where the W(M ;) have pairwise disjoint closures.
j=1 i=1

Now take A from the left hand side of (3.33). Then for each k € N there exists a
chain recurrent component M* of P®* such that \¥ € ¥, (MF*, ®*). Hence there
is a subsequence \*» — X such that the chains approximating the \¥=, m € N,
are contained in one of the W(M;;). Now the proof proceeds as for Theorem
3.10, replacing 7% by the corresponding chain recurrent components of P®*= in

W(M;,). O

3.13. Remark. The last theorem may be viewed as a ‘roughness’ result for the
Morse spectrum. This kind of result is well known for exponential dichotomies, cf.
e.g. [MS], Section 8, [DK], Theorem IV. 5.1, [Cp], Lecture 4, or [SS2], Theorem
6. The Lyapunov spectrum of a flow does, in general, not depend continuously on
parameters, see e.g. [LY]. However, Theorem 3.11 and Corollary 3.12 show upper
semicontinuity of the periodic Morse spectrum, which includes the Lyapunov spec-
trum by Theorem 3.7. In Section 6 we will discuss situations in which the Lyapunov
and the Morse spectrum agree, and hence upper semicontinuity of the Lyapunov
spectrum follows. Compare also [CK6] for continuity properties of both spectra
for L°°-families of time varying matrices, and [AN] for related results concerning
Lyapunov exponents of stochastic flows.

3.14. Remark. The proof of Corollary 3.12 will not yield continuity of the Morse
spectrum, even if the chain recurrent components of the family P®* depend con-
tinuously on «a. At this moment it is not clear to us, under which conditions the
Morse spectrum does vary continuously with a.

4. ERGODIC THEORY OF THE MORSE SPECTRUM

The main result of this section is Theorem 4.6 which shows that the boundary
points of the Morse spectrum are attained as Lyapunov exponents in the support
of ergodic invariant measures. In particular, the Morse spectrum and the peri-
odic Morse spectrum agree. For the proof of Theorem 4.6, we first reduce the
problem to smooth linear flows on trivial vector bundles. A generalization of the
Krylov-Bogolyubov construction of invariant measures to chains is then used for
the development of ergodic theory for the Morse spectrum.

First of all, we analyze the behavior of the chain recurrent set and the Morse
spectrum under cohomology.

4.1. Proposition. Let F : Ey — FEs be a cohomology between the linear flows ®
ontmi:E1 — S and V¥V onmg: By — S. Then
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(i) PE(R(P®)) = R(PV),
(i) Saro(®) = Taro (W), Xy (®) = iy, (V),
(ii)) Spy(P) = Tpy ().

Proof. (i) Note that PF : PE; — PE, and (PF)~! are uniformly continuous, since
PE; and PE; are compact. Define for € > 0 the modulus of continuity y(¢) :=
sup{é > 0;d(Pa,Pb) < ¢ implies d(PF(Pa),PF(Pb)) < € for Pa,Pb € PE;}. Then
~v(e) > 0, and hence a (v(g), T)-chain for P® is mapped under PF onto an (¢,T)-
chain for P¥. In particular, PF maps the chain recurrent components of P® onto
chain recurrent components of PW.

(ii) Let A € Xp0(M, @) for some chain recurrent component M of P®, and fix
6 > 0. It suffices to show that for all ,7 > 0 there is an (&,T)-chain ¢ for P¥ in
PF(M) with

(4.1) AC) <A+
The operator norm of the fiber maps Fj, is bounded, say

(4.2) |Fpl| < ¢  for some ¢ > 0.

Fix e,7 > 0 with %logc < 3. As above, a (v(¢),T)-chain ¢ of P® gives rise to

an (g, T)-chain ¢ for P¥, which can be dfzscribed byneN, Ty,...,T,—1 > T, and
PF(Pey), ..., PF(Pe,). We may choose ¢ in M with

(4.3) AQ) <A+ g
and obtain for A\(¢) with e; € P~1(PPe;)
n—1 “1p1
Q) = (Z Ti) Z(log |U (T, Fe;)| — log |Fey).
i=0 i=0

Choose e; with |Fe;] = 1. Then we obtain by cohomology using (4.2) and (4.3)

n—1 —1n

Q) = (Z Ti> > log|FO(T;, ;)]
=0
n—1

=0

“lpaa
<< Tz’) > (10g || Fre, || + log |&(T;, :)])
=0

=0

Since PF' maps periodic chains into periodic chains, this argument also proves the
second part of (ii).

(iii) The well known assertion for the Lyapunov spectrum follows similarly, see
e.g. [JPS]. O

Next we show that every linear flow on a vector bundle is cohomologous to a
subflow of a smooth linear flow on a trivial vector bundle, and that the Morse
spectrum is preserved under this cohomology. The proof is based on a construction
due to [JPS], Lemma 3.4.
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4.2. Theorem. Let ® be a linear flow on a vector bundle m : E — S. Then there
exists a smooth linear flow U on a trivial bundle S x R™ for some m € N, and a
decomposition S x R™ = E'® E" into W-invariant subbundles such that there exists
a cohomology F between ® and V|E', and the following holds:

(4.4) PF(R(P®)) = R(PY|PE"),
(4.5) R(PT) = R(PU|PE")UR(PU[PE"),
(4.6) Eao(®) = Bno(P|E), B5,,(2) = 25, (V[E),
(4.7) S10(T) = Saro (V| E YIS 10 (T]|ET),
S0 (W) = 25, (V] E)USE, (P EY);

here U denotes disjoint union.

Proof. By a well known result in the theory of vector bundles (see e.g. [Ka], The-
orem 1.6.5) there exists m € N and a subbundle decomposition S x R™ = Eq @ Es
such that F; is isomorphic (as a vector bundle) to E. Hence there is an orthogonal
projection Q1 : S x R™ = FEy @& E5 — Ej, and an isomorphism [; : £ — FEj such
that E/ &, FE1 — E16 E, N im@), = E4 is an isomorphism, which we denote by
G1. Q1 induces a continuous map (cocycle) Wy : S — g(m, d) (the Grassmannian
of d-dimensional subspaces in R™), defined by W7 = Q1 o a1 (Note that W7 is
well defined, although 7~ is not a map.) Recall that d = dim E,,.

By [JPS], Lemma 3.3 there exists a smooth map Wy : S — g(m, d), uniformly
close to Wj. Here smooth means that the map p — %Wg (p-t) from S into the
tangent bundle of g(m, d) exists and is continuous. Define Qs : E1 ® EFs — S xR™
such that Ws = Qs 07!, and QF = Id — Qo. It follows that E —5 B <
Ei1® Ey L im(@)2 is an isomorphism of vector bundles, which we call Gs.

Next we define a flow on S x R™, which leaves imQ2 and imQj3 invariant. Set
Wi(p) = LWa(p - )(0), similarly for W5 (p). Let

X(p) = Wi(p)Wa(p) + Wi (p)W5-(p) forpe S

and consider the fundamental solution A;(¢,p) of &= X(p-t)z for x € R™ with
A1(0,p) = Id. Then (cf. [DK], Theorem IV. 1.1) we obtain

Wa(p - t)A1(t, p) = Ai(t, p)Wa(p), and
Wy (p - t)Ax(t, p) = Ax(t, p) W3 (p),

i.e. the cocycle A1 (t,p) on R™ defines a flow that leaves imQq and imQ3 invariant.
Now define for A € R a cocycle A3 (t,p) on S x R™ through

A3 (t,p)Wa(p) = Ga(p - t)®(t, p)G5 ' (Wa(p)),
A3 (t, p)W3-(p) = eMA1(t,p) W3- (p).

Then A5 (t, p) satisfies for p € S,t € R
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Since Go is an isomorphism between the vector bundles 7 : E — S and 7’ :
imQs — S, where 7’ is given by W2_17 it is a cohomology between ® and the flow
induced by A3 on imQ-.

Now choose A large enough such that we obtain for A3 an exponential dichotomy
on Go(E) = imQ2 and imQ3 = ker Q2. Then {PimQq, Pker Q2} form a Morse
decomposition of PAJ.

By Lemma 2.2 there exists a smooth linear flow ¥ on S x R™, which is cohomol-
ogous to A). Define E’ and E" as the images of imQs, and ker Qo respectively,
under this cohomology. Then (4.4) and (4.6) follow from Proposition 4.1. Formula
(4.5) is a consequence of the Morse decomposition property of {Pim Q2, Pker Q2},
which is preserved under cohomology. Finally, (4.7) follows from (4.5) and the fact
that A\ separates the Morse spectra over imQ@Q2 and ker Qs. O

According to Theorem 4.2 we can analyze the Morse spectrum of any linear flow
® on a vector bundle by considering smooth linear flows ¥ on a trivial bundle
S x R™. These flows allow the use of smooth ergodic theory. We start with some
concepts and notations.

Let (S, d) be a metric space, and denote its Borel o-algebra by B. A probability
measure p on (S,B) is called invariant for a flow ® : R x S — S if &, = p for all
t € R, ie. if (Dyu)(A) := u(®;'A) = pA for all A € B. The measure p is called
ergodic if u(A\ ®;PAUP,;TA\ A) =0 for all t € R implies uA = 1 or pA = 0.

For a linear flow ® on a vector bundle 7 : E — S we use the notation

P(®) := {u; v is an invariant probability measure of P® on PE}
and
PE(®) :={pu € P(®); v is ergodic}.

4.3. Lemma. Let ® and ¥ be linear flows on vector bundles with cohomology F .
Then

P(¥) ={PFu;p € P(®)} and P(V)={PFu;pcP(P)}.

Proof. Note that PF,P®; and P¥,; are homeomorphisms for all ¢ € R. Now the
result follows from the definitions by repeated use of the commutative diagram
(2.1). |

Next we generalize the Krylov-Bogolyubov construction of invariant measures to
sequences of chains. Let S be a compact metric space with a flow ®. Let { be an
(e,T)-chain of ® on S given by n € N, T; > T, p; € S withi = 0...n—1. Denote by
C(S) the space of real valued continuous functions on S, and define a continuous
linear functional A on C(S) by

(4.8) Af:=<'_ T) S [ r@pa.

Note that for ¢ =0,...,n — 1 the map

T;
f % / F(®(t,p)dt
0

defines a Radon probability measure v; on S. The measure v corresponding to A
is a convex combination of the v;, hence also a Radon probability measure.
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Now consider for e¥ — 0,7% — oo a sequence of (¥, T¥)-chains (¥, given by
n* € N,TF > T*% and pF € S for i = 0...n* — 1,k € N. Define A* for ¢* as in
(4.8), with corresponding measure v*. As k — oo, a subsequence of {v* k € N},
denoted again by {v*}, converges weakly to a Radon probability measure u on S,
i.e. we have for all f € C(5)

-1
nF—1 n*—1 "4

k TF
(4.9) i | S TE| S [ r@estna= [ san
1=0 =0 0 S

Then, using standard arguments (see e.g. [NS], Theorem VI. 9.05, or [Ma], Section
1.8), one shows that the measure y is invariant under the flow, i.e. in particular

(4.10) fp)du= | f(Pi(p))dp forall teR.
[0

We will use this construction to express the boundary points of the Morse spectrum
via ergodic measures.

4.4. Lemma. Let U be a smooth linear flow on the trivial bundle S x R?, and
let T C S x P41 be a compact invariant set for PW. Then there exist ergodic
PV -invariant probability measures p* and p on S x P41 with

(4.11) inf ¥y, (7,0) :/qd,u* , Sup Xao(7,9) = /qdu,
T T

where q : S x P1=1 — R is the continuous function defined in (2.3).

Proof. Consider for ¢¥ — 0,T% — oo a sequence of (¢*, T*)-chains ¢* in a chain
recurrent component M of P¥|7T with

(4.12) AMCF) = sup Zaro(T,0).

The ¢* are given by n* € N, TF > T* and (pF,Pvf) € T € S x P41 for i =
0...n* —1,k € N. Then, by Lemma 2.1

-1
nF—1 nk—1
MY = > T > (og [W(Tf, pf,vf)| —log [vf])
=0 =0
nk—1 _171’“—1 T"k
-S| X [a@utst oy
i=0 =0 3

By the Krylov-Bogolyubov construction for chains there exists a PU-invariant mea-
sure g on M as in (4.9). In particular, since ¢ is continuous, we have

(4.13) AC) = [ qdp,
/

hence p satisfies the second equality in (4.11).
Now assume that all ergodic, PU-invariant measures on 7 violate the second
equality in (4.11). For v-almost all (p,Pv) in the support of an ergodic invariant
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measure ¥ we have
t

1
Apyo) = Jim 1 [ oW (r,p. Po)ir
0
and hence, by our assumption,

/qdy < sup Xpo(7, ¥).

T
But the invariant measure g in (4.13) is in the closed, convex hull of the ergodic
invariant measures on 7, which contradicts (4.12), (4.13). (Compare e.g. [Ma]
Sections 1.6 and I1.6 for the facts on invariant measures used above.) The existence
of p* satisfying the first equality in (4.11) is proved similarly. O

4.5. Remark. Recall that the set of invariant probability measures for a flow on a
compact metric space is convex. Hence Lemma 4.4 shows that every element in
the Morse spectrum Xj7,(®), and in particular by Theorem 3.7 every Lyapunov

exponent can be written as [ gdu for some P®-invariant probability measure
SxPpd—1
W

Combining Lemma 4.4 with Theorem 4.2 we obtain the following characterization

of the boundary points of the Morse spectrum for arbitrary linear flows.

4.6. Theorem. Let ® be a linear flow on a vector bundle m : E — S, and let
T C PE be a compact, PO-invariant set. Then there exist ergodic, P®-invariant
probability measures p*(T) and p(7T) with support in T such that

(4.14) K*(T) :=inf Xy (7, P) =  Jim % log |®(t, €*)
for w*(T)-almost all Pe* € PE,

(4.15) K(T) :=sup Xpo(7,P) = tl}gloo % log |®(t, )]
for u(T)-almost all Pe € PE.

Proof. By Theorem 4.2, there exists a smooth linear flow ¥ on a trivial bundle
S x R™, such that ® is cohomologous via F' : F — E’ to a subflow U|E’, and
(4.4)—(4.7) hold. Since 7' := PF(T) is compact and PW¥-invariant, one finds by
Lemma 4.4 ergodic invariant measures pf and gy with support in 77 such that

(T = [adui o (T = [ adin,
T/ T/
Hence (cf. e.g. [Mal], Theorem II. 6.1) it follows that for pj-almost all Pe* € PE’
1 / 1
* AN . - * — . - *
(T = tl}fl:noo . /q(P\I/(T,IP’e ))dr tl}rinoo . log |¥(t, %)),
0

and for pj-almost all Pe € PE’

¢

1 1
N = 1 — = 1 —
K(T") = , hin , /q(P\IJ(T, Pe))dr tl}gznoo . log | T (¢, e)].

0
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Lemma 4.3 shows that under PF' the ergodic, invariant measures pj and gy
correspond to ergodic, invariant measures p* and p of P®. Furthermore, the proof
of Proposition 4.1(ii) yields

K*(T) = r*(T") and (7)) = w(T").

Using again the properties of the cohomology F' as in the proof of Proposition 4.1
(ii), we obtain (4.14) and (4.15). O

4.7. Remark. A result, analogous to Theorem 4.6, holds also for the boundary
points of the dynamical spectrum, cf. [JPS], Theorem 2.3. The proof above follows
essentially the same lines.

Next we use a result due to Bronstein and Chernii [BC] showing that the decom-
position (3.2) coincides with the finest decomposition into exponentially separated
invariant subbundles, see also Bronstein [Brl], Theorems 7.22 and 7.23. Here ‘expo-
nential separation’ means that—comparing solutions starting in the same fiber—the
exponential growth rate for a solution in the first bundles is (uniformly) smaller
than for any solution in the second bundle. This notion is made precise in the
following definition.

4.8. Definition. For a linear flow ® on a vector bundle 7 : £ — S a pair of com-
plementary invariant subbundles (V*, V™) of E is called exponentially separated,
if there are ¢ > 0 and p > 0 with

| @] < cexp(—put)| v |
forall t >0 and vt € YV, v~ € V= with 7(v") =n(v™) and [vT| = |[v|.
4.9. Theorem. Let ® be a linear flow on a vector bundle w : E — S with chain
recurrent flow on the base space S. Then the decomposition (3.2) into invariant
subbundles corresponding to the finest Morse decomposition of the induced flow on
the projective bundle has the following property:

If VT, V™) are exponentially separated subbundles, then there is 1 < j <1 such
that

V+=V1@---€9Vj and V™~ = j+1€9"'€9Vl.

Conversely, if V' and V™ are defined by these equalities, then (VT,V7) are expo-
nentially separated.

Proof. By Lemma 3 in [BC] (see also Theorem 6.18 in [Br2]), a decomposition
into exponentially separated subbundles (V*,V™) is equivalent to the fact that
(PY—,PVT) is an attractor-repeller pair. Hence the claim follows from Theorem
3.1. |

Combining this with our previous results we obtain the following corollary.

4.10. Corollary. Let ® be a linear flow on a vector bundle w : E — S, and let M
be a chain recurrent component of the projected flow P®. Then

(4.16) (M, @) = Ef, (M, ).
Furthermore Xp1,(®) consists of closed intervals of (periodic) chain exponents and

S1y(®) C Taro(®) = [ JIK" (M), k(M)
M
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whose boundary points are Lyapunov exponents. If the flow on the base space is
chain recurrent (or over a chain recurrent component in the base space), then

l !
Saro(®) = | Saro(Mi, @) = | J[5* (M), 5(M;)]
i=1 i=1
where M; are the chain recurrent components of the flow P® and *(M;) < £*(M;)
and k(M;) < K(M;) fori < j.

Proof. Let M be a chain recurrent component of the projected low P®. Then, by
Theorem 3.6, X, (M, @) = [r5(M), p(M)], and Xe) € ¥, (M, @) foralle € E
with w(lPe) C M by Theorem 3.7. On the other hand, Theorem 4.6 shows that
K*(M) = A(e*) and k(M) = A(e) for some e*, e € E with w(Pe*) C M,w(Pe) C M.
Now the obvious inequalities £*(M) < x5 (M) and k(M) < k(M) imply (4.16).
Except for the order of the spectral intervals, the other assertions follow from
Theorems 3.1, 3.6 and 4.6.

Now let i € {1,...,1}. By Theorem 4.9, the vector bundles V;" = @ P~1(M;)
j=1

!
and V; = @ P~!(M;) are exponentially separated. Hence there are numbers
j=it+1
ci >0, p; > 0such that for et € Vi, e~ € V] with et = me~ and |e*| = [e7| = 1

it follows that
|®s(eT)| < ¢ exp(—pqt)|Pe(e7)], t>0.
For ¢ > 0, T > 0 consider an (g, T)-chain ( C M, given by
neN, To,...,Tn1>T, Peg,...,Pen € Miy1.
Then the growth rate \(¢) is

n—1 -1 /p
A(Q) = (Z Ti) (Zlog@(ﬂ,ek” - 10g|€k|> ;
k=0

k=0
with ey € P=1(Pey). Clearly, one finds an (g, T)-chain ¢’ C M, given by
neN, To,...,Tn_1, Pey,...,Pel, € M;
with 7ey, = mej, for all k. Then by exponential separation, the growth rates satisfy
A(CT) < Q) — i

Now approximate inf ¥p7,(M;t1) = inf Epr0(V;) by (€, T)-chains ¢ in M. Since
there are (¢, T')-chains ¢’ in M, starting in the same fibers, the estimate above shows
that

inf EMO(MZ') S inf EMo(Mi—i-l) — M-

The assertion for the suprema follows by time reversal (or using analogous argu-
ments). O

The rest of this section is devoted to integral representations of Lyapunov expo-
nents that are useful in the study of control flows, see [CK1], [CK2].
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Consider a linear flow ® on a vector bundle 7 : E — S and let A € X1,(®) be
given by

Ae) = A(Pe) = lim tl10g|<1>(t,e)|.

T koo k

Then, by the Krylov-Bogolyubov construction, there exists a P®-invariant measure
w on w(Pe), such that for a subsequence, which we denote again by {tx}

k—oo g

L
(4.17) lim — [ f(PO(r,Pe))dr = | fdu
rescne-

for all f € C(PE). In particular, if ¥ is a smooth linear flow on S x R™, one can
take for f the function ¢ from (2.3), and hence

(4.18) Ae) = / qdu.
Sxpd-1

For an arbitrary linear flow ® we can use the cohomology F' between ® and the
subflow ¥|E’ according to Theorem 4.2 to obtain a continuous function r : PE —
R, r = qoPF and a P®-invariant measure v = (PF)~!y, which yields with Propo-
sition 4.1 (iii) for every Lyapunov exponent of ® an expression of the form

(4.19) Ae) = /T‘dV, ecE.

Often one would like to have a more direct representation of the measure and the
integrand. This is possible for flows that satisfy a certain ‘absolute continuity’
condition, compare e.g. the set up for control flows in [CK1]. The result shows
in particular, that every Lyapunov exponent can be obtained as an integral over
regular Lyapunov exponents.

4.11. Theorem. Let ® be a linear flow on a vector bundle m : E — S, and assume
that there exists a bounded (Lebesgue-)measurable function @ : PE — R such that
forallece E;t e R

(4.20) log |®(t,e)| — log |e| = /Q(]P"I)(T, Pe))dr.
0

Then for each e € E there exists a PO-invariant probability measure p = u(e) with
suppu C w(PE) such that for p-almost all Pa € PE and all a € P~1(Pa)

t
.1 o1
(4.21) AMa) = tilgoo 7 log |®(t,a)| = tl}gloo n /Q(]P"I)(T, Pa))dr,
0

(in particular, oll limits exist) and

(4.22) Ae) = / Qdyt = / .
) )

w(Pe w(Pe
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Proof. For every invariant measure g on PE, the function @ is p-integrable. Fur-
thermore, for all Lyapunov exponents A(e), given by

1
Ale) = lim o log [®(tx, €)|

it follows from (4.20) that
(4.23) Ale) = lim —/Q (PO(7,Pe))dr.

By Theorem 4.2 there is a cohomology F between ® and a subflow ¥|E’ of a smooth
linear flow ¥ on S x R™. Thus by (4.18) we obtain

tr

(4.24) Ale) = A(Fe) = lim ti/q(]P’\I'(T, PFe))dr = /qdu,

k—oo Uk
PE’

where v = v(PFe) is a PU-invariant measure on PE’ with supp v C w(PFe). By
Birkhoff’s Ergodic Theorem (see e.g. [NS], Section VI. 5 and 6, or [Ma], Theorem
I1.1.1) we have that for v-almost all Pb € PE’

t

1
q(Pb) := tlim ;/q(IP’\I/(T, Pb))dr
0
exists. The function ¢ is v-integrable and

/ qdv = / Gdv = / A(Pb)dv

Let u := (PF)~!v be the corresponding P®-invariant measure on PE (see Lemma
4.3), then we obtain using (4.24)

= /)\(]P’F(]P’a))u(d]P’a).
Now F is a cohomology, hence by Proposition 4.1(iii)
(4.25) APF (Pa)) = A(Pa) = tlilgo %|<I>(t, a)|
for p-almost all Pa € PE. This yields for the measure p
(4.26) Ae) = / APa)dy,

where (4.25) holds for p-almost all Pa € PE. Again by Birkhoff’s Ergodic Theorem
we have that for py-almost all Pa € PE
t

(4.27) Q(Pa) :== Jlim % Q(P®(r,Pa))dr
0

exists, and

(4.28) / Qdp = / Qdp.

Now (4.25),

(4.27) and (4.23) imply (4.21), and (4.22) follows from (4.26) and
(4.28), since Q(Pa) = (IP’ ) holds p-almost everywhere. |
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4.12. Remark. Specializing the set up of Theorem 4.9 to linearized control flows,
we obtain the results of [CK1], Theorem 4.5 (i) and Corollary 4.6 (ii). The proofs
of these statements, given in [CK1] are too simplistic.

5. RELATIONS OF THE MORSE SPECTRUM TO OTHER SPECTRAL CONCEPTS

In this section we discuss the relation of the Morse spectrum to other spectral
concepts, namely the dichotomy spectrum introduced by Sacker and Sell [SS2], a
topological concept introduced by Salamon and Zehnder [SZ] (which we call—for
lack of a better expression, the topological spectrum), and the Oselede¢ spectrum
[Os]. A number of interesting connections between the dichotomy spectrum, the
Oseledet spectrum, and the Lyapunov spectrum have been derived in [JPS]. We
also remark that exponential separation (see Definition 4.8) is equivalent to the
existence of a cocycle such that the linear flow multiplied by this cocycle has an
exponential dichotomy, see Palmer [Pal, Bronstein [Brl], and Theorem 6.30 in [Br2].

Let @ be a linear flow on a vector bundle 7 : E — S, and denote

) := exp(—At) ;.
The topological spectrum of ® is defined as (cf. [SZ])

(5.1)
Yiop(®) := {\ € R; the zero section Z is not an isolated invariant set of ®}.

Thus A € ¥4, if there exists e € E'\ Z such that exp(—At)®(¢, e) is bounded on R.
5.1. Theorem. For a linear flow ® on a vector bundle w: E — S it holds that

(5.2) Emo(P) C Eiop(P).
If the induced flow w® on the base space S is chain transitive, then equality holds

Proof. Assume for now that the flow 7® on S is chain transitive. Then (see The-
orem 3.1) there exists a finest Morse decomposition of P®, inducing a Whitney
decomposition

(5.3) E=V®---®)V,

into ®-invariant subbundles. By Corollary 4.10 we have
‘

(5.4) Sao(®) = |k (PVL), k(PV))].

i=1
Now suppose that A ¢ X;,,(®), i.e. the zero section Z is an isolated invariant set
for the flow ®'. Then, by [SZ], Theorem 2.7 the unstable set

EM={e€ E;¢p # w*(e) C Z}
and the stable set
EM={e€ E;p#w(e) C Z}

project down to an attractor-repeller pair PEA% PEMS in PE. (Here the limit sets
are formed with respect to the flow ®'.) Since (5.3) corresponds to a finest Morse
decomposition of P® = PP, we know that for some k € {1...¢}

EA7UZV1@"'@VIC , E)"S:Vk+1@"'@vfa
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with an appropriate renumbering of the V;. Hence, by Lemma 3.3 and (5.4)
Y 010(®) = Baso(®|EM) U X a0 (| EN).

Now, since the stable and the unstable set induce a subbundle decomposition of
E, we can use [SZ], Theorem 2.13 to obtain the existence of an ¢ > 0 such that
sup Bp, (PN EM) < —¢, i.e. sup Ty, (®|EN®) < A —e. Hence, by Theorem 4.6, A
cannot be in Xy, (®|EM*).

Similarly, one sees by time reversal (compare Remark 3.10) that A cannot be in
Yaro(P|EMY), and thus X, (®) C Xiop(®).

Conversely, if A ¢ 3p,(®), we obtain from (5.3) and (5.4) a decomposition of E
into invariant subbundles VA% and V** with

inf pzo(@VM) > A4 ¢ and sup Zpzo(@[VN) < X —¢

for some € > 0. Obviously, PVM* is an attractor of P® in PE, and PV its
complementary repeller. And for the limit sets of the flow ®* it holds that

¢ #w(e) C Z forallee V™ and
p#we)CZ forallee VM.

Hence, using again [SZ], Theorem 2.7 we obtain that the zero section Z is an isolated
invariant set of ®*, i.e. A\ & S0, (®).

Now we drop the assumption that the flow 7® on the base space S is chain
transitive. Then, according to Definition 3.2, for each A € X7, (®P) there exists a
chain recurrent component M C S of 7® such that A\ € Xy, (®|7~*M). By the
first part of the proof this implies that A € X0, (®|7 =1 M), i.e. Z is not an isolated
invariant set of ®* |7~ M. Thus Z is not an isolated invariant set of ®*, and hence
A € Tiop(P). O

In general, the inclusion (5.2) will be strict, as the following example shows
(compare [SZ], p. 626).

5.2. Example. Let 7 : E — S be given by E = [0,1] x R, S = [0,1]. Consider
the flow induced by

1
t=z(1—-x), 2= <§—x)z with z € [0,1], z € R.
The chain recurrent set of the projected flow on [0,1] x {1} consists of the two

points (zg,Pzo) = (0,1) and (x1,P21) = (1,1). We obtain by direct calculation

1 1 1 1
s =00 G iy = [0, = | U |==,0].
e G M

The difference, of course, comes from the fact that the Morse spectrum is only con-
cerned with the exponential growth behavior over the chain recurrent components
of the base flow, and not with the behavior of the flow between these components.
This example also shows that the Lyapunov spectrum may be strictly contained in
the topological spectrum.

The following results on the relation between the topological spectrum and the
dichotomy spectrum are well known (cf. the references below). For the reader’s
convenience, we provide the required definitions and sketch some of the arguments.

An exponential dichotomy of a linear flow ® on a vector bundle 7 : E — S is
given by a continuous, fiber preserving map P : E — E (such that the induced
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maps P, : E, — E, are nontrivial projections for each p € S) and by constants
K >1, a>0 with

|®; PP < K exp(—a(t — s)) for s <'t,
(5:5) |®;(Id — P)®; | < K exp(—a(s —t)) for s > t.
The dichotomy spectrum of the linear flow ® is defined by
(5.6) Yaie(®) = {\ € R; ®* has no exponential dichotomy}.
5.3. Theorem. Let ® be a linear flow on a vector bundle m : E — S. Then
(5.7) Ztop(®) C Baic(P).

If the induced flow m® on the base space S is chain transitive, then equality holds
in (5.7).

Proof. Suppose that A ¢ Yg;.(®), i.e. there exists an exponential dichotomy for ®*
which yields a decomposition

E=FE®FE"
into invariant subbundles E*® := PFE and E* = (I — P)E with
|®* (¢, e)| < K exp(—at) fore € E°, t >0, and
|®*(t,e)| < K exp(at) foree E¥, t <0.

We have to show that the zero section Z is isolated for ®*. Assume to the contrary
that there is e € F'\ Z and v > 0 such that

(5.8) |®Mt,e) <y forallt€R.

Pick € > 0 and choose 7 > 0 with K exp(—ar) <e. If v € E® satisfies
(5.9) |® ¢, v)| <y fort <0,

then

lv| = |@* (1, ®*(—7,v))| < K exp(—ar)y < 7.
Since € was arbitrary, it follows that |[v| = 0, i.e. v € Z. Similarly, if w € E* and
(5.10) |® (¢, w)| < v for t >0,

then w € Z.
For an arbitrary e € E satisfying (5.8) we write e = v 4w, v € E*, w € E*. By
linearity we obtain

|9 (t,w)| < [@*(t )] + [ (t, v)].

Since v € E*, |®*(t,v)| is bounded for ¢ > 0, hence it follows from (5.8) that
w € E" satisfies (5.10) for some v > 0, and therefore w € Z. Similarly, v € E*
satisfies (5.9) for some v > 0, and hence v € Z. This yields e € Z, which implies
that Z is isolated for ®*.

For a chain recurrent base space S, equality in (5.7) is the main result on the
dichotomy spectrum, see e.g. [Sl], Theorem IV. 9 or [SS2]. |

The proof above follows the ideas of [SS1], Lemma 11(3).

5.4. Remark. Tt is well known that the inclusion (5.7) may be strict, see e.g. [Ro]
p- 435, also for further references.
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So far we have shown that for a linear flow ® on a vector bundle 7 : E — S the
following chain of inequalities holds

(5.11) S1y(®) C Zaro(P) C Siop(®) C Sayn(P).

In general, the last two inclusions can be strict. A similar result is not known for
the Lyapunov and the Morse spectrum. Denote the boundary points of the Morse
spectrum by

0% po(P) = {K* (M), K(M); M is a chain recurrent component of P®}.
Then we have by Theorem 4.6
(5.12) 0Z010(P) C Ery(®) C o).

If we restrict the flow ® to a chain recurrent component M C S of #® (i.e. in
particular if 7® is chain recurrent), then we obtain

0L 0o(®|T M) C By (™ M) C Zpro(®] 1 M)

(5.13) = Yiop(P|7 M) = Syie (@l M).
Furthermore, it follows from [SS1], Theorem 4 and [JPS], Theorem 2.3 that
(5.14) O gic(@|m M) C Xpy (@)1 M),

where Y 4;.(®|7m =1 M) consists of finitely many disjoint compact intervals in R, and
0¥ gic(®|m~1 M) are simply the boundary points of these intervals. Recall from
Theorem 3.6 that s, (®|7 =1 M) consists of finitely many compact intervals in R
(these are exactly the (periodic) Morse exponents over M), but these intervals need
not be disjoint, as the following example shows.

5.5. Example. Let £ = U x R? where & := {u : R — U, measurable} and
U= [-1,1] x [-1,1] x[-1,4] € R Equipped with the weak* topology of
L>(R,R3) = L'(R,R3)*, U is a compact metric space. Define a linear flow ® on
U x R? by ®4(u,x) = (Opu, p(t,x,u)) where 0; : U — U, Ou(-) = u(t + ) and
©(t,z,u) is the solution of the differential equation

x_C %)x+u1(t) (é ?)x+uz(t) (8 é)x—!—u?)(t) (? 8)x

with ¢(0,z,u) = x. The base flow § = 7® on U is chain recurrent (see [CK3],
Lemma 4.5). There are two chain recurrent components of P® on I x P!, namely

1
My ZUXP{<i;> ER2;$2=a$17OéE |:—\/§,_51|},

1
M2ZUXP{<2> eR% o = ar,a € [ﬁm/i]}

The Morse spectrum of ® is

o

S 010(®) = Saso(Mi, B) U Sypo(Ma, &) = [—1, g} U {1,3} = %1,(®),

compare [CK6], Example 3.2.

This example shows that in

(5.15) O aic (T~ M) C 0Zp1o(D|n M) C Sy (@) M)
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also the first inclusion can be strict. The intervals of the dynamical spectrum over
M are simply the disjoint intervals of ¥y, (®|7~1M).

Next we turn to the Oseledec spectrum. Let p be an invariant probability mea-
sure of the base flow 7® on S. Then there exists I' C § with uI" =1 such that for
all p € T' there are numbers A;(p), i =1...7(p) < d = dim E, and a (measurable)

decomposition B, = LL @@ Ly™ such that Jlim d@(t,e)] = Xi(p) iff e € L,
If p is ergodic, then r(p) and A;(p) are constant p-almost everywhere. The Oseledec
spectrum of (®, p1) is defined as (see [Os] or [Ma], Sections IV. 10 and 11).

(5.16) Yos(®,u) ={AeR; A= X(p) forsomepel, i=1...r(p)}.

Obviously, we have

U Y0s(®, 1) C X1y (P®) where the union is taken over all 7® invariant measures.
m

5.6. Corollary. Let ® be a linear flow on a vector bundle w : E — S. Then
0¥ pmo(®) C UEOS(CI),M) , b m®-invariant and ergodic.
n

Proof. This is a simple corollary of Theorem 4.6: Let M be a chain recurrent
component of P®. Then there exists an ergodic, P®-invariant measure p* (M) such
that tliim 1log|®(t,e*)| = K*(M) for p*(M)-almost all Pe* € PE. Hence the
marginal p* := Pr(p*(M)) is m®-invariant and ergodic, and k*(M) € Zps(P, u*).
A similar argument holds for x(M), compare also [JPS], p. 23. O

Putting things together we obtain
0% aic(®|m ™ M) C OSo(@|r T M) C | Sous(@|r M, p)
noerg.

C | Sos(@n7 M, 1) € By (®lr M) C Saro(@fr " M).

wn stat

(5.17)

5.7. Remark. Under certain conditions it can be shown that the Morse spectrum of
® agrees with the closure of the Floquet spectrum, i.e. the closure of the periodic
Lyapunov spectrum, see e.g. Section 6. below or [CK6], Section 5. In these cases
the last three inclusions of (5.17) are equalities.

Finally, we analyze the subbundle decompositions of 7 : ' — S that are associ-
ated with the various spectral concepts. We assume for now that the base flow 7®
is chain recurrent, i.e. we work on a component of 7®.

The Morse spectrum is constructed in such a way that the Morse sets My, ...,
My, ¢ < d=dim E,, of P® correspond to the spectral intervals [x*(M;), K(M;)],
t=1...¢, and hence X,1,(®P) is associated with a continuous Whitney decomposi-
tion E =V ®---®Vy, such that {PV; ...PV,} form the finest Morse decomposition
of PP, see Theorem 3.1.

The decomposition of E into stable and unstable subbundles that is associated
with the topological spectrum (cf. [SZ], Theorem 2.7, and the proof of Theorem 5.1
above) projects down to attractor—repeller pairs in PE. Hence this decomposition
is coarser than the one induced by the finest Morse decomposition. The same holds
true for the invariant subbundles of an exponential dichotomy, compare e.g. [SS2].
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In fact, it is easy to see that the following holds: Let M;,i € I, be Morse sets of PP

¢
such that R := |J Xa0(Mj, @) is a (maximal) interval of the set |J Xaro(M;, ).
jeI i=1
Then R is an interval of the topological and the dichotomy spectrum, and € V;
jel
is the corresponding spectral bundle. Example 5.5 shows that the bundle décom—
position of the Morse spectrum can be strictly finer that the one induced by the
topological (or the dichotomy) spectrum. It is this property of the Morse spectrum
that allows the characterization of stabilizability of control systems, see e.g. [CK7].
If the base flow 7® on S is not chain recurrent, then the topological spectrum is
still associated with attractor-repeller pairs on PE, (cf. [SZ], Theorem 2.7), and the
dichotomy spectrum corresponds to subbundle decomposition via the projectors
of exponential dichotomies, but the decompositions corresponding to the Morse
spectrum are not defined globally.
The Oseledec spectrum is defined for m®-invariant measures p on S. Hence, for
a given p, the associated (measurable) bundle decomposition can be finer than the
one induced by the Morse spectrum. One of the main results of [JPS] shows that
for all ergodic p the Oselede¢ spaces are contained in the subbundles induced by
the dichotomy spectrum. As observed by Latushkin in [La] this and Bronstein’s
result Theorem 6.30 in [Br2] on the relation between exponential separation and
exponential dichotomy imply that for an ergodic invariant measure v on the base
space the Oselede¢ bundles are contained in the Morse spectral bundles. Of course,
all statements on the Oseledec spaces hold with u-probability one.
The following example (the linear oscillator) shows that the number of measur-
able subbundles obtained from Oseledec¢’ theorem may be strictly greater than the
number of Morse sets and hence of the corresponding subbundles.

5.8. Example. Consider the family of matrices

(_(1) (1)) +u(t) (? 8) with u(t) € U = [-3, 3].

The projected system has one chain control set £ = P!, hence one interval of the
Morse spectrum Xy, = Xps0(E). Consider the ergodic invariant measure é,, on
U, the Dirac measure at the point ug = 2. The Oseledec spectrum consists of two
points Xos(6y,) = {—1,1} with corresponding Oseledec¢ spaces

Vi _{<_i) .z € R} and%-{(i);xeR}.

6. THE LYAPUNOV SPECTRUM OF SMOOTH VECTORFIELDS
WITH HYPERBOLIC PROJECTIVE FLOW

The Morse spectrum of a flow allows the characterization of the Lyapunov spec-
trum if all (e, T')-chains for sufficiently small € and sufficiently large T' can be closed.
In fact, Corollary 4.10. implies that closing of the appropriate periodic chains is
sufficient to yield that the Floquet spectrum and the Morse spectrum agree. One
tool to find trajectories close to (e, T')-chains is Bowen’s Shadowing Lemma (see e.g.
[FS], or [AK]). In this section we will use a strengthened version of the Shadowing
Lemma to analyze the Lyapunov spectrum of smooth vector fields with hyperbolic
projective flow. For control flows associated with nonlinear control systems (see
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e.g. [CK5]), local accessibility provides another tool to find shadowing orbits close
to (g,T)-chains, see [CK6] for the bilinear case.

The setup for this section is as follows: Let M be a compact, Riemannian C°°-
manifold of dimension d < oo, and let X be a C*°-vectorfield on M. We denote
by @ the flow on M generated by X, by T'® the linearized flow on the tangent
bundle TM, and by P® the induced flow on the projective bundle PM. Define
the Morse spectrum and the Lyapunov spectrum of ® as in Definition 3.2, and in
(3.9), respectively. (Note that in Section 3. the linear flow on a vector bundle
was denoted by ®, which corresponds to T'® in the current setup.) The Floquet
spectrum of ® is defined as

Yre(®) := {A(y); there exists a trajectory T®(¢,e) in TM such
1
that P®(-,e) =: v is periodic in PM, and A(y) := tlim n log |T®(¢,¢e)|}.

Recall that a flow ¥ generated by a C*°-vector field on a compact, Riemannian
manifold M is called hyperbolic on a compact invariant set A C M, if the tangent
flow TW on T'M leaves invariant a continuous splitting TAM = E* & E€@ E¥, such
that for some 0 < o < 1 and some adapted Riemannian metric | - |

|TU (t,w)| > a " w]| for w e E* and ¢ > 0,
|TW(t,v)| < a*|v] forve E* and t > 0,

E*€ is the linear span of the vector field.
The following theorem is the main result of this section.

6.1. Theorem. Let ® be the flow generated by the vector field X on M. Let
T C PM be a compact P®-invariant set in PM and assume that P® is hyperbolic
onT. Then

(61) EMO(T, ‘b) C CéEFg((I)) C CﬁzLy(‘b).

For the proof of Theorem 6.1 we need a version of the (continuous time) Shad-
owing Lemma. Recall that the continuous time version (in contrast to the case of
iterations of diffeomorphisms) involves a reparametrization of time, and we need
that this reparametrization is arbitrarily close to the identity. In the following we
indicate how the proof given in [FS] has to be modified to yield an appropriate
version for our purposes.

First, we recall some notions. For a flow ¥ on a Riemannian manifold M as above
we write U(t,y) =y -t. Theset y-R = {y-t;t € R} for y € M is called an orbit.
A reparametrization of an orbit is an orientation preserving homeomorphism of R,
fixing the origin. An (e,T)-chain given by n € N,Ty... T,—1 > T,x0... 2, € N
will be written in the form

n—1
To*xt, tE lQZTi
i=0

i—1 i—1 7
To*t=1x;- t_ZTj for E:Tj§t<§:Tj7
=0 §=0 =0

analogously for (¢, T)-chains with infinitely many jumps. An orbit y - R is said to
6-trace an infinite (¢, T)-chain 2 R if there exists a reparametrization g such that

,  where
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d(zoxt,y-g(t)) < 6 for all t € R, and analogously on subintervals of R by restricting
g.

Our version of the Shadowing Lemma is as follows (cf. [F'S], Theorem 4.1.).
6.2. Proposition. Let A be a hyperbolic compact invariant set of the flow ¥ on
M. Then for all a > 0, all € > 0 small enough, all N > 2 and all T > M the
following holds: For each periodic (e,T)-chain zo * [0,70] in A there exists a T1-
periodic trajectory x1 - [0,71] and a parametrization g such that x1 - [0,71] a-traces
xo * [0,79] wia g and furthermore

(6.2) 9(t) — 1] < %(2“3) fort € [0,7),
(63) l9(m) =71l < 5.

The proof of Proposition 6.2 will be established using two lemmas.

6.3. Lemma. Let A be a hyperbolic compact invariant set of the flow ¥. Then
there exists a compact neighborhood U(A) whose mazimal compact invariant subset
A is hyperbolic, and for each § > 0 there is an € > 0 such that each (e,1)-chain
xo * [a,b] in A (with 0 € [a,b]) is 6-traced by some y € A'. Here for each N € N
one can choose y and the parametrization h such that for all t € [a, b

1—i t+ia—i<h(t)< 1+L t—LaJri
2N 2N N 2N 2N N’
Proof. The proof follows the one of Lemma 3.1. in [FS], where N = 2 was used.
On p. 29, line —9 in [FS] the constant v must be chosen such that 0 < v < 4.
Then one obtains for the parametrization g(t),t € [0,rM] (cf. [FS], pp. 31-32):

t 1
lgt) —t| < (k+1)y < IN + ~ for t € [kM, (k + 1)M], using M > 2.
Thus

1 1 1 1
(1_W>t_ﬁ<g(t)< <1+W)t+ﬁ for t € [0,rM].

For a chain zg * [a, b], 6-trace the chain (xq * a) % [0,b — a] with initial point zg * a
by {y - g(t),t € [0,b — a]} for some y € A’. Extend g by ¢(¢t) := ¢ for t < 0.
Then the given chain zg * [a,b] can be é-traced by {y - g(—a) - h(t),t € [a,b]} with
h(t) :==g(t —a) — g(—a). We find

h(t) = g(t —a) — g(—a)

<(1—|—L)(t—a)—|—i—|—a

2N N
1 1 1
The estimate from below follows similarly. O

6.4. Lemma. For each 6§ > 0 there is an € > 0 such that each infinite (e, 1)-chain
in A is 6-traced by some y € A'. Here for each N € N one can choose y and the
parametrization g such that

1
lg(t) —t] < N(% +3) forteR, and

g(N) >
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Proof. This result follows as in the proof of [FS], Lemma 3.4. using the estimates
from Lemma 6.3: The parametrizations g;, constructed in [FS] to §a-trace x;*[—i, ],
1 > N can be chosen to satisfy for N > 2

1 N 1 2N?2 2N -2 1
(I l-—|N-—————=—"————— > —|
9()>< 2N) ON N ON ~ 3
and this property is inherited by the parametrization g, constructed from the g;.
Furthermore, for t € (4,4 + 1] we obtain

1 1 1
ip1(t) —t] < =t — —=(—i—1)+ —
9i1(6) = ] < 5ot — 5= — 1) +

POV P S
oN' "oN'TaN TN

1
—(2t+3

which proves the corresponding statement for the parametrization g. O

6.5. Proof of Proposition 6.2. Choose N > 2 and 7 := ﬁ Then Lemma 3.3 in
[FS] guarantees that there exists § > 0 such that, if z,y € A are g, h reparametriza-
tions of z - R, and y - R respectively, with d(x - g(¢),y - h(t)) < é for all t € R, then
x =1y - s for some |s| < T.

Given a > 0, let & := min{$,a} and let & be the corresponding number from
Lemma 6.4. Take a periodic (g, T)-chain zg * [0, 79] in A with 7' > N and continue
it 7p-periodically in both directions to get an infinite (&, T)-chain through xy. Let
{z1 - g(t);t € R} 61-trace the chain zp * R with parametrization g satisfying

1 1
lg(t) —t| < N(2t—|—3) fort e R, and g(N) > 3

according to Lemma 6.4, which shows (6.2). Since xg * 79 = x¢, the reparametriza-
tion

h(t) :== g(mo — t) — g(70)
has the property that {(z1 - g(70)) - h(t);t € R} also 6;1-traces zo * R. Hence

d((z1 - 9(70)) - h(t), 21 - g(t)) < 6 for all t € R.

Now, Lemma 3.3 in [FS] implies as above that there exists s with |s| <7 < 1 and
z1 = (21 -9(10)) - 5. Since g(79) > g(N) > 3, we obtain g(79) + s # 0, and hence 21

is a 7-periodic point with 71 := g(70) + s, |s| < 7 = 5&. This proves (6.3). O
6.6. Proof of Theorem 6.1. 1t suffices to show that for every 8 > 0, all € > 0 small

enough, all N € N large enough, and every periodic (¢, T')-chain { = xg * [0, 7o) in
T with T > N, there exists a periodic trajectory z; - R of P® in PM with

IA(C) = Alz1)] < B.
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Since the flow P® is smooth on the Riemannian manifold PM there exists a con-
tinuous function ¢ : PM — R (see e.g. [Ca], Lemma 3.3), such that

I
/—\:
[]]
=3
N——
L
3
|
=
=
s
~
&
=
=

I
3=

(=
—
8
o
*
~
~—
QU
o

We apply Proposition 6.2 to the chain ¢ on PM and obtain for all & > 0, all N > 2
a 71-periodic solution x; - t,t € R of P® with (6.2) and (6.3). Furthermore,

|70 — 71| < |70 — g(70)| + |g(70) — 71

1 1
(6.4) < N(27—0+3)+ W

< —170.-
NO

Since ¢ is continuous on the compact space PM, |g| is bounded, say by K > 0. Now
pick 8 > 0. Choosing o > 0 small enough, we obtain by continuity of ¢ and by
Proposition 6.2

70 70

1
/q(:lco xt)dt — /q(wl -t)dt| < 5706,
0 0

and therefore

0

NG =Moo = |- [ alao <)t~ = [ atar - )t
0

70

gi/mme—i/maww
70

To
0 0
70 T
1 1
+1= [ a(z1-t)dt — — [ q(z1 - t)dt
To To
0 0
T T
1 1
+1= [ a(z1-t)dt — — [ q(z1 - t)dt|
To 71
0 0
T — T T — T
SE-I—M'K'FM'HK-
3 70 T0 " T1

By (6.4) we have |1, — 7g|/70 < £, and hence for N large enough we obtain

B B
330

This concludes the proof of Theorem 6.1. O

MO~ M) < 2+
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The following result is an easy consequence of Theorems 6.1, 3.7 and Corollary
4.10.

6.7. Corollary. Let ® be the flow generated by a C* wvector field on M. If all
chain recurrent components of P® on PM are hyperbolic, then

ngpg(@) = CZELy((I)) = C(EMO(@).

Note, that if ® has a finest Morse decomposition on M, then by Theorems 3.1 and
3.6 we have cl¥po(P) = Xpro(P).

6.8. Remark. The hyperbolicity conditions for P® on PM and for ¢ on M are not
related. This is easily seen by considering linear time invariant differential equa-
tions. Here hyperbolicity on R? means that there is no eigenvalue with vanishing
real part, while hyperbolicity in projective space means that the real parts of the
eigenvalues are different.

6.9. Remark. We are only aware of one alternative proof for the shadowing lemma
in continuous time, due to Coomes, Kocak, and Palmer [CKP]. The statement
is given for equations in R™ only, but avoids a reparametrization of time and the
proof is more geometrical. It can almost immediately be applied to yield a proof
of Theorem 6.1. One only has to observe that—by uniqueness—the shadowing
property for arbitrary chains implies that periodic chains are traced by periodic

trajectories.
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