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ABSOLUTE BOREL SETS AND FUNCTION SPACES

WITOLD MARCISZEWSKI AND JAN PELANT

Abstract. An internal characterization of metric spaces which are absolute
Borel sets of multiplicative classes is given. This characterization uses complete
sequences of covers, a notion introduced by Froĺık for characterizing Čech-
complete spaces.

We also show that the absolute Borel class of X is determined by the
uniform structure of the space of continuous functions Cp(X); however the case
of absolute Gδ metric spaces is still open. More precisely, we prove that, for
metrizable spaces X and Y , if Φ : Cp(X) → Cp(Y ) is a uniformly continuous
surjection and X is an absolute Borel set of multiplicative (resp., additive)
class α, α > 1, then Y is also an absolute Borel set of the same class. This
result is new even if Φ is a linear homeomorphism, and extends a result of
Baars, de Groot, and Pelant which shows that the Čech-completeness of a
metric space X is determined by the linear structure of Cp(X).

1. Introduction

Let us recall that a metrizable space X is an absolute Borel set of additive class
α, α > 1 (resp., multiplicative class α, α > 0) if X embedded into an arbitrary
metric space M is a Borel subset of M of that given class, see [Ku]. In particular,
absolute Borel sets of multiplicative class 1, i.e. absolute Gδ-sets, are completely
metrizable spaces.

The notion of complete sequences of covers was used by Z. Froĺık to give internal
characterizations of Čech-complete (hence topological absolute Gδ) spaces and K-
analytic spaces (see [F1], [F2], [F3] and also [A2]). These characterizations turned
out to be useful while dealing with a variety of problems. The aim of the first
part of the paper is to present a similar characterization (Theorem 2.2) for the
absolute multiplicative Borel classes of metric spaces. It seems there has been a
lack of such internal characterizations in the literature. For absolute Fσδ-spaces,
an internal, though not quite simple characterization was given in [Si]. To the best
of our knowledge, the only result in this direction, which uses complete sequences
of covers—besides Froĺık’s papers—is the characterization of absolute Fσδ-spaces
which has been recently given in [JK]. One can regard our internal description of
absolute multiplicative Borel classes as a natural extension of the above results due
to Froĺık and Junnila-Künzi. Complete sequences of covers provide descriptions of
“nice” spaces where properties of sets belonging to (σ–discrete) covers determine the
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properties of the space in a surprisingly simple way (for analytic spaces, there is no
restriction on sets; for absolute Borel classes, we refer to theorems stated below).
One should recall that complete sequences of covers have found applications in
nonseparable descriptive set theory (see e.g. [Ha]).

For a completely regular space X , Cp(X) denotes the space of all continuous real
valued functions on X with the pointwise convergence topology.

Spaces X and Y are called l–equivalent (resp. u–equivalent, t–equivalent) if
Cp(X) and Cp(Y ) are linearly homeomorphic (uniformly homeomorphic, homeo-
morphic, respectively). So σ–compactness is known to be preserved by t–equiv-
alence (for a more detailed account see Section 4). Arhangel’skĭı’s problem of
whether complete metrizability is preserved by l–equivalence was answered affir-
matively (for the class of metric spaces) in [BGP]. As recalled above, completely
metrizable spaces are precisely the absolute Gδ-spaces, but the problem of preser-
vation of other absolute Borel classes by l–equivalence was left open in [BGP]. We
are going to show that these absolute Borel classes are preserved even by a uni-
formly continuous surjection Φ : Cp(X) → Cp(Y ) (Theorem 3.4). Let us recall
that the map Φ : Cp(X) → Cp(Y ) is uniformly continuous if for every neighbor-
hood U of zero (i.e. constant zero function) in Cp(Y ) there is a neighborhood V
of zero in Cp(X) such that, for every f, g ∈ Cp(X) with (f − g) ∈ V we have
(Φ(f) − Φ(g)) ∈ U . Our proof technique of Theorem 3.4 is based on some ideas
from [Gu2]. This proof does not work for the case of absolute Gδ-spaces which we
leave as an open problem. However, we obtain preservation results for some other
classes of metric spaces (Theorem 3.5).

Let us point out that the class of uniformly continuous maps is essentially larger
than the class of linear continuous maps. This may be illustrated by the result
of Gul’ko that for all infinite countable compact spaces X , the spaces Cp(X) are
uniformly homeomorphic; this fact does not hold for linear homeomorphisms, see
[Gu1].

We will use the following notation for Borel classes.
If M is a metrizable space and α is a countable ordinal then Aα(M) (resp.,

Mα(M)) denotes the family of subsets of M that are Borel of additive (resp.,
multiplicative) class α. By Aα (resp., Mα), α > 1, we denote the class of spaces
that are absolute Borel of additive (resp., multiplicative) class α. We refer the
reader to [Ku] and [Ke] for information concerning Borel classes.

2. Characterizations of absolute Borel sets

Definition. Let X be a metrizable space. A sequence S =
〈
Sn
〉∞
n=0

of covers of X
is said to be complete if the following condition is satisfied: whenever F is a filter
on X such that

∀n ∈ ω : Sn ∩ F 6= ∅(∗)

then F has a cluster point in X , i.e.
⋂
{ClX(F ) : F ∈ F} 6= ∅ (ClX(F ) is the

closure of F in X).

In the sequel, filters satisfying (∗) will be called S–small. If Sn is the cover by
1
n–balls, then S–small filters are precisely Cauchy ones. We will frequently use the

following simple observation: If
〈
Sn
〉∞
n=0

is a complete sequence of covers of X and

the cover Tn is a refinement of Sn, for every n, then the sequence
〈
Tn
〉∞
n=0

is also
complete.
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The following theorem summarizes known internal characterizations of absolute
Borel classes involving complete sequences of covers:

2.0. Theorem (Froĺık; Junnila–Künzi).

1. A metrizable space X is an absolute Gδ-set iff there is a complete sequence
{Sn}n∈ω of (σ–discrete) open covers of X.

2. A metrizable space X is an absolute Fσδ-set iff there is a complete sequence
{Sn}n∈ω of σ–discrete closed covers of X.

In part (1) of the above theorem, one can take σ–discrete open covers because of
the A. H. Stone paracompactness theorem for metrizable spaces, the original Froĺık’s
theorem for topological spaces could not use such covers, of course. A. H. Stone’s
theorem even enables us to assume without loss of generality that “discreteness”
means “uniform discreteness”. Recall that a family D of subsets of a metric space
X is said to be uniformly discrete if there is δ > 0 such that each δ–ball in X
meets at most one element from D. The uniform discreteness is not used in the
classical formulation of the Stone theorem (see [En], 4.4.1, 4.4.2). Nevertheless, the
standard proof of this theorem (see [En], page 3502−4) shows that, for an arbitrary
compatible metric on X , every open cover of X has an open σ–uniformly discrete
refinement. This fact is well-known, see e.g. [Is], VII.4.

In fact, we will use Theorem 2.0.(1) as the first step of the inductive proof of
Theorem 2.2. In this proof we will also use the following notation and lemma.

Notation. Let A be a subset of a metrizable space Z. For every countable ordinal
α > 0 and W ∈ Aα(A) \

⋃
{Aβ(A) : β < α} (W ∈ A1(A), for α = 1) we fix

E(W ) ∈ Aα(Z) such that W ⊆ E(W ) ⊆ ClZ(W ) and E(W ) ∩ A = W .

2.1. Lemma. Let A be a subset of a metric space Z. Let α > 0 be a countable
ordinal and let {Wn : n ∈ ω} be a countable family of families of subsets of A such
that Wn is uniformly discrete and Wn ⊆ Aα(A), for every n ∈ ω.

Then there is P ∈ Mα(Z) such that A ⊆ P and for each finite family L ⊆⋃
{Wn : n ∈ ω} we have:(⋂

{E(W ) : W ∈ L} ∩ P 6= ∅
)

⇐⇒
(⋂

L 6= ∅
)
.

Proof. As eachWn is uniformly discrete, the family {E(W ) : W ∈ Wn} is uniformly
discrete as well for each n ∈ ω.

For finite J ⊆ ω put

G(J) =

{⋂
j∈J

E(Wj) : Wj ∈ Wj , for j ∈ J, and
⋂
j∈J

Wj = ∅ and
⋂
j∈J

E(Wj) 6= ∅
}

and S(J) =
⋃
G(J).

The family G(J) is uniformly discrete and G(J) ⊂ Aα(Z), hence S(J) ∈ Aα(Z)
and S(J) ∩A = ∅. So S =

⋃{
S(J) : J is a finite subset of ω

}
∈ Aα(Z).

Put P = Z \ S. We have P ∈ Mα(Z) and it is easy to verify that P has the
other required property.

2.2. Theorem. Let X be a metrizable space and let α be a countable ordinal. For
every α ≥ 2 the following conditions are equivalent (for α = 1 the conditions (a)
and (b) are equivalent):

(a) the space X belongs to the absolute multiplicative class Mα,
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(b) there is a complete sequence S =
〈
Sn
〉∞
n=0

of σ–discrete covers of X such
that:

∀(n ∈ ω)∃(αn < α) [Sn ⊆ Aαn(X)],

(c) there is a complete sequence T =
〈
Tn
〉∞
n=0

of σ–discrete covers of X such that:

∀(n ∈ ω)∃(αn < α) [Tn ⊆
⋃
{Mβ(X) : β < αn}].

2.3. Remark. Obviously, for α = 1, the equivalence (a)⇔(b) in the above theorem
is Froĺık’s theorem 2.0.(1) and the equivalence (a)⇔(c), for α = 2, is the result of
Junnila and Künzi 2.0.(2). Let us point out that in the case of separable spaces X
the phrase “σ–discrete covers” in this characterization means “countable covers”.
Also, for the nonlimit ordinals α the statements (b) or (c) can be simplified in the
natural way, e.g. if α = β + 1, for some β < ω1, then we can require in (b) that
Sn ⊆ Aβ(X), for every n.

It is clear that, using our characterizations, it is also possible to formulate inter-
nal characterizations of absolute additive classes (just use the fact that an absolute
Borel set of the additive class α is a countable union of the sets of lower multiplica-
tive classes). As mentioned above, Froĺık (see [F4]) proved that a metrizable space
X is analytic (i.e. a continuous image of the irrationals) iff there is a complete

sequence S =
〈
Sn
〉∞
n=0

of countable covers of X ; notice that there is no restriction
on elements of Sn.

Proof of Theorem 2.2. (a)⇒(b) We will prove this implication by induction on α.
For α = 1 it follows from Theorem 2.0(1) (in fact, it is enough to take σ–discrete
open covers Sn of X consisting of sets of diameter less than 2−n with respect to
some compatible complete metric on X).

Suppose α > 1 and (a)⇒(b) holds for all 1 ≤ β < α. Take X ∈ Mα and fix
a compatible metric d on X . Let Z be the completion of X . Hence X ∈ Mα(Z)
and X =

⋂
n∈ωDn where Dn ∈ Aαn(Z) and 1 ≤ αn ≤ αn+1 < α for each n ∈ ω.

Each Dn is a union of sets Pn
j , j ∈ ω, such that Pn

j ∈
⋃
{Mβ(Z) : β < αn}. Put

Snj = Pn
j \

⋃
{Pn

i : i < j}. Then Dn is a disjoint union of sets Snj and we have

Snj ∈Mαn(Z) ∩ Aαn(Z) for every j ∈ ω.
For each Snj we are going to use the inductive hypothesis for αn. This means

that we can take a complete sequence S(n, j) =
〈
R(n,j)
k

〉∞
k=n

of σ–discrete covers

of Snj such that R(n,j)
k ⊆ Aαn(Snj ) for every n, j ∈ ω and each k ≥ n (here we only

need such a weaker form of (b)). Observe that we also have R(n,j)
k ⊆ Aαn(Z), since

Snj ∈ Aαn(Z). Refining these covers if necessary, we may assume that all covers
from S(n, j) are σ–uniformly discrete and that, for every n, j ∈ ω and k ≥ n, the

cover R(n,j)
k consists of sets of diameter less than 2−k.

We define S =
〈
Sp
〉∞
p=0

by

Sp =

{
X ∩

p⋂
n=0

Rn : Rn ∈ R(n,jn)
p , for some jn ∈ ω, and (X ∩

p⋂
n=0

Rn 6= ∅)
}
.

Since R(n,jn)
k ⊆ Aαn(Z), and the sequence (αn) is nondecreasing, we have Sp ⊆

Aαp(X). The cover Sp is clearly σ–uniformly discrete for each p ∈ ω.

It remains to show that S =
〈
Sp
〉∞
p=0

is a complete sequence.
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Take an S–small filter F on X . In particular, F can have at most one cluster
point in Z because diameters of sets in covers Sp converge to 0 as p→∞. For each
p ∈ ω, choose Hp ∈ Sp ∩ F . We have

Hp = X ∩
p⋂

n=0

Rn
p where Rn

p ∈ R(n,jn)
p for 0 ≤ n ≤ p .

Notice that jn does not depend on p as Snj ∩Snj′ = ∅ for j 6= j′. Hence, for each p ∈ ω

and 0 ≤ n ≤ p, we have Hp ⊆ Rn
p ∈ R

(n,jn)
p . This means that {F ∩ Snjn : F ∈ F}

is a base for a S(n, jn)–small filter Fn on Snjn . As limp→∞ diamRn
p = 0, there is a

unique cluster point an of Fn in Snjn ⊂ Dn. Clearly, an is also a cluster point of F
in Z. Therefore, for all n, n′ ∈ ω, we have an = an′ = a and a ∈

⋂
Dn = X .

(b)⇒(a) The case of α = 1 follows from Froĺık’s theorem (Thm. 2.0(1)). Hence
we may assume that α > 1 and αn > 0, for all n. We fix a compatible metric d
on X . Let Z be the completion of X . For a Borel subset W of X , E(W ) has the
meaning from the Notation preceding Lemma 2.2.

Suppose S =
〈
Sn
〉∞
n=0

is a complete sequence of covers of X as in (b). Again,
without loss of generality, we may assume that Sn is σ–uniformly discrete and
diam(W ) < 2−n for each W ∈ Sn and every n ∈ ω. Let Sn =

⋃
j∈ω Dn

j where Dn
j is

uniformly discrete for each j ∈ ω. By our assumptions on S we have Dn
j ⊆ Aα(X).

Therefore we may apply Lemma 2.1 (for A = X and Z as above) to the family
{Dn

j : n, j ∈ ω}. Let P be the set satisfying the assertion of 2.1. Since P ∈Mα(Z)

it is enough to show that X ∈ Mα(P ).
For W ∈

⋃
S, put F (W ) = E(W )∩P . Hence F (W ) ∈ Aαn(P ) for eachW ∈ Sn.

For n, j ∈ ω, put Dn
j =

⋃
{F (W ) : W ∈ Dn

j }. By the uniform discreteness of Dn
j

we have Dn
j ∈ Aαn(P ). Put Dn =

⋃
j∈ωD

n
j . So Dn ∈ Aαn(P ) as well.

Let X ′ =
⋂
n∈ωDn. Hence X ′ ∈Mα(P ) and X ′ ⊇ X . Take x ∈ X ′. For each n,

there are i(n) and Wn ∈ Dn
i(n) such that x ∈ F (Wn); recall that F (Wn) ⊆ E(Wn).

By the property of P , the family {Wn}n∈ω is centered. Let G be the filter on X
generated by {Wn}n∈ω. By the completeness of S, the filter G has a cluster point
p ∈ X . As diam(Wn) < 2−n, this cluster point is unique and dist(p, x) = 0. Hence
x ∈ X and X ′ = X .

(b)⇒(c) Let S be the complete sequence of covers as in (b). For every W ∈ Sn,
n ∈ ω, we can represent W ∈ Aαn(X) as a union of sets Wk ∈

⋃
{Mβ(X) : β <

αn}, for k ∈ ω. Then the sequence T =
〈
Tn
〉∞
n=0

defined by Tn = {Wk : W ∈ Sn}
satisfies (c).

(c)⇒(b) Trivial.

3. Borel classes and uniformly continuous maps of function spaces

For a space X and a positive integer n, by [X ]n we denote the space of all subsets
of X of the cardinality n equipped with the Vietoris topology. If X is metrizable,
then [X ]n is also metrizable by the Hausdorff metric.
C∗p (X) is the subspace of Cp(X) consisting of bounded functions.

3.1. Proposition. Let X and Y be metric spaces and let Φ : Cp(X) → Cp(Y )
(resp. Φ : C∗p (X) → C∗p (Y )) be a uniformly continuous surjection. Then Y is a
countable union of closed subspaces Yn, n ∈ ω, such that Yn can be mapped by a
perfect map into [X ]kn , for some kn ≥ 1.
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Proof. Part of our argument follows closely the reasoning of Gul′ko from the proof
of Proposition 1.4 in [Gu2], but for the sake of completeness we include it here.

We will treat jointly the cases of the spaces Cp(X) and C∗p (X), so we denote by
D(X) and D(Y ) the domain and the range of the map Φ, respectively. For every
y ∈ Y , we define the map αy : D(X) → R by the formula αy(f) = Φ(f)(y), for
f ∈ D(X). It is obvious that αy is uniformly continuous.

Let y ∈ Y and K be a finite subset of X . We define

a(y,K) = sup{|αy(f)− αy(g)| : f, g ∈ D(X) such that

|f(x)− g(x)| < 1 for every x ∈ K}.

Obviously, a(y, ∅) = ∞ since Φ is onto. By A(y) we denote the family of all finite
subsets K ⊆ X such that a(y,K) < ∞. We will prove that A(y) is nonempty.
Using the uniform continuity of αy we find a finite K ⊆ X and an n ≥ 1 such that
|αy(f) − αy(g)| < 1 for every f, g ∈ D(X) with |f(x) − g(x)| < 1

n for all x ∈ K.

Take f, g ∈ D(X) such |f(x)− g(x)| < 1 for all x ∈ K. We put fk = f + k
n (g − f),

for k = 0, 1, . . . , n. Then f0 = f, fn = g and |fk(x) − fk+1(x)| < 1
n ; hence

|αy(fk)−αy(fk+1)| < 1, for k < n. Adding up all these inequalities we obtain that
|αy(f)− αy(g)| < n which shows that K ∈ A(y).

The family A(y) has the following property:

(1) ∀(K1, K2 ∈ A(y)) [K1 ∩K2 ∈ A(y) and a(y,K1 ∩K2) ≤ a(y,K1) + a(y,K2)].

Let us consider arbitrary functions f, g ∈ D(X) such that |f(x) − g(x)| < 1 for
every x ∈ K1 ∩ K2. Take h ∈ D(X) such that h|K1 = f |K1 and h|K2 \ K1 =
g|K2 \ K1. Then |h(x) − g(x)| < 1 for all x ∈ K2; therefore we have |αy(f) −
αy(h)| ≤ a(y,K1) and |αy(h) − αy(g)| ≤ a(y,K2), and finally |αy(f) − αy(g)| ≤
a(y,K1) + a(y,K2).

From (1) it follows that the family A(y) contains a unique minimal element (with
respect to inclusion), we denote it by K(y) and we put a(y) = a(y,K(y)).

Let p and q be positive integers. We define

Y (p, q) = {y ∈ Y : ∃(K ∈ A(y)) [a(y,K) ≤ p and |K| ≤ q]} and

M(p, q) = {y ∈ Y (p, q) : ∀(K ⊆ X) [(|K| ≤ q − 1) ⇒ (a(y,K) > 2p)]}.

We also put M(p) =
⋃
{M(p, q) : q = 1, 2, . . . }. From the fact that K(y) is minimal

we obtain that:

(2) (p ≥ a(y)) ⇒ (y ∈M(p)),

(3) M(p, 1) = Y (p, 1) and M(p, q) = Y (p, q) \ Y (2p, q − 1), for q ≥ 2,

(4) Y =
⋃
{M(p, q) : p, q = 1, 2, . . .},

(5) M(p, q1) ∩M(p, q2) = ∅, for q1 6= q2.

Let y ∈ M(p, q). Then there exists a unique Kp(y) ⊆ X such that |Kp(y)| = q
and a(y,Kp(y)) ≤ p. This follows from the fact that for all finite L ⊆ X we
have Kp(y) ⊆ L if a(y, L) ≤ p. Indeed, if there existed L such that a(y, L) ≤ p and
Kp(y)\L 6= ∅, then by (1) we would obtain that a(y,Kp(y)∩L) ≤ 2p, contradicting
the fact that |Kp(y) ∩ L| ≤ q − 1.

The sets Kp(y), defined for every y ∈M(p), have the following important prop-
erty:

(6) Let (yn) be a sequence of points of Y converging to a point y ∈ M(p) and let
Kn be finite subsets of X such that a(yn, Kn) ≤ p, for every n. Then for every
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open U ⊆ X such that U ∩Kp(y) 6= ∅ there is an n0 such that U ∩Kn 6= ∅ for all
n ≥ n0.

Suppose that U∩Kn = ∅ for infinitely many n. Passing to a subsequence we may
assume that U is disjoint from all Kn. Since y ∈ M(p) we may find f, g ∈ D(X)
such that |f(x) − g(x)| < 1, for all x ∈ Kp(y) \ U , and |αy(f)− αy(g)| > 2p. Take
h ∈ D(X) such that h|X\U = f |X\U and h|Kp(y)∩U = g|Kp(y)∩U . Then |h(x)−
g(x)| < 1, for all x ∈ Kp(y); hence |αy(h)−αy(g)| ≤ p and |αy(f)−αy(h)| > p. On
the other hand f |Kn = h|Kn, for all n, therefore |αyn(f)−αyn(h)| ≤ a(yn, Kn) ≤ p.
Since αyn(f) → αy(f) and αyn(h) → αy(h), as n → ∞, passing to the limits we
obtain a contradiction with the previous inequality.

From (6) we immediately obtain:

(7) The map Kp : M(p, q) → [X ]q is continuous.

Next, we need the following:

(8) Y (p, q) is closed in Y , for all p, q = 1, 2, . . . .

Let yn ∈ Y (p, q) and y ∈ Y be such that yn → y, as n → ∞. We take
sets Kn ⊆ X such that |Kn| ≤ q and a(yn, Kn) ≤ p. Passing to a subsequence
we may assume that there exist K0 ⊆ X with |K0| ≤ q and a decomposition
Kn = K0

n∪K1
n such thatK0

n → K0 (in the Vietoris topology) and every x ∈ X has a
neighborhood Ux meeting only finitely many K1

n’s. We will show that a(y,K0) ≤ p,
i.e. y ∈ Y (p, q).

Consider f0, g0 ∈ D(X) such that |f0(x) − g0(x)| < 1 for all x ∈ K0. Take
an arbitrary ε > 0. Using the uniform continuity of αy we can find δ > 0 and
a finite A ⊆ X such that |αy(f) − αy(g)| < ε for every f, g ∈ D(X) satisfying
|f(x) − g(x)| < δ, for all x ∈ A. We may assume that δ < 1 and K0 ⊆ A. By
the property of sets K1

n we can find an open U ⊆ X containing A and a number
n1 such that U ∩ K1

n = ∅, for every n ≥ n1. Let us take h ∈ D(X) such that
h|A ≡ 1 and h|X \ U ≡ 0. We put f1 = f0h and g1 = g0h. From f1|A = f0|A and
g1|A = g0|A it follows that |αy(f1) − αy(f0)| < ε and |αy(g1) − αy(g0)| < ε. We
have |f1(x) − g1(x)| = |f0(x) − g0(x)| < 1, for all x ∈ K0. By the continuity of f1

and g1 there exists an n0 such that |f1(x) − g1(x)| < 1 for all x ∈ K0
n and n ≥ n0.

We also have f1(x) = 0 = g1(x) for x ∈ K1
n and n ≥ n1. Hence |f1(x) − g1(x)| < 1

for all x ∈ Kn and n ≥ n0, n1, therefore |αyn(f1) − αyn(g1)| ≤ p. Passing to the
limit we obtain that |αy(f1)−αy(g1)| ≤ p. It follows that |αy(f0)−αy(g0)| < p+2ε.
Since ε is arbitrary we finally conclude that |αy(f0)− αy(g0)| ≤ p.

From (3) and (8) it follows that M(p, q) is an Fσ-subset of Y , for every p, q ≥ 1.
To finish the proof it remains to verify the following:

(9) Let M ⊆ M(p, q) be closed in Y , for some p, q ≥ 1. Then the map Kp|M :
M → [X ]q is perfect.

For n ∈ ω, let yn ∈ M be such that Kp(yn) converges to some K ∈ [X ]q. It
is enough to show that (yn) has a convergent subsequence in Y (hence in M).
Suppose the contrary, then Z = {yn : n ∈ ω} is closed and discrete in Y , therefore
every bounded function on Z can be extended to a function from D(Y ). We may
assume that yn 6= ym for n 6= m. Let A be an uncountable almost disjoint family
of infinite subsets of ω, i.e. A ∩ B is finite for distinct A,B ∈ A. For A ∈ A let
fA ∈ D(Y ) be such that fA(yn) = p + 1 if n ∈ A and fA(yn) = 0 for n ∈ ω \ A.
We can find gA ∈ D(X) such that Φ(gA) = fA. Let K = {x1, . . . , xq}. We put
sA = (gA(x1), . . . , gA(xq)) ∈ Rq. Since Rq is separable we can find distinct A,B ∈ A
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such that the distance between sA and sB is less than 1, i.e. |gA(xi)− gB(xi)| < 1,
for i = 1, . . . , q. By the continuity of gA and gB there exists an n0 such that
|gA(x)− gB(x)| < 1 for all x ∈ Kp(yn) and n ≥ n0. From the definition of the map
Kp it follows that |fA(yn) − fB(yn)| = |αyn(gA) − αyn(gB)| ≤ p for n ≥ n0. This
contradicts the fact that A \B is infinite.

3.2. Corollary. Let P be a class of (separable) metrizable spaces with the following
properties:

(a) P contains all complete (compact) metrizable spaces,
(b) P is closed under finite products,
(c) if M ∈ P and N is a closed subset of M , then N ∈ P,
(d) if M is a metrizable space which is a countable union of closed subsets Mn ∈

P, then M ∈ P.

Let X ∈ P and Y be a metrizable space. If there exists a uniformly continuous
surjection Φ : Cp(X) → Cp(Y ) (resp. Φ : C∗p (X) → C∗p (Y )), then Y ∈ P.

Proof. This corollary can be easily derived from 3.1 using the following two obser-
vations.

First, from a result of Klee (see [BP, p. 271], [Kl]) it follows that, for a metric
space X , the space Xn contains an Fσ-subset A such that the map f : A→ [X ]n,
defined by f((x1, . . . , xn)) = {x1, . . . , xn}, is a bijection. Let A =

⋃∞
k=1 Ak, where

each Ak is closed in Xn. One can easily verify that the restriction f |Ak is a closed
embedding into [X ]n. Therefore if X ∈ P , then also [X ]n ∈ P .

Second, let Y and Z be (separable) metrizable spaces and f : Y → Z be a

perfect map. Let Ŷ be the completion (a metrizable compactification) of Y and let

i : Y → Ŷ be an embedding. Then the diagonal map f4i embeds Y onto a closed
subset of Z × Ŷ . It follows that Y ∈ P if Z ∈ P .

We need the following standard fact (cf. [DM, Prop. 3.8]):

3.3. Proposition. Let X be a metrizable space such that X =
⋃∞
n=1Xn, Xn ∈

Mα, α ≥ 2 and Xn ∈ Aβ(X), where β < α. Then X ∈ Mα.

Proof. Let Y be a completion of X and let Yn ∈ Aβ be such that Yn ∩ X =
Xn. Consider Z =

⋃∞
n=1 Yn ∈ Aβ ⊆ Mα . We have Yn \ Xn ∈ Aα; hence,⋃∞

n=1(Yn \Xn) ∈ Aα and X = Z \
⋃∞
n=1(Yn \Xn) ∈ Mα.

3.4. Theorem. Let X and Y be metrizable spaces and let Φ : Cp(X) → Cp(Y )
(resp. Φ : C∗p (X) → C∗p (Y )) be a uniformly continuous surjection. If X ∈ Mα

(resp. X ∈ Aα), α > 1, then also Y ∈Mα (resp. Y ∈ Aα).

Proof. Follows directly from 3.2 and 3.3.

This theorem answers affirmatively a question from [BGP, p. 882]. Another
immediate application of Corollary 3.2 is the following (here Σ1

n and Π1
n denote the

classes of projective spaces, see [Ke, Sec. 37]):

3.5. Theorem. Let X and Y be separable metrizable spaces and let Φ : Cp(X) →
Cp(Y ) (resp. Φ : C∗p (X) → C∗p (Y )) be a uniformly continuous surjection. If

X ∈ Σ1
n (resp. X ∈ Π1

n), n ≥ 1, then also Y ∈ Σ1
n (resp. Y ∈ Π1

n).



ABSOLUTE BOREL SETS AND FUNCTION SPACES 3593

4. Remarks

The results of the paper [BGP] show that the complete metrizability of X is
preserved by linear surjections of the function spaces Cp(X) and C∗p (X). We do
not know if this can be generalized to uniformly continuous surjections. Using 3.2
we can show that the class of so-called strongly σ-complete spaces (i.e. metric
spaces which are countable unions of closed completely metrizable subspaces) is
preserved by such surjections. Obviously, the class of strongly σ-complete spaces is
strictly larger than the class of completely metrizable spaces.

4.1. Question. Let X and Y be metrizable spaces and let Φ : Cp(X) → Cp(Y )
(resp. Φ : C∗p (X) → C∗p (Y )) be a uniformly continuous surjection (resp., a uniform
homeomorphism). Is Y completely metrizable if X is so?

Let us recall that for the space of rationals Q and for the convergent sequence
X = {0, 1, 1/2, 1/3, . . .} the spaces Cp(Q) and Cp(X) are homeomorphic, see
[DGM]. Therefore the complete metrizability is not preserved by homeomorphisms
of Cp(X). However, we do not know how big the difference in the Borel classes of
metrizable spaces X and Y can be if Cp(X) and Cp(Y ) are homeomorphic.

Let us also point out that the σ-compactness is preserved by continuous surjec-
tions Φ : Cp(X) → Cp(Y ) (resp. Φ : C∗p (X) → C∗p (Y )), for metrizable X and Y .
This follows from the fact that for a metrizable space X , X is σ-compact iff Cp(X)
(resp. C∗p (X)) is analytic, see [Ch] and [DM]. The result of Uspenskĭı [Us] implies
that, for metrizable spaces, the compactness is preserved by uniformly continuous
surjections of function spaces.

In the nonmetrizable case the σ-compactness (compactness) is preserved by (uni-
form) homeomorphisms of Cp(X), see [O], [Us] or [A1]. But the following simple
example shows that these properties are not preserved by continuous linear surjec-
tions.

4.2. Example. Let ω1 and ω1 + 1 be the spaces of ordinals with the usual order
topology. Obviously ω1 + 1 is compact and ω1 is not σ-compact but the restriction
map is a linear surjection of Cp(ω1 + 1) onto Cp(ω1).

If we restrict ourselves to linear surjections, then Corollary 3.2 can be strength-
ened a little bit and the proof can be essentially simplified. We have the following:

4.3. Proposition. Let P be a class of metrizable spaces with the following prop-
erties:

(a) P contains the interval [0, 1],
(b) P is closed under finite products,
(c) if M ∈ P and N is a closed subset of M , then N ∈ P,
(d) if M is a metrizable space which is a countable union of closed subsets Mn ∈

P, then M ∈ P.

Let X ∈ P and Y be a metrizable space. If there exists a continuous linear surjection
Φ : Cp(X) → Cp(Y ) (resp. Φ : C∗p (X) → C∗p (Y )), then Y ∈ P.

Proof. (Sketch) Let Lp(X) and Lp(Y ) denote the dual spaces of Cp(X) and Cp(Y ),
respectively. We consider these spaces with the weak∗ topology, i.e. the topology
generated by Cp(X) and Cp(Y ), respectively. It is well-known that Lp(X) consists
of linear combinations of evaluation functionals, see [A1, Ch. 0.5]. Using the result
of Klee mentioned above and results from [A1, Ch. 0.5] it is easy to represent Lp(X)
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as a countable union of closed subspaces Zn, n ∈ ω, such that Zn is homeomorphic
to a closed subset of [0, 1]kn ×Xkn , for some kn ≥ 1 (these homeomorphisms are
given by taking appropriate linear combinations of evaluation functionals). Now,
we take the canonical embedding e : Y → Lp(Y ) given by evaluation functionals
and the dual map Φ∗ : Lp(Y ) → Lp(X). The composition Φ∗e is an embedding of
Y into Lp(X). One can easily verify that Φ∗e|(Φ∗e)−1(Zn) is a closed embedding.
The same argument works for the spaces of bounded continuous functions.

This proposition gives us a much easier way to prove the weaker versions of
Theorems 3.4 and 3.5 for the linear maps. It also allows us to show that some
classes of metrizable spaces X like countable dimensional spaces, strongly countable
dimensional spaces, are preserved by linear surjections of function spaces Cp(X).
Corollary 3.2 and Proposition 4.3 can be compared with earlier general results on
preservation of some topological classes under mappings of function spaces, cf. [O,
Cor. 2], [A1].

The preservation results from [BGP] were obtained using the characterization of
completeness in terms of complete sequence of covers. Let us point out that using
a similar technique it is also possible to apply Theorem 2.2 for the alternative proof
of Theorem 3.4 for linear continuous surjections from Cp(X) onto Cp(Y ). Recently
Valov [Va] has extended the results of [BGP] to the compact-open topology on
Cp(X) and also for other function spaces. It is very likely that Theorem 2.2 will
allow us to use this technique for analogous extensions for higher absolute Borel
classes as well. Surely, it will be treated elsewhere.

4.4. Christensen’s theorem on K(X). For a space Z, K(Z) denotes the set of com-
pact subsets of Z. Let X and Y be metrizable spaces. Christensen [Ch] proved
that if X is Polish and there is a map Φ : K(X) → K(Y ) such that

1. Φ(A) ⊆ Φ(B) whenever A ⊆ B, A,B ∈ K(X),
2. if C ∈ K(Y ), then there is A ∈ K(X) such that C ⊆ Φ(A),

then Y is Polish, as well. Recall that K(Q) equipped with the Hausdorff metric
is not analytic, see [Ke, Ex.27.4]. However, we can define the map Φ : K(Q) →
K(K(Q)), satisfying the above conditions (1) and (2), by the formula: Φ(A) =
{L ∈ K(Q) : L ⊆ A}, for A ∈ K(Q). This example shows that Christensen’s result
cannot be extended to the class of σ-compact spaces and higher Borel classes.
Christensen’s theorem and an extension of it to the nonseparable case obtained
in [BGP] were used therein for an alternative proof that complete metrizability is
preserved by linear continuous surjections from Cp(X) to Cp(Y ). Due to the above
example this approach cannot be extended to prove such preservation results for
higher Borel classes. So the uniform (or linear) structure of Cp(X) is a finer tool
for an investigation of X than the lattice K(X). For other references and properties
encoded by K(X) we refer to [Fr].

4.5. Remarks on Wijsman topologies. We will conclude with some remarks con-
cerning the descriptive complexity of Wijsman hyperspaces which are related to
the function spaces Cp(X). For a metric space (X, ρ), the Wijsman hyperspace
topology wρ on the set 2X of all nonempty closed subsets of X is defined by iden-
tifying each F ∈ 2X with a function φF (x) = dist(x, F ), for each x ∈ X , and
considering {φF : F ∈ 2X} as a subspace of Cp(X) (see [Be]). Recall that the
space (2X , wρ) is metrizable (and then separable) iff the space (X, ρ) is separable.
Therefore, we restrict ourselves to separable metric spaces in this remark.
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The topology wρ does depend on the given metric but the identity map id :
(2X , wρ) → (2X , wσ) is Borel measurable for equivalent metrics ρ and σ. In fact,
the preimage of any open set is Fσ, i.e. the identity map is a Borel isomorphism of
the first class.

As observed in [Ba], (2X , wρ) is analytic whenever (X, ρ) is. On the other hand,
Cp(X) is analytic iff X is σ–compact [Ch]. For absolutely Borel hyperspaces we
have a similar situation: It follows immediately from nontrivial results in [SR]
that (2X , wρ) is Borel iff (X, ρ) is the union of a Polish space and a σ–compact set.
However, the situation is nice whenX is of a low Borel class: It is proved in [Co] that
(2X , wρ) ∈M1 provided (X, ρ) ∈ M1. As observed in [CLP], a necessary condition
for σ–compactness of (2X , wρ) is the finiteness of the set of points where (X, ρ) is
not locally compact. In particular, (2Q, wρ) is not σ–compact for any compatible
metric ρ on the space of rationals Q. One can easily show that (2X , wρ) ∈ M2

provided X is σ–compact. Following the argument from [SR, proof of Theorem 1]
it can also be proved that (2X , wρ) ∈M2 if X is the union of a Polish space and a
σ–compact set.
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