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ON THE KOLYVAGIN CUP PRODUCT

AMNON BESSER

Abstract. We define a new cohomological operation, which we call the Koly-
vagin cup product, that is a generalization of the derivative operator intro-
duced by Kolyvagin in his work on Euler systems. We show some of the basic
properties of this operation. We also define a higher dimensional derivative in
certain cases and a dual operation which we call the Kolyvagin cap product
and which generalizes a computation of Rubin.

1. Introduction

In his work on Euler systems [Kol90], Kolyvagin is using a basic, derivative-like,
operator to construct cohomology classes from his systems. The operation can be
described as follows: let ∆ = 〈τ〉 be a cyclic group with n elements and let M be
a ∆-module. If m ∈M is such that the norm of m with respect to ∆ is 0, i.e.,

Nm =

n−1∑
k=0

τkm = 0,

then the element

Dm =

n−1∑
k=0

kτkm (mod nM) ∈M/nM

is ∆-invariant.
A few cohomological generalizations of this construction have been investigated

and used since (Faltings, [Nek92], [Rub93]). Rubin’s construction, which is the
most general that we know of, goes as follows: Let H be a normal subgroup of
a group G, and let ∆ = G/H . Let M be a G-module. Define the G-module
M ′ = HomH(Z[G],M) and let M ′′ be the kernel of the map

η(f) =
∑
σ∈∆

σ−1(f(σ)) from M ′ to M.

Now, associated to a homomorphism ψ : ∆→ Z/n is a G-module map

δψ : M ′′ →M/n defined by δψ(f) =
∑
σ∈∆

ψ(σ)σ−1(f(σ)).

The induced maps on cohomology, δ∗ψ : Hi(G,M ′′)→ Hi(G,M/n), are the higher

dimensional analogues of the Kolyvagin derivatives. The term Hi(G,M ′′) projects
onto the kernel of the corestriction map corGH : Hi(H,M)→ Hi(G,M) with kernel
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which is contained in Hi−1(G,M), and one hopes that this group is small or that
it may be annihilated by a small integer in order to make the operation depend
only on the kernel of the corestriction map. When i = 0 this operation precisely
corresponds to sending m ∈ KerN : MH → MG to

∑
σ∈∆ ψ(σ)σ−1m. Thus, the

Kolyvagin derivative is the special case when i = 0, ∆ is a cyclic group of order n
and ψ is the isomorphism of ∆ onto Z/n sending the generator τ to 1.

Our purpose in this work is to give a different, even more general, cohomological
extension of the Kolyvagin construction, which coincides with the Rubin construc-
tion in the above situation, and also to prove for this construction some of the
properties of the Kolyvagin derivative that are used in work on Euler systems. The
starting point is to notice that, for i = 0, the operation described by Rubin can
be carried out in greater generality when ψ is a 1-cocycle of ∆ with values in any
∆-module A. We will call the map

(ψ,m)→
∑
σ∈∆

ψ(σ)⊗ σ(m) ∈ (A⊗M)G(1.1)

the “Kolyvagin operation”. Here, G acts on A through its quotient ∆ and A⊗M
is given the diagonal action of G. The observation that the above element is G-
invariant will be referred to as the “Kolyvagin trick”.

One is tempted to try and interpret (1.1) as a cup product of ψ and m. A simple
computation shows that as a function of ψ (1.1) does not factor through H1(∆, A).
However, a cup product interpretation is possible in the following way: Let I be the
augmentation ideal in the group ring Z[∆]. The 1-cocycle ψ may be interpreted as a
G-homomorphism ψ : I → A (throughout this paper we do not distinguish between
the two ways of viewing ψ). The kernel of the norm map on M may be interpreted
as HomG(Ǐ ,M), where Ǐ is the quotient of Z[∆] by the Z-module generated by
the norm element,

∑
σ∈∆ σ, and the Kolyvagin operation above amounts then to

pulling back ψ ⊗m ∈ HomG(I ⊗ Ǐ)A ⊗M by the map γ : Z → I ⊗ Ǐ defined by
γ(1) =

∑
σ∈∆(σ − 1) ⊗ σ. This operation now carries over almost without any

change to the case when m is in ExtiG(Ǐ ,M) and gives our generalization to the
Kolyvagin derivative, which we call the Kolyvagin cup product (see Definition 4.1).

It’s not too hard to see that our Kolyvagin cup product coincides with the
operation defined by Rubin in the case that A = Z/n. The extra generality gives
some interesting applications, which we hope to discuss in a future paper.

We prove a few fundamental results about our cup product. Two of these,
Propositions 5.1 and 5.5, are analogues of the well known rules of composition
between the corestriction and restriction. Other results, such as 5.4 and 8.1, allow
computations with the Kolyvagin cup product in the case that M is described
as the quotient of another G-module C. We should mention that 5.1 and 5.4
are generalizations of results proved by Rubin. The method of proof is different
and relies as much as possible on general considerations in homological algebra
instead of explicit computations with cocycles. Our hope is that this would allow
further generalizations in the future (étale cohomology, K-theory). In fact, the
starting point for this work was to try to find more homological-algebra-like proofs
of Rubin’s results.

The main result, Theorem 8.1, is about the localization of the Kolyvagin cup
product. In the applications to Euler systems that we have in mind, it shows
that one can carry out the crucial step in the Kolyvagin method of computing the
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localization of the cohomology classes obtained via the derivative operator by using
the Euler system.

We also describe two related operations: One is, in some precise sense (see Propo-
sitions 7.3 and 7.6), a dual of the Kolyvagin cup product and is also a generalization
of an operation described by Rubin in [Rub93]. The other is a higher order deriv-
ative which one can define in certain cases. This type of higher derivatives has
appeared in dimension 0 in the work of Darmon [Dar92].

There is an important application of these higher derivative to the work of
Nekovář on Euler systems on Kuga-Sato varieties [Nek92]. The result described
there is not as sharp as one could hope for, i.e., the p-torsion in the Tate-Šafarevič
group is only finite and not 0 for almost all p. The reason for that is that the
“Kolyvagin test classes” one derives from the Euler system have to be multiplied
by some p-power at a number of places. At one point, this is due to the problem
of lifting the naive Kolyvagin derivative in a cohomological setting (see [Nek92],
page 111 and remark on page 124). Our treatment of higher derivatives, and in
particular Theorem 6.7 allows us to overcome this problem and thus improve the
bounds given in [Nek92] (we intend to treat the problem of the finiteness of the
Tate-Šafarevič group in a future paper).

Some of this work was done while the author was visiting at MSRI. I would
like to thank Jon Rogawski for a number of helpful conversations. I would also like
to thank the referee for his careful reading of the manuscript and his helpful and
enlightening remarks.

2. Some homological algebra

In this and the next section, we collect together a few results in homological
algebra, to be used in later sections. We use X•, Y •, . . . to denote chain complexes
of objects in abelian categories, usually the category of Z[G]-modules. For a map
i• : X• → Y • we let i•∗ denote the induced map on homology groups. For a map
i : X → Y we will let

Ext•(Y,M)
i∗−→ Ext•(X,M)

be the pullback map on extension groups.
We recall a few well known facts about cup products:

Definition 2.1. Let X , Y , A and M be Z[G]-modules, for some group G. Let X•

and Y • be Z[G]-free resolutions of X and Y respectively. If we assume that either

X or Y is Z-free, then X• ⊗ Y • is a resolution of X ⊗ Y . Given [f ] ∈ ExtiG(X,A)

and [g] ∈ ExtjG(Y,M), we may define f∪g ∈ Exti+jG (X⊗Y,A⊗M) as follows: Take
representatives f ∈ HomG(X i, A) and g ∈ HomG(Y i,M) for [f ] and [g] respectively.
We may extend f and g to maps from X• to A and Y • to M by making them 0
in all the other degrees. Now we may define [f ] ∪ [g] to be represented by the
homomorphism f ⊗ g : X• ⊗ Y • → A⊗M .

The next lemma is then obvious:



4638 AMNON BESSER

Lemma 2.2. If φ : X → X ′ and ψ : Y → Y ′ are two maps of G-modules, then the
following diagram commutes :

ExtiG(X ′, A)× ExtjG(Y ′,M)
φ∗×ψ∗−−−−→ ExtiG(X,A)× ExtjG(Y,M)

∪
y ∪

y
Exti+jG (X ′ ⊗ Y ′, A⊗M)

(φ⊗ψ)∗−−−−−→ Exti+jG (X ⊗ Y,A⊗M)

We now describe a map that appears in the group cohomology of torsion modules.
We might as well do things in a general homological algebra setting, so let A be
an abelian category with enough projectives (in practice this will be the category
of Z[G]-modules for some group G). An object M of A is said to be n-torsion,
for some integer n, if n idM = 0. Given an object X of A, we will denote by X/n

the object Cokern, where n means n idX . We denote by Tori(X,Z/n) the i-th left
derived functor of X → X/n. If Tori(X,Z/n) = 0 for all i > 0, then any projective
resolution X• of X has the property that X•/n is a resolution of X/n. This is the
case, for instance, for a G-module which is free as a Z-module.

Definition 2.3. Let X and M be objects of A and assume M is n-torsion and
Tori(X,Z/n) = 0 for all i > 0. We then define

sX,n : Ext•(X,M)→ Ext•(X/n,M)

as follows: Let Q• be a projective resolutions of X/n. It follows from the assump-
tions that there is a map of complexes h• : Q• → X•/n. sX,n is then the map
induced on the homology from the map

Hom(X•,M) ∼= Hom(X•/n,M)
h•∗−−→ Hom(Q•,M).

It is immediately verified that sX,n is a section of the canonical map

Ext•(X/n,M)
r∗X,n−−−→ Ext•(X,M)

coming from the projection rX,n : X → X/n. As an interesting example, let M be
an n-torsion G-module. From the short exact sequence:

0→ Z n−→ Z→ Z/n→ 0

one gets the short exact sequences

0→ Hi−1(G,M)→ ExtiG(Z/n,M)→ H i(G,M)→ 0

by noticing that the map Hi(G,M)
n−→ Hi(G,M) is 0. The map sZ,n : Hi(G,M)→

ExtiG(Z/n,M) gives a splitting of these sequences.

Lemma 2.4. Let X and Y be G-modules which are Z-free, and let A and M be
G-modules killed by an integer n. Let sY,n : ExtiG(Y,M) → ExtiG(Y/n,M) be the
canonical map constructed in Definition 2.3. Let r?,n :?→?/n be the reduction map
for ? = X,Y . Then, the following diagram commutes :

ExtjG(X/n,A)× ExtiG(Y,M)
r∗X,n × sY,n−−−−−−−−−→ ExtjG(X,A)× ExtiG(Y/n,M)

∪
y ∪

y
Exti+jG (X/n⊗ Y,A⊗M)

∼=−−−−→ Exti+jG (X ⊗ Y/n,A⊗M)
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where the isomorphism in the bottom row is induced by the canonical isomorphism
X ⊗ Y/n ∼= X/n⊗ Y .

Proof. This is an immediate consequence of the fact that sY,n is a section of r∗Y,n
and of Lemma 2.2 with the maps φ and ψ being the reduction maps rX,n and
rY,n.

We now describe another map, closely linked with sX,n, which will come up
again in the next section.

Definition 2.5. A balanced sequence E is a short exact sequence of chain com-
plexes,

0 −→ E•(E) i−→ F •(E) p−→ G•(E) −→ 0,

together with a map of complexes ε : G•(E)→ F •(E) with pε = 0.

Definition 2.6. Given a balanced sequence

E =
(
0 −→ E• i−→ F • p−→ G• −→ 0, ε

)
,

we let uE : H(G•) → H(E•) be the map on homology induced from the unique
map of complexes ū : G• → E• satisfying iū = ε.

One clearly has i∗ ◦ uE = ε∗.
As mentioned before, there is a connection between the maps s and u defined

in 2.3 and 2.6 which we now explain. Let A be an abelian category with enough
projectives, n an integer and M ∈ A an n-torsion object. Suppose we have an exact
sequence

0 −→ X
ĩ−→ Y

p̃−→ Z −→ 0

and that we have a map ε̃ : Y → X such that ε̃̃i is multiplication by n on X
(remark: this is all we’ll need for this work, but the same considerations will apply

in the more general case where ε̃ĩ is divisible by n in End(X)). We then get a map

ũ : Z → X/n defined by ũ(z) = ε̃(y) (mod nX), p̃(y) = z.(2.1)

Lemma 2.7. In the situation described above:

1. There are projective resolutions X•, Y • and Z• of X, Y and Z respectively,
and liftings ĩ•, p̃• and ε̃• : Y • → X• to the maps ĩ, p̃ and ε̃ respectively, such
that:
(a) there is an exact sequence of complexes

0 −→ X• ĩ•−→ Y • p̃•−→ Z• −→ 0,

(b) the map ε̃•ĩ• is multiplication by n on X•

2. If, in addition, X•/n is a resolution of X/n, then the map uE associated with
the balanced sequence E composed of

0 −→ Hom(Z•,M)
i=◦p̃•−−−−→ Hom(Y •,M)

p=◦ĩ•−−−−→ Hom(X•,M) −→ 0(2.2)

together with the map ε = ◦ε̃•, is the composition

Ext•(X,M)
sX,n−−−→ Ext•(X/n,M)

ũ∗−−→ Ext•(Z,M).(2.3)
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Proof. Most of part 1, except for the existence of ε̃•, is of course standard homolog-
ical algebra. As usual, it is enough to construct the 0 terms and the maps between

them: we choose surjections X0 eX−−→ X and Z0 eZ−→ Z and let Y 0 = X0 ⊕ Z0 with
ĩ0 and p̃0 the obvious maps. We take eY : Y 0 → Y such that the diagrams

X0

eX
eY |X0

Z0

eY |Z0
eZ

X
ĩ

Y, Y
p̃

Z

commute (the map eY |Z0 exists since Z0 is projective). Finally, one takes ε̃0|X0 to
be multiplication by n and ε̃0|Z0 to make

X0 ε̃0|Z0←−−−− Z0

eX

y eY |Z0

y
X

ε̃←−−−− Y

commute. For part 2, one notices that the map in (2.3) corresponds to the pullback
under a map of resolutions Z• → X•/n and that there is an obvious choice of such
a map (analogous to (2.1)) for which the resulting pullback is exactly uE .

3. A technical lemma

The purpose of this section is to prove Lemma 3.1. The proof is done using a
rather nasty diagram chase. It would be nice to find a simpler and more conceptual
proof for this lemma ( I am told by the referee that the first part may be proved
by an argument using spectral sequences).

To make it easier to follow the computation, we will use a different notational
convention then the one used in section 2:

• Chain complexes are denoted by bold capital letters;
• The differential of all complexes is denoted d and is raising degrees. It is

assumed to commute with all the other maps whenever that makes sense;
• If C denotes a complex, C[h] denotes the same complex with degrees shifted

by h;
• Elements in a chain complex are denoted by bold letters matching the complex

from which they are taken, e.g., bx, bx
0 ∈ BX;

• The kernel of d on the complex C is denoted by Z(C) and the homology of
the complex by H(C);

• The homology class of c ∈ C is denoted by [c];
• Maps between complexes are always denoted by either i for injection or p for

projection, with an upper indexing.

Lemma 3.1. Suppose we are given the following commuting diagram of chain com-
plexes, with exact rows and columns:
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0 0 0y y y
0 −−−−→ BZ iz−−−−→ CZ pz−−−−→ MZ −−−−→ 0

ib

y ic
y im

y
0 −−−−→ BY iy−−−−→ CY py−−−−→ MY −−−−→ 0

pb
y pc

y pm
y

0 −−−−→ BX ix−−−−→ CX px−−−−→ MX −−−−→ 0y y y
0 0 0

(3.1)

which gives rise to a doubly long exact sequence of homology groups

...
...

...
...

...

· · ·H (MY[−2]
)δy→H (BY[−1]

) iy∗→H (CY[−1]
)py∗→H (MY[−1]

)δy→ H
(
BY
) · · ·

pm∗ ↓ pb∗ ↓ pc∗ ↓ pm∗ ↓ pb∗ ↓
· · ·H (MX[−2]

)δx→H (BX[−1]
) ix∗→H (CX[−1]

)px∗→H (MX[−1]
)δx→ H

(
BX
) · · ·

δm ↓ δb ↓ δc ↓ δm ↓ δb ↓
· · ·H (MZ[−1]

) δz→ H
(
BZ
) iz∗→ H

(
CZ
) pz∗→ H

(
MZ

) δz→H
(
BZ[+1]

)· · ·
im∗ ↓ ib∗ ↓ ic∗ ↓ im∗ ↓ ib∗ ↓

· · ·H (MY[−1]
)δy→ H

(
BY
) iy∗→ H

(
CY
) py∗→ H

(
MY

) δy→H (BY[+1]
)· · ·

pm∗ ↓ pb∗ ↓ pc∗ ↓ pm∗ ↓ pb∗ ↓
· · ·H (MX[−1]

)δx→ H
(
BX
) ix∗→ H

(
CX
) px∗→ H

(
MX

) δx→H (BX[+1]
)· · ·

δm ↓ δb ↓ δc ↓ δm ↓ δb ↓
· · · H

(
MZ

) δz→H
(
BZ[+1]

) iz∗→H
(
CZ[+1]

) pz∗→H
(
MZ[+1]

) δz→H
(
BZ[+2]

)· · ·
...

...
...

...
...

1. Assume that we have [mz] ∈ H (MZ
)

and [cy] ∈ H (CY
)

such that

im∗ [mz] = py∗ [cy] ∈ H (MY
)
.

Then there exist [bx] ∈ H (BX
)

which satisfies the two equalities:

(a) ix∗ [bx] = pc∗ [cy] ∈ H (CX
)
; and

(b) δb [bx] = −δz [mz].
2. Assume, in addition, that there are maps of complexes

εb : BX → BY, εc : CX → CY, εm : MX →MY,

commuting with the horizontal maps between the complexes in the obvious
way, that there is an endomorphism π of all the complexes, commuting with
all the other maps, and such that

pb ◦ εb = π|BX , pc ◦ εc = π|CX , pm ◦ εm = π|MX ,
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and

π|MX = 0.

Finally, assume that there exist some [cx
0 ] ∈ H

(
CX
)

with [cy] = εc∗ [cx
0 ].

Let uM : H
(
MX

) → H
(
MZ

)
be the map uE corresponding to the balanced

sequence E formed of the rightmost column of the diagram (3.1) and the map
εm. Then, there exist [by

0 ] ∈ H (BY
)

and [mx
0 ] ∈ H (MX[−1]

)
such that

(a) iy [by
0 ] = π∗ [cy];

(b) δyεm∗ [mx
0 ] = εb∗ [bx

0 ]− [by
0 ]; and

(c) δm [mx
0 ] + uMp

x
∗ [cx

0 ] = [mz].

Proof. 1. We begin by choosing representatives mz ∈ Z (MZ
)

and cy ∈ Z (CY
)

for [mz] and [cy] respectively. The condition im∗ [mz] = py∗ [cy] implies

immz = pycy + dmy for some my ∈MY[−1].

We can choose c̄y ∈ CY[−1] s.t. pyc̄y = my. Replacing cy by cy + dc̄y, which still
represents [cy], we may assume

immz = pycy.

The class pc∗ [cy] is represented by pccy ∈ Z (CX
)
, and

pxpccy = pmpycy = pmimmz = 0⇒ pccy = ixbx for some bx ∈ Z (BX
)
.

We choose [bx] to be the cohomology class represented by bx. To find δb [bx] we
choose by ∈ BY s.t. pbby = bx. Then

pbdby = dbx = 0⇒ dby = ibbz with bz ∈ Z (BZ[1]
)
,

and we have δb [bx] = [bz]. We find that

pciyby = ixpbby = ixbx = pccy ⇒ pc(cy − iyby) = 0.

Therefore,

cy − iyby = iccz with cz ∈ CZ,

and

impzcz = pyiccz = py(cy − iyby) = pycy = immz ⇒ pzcz = mz.

We may therefore use cz to compute δz [mz]: we have

dcz = izb̄z with b̄z ∈ Z (BZ[1]
)
,

and the class of b̄z is [
b̄z
]

= δz [mz] .

We are done if we show that [bz] = − [b̄z
]
. In fact,

icizb̄z = icdcz = diccz = d(cy − iyby) = −diyby = −iydby = −iyibbz = −icizbz

and therefore bz = −b̄z.

2. We have

pyπcy = πpycy = 0⇒ πcy = iyby
0 with by

0 ∈ Z
(
BY
)
.

We let [by
0 ] be the homology class of by

0 . The first property is obviously satisfied.
The assumption [cy] = εc∗ [cx

0 ] implies that

cy = εccx
0 + dc̃y with c̃y ∈ CY[−1].
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Therefore

ixbx = pccy = pc(εccx
0 + dc̃y) = πcx

0 + dpcc̃y,

and

iyby
0 = πcy = πεccx

0 + dπc̃y.

It follows that

iy(εbbx − by
0 ) = εcixbx − iyby

0 = (εcπcx
0 + dεcpcc̃y)− (πεccx

0 + dπc̃y)

= d(εcpc − π)c̃y

and that therefore a preimage of εb∗ [bx]− [by
0 ] is given by the class of

py(εcpc − π)c̃y = pyεcpcc̃y = εmpmpyc̃y .

It is easy to check that dpmpyc̃y = 0. Therefore, we may take mx
0 = pmpyc̃y to

represent the cohomology class [mx
0 ], and the second property holds. Finally, we

compute δm [mx
0 ]. It is represented by mz

0 ∈ Z
(
MZ

)
, which satisfies

immz
0 = dpyc̃y = pydc̃y = py(cy − εccx

0 ) = immz − εmpxcx
0 .

Thus im(mz −mz
0) = εmpxcx

0 , and so by the definition of uM we have

[mz]− [mz
0] = uMp

x
∗ [cx

0 ] .

4. Definition of the cup product

Let G be a group and H a normal subgroup with a finite index, so that we have
the short exact sequence

1 −→ H −→ G −→ ∆ −→ 1,(4.1)

with ∆ a finite group. Let Z[∆] be the group ring of ∆, with the obvious (left) G
action. The standard augmentation map, ε : Z[∆] → Z, sits inside a short exact
sequence,

0 −→ I
i−→ Z[∆]

ε−→ Z −→ 0,(4.2)

in which I is the augmentation ideal. The dual exact sequence is

0 −→ Z N−→ Z[∆]
p−→ Ǐ −→ 0.(4.3)

Here, N is the norm (or trace) map that sends 1 ∈ Z to
∑
g∈∆ g, and Ǐ =

Z[∆]/Z
∑
g∈∆ g. The duality is given by the Z[∆] map γ̌ : Z[∆] ⊗ Z[∆] → Z

defined by the pairing

〈
∑
σ∈∆

nσσ,
∑
σ∈∆

mσσ〉 =
∑
σ∈∆

mσnσ,(4.4)

under which Z
∑

g∈∆ g and I are exact annihilators. We define γ : Z→ I ⊗ Ǐ to be

the dual map to the map induced from γ̌ on Ǐ ⊗ I. A simple computation shows
that γ is the unique map satisfying

γ(1) =
∑
σ∈∆

(σ − 1)⊗ p(σ).(4.5)
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For future use we record the following two commutative diagrams with exact
rows. The first is

0 −−−−→ I ⊗ Ǐ i⊗id−−−−→ Z[∆]⊗ Ǐ ε⊗id−−−−→ Ǐ −−−−→ 0

γ

x β

x ∥∥∥
0 −−−−→ Z N−−−−→ Z[∆]

p−−−−→ Ǐ −−−−→ 0.

(4.6)

The first row is the sequence (4.2) tensored with Ǐ, the second is just (4.3), and the
map β is defined by

β(σ) = σ ⊗ p(σ).

In the second diagram the first row is (4.3) tensored with I while the second row
is (4.2):

0 −−−−→ I
id⊗N−−−−→ I ⊗ Z[∆]

id⊗p−−−−→ I ⊗ Ǐ −−−−→ 0∥∥∥ β′
x γ

x
0 −−−−→ I

i−−−−→ Z[∆]
ε−−−−→ Z −−−−→ 0.

(4.7)

Here

β′(σ) = σ

(∑
τ∈∆

(τ − 1)⊗ τ
)
.

Let M and A be G-modules.

Definition 4.1. The Kolyvagin cup product is the map

∪k : ExtjG(I, A)× ExtiG(Ǐ ,M) −→ Hi+j(G,M ⊗A)

which is the composition

ExtjG(I, A)× ExtiG(Ǐ ,M)
∪−→ Exti+jG (I ⊗ Ǐ ,M ⊗A)

γ∗−→ Exti+jG (Z,M ⊗A) ∼= Hi+j(G,M ⊗A).

We now give a more concrete interpretation for the domain of the Kolyvagin cup
product.

Lemma 4.2. In the situation described above we have the following long exact
sequences :

· · · −→ H i−1(G,M)
δ
(4.3)
M−−−→ ExtiG(Ǐ ,M)

p∗−→ Hi(H,M)
corGH−−−→ Hi(G,M) −→ · · ·

(4.8)

Here we use the notation δ
(4.3)
M to denote the boundary map on the long exact

sequence of Ext(•,M) associated to the short exact sequence (4.3), and we use
similar notation for other long exact sequences.

Proof. Since ExtiG(Z[∆],M) ∼= H i(H,M), (4.8) is just the long exact sequence
associated with the short exact sequence (4.3).
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Remark 4.3. If Hi−1(G,M) = 0 (in particular if i = 0), the sequence (4.8) implies

ExtiG(Ǐ ,M) ∼= KerHi(H,M)
corGH−−−→ Hi(G,M).

We will often assume that this is the situation. In case it is not, we may define a
“Kolyvagin cup product” for

ψ ×m ∈ ExtjG(I, A)×
(

KerHi(H,M)
corGH−−−→ Hi(G,M)

)
by using the following procedure: We choose a surjection pr : M � M ′ in such a
way that pr∗ kills Hi−1(G,M) (for instance we can choose M ′ = M/MG if i = 1).

It is readily seen that for any z ∈ ExtiG(Ǐ ,M) mapping to m,

(pr ⊗ id)∗(ψ ∪k z) ∈ H i+j(G,A⊗M ′)

will only depend on ψ and m. All of the results which are stated here under the
assumption H i−1(G,M) = 0 can also be applied in this more general case after the
above modification.

Remark 4.4. With the exception of 7.3, we will always assume that H acts trivially
on A. This allows us to identify HomG(I, A) with the group of cocycles of ∆ with
values in A.

5. Basic properties of the Kolyvagin cup product

In the situation (4.1), the well known action of ∆ on H i(H,M) may be described

as follows: If σ ∈ ∆ and m ∈ H i(H,M) ∼= ExtiG(Z[∆],M), then σ(m) is the pull-
back of m under the automorphism of Z[∆] given by τ → τσ. With the assumption
that A = H0(H,A), we also have a cup product A ×Hi(H,M) → Hi(H,A ⊗M)

which may be described by sending a×m ∈ Ext0G(Z[∆], A)×ExtiG(Z[∆],M) to the
pullback of a ∪m ∈ ExtiG(Z[∆] ⊗ Z[∆], A ⊗M) by the map Z[∆] → Z[∆] ⊗ Z[∆]
which sends τ to τ ⊗ τ .
Proposition 5.1. Let ψ : ∆ → A be a one-cocycle, viewed as an element of
Ext0G(I, A). Then the following diagram commutes:

ExtiG(Ǐ ,M)
ψ∪k •−−−−→ Hi(G,A⊗M)

p∗
y resGH

y
H i(H,M)

©1−−−−→ Hi(H,A⊗M),

where the map ©1 is

x ∈ Hi(H,M)
©1−−→

∑
σ∈∆

ψ(σ) ∪ σ(x).

Proof. We start with ψ ∈ HomG(I, A) and m ∈ ExtiG(Ǐ ,M), and form

ψ ∪m ∈ ExtiG(I ⊗ Ǐ , A⊗M).

Going along the upper and right sides of the diagram,

resGH(ψ ∪k m) ∈ Hi(H,A⊗M) ∼= ExtiG(Z[∆], A⊗M)

is the pullback of ψ ∪m by the map

Z[∆]
ε−→ Z γ−→ I ⊗ Ǐ .(5.1)
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Going the other way, for each σ ∈ ∆, ψ(σ) ∈ H0(H,A) is the pullback of ψ by
fσ : Z[∆]→ I defined by fσ(τ) = τ(σ− 1). Therefore,©1 (p∗(m)) is the pullback of
ψ ∪m along the map Z[∆] −→ Z[∆]⊗ Z[∆] −→ I ⊗ Z[∆] −→ I ⊗ Ǐ given by

τ −→ τ ⊗ τ −→
∑
σ∈∆

τ(σ − 1)⊗ τσ −→
∑
σ∈∆

τ(σ − 1)⊗ p(τσ).(5.2)

To see that (5.1) and (5.2) are the same it is enough to check for τ = 1. But this
equality is clear.

Remark 5.2. If i = 0, the restriction map above is just the injection (A ⊗ M)G

↪→ (A ⊗M)H . It follows that in this case the Kolyvagin cup product is the same
as the operation (1.1).

Proposition 5.3. The following diagram commutes:

ExtjG(I, A)×H i−1(G,M)
id×δ(4.3)M−−−−−−→ ExtjG(I, A) × ExtiG(Ǐ ,M)

δ
(4.2)
A ×id

y ∪k
y

Hj+1(G,A)×H i−1(G,M)
∪−−−−→ Hi+j(G,A⊗M)

Proof. The commutativity will follow if we show the commutativity of the following
two diagrams:

ExtjG(I, A)×H i−1(G,M)
∪−−−−→ Exti+j−1(I, A⊗M)

δ
(4.2)
A ×id

y δ
(4.2)
A⊗M

y
Hj+1(G,A) ×H i−1(G,M)

∪−−−−→ Hi+j(G,A⊗M)

and

ExtjG(I, A) ×H i−1(G,M)
id×δ(4.3)M−−−−−−→ ExtjG(I, A)× ExtiG(Ǐ ,M)

∪
y ∪

y
Exti+j−1

G (I, A⊗M)
δ(4.7)−−−−→ Exti+jG (Ǐ ⊗ I, A⊗M)∥∥∥ γ∗

y
Exti+j−1

G (I, A⊗M)
δ
(4.2)
A⊗M−−−−→ Hi+j(G,A⊗M)

since the composition of the two maps on the right hand side is ∪k . The map δ(4.7)

is the boundary map derived from the first row of (4.7). The commutativity of the
first diagram and the top square of the second diagram follows from a standard
argument in homological algebra. The commutativity of the bottom square follows
from the commutativity of (4.7).

Let

0 −→ B
i′−→ C

p′−→M −→ 0(5.3)

be a short exact sequence of G-modules. Let B′ be the kernel of A⊗C → A⊗M ,
so that there are a surjection pr : A⊗B � B′ and a short exact sequence

0 −→ B′ −→ A⊗ C −→ A⊗M −→ 0,(5.4)
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and therefore a long exact sequence with a boundary map

Hi+j(G,A⊗M)
δ(5.4)−−−→ Hi+j+1(G,B′).(5.5)

Let m ∈ KerHi(H,M)
corGH−−−→ Hi(G,M) and let z ∈ ExtiG(Ǐ ,M) satisfy p∗(z) = m.

Assume there is c ∈ H i(H,C) s.t. p′∗(c) = m. It follows that there is b ∈ Hi(G,B)
s.t. i′∗(b) = corGH(c).

Theorem 5.4. In the situation described above, we may choose the class b ∈
Hi(G,B) such that the following holds: For any ψ ∈ ExtjG(I, A),

δ(5.4)(ψ ∪k z) = − pr∗(δ
(4.2)
A (ψ) ∪ b).

Proof. Choose projective resolutions X•, Y • and Z• of Z, Z[∆] and Ǐ respectively
in such a way that we may lift the short exact sequence (4.3) to a short exact
sequence of complexes

0 −→ X• i−→ Y • p−→ Z• −→ 0.

If we apply part 1 of Lemma 3.1 to the doubly short exact sequence of complexes

0 0 0y y y
0 −−−−→ HomG(Z•, B)

i′◦−−−−→ HomG(Z•, C)
p′◦−−−−→ HomG(Z•,M) −−−−→ 0

◦p
y ◦p

y ◦p
y

0 −−−−→ HomG(Y •, B)
i′◦−−−−→ HomG(Y •, C)

p′◦−−−−→ HomG(Y •,M) −−−−→ 0

◦i
y ◦i

y ◦i
y

0 −−−−→ HomG(X•, B)
i′◦−−−−→ HomG(X•, C)

p′◦−−−−→ HomG(X•,M) −−−−→ 0y y y
0 0 0

we find that we may choose b ∈ Hi(G,B) = H(HomG(X•, B)) in such a way that

δ
(4.3)
B b = −δ(5.3)z in Exti+1

G (Ǐ , B).

Therefore,

−ψ∪k δ(5.3)z = ψ ∪k δ(4.3)B b = δ
(4.2)
A (ψ) ∪ b,

where the second equality follows from proposition 5.3. A general argument about
cup products gives

δ(5.4)(ψ ∪k z) = pr∗(ψ ∪k δ(5.3)z),
and the result follows.

The next result is an analogue of the known formula for the composition of
corestriction and restriction: corGH ◦ resGH(x) = |G/H |x. Let n = |∆| and assume
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that n annihilates both M and A. Let ψ : ∆ → A be a 1-cocycle. Since nA = 0,
the Kolyvagin trick shows that the element

a(ψ) :=
∑
σ∈∆

ψ(σ)

is G-invariant. Recall that we have a map p∗ : ExtiG(Ǐ ,M) → Hi(H,M) induced
from the map p : Z[∆]→ Ǐ of (4.3).

Proposition 5.5. In the above situation, there is a map

uM,G : Hi(G,M)→ ExtiG(Ǐ ,M)

satisfying

1. p∗ ◦ uM,G = resGH as maps from Hi(G,M) to Hi(H,M);
2. The following diagram commutes:

HomG(I, A)×H i(G,M)
id×uM,G−−−−−−→ HomG(I, A) × ExtiG(Ǐ ,M)

a×id

y ∪k
y

H0(G,A)×H i(G,M)
∪−−−−→ Hi(G,A ⊗M).

Proof. Let uM,G be the map uE with the balanced sequence E associated to the
short exact sequence (4.3) and the usual augmentation map as described in the
second part of Lemma 2.7. For this short exact sequence we denote the map ũ
of (2.1) by ε̄. The first assertion is then clear from the remark at the end of
Definition 2.6. Since A is killed by n, the reduction map rI,n : I → I/n induces
an isomorphism r∗I,n : HomG(I/n,A) → HomG(I, A). If φ is in HomG(I/n,A), it

is easy to see that a(rI,n(φ)) ∈ H0(G,A) is the pullback of φ under the map

w : Z→ I/n defined by w(1) =
∑
σ∈∆

(σ − 1)

(notice that this element is invariant in I/n). According to Lemma 2.7, uM,G =
ε̄∗ ◦ sZ,n. We may therefore reformulate the proposition as saying that the diagram

HomG(I/n,A)× ExtiG(Z,M)

w∗×id

r∗I,n×sZ,n
HomG(I, A)× ExtiG(Z/n,M)

id×ε̄∗

HomG(Z, A)× ExtiG(Z,M)

∪

HomG(I, A)× ExtiG(Ǐ ,M)

∪

ExtiG(Z⊗ Z, A⊗M)

∼=

ExtiG(I ⊗ Ǐ , A⊗M)

γ∗

ExtiG(Z, A ⊗M)

commutes. In view of Lemma 2.4, both ways of getting to ExtiG(Z, A⊗M) involve
pulling back the same element via the two maps

Z
∼=−→ Z⊗ Z w⊗id−−−→ I/n⊗ Z and Z γ−→ I ⊗ Ǐ id⊗ε̄−−−→ I ⊗ Z/n.

One checks directly that these maps are identical; hence the result.
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6. Higher derivatives

In this section we define, under certain restrictions, a notion of a derivative of
order k,

∂k

∂f
m ∈ Hi(G,M), m ∈ Ker corGH : Hi(H,M)→ Hi(G,M),

for the cohomology class m with respect to “a function f of order k on ∆” in such
a way that the Kolyvagin cup product defined in section 4 may be identified with

the derivative ∂1

∂ψm w.r.t. the cocycle ψ. Things become more complicated as more

and more choices are involved. It is for this reason that we restrict to the following
situation:

• G and H are the same as in section 4;
• R is a ring with a trivial G action;
• M is an R[G]-module;
• We fix i ≥ 0 and assume that for any finite R-module L with a trivial G

action, Exti−1
R[G](L,M) = 0 (in the most interesting case, in which i = 1, this

condition amounts to MG = 0).

We may replace Z by R in the setup of section 4. In particular, we redefine I (resp.
Ǐ) to be the kernel (resp. the cokernel) of the obvious map ε : R[∆] → R (resp.
N : R→ R[∆]). Since

H•(G,M) = Ext•R[G](R,M)

and

H•(H,M) = Ext•R[H](R,M) ∼= Ext•R[G](R[∆],M),

the long exact sequence (4.8) is isomorphic to the sequence

. . . −→ H i−1(G,M) −→ ExtiR[G](Ǐ ,M) −→ Hi(H,M)
corGH−−−→ Hi(G,M) −→ . . .(6.1)

We will need two different multiplications of R[∆]. If we think of R[∆] as the set
of functions f : ∆→ R, the first is the convolution product, which is the one used
to define the group ring structure on R[∆], and will be denoted by ∗. The second
is pointwise multiplication of functions. As before, we have a pairing

R[∆]×R[∆] −→ R, 〈f, g〉 =
∑
σ∈∆

f(σ)g(σ).

Definition 6.1. We define an increasing filtration

0 = F−∞ = · · · = F−1 ⊂ F 0 ⊂ · · · ⊂ F∞ :=
⋃
r∈N

F r

on R[∆] by setting, for r ≥ 1, F r−1R[∆] to be the annihilator with respect to
the above pairing of the ideal I∗r (I∗r is the r-th power, with respect to the usual
product in the group ring, of the augmentation ideal).

Lemma 6.2. With respect to the filtration above:

1. The function f ∈ R[∆] is in F r+1R[∆] if and only if its image in R[∆]/F r is
∆-invariant.

2. With respect to the pointwise product, F rF s ⊂ F r+s.
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Proof. (1) Suppose f ∈ F r+1 and let g ∈ I∗r. Then

〈σ(f)− f, g〉 = 〈σ(f), g〉 − 〈f, g〉 = 〈f, σ−1(g)〉 − 〈f, g〉 = 〈f, (σ−1 − 1) ∗ g〉 = 0,

the last equality because (σ−1 − 1) ∗ g ∈ I∗r+1. Hence σ(f) − f ∈ F r. Conversely,
if σ(f) − f ∈ F r, then the same equation shows that f annihilates every element
of the form (σ−1 − 1) ∗ g with g ∈ I∗r. Since I∗r+1 is generated by these elements,
the result follows.

(2) The case r = s = 0 is easy, as F 0 is just the set of constant functions. Given
f ∈ F r and g ∈ F s, we find that

σ(fg)− fg = σ(f)σ(g)− fg = (σ(f) − f)σ(g) + (σ(g) − g)f.
The result therefore follows by induction on r + s and part 1.

To f ∈ F k we associate the left ideal R[∆] ∗ f filtered by

F r(R[∆] ∗ f) = F r ∩R[∆] ∗ f
with r ≤ k. For such an r we denote the inclusion F r(R[∆] ∗ f) ⊂ R[∆] by Nf,r.
We then have a pullback map

H i(H,M) ∼= ExtiR[G](R[∆],M)
N∗f,r−−−→ ExtiR[G](F

r(R[∆] ∗ f),M).

We now define the higher derivatives. We first remark that by our assumptions
it follows from part 1 of Lemma 6.2 that Exti−1

R[G]

(
F k(R[∆] ∗ f),M

)
= 0 for all k.

Definition 6.3. Let m ∈ Hi(H,M) and let f ∈ F k. Assume that N∗
f,k−1(m) = 0.

By the last remark, N∗
f,k(m) pulls back uniquely to an element

z ∈ Exti−1
R[G]

(
F k(R[∆] ∗ f)/F k−1(R[∆] ∗ f),M

)
.

We define

∂k

∂f
m ∈ ExtiR[G](R,M) ∼= Hi(G,M)

to be the pullback of z by the canonical G-map R→ F k(R[∆] ∗ f)/F k−1(R[∆] ∗ f)
sending 1 to f (mod F k−1(R[∆] ∗ f))

We leave it to the reader to verify the following two propositions:

Proposition 6.4. There is an inclusion H1(∆, R) ∼= Hom(∆, R) ↪→ F 1 which

induces an isomorphism F 1/F 0 ∼= H1(∆, R). If z ∈ ExtiG(Ǐ ,M) is the unique

pullback of m ∈ Hi(G,M) and ψ ∈ Hom(∆, R), then ∂1

∂ψm is the push forward of

ψ∪k z ∈ Hi(G,R⊗M) by the canonical map R⊗M →M .

Proposition 6.5. We have

resGH
∂k

∂f
m =

∑
σ∈∆

f(σ)σ(m),

where ∆ acts on H i(H,M) in the usual way.

It is possible to check the conditions for defining the k-th derivative by verifying
the vanishing of all lower order derivatives. To be precise, we have
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Proposition 6.6. If N∗
f,k−1(m) = 0, then for any r < k and any g ∈ F r(R[∆] ∗ f)

we have

∂r

∂g
m = 0.

Conversely, let, for r = 0, . . . , k − 1,

fr,s ∈ F r(R[∆] ∗ f), s = 1, . . . , n(r),

be functions whose images generate F r(R[∆] ∗ f)/F k−1(R[∆] ∗ f). If ∂r

∂fr,s
m = 0

for all r and s, then N∗
f,k−1(m) = 0.

We now discuss a few special cases:
1. Let f1, . . . , fk ∈ Hom(∆, R). The R-module generated by all the monomials

in f1, . . . , fk of degree ≤ k contains R[∆] ∗ f1 · f2 · · · fk, and the r-th step in its
filtration is generated by all the monomials of degree ≤ r. Thus, we may define

inductively the derivative ∂k

∂f1·f2···fkm if all the lower order derivatives ∂r

∂fi1 ···firm
vanish for r < k.

2. We have the following theorem:

Theorem 6.7. Assume as usual that ∆ = G/H. Assume in addition that

• ∆ = ∆1 × · · ·∆k with projections πr : ∆ → ∆r and Πr : ∆ → ∆̃r :=

∆1×· · ·×∆̂r×· · ·×∆k. We let Gr be the preimage of ∆r under the projection
G→ ∆.
• m ∈ H i(H,M) is killed by all the partial corestriction, i.e., corHGr m = 0.
• The ∆r = 〈σr〉, for r = 1, . . . , k, are all cyclic with order divisible by some

power pn and with a preferred generator σr.
• The module M is killed by pn.

In this situation, let D = D1 · · ·Dk ∈ Z[∆], where Dr =
∑
lσlr is the Kolyvagin

operator that was described in the introduction. Then, Dm ∈ Hi(H,M)∆ is in the
image of the restriction map resGH : Hi(G,M)→ Hi(H,M)∆.

Proof. More generally, let M be any R module, and let gr ∈ Hom(∆r, R) and
fr = gr ◦ πr for r = 1, . . . , k. The conditions of the theorem assure us that all
the derivatives with respect to a proper subset of {f1, . . . , fk} vanish. Indeed, the

partial corestrictions corHGr m may be described as pulling m ∈ ExtiR[G](R[∆],M)

by the map Π∗
r : R[∆̃r] → R[∆], and the inclusion of the R-module generated

by f1, . . . , f̂s, . . . , fk in R[∆] may be factored through Πs. Thus, the derivative
∂k

∂f1···fkm exists by Proposition 6.6. We now restrict to the case R = Z/pn, define

gr by gr(σr) = 1, and conclude easily by Proposition 6.5

7. The Kolyvagin cap product

In this section we construct a new operation which is dual to the Kolyvagin cup
product we have constructed in section 4. The setup is the same as that of section 4.

Definition 7.1. The Kolyvagin cap product is the cup product

ExtjG(I, A)×H i(G,M) −→ Exti+jG (I, A⊗M).

We denote this product by ψ × x −→ ψ ∩k x.
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As usual, we’ll be mostly interested in the case j = 0, where ψ is just a one-
cocycle with values in A.

The short exact sequence (4.2) gives rise to

(7.1) 0 −→ Coker

[
Hi(G,A⊗M)

resGH−−−→ Hi(H,A⊗M)

]
i∗−→ ExtiG(I, A⊗M)

δ
(4.2)
A⊗M−−−−→ Ker

[
Hi+1(G,A⊗M)

resGH−−−→ H i+1(H,A⊗M)

]
−→ 0.

We now show that the operation just defined coincides with the one defined by
Rubin in [Rub93, §3] when i = 0 as follows: Let x ∈ MG = H0(G,M) and let
ψ ∈ Ext0G(I, A) be a one-cocycle ψ : ∆ → A. Assume there is y ∈ MH satisfying
NG/H y = x. One can now form

ψ∩k x =
∑
σ∈∆

ψ(σ) ⊗ σ(y) (mod (A⊗M)G) ∈ (A⊗M)H/(A⊗M)G.

If NG/H y = 0, then the basic Kolyvagin trick shows that
∑

σ∈∆ ψ(σ) ⊗ σ(y) is
G-invariant; hence the operation is well defined.

The next proposition shows that the above operation, when defined, is given by
the Kolyvagin cap product.

Proposition 7.2. The following diagram commutes:

Hi(H,M)
corGH−−−−→ Hi(G,M)

©2
y ψ∩k •

y
H i(H,A⊗M)

i∗−−−−→ ExtiG(I, A⊗M)

where ©2 is the map

y
©2−−→ −

∑
σ∈∆

ψ(σ) ∪ σ(y).

Proof. As in the proof of Proposition 5.1, we start with m ∈ ExtiG( Z[∆],M) and
form ψ ⊗m ∈ ExtiG(I ⊗ Z[∆], A ⊗M). Going along the upper and right sides of
the diagram (resp. the left and lower sides) corresponds to pulling back ψ ∪m by

I
∼=−−−−→ I ⊗ Z id⊗N−−−−→ I ⊗ Z[∆]

τ − 1 −−−−→ (τ − 1)⊗ 1 −−−−→ (τ − 1)⊗ (
∑
σ∈∆ σ)

(resp.

I
i−−−−→ Z[∆] −−−−→ I ⊗ Z[∆]

τ −−−−→ −∑σ∈∆ τ(σ − 1)⊗ τσ).

It thus remains to observe that

(τ − 1)⊗ (
∑
σ∈∆

σ) = −
∑
σ∈∆

τ(σ − 1)⊗ τσ.
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We now show that the Kolyvagin cap product is dual, in a sense we shall define
soon, to the Kolyvagin cup product defined in section 4. To motivate what follows,
recall from [Mil86, ch. 1] that Tate duality is defined by the pairing

〈 , 〉 : Hk(G,M)×Hi(G, M̂(1))
∪−→ H2(G,µp∞)

invG−−−→ Qp/Zp.(7.2)

Here, G is the Galois group of K̄/K, where K is a nonarchimedean local field (we’ll
refer to this type of groups as local Galois groups), k and i are nonnegative integers

summing to 2, µp∞ is the G-module of p-power roots of unity in K, M̂(1) :=
Hom(M,µp∞) is the Kummer dual of M and invG is the invariant map of local
class field theory. When H is a normal group of finite index in G, it is also a
local Galois group, so the same duality holds for H . It is known that the invariant
commutes with corestriction, i.e., if x ∈ H2(H,µp∞), then

invG(corGHx) = invH(x).

Our next result shows that the Kolyvagin cup product may be considered as giving
a new pairing which is closely connected to the pairing in the Tate duality.

Proposition 7.3. Let A and M be G-modules (we are not assuming now that A

has a trivial H action!). Let p∗ : ExtiG(Ǐ ,M) → Hi(H,M) and i∗ : Hk(H,A) →
ExtkG(I, A) be the maps induced on cohomology from the natural maps p and i in
(4.2) and (4.3). Then, p∗ and i∗ are “adjoint” with respect to the usual cup product

and the Kolyvagin cup product, i.e., for x ∈ ExtiG(Ǐ ,M) and y ∈ Hk(H,A) one has

i∗(y)∪k x = corGH(y ∪ p∗(x)).

Proof. The result follows from the commutativity of the diagram

Z N

γ

Z[∆]
©3

Z[∆]⊗ Z[∆]

id⊗p

I ⊗ Ǐ i⊗id
Z[∆]⊗ Ǐ

where the map ©3 sends σ ∈ Z[∆] to σ ⊗ σ.

Definition 7.4. Suppose that G is a local Galois group and that M is a G-module.
Define the Kolyvagin pairing,

〈 , 〉K : ExtiG(I, M̂(1))× ExtkG(Ǐ ,M) −→ Qp/Zp,

with i + k = 2, to be the composition of the Kolyvagin cup product with the
invariant map.

Corollary 7.5. If, in the situation of Proposition 7.3, G is a local Galois group,

i+ k = 2 and A = M̂(1), then one has

〈i∗(y), x〉K = 〈y, p∗(x)〉.
We can now state the adjointness of the Kolyvagin cup and cap products:



4654 AMNON BESSER

Proposition 7.6. Let M , N and A be G-modules and let ψ ∈ ExtjG(I, A). Then
the following diagram commutes:

Hk(G,N)× ExtiG(Ǐ ,M)
id×(ψ∪k •)−−−−−−−→ Hk(G,N)×Hi+j(G,A⊗M)

(ψ∩k •)×id

y ∪
y

Extk+jG (I, A⊗N)× ExtiG(Ǐ ,M)
∪k−−−−→ Hi+j+k(G,A⊗N ⊗M).

Proof. Follows from the commutativity of

Z⊗ Ǐ ⊗ I id⊗γ←−−−− Z⊗ Zx ∥∥∥
Ǐ ⊗ I γ←−−−− Z

Theorem 7.7. Let G be a local Galois group and let A and M be G-modules with
a trivial action of H on A. Let i and k be two nonnegative integers with i+ k = 2.

Let ψ be a one-cocycle of ∆ with values in A. Let x ∈ Hk(G, Â⊗M(1)) and

y ∈ ExtiG(Ǐ ,M). Then,

1. We have

〈x, ψ ∪k y〉 = 〈ψ ∩k x, y〉K,
where we used the identification A⊗ ̂(A⊗M)(1) ∼= M̂(1) to view ψ ∩k x as an

element of ExtiG(I, M̂(1)).

2. If ψ ∩k x = i∗(z) with z ∈ Hi(H, M̂(1)), then

〈x, ψ ∪k y〉 = 〈z, p∗(y)〉.
3. In particular, if x = corGH(x′), with x′ ∈ Hk(H, Â⊗M(1)), then

〈x, ψ ∪k y〉 = −〈
∑
σ∈∆

ψ(σ) ⊗ σ(x′), p∗(y)〉.

Proof. All the results are immediate consequences of Propositions 7.6, 7.3 and 7.2.

8. Localization of the Kolyvagin cup product

In this section, we describe a method which, under certain conditions, allows
one to compute the localization of the Kolyvagin cup product of given cohomology
classes. The result is inspired by the computations of Nekovář in [Nek92].

The setup is as follows:

• We have the short exact sequence of groups (4.1): 1 −→ H −→ G −→ ∆ −→ 1
with ∆ of order n;

• Gl (l for local) is a subgroup of G. We let Hl = H ∩ Gl and demand that
Gl/Hl

∼= ∆;
• A and M are G-modules killed by n, and A has a trivial H action;

• M sits in a short exact sequence of G-modules 0 −→ B
i′−→ C

p′−→M −→ 0;
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• We are given i > 0, and cohomology classes m ∈ Hi(H,M), c ∈ Hi(H,C)
and cl ∈ Hi(Gl, C) s.t.

m = p′∗c and resHHl
c = resGlHl

cl;

• We have a 1-cocycle ψ : ∆→ A.

As in the setup of Theorem 5.4, we can choose z ∈ ExtiG(Ǐ ,M) s.t. p∗(z) = m, and

we can form the Kolyvagin cup product ψ ∪k z ∈ H i(G,A ⊗M). Our aim in this

section is to compute resGGl(ψ ∪k z)
As in Theorem 5.4, we find a class b ∈ Hi(G,B) with i′∗(b) = corGH(c). In

addition, since p′∗(nc) = nm = 0, we can also find b′ ∈ Hi(H,B) such that i′∗(b′) =

nc. It follows from the assumption G/H ∼= Gl/Gl that resGGl ◦ corGH = corGlHl
◦ resHHl

,
and therefore

resGHl
corGHc = resGlHl

resGGlcorGHc = resGlHl
corGlHl

resHHl
c

= resGlHl
corGlHl

resGlHl
cl = resGlHl

ncl = nresHHl
c.

Let b1 = resGHb− b′ ∈ Hi(H,B). The above computation shows that

i′∗(res
H
Hl
b1) = resHHl

(resGHcorGHc− nc) = 0,

and so

resHHl
b1 = δ(5.3)m1 for some m1 ∈ Hi−1(Hl,M).

Theorem 8.1. There exists a choice of b and b′ above such that the following holds:
There exists m2 ∈ Hi−1(Gl,M) with

m1 = resGlHl
m2 and resGGl(ψ ∪k z) = a(ψ) ∪ p′∗(cl) +m2 ∪ [ψ],

where a(ψ) =
∑

σ∈∆ ψ(σ) and [ψ] denotes as usual the cohomology class of ψ.

Proof. The condition G/H ∼= Gl/Gl shows that when viewing (4.3) as a sequence
of Gl-modules it will give the long exact sequence (4.8) with G and H replaced by
Gl and Hl. We take the projective resolutions X•, Y • and Z• that were used in
the proof of Theorem 5.4, and form the same doubly exact sequence of complexes
as in that proof but replacing HomG by HomGl . According to part 1 of Lemma 2.7,
we can lift the augmentation map ε : Z[∆]→ Z to a map of complexes

ε : Y • → X• such that ε ◦ i = multiplication by n.

It is now easy to check that we may apply part 2 of Lemma 3.1 with the map π
being multiplication by n. The lemma gives the existence of m2 such that

m1 = resGlHl
m2 and z = δ

(4.3)
M m2 + uM,Glp

′
∗cl,

with uM,Gl being the map defined in Proposition 5.5. Propositions 5.3 and 5.5 now
give the required result.

To make a more explicit computation we now add further assumptions:

1. a(ψ) = 0 (this is for instance true if ∆ or A has no 2-torsion and A has a
trivial G action);

2. resGlHl
is an isomorphism on Hi(Gl, C) and Hi(Gl, B);

3. There is an operator T , acting in a compatible way on B, C and M , TM = 0,
and we have x ∈ Hi(G,C) with corGHc = Tx;

4. There is an operator Fr(l), acting compatibly on the Hl cohomology with
coefficients in C,B and M , and resHHl

c = Fr(l)resGHl
x;
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5. The cohomology groups Hi−1(G,M) and Hi−1(Gl, C) vanish.

Remark 8.2. The reader should have in mind the following situation: K/F is some
finite extension of number fields G = Gal(Q̄/F ), H = Gal(Q̄/K). l is some prime
of F which is totally ramified in K and Gl is the decomposition group of l (notice
that G/H ∼= Gl/Hl). C is a Zp-free G-module which has pure weight different from
0 and with good reduction at l. p is assumed not to lie below l. B = pkC. i = 1.
Condition (2) is then satisfied because the weight assumptions imply, according
to [Nek92, Lemma 4.1], that H1(Gl, C) ∼= H1(Gl/Il, C), with Il the inertia at l
(one should probably be a little more careful and replace C with its quotient by a
sufficiently large power of p), and the same is true with Gl replaced by Hl and C
replaced by B, and because Kl/Fl is totally ramified. The conditions (3) and (4)
are typical conditions for Euler systems of elliptic type (see for instance [Nek92,
Proposition 6.1]).

Because of condition (2) we can define Fr(l) on H i(Gl, C) and Hi(Gl, B). Denote
by T

i′ : C → B the composition (i′)−1◦T , which is well defined since by assumptions

T has values in the image of i′. Define n
i′ similarly. Since Hi−1(Gl, C) = 0, the

boundary map δ(5.3) : Hi−1(Gl,M)→ Hi(Gl, B) is injective and we denote by δ−1

its inverse when defined. Define χψ from a subspace of Hi(Gl, C) to Hi(Gl, A⊗M)
by

χψ(xl) = ψ ∪ δ−1

((
T

i′

)
∗
−
(n
i′
)
∗
Fr(l)

)
xl whenever it is defined,

i.e., whenever

(
T

i′

)
∗
xl −

(n
i′
)
∗
Fr(l)xl is in the image of δ(5.3). As usual, we can

choose z ∈ ExtiG(Ǐ ,M) such that p∗(z) = m. Since H i−1(G,M) = 0, z is in fact
unique.

Corollary 8.3. In the situation described above, χψ is defined on resGGlx and we
have

resGGl(ψ ∪k z) = χψ(resGGlx).

Proof. The assumption H i−1(G,M) = 0 implies that the choice of b and b′ in
Theorem 8.1 is unique. Therefore,

b =

(
T

i′

)
∗
x and b′ =

(n
i′
)
∗
c.

From (4) we deduce that

resHHl
b′ = resHHl

(n
i′

)
∗
c = Fr(l)

(n
i′

)
∗
resGHl

x,

and therefore

δ(5.3)resGlHl
m2 = resGHl

b− resHHl
b′ =

(
T

i′

)
∗
resGHl

x− Fr(l)
(n
i′
)
∗
resGHl

x.

Since resGlHl
is an isomorphism, we have

δ(5.3)m2 =

((
T

i′

)
∗
−
(n
i′

)
∗
Fr(l)

)
resGGlx,

and the result is clear.
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