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DEHN SURGERY ON KNOTS IN SOLID TORI

CREATING ESSENTIAL ANNULI

CHUICHIRO HAYASHI AND KIMIHIKO MOTEGI

Abstract. Let M be a 3-manifold obtained by performing a Dehn surgery
on a knot in a solid torus. In the present paper we study when M contains
a separating essential annulus. It is shown that M does not contain such an
annulus in the majority of cases.

As a corollary, we prove that symmetric knots in the 3-sphere which are
not periodic knots of period 2 satisfy the cabling conjecture. This is an im-
provement of a result of Luft and Zhang.

We have one more application to a problem on Dehn surgeries on knots
producing a Seifert fibred manifold over the 2-sphere with exactly three ex-
ceptional fibres.

1. Introduction

Let W = S1 ×D2 be a solid torus and K a knot in W which is not contained
in a 3-ball in W . Then we address the following question: when can we obtain a
3-manifold containing an essential (i.e., incompressible and ∂-incompressible) annu-
lus by Dehn surgery on K? More generally we consider the corresponding question
for a connected orientable 3-manifold W which has a compressible toral boundary
component T , and a knot K in the interior of W . Let N(K) be a tubular neigh-
bourhood of K in W . For the isotopy class (slope) γ of an essential simple closed
curve on ∂N(K), W (K; γ) denotes the 3-manifold obtained from W by γ-surgery
on K, i.e., the result of attaching a solid torus V to W−intN(K) by identifying
∂V with ∂N(K) so that γ bounds a disc in V . We use K∗ to denote the core of
V in W (K; γ). Let µ be the meridian slope of K, and ∆ = ∆(µ, γ) the minimal
geometric intersection number of µ and γ. A knot K in W (resp. S3) is said to be
cabled in W (resp. S3) if there is another knot (called a companion knot) J in W
(resp. S3) such that K ⊂ ∂N(J) and [K] = w[J ] ∈ H1(N(J); Z) with |w| ≥ 2. A
torus knot is also cabled in S3 with a trivial companion knot.

Then our main results can be stated as follows.
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Theorem 1.1. Let W be a connected orientable 3-manifold which has a compress-
ible toral boundary compnent T , and K a knot in W . Assume that T is incom-
pressible in W−intN(K). If W (K; γ) contains a separating essential annulus A for
∆ = ∆(µ, γ) ≥ 4, then either (1) W (K; γ) contains a separating essential annulus
A′ such that A′ ∩K∗ = ∅ and ∂A′ = ∂A, or (2) the knots K and K∗ are parallel
to essential simple loops on T in W and W (K; γ) respectively, or (3) the knot K
is cabled in W .

We give an example in Sect.12 which shows that Theorem 1.1 does not hold for
∆ = 2.

If we require a special condition on the slope of a component of ∂A(⊂ ∂W (K; γ)),
we have the following.

Theorem 1.2. Let W , T and K be as in Theorem 1.1, and let D be a compressing
disc of T in W . If the manifold W (K; γ) contains a separating essential annulus
A such that each component of ∂A intersects ∂D transversely in one point, then
∆ ≤ 2.

Let W be a standardly embedded solid torus in S3, and K a knot in W . Then
Dehn surgery on K can be parametrized by rational numbers using a preferred
meridian-longitude basis. The first assertion (1) of the next theorem follows from
Theorem 1.2.

Theorem 1.3. Let W be a standardly embedded solid torus in S3 with a meridian
disc D, and K a knot in W which is not contained in a 3-ball in W .

(1) If W (K;m/n) contains a separating essential annulus A each of whose bound-
ary components intersects ∂D once, then |n| ≤ 2.

(2) If W (K;m/n) contains a non-separating annulus A each of whose bound-
ary components is represented by L + pM , where (M,L) denotes a preferred
meridian-longitude pair of W in S3, then m/n = pw2 (w = the algebraic
intersection number of K and D). Moreover, K can be trivialized by twisting
(−p)-times along the meridian disc D.

Examples. (1) A family of knots in a solid torus W , such that integral surgeries
on them produce 3-manifolds containing separating essential annuli with boundary
as in Theorem 1.3, was given in [22, Lemma 9.1] (see Lemma 13.1 in this paper).

(2) If K is the knot in W depicted in Figure 1 (1), then W (K; 0) contains a
non-separating annulus with boundary as in Theorem 1.3.

Remark. Let K be a (1 + 2p, 2)-cable of a core of W (see Figure 1 (2) in the case
p = 0); then both W (K; 4p) and W (K; 4(p + 1)) contain non-separating annuli.
Furthermore Theorem 1.3 (2) together with [19, Theorem 4.2] (see also [21]) shows
that if two distinct surgeries on K produce 3-manifolds containing non-separating
annuli, then K is a (1 + 2p, 2)-cable of a core of W .

Let us give sample applications of our results.
The cabling conjecture ([6]) states that only Dehn surgeries on cabled knots in

S3 can produce reducible manifolds. It is known by [11] that only integral surgeries
can produce reducible manifolds.

In [20], Luft and Zhang proved a weaker version of Theorem 1.3 (1) and proved
the cabling conjecture for symmetric knots which are not periodic knots of period
2, 3 or 5. For the convenience of the readers, we briefly explain their proof.
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Let K̃ be a non-cabled periodic knot with a periodic automorphism f of S3 of
period n. Due to the positive answer to the Smith conjecture [24], f is a rotation of

S3 and Fix(f) (= the fixed point set of f) is a trivial knot disjoint from K̃. Hence K̃

is contained in the unknotted solid torus W̃ = S3−intN(Fix(f)), where N(Fix(f))
is an f -invariant tubular neighbourhood of Fix(f) in S3. Passing through the

branched covering p : S3 → S3/{f}(∼= S3), we obtain the factor knot K = p(K̃)

(⊂ S3). We note that K is contained in the unknotted solid torusW = p(W̃ ), and is

not cabled because K̃ is a non-cabled knot. (Since K̃ and K are knots in S3, surgery
slopes are parametrised by rational numbers using a preferred meridian-longitude

pair.) Luft and Zhang ([20]) showed that if K̃ produces a reducible manifold by
m-surgery, then W (K;m/n) contains a separating essential annulus each of whose
boundary components intersects ∂D(D is a meridian disc of W ) once. Furthermore
they proved that if K is not cabled, then ∆(m/n, 1/0) = |n| ≤ 6 ([20, Lemma]).

Applying Theorem 1.3 (1) instead of [20, Lemma], we have:

Theorem 1.4. Symmetric knots in S3 which are not periodic knots of period 2
satisfy the cabling conjecture.

Recently Gordon and Luecke [14] announced that they had settled the cabling
conjecture for symmetric knots. Independently, by a different method, Hayashi
and Shimokawa [16] also settled the cabling conjecture for symmetric knots. In
[16] Hayashi and Shimokawa proved the impossibility of |n| = 2 in Theorem 1.3 (1)
using Lemma 3.1 and graph theoretical arguments. As a result they showed that
periodic knots of period 2 satisfy the cabling conjecture.

We also apply Theorem 1.1 to the following question.

Question. When can we obtain a Seifert fibred manifold by Dehn surgery on a
knot in S3?

If K is a satellite knot which is not cabled exactly once, then only integral
surgeries can yield Seifert fibred manifolds ([1], [22]); moreover if there are two
such surgeries, then they are successive integers and hence there are at most two
such surgeries [23]. For hyperbolic knots Boyer and Zhang [1] proved that only
integral surgeries can produce non-simple Seifert fibred manifolds.

Let K be a torus knot or a cable of a torus knot. Then infinitely many surgeries
on K produce Seifert fibred manifolds over the 2-sphere S2 with three exceptional
fibres. In these examples, one of three exceptional fibres is the image of a trivial
knot in S3.
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Theorem 1.5. Let K be a knot in S3 and C a trivial knot disjoint from K. Sup-
pose that m/n-surgery on K yields a Seifert fibred manifold over S2 with three
exceptional fibres such that the image of C in the resulting manifold is one of three
exceptional fibres. If |n| ≥ 4, then K is a torus knot or a cable of a torus knot.

This paper is organized as follows. In Sect.2 we give terminology and preliminary
lemmas. In Sect.3 we show the utility of two Scharlemann cycles for distinct inter-
vals. Sect.4 consists of lemmas about interior edges. We prove Theorem 1.2 (and
hence Theorem 1.3 (1)) in Sect.5. A proof of Theorem 1.3(2) is given in Sect.6. To
handle the situation described in Theorem 1.1, we need some lemmas concerning
boundary edges, which are given in Sect.7. Sect.8 contains a proof of Theorem 1.1
in the special case where the essential annulus A in W (K; γ) intersects K∗ exactly
twice. In this special case we obtain a stronger conclusion (Proposition 8.1). In
Sects.9–11, we consider the general case. We divide this into three cases (see Sect.9,
10 and 11 respectively) and finally show that the conclusion of Theorem 1.1 holds
or the above special case occurs. Hence we establish Theorem 1.1. In Sect.12 we
exhibit an example which shows that Theorem 1.1 does not hold for ∆ = 2. In the
final section, Sect.13, we prove Theorem 1.5 and present related examples.

2. Preliminaries

We take the compressing disc D of T in W so that qD = |D ∩ K| is minimal
over all compressing discs of T in W . Note that all the compressing discs have the
same boundary slopes on T because T is a torus. We have an incompressible and
∂-incompressible planar surface PD = D ∩ (W−intN(K)) in W−intN(K).

We are given a boundary slope ∂A on the torus T . We take the annulus A in
W (K; γ) so that qA = |A ∩ K∗| is minimal over all essential annuli in W (K; γ)
with the given slope as above. Then the surface PA = A ∩ (W−intN(K)) is
incompressible and ∂-incompressible in W−intN(K).

Hence we can further take the compressing disc D and the annulus A with the
same boundary slopes on T as before so that ∂PD and ∂PA intersect in minimal
points and so that their intersection consists of loops and arcs which are essential
on both PD and PA.

As in [12] we will form graphs on A and D.
In the following we assume that {i, j} = {A,D}. Assigning arbitrary orientations

to Pi allows us to refer to + and − boundary components of ∂Pi∩∂N(K), according
to the direction of the induced orientation of a boundary component as it lies on
∂N(K).

We orient the knots K and K∗ arbitrarily. Number the components of ∂Pi ∩
∂N(K), {1, 2, ..., qi} in the order in which they appear on ∂N(K). We may assign
the number “1” to an arbitrary component of ∂Pi. Thus K and K∗ are divided
into qD and qA intervals [1, 2], [2, 3], ..., [qi, 1].

Since T is incompressible in the exterior of K, we have qD ≥ 1. If qA = 0, then
we have A ∩K∗ = ∅, and we are done for Theorem 1.1. For Theorem 1.2 we need
the following lemma.

Lemma 2.1. A separating annulus B properly embedded in W−intN(K) with ∂B
⊂ T is ∂-compressible if each component of ∂B intersects ∂D transversely in one
point.
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Proof. After an isotopy the intersection B∩PD consists of one arc α and loops. The
arc α forms an essential arc in the annulus B. Hence the loops of the intersection
are inessential on the annulus B. Then since PD is incompressible, by a standard
cut and paste argument we can choose the compressing disc D so that B ∩ PD
consists of the arc α. The arc α divides the disc D into two discs, one of which does
not intersect the knot K because B separates W (K; γ). This subdisc of D forms a
∂-compressing disc of B in W−intN(K).

Hence if A ∩K∗ = ∅, then by the above lemma A would be ∂-compressible in
W (K; γ), a contradiction. We assume in the following that qA ≥ 2. Note that qA
is even since A is separating in W (K; γ).

We label the end points of arcs of PA∩PD in Pi with the corresponding boundary
components of Pj . Thus around each component of ∂Pi we see the labels {1, 2, ..., qj}
appearing sequentially (either clockwise or anticlockwise according to the sign + or
− of this component of ∂Pi) ∆ times. See Figure 2.

We regard the discs i ∩ V as forming the “fat vertices” of a graph Γi in the
surface i, the edges of Γi corresponding to the arcs of PA ∩PD in Pi except for the
arcs both of whose end points are in ∂i. We call the closure of a component of ∂(fat
vertex)−(end points of edges) a corner. If an edge e connects a vertex to a vertex,
then we say e is an interior edge, otherwise a boundary edge. If an interior edge e
has both end points in the same fat vertex, then we say e is a loop. The graph Γi

contains no trivial loops, i.e., 1-sided faces (no arc of PA ∩PD is boundary parallel
in Pi). Two edges e and e′ of Γi are parallel if there is a disc B in Pi such that
∂B = e ∪ b ∪ e′ ∪ b′, where b and b′ are arcs in ∂Pi. Every fat vertex v is assigned
a sign + or − according to that of the loop ∂v. If an interior edge e connects
vertices of the same sign, then we say e is a sign-preserving edge, otherwise a sign-
reversing edge. A loop is a sign-preserving edge. Since W−intN(K) is orientable,
we have the parity rule : an interior edge of the graph Γi is a sign-preserving edge
if and only if the corresponding edge of the other graph Γj is a sign-reversing edge.
We thus obtain two labeled graphs in D and A, whose edges are in one to one
correspondence. We call components of i−Γi faces of Γi. A face P is called a disc
face if P is an open disc. For every face P , let ∂P denote its boundary, i.e., the
subgraph which consists of vertices and edges intersecting P̄ − P .

Let x be a label of Γi. An x-edge in Γi is an interior edge with label x at an end
point. A subgraph σ is an x-edge cycle if all its edges are sign-preserving x-edges
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and if there is a disc face P of the subgraph σ such that σ = ∂P . P is called the
disc face of the x-edge cycle. See Figure 3.

If all the vertices in the disc face of an x-edge cycle σ have the same sign as those
of the vertices of the cycle, then we call σ is a great x-edge cycle. A Scharlemann
cycle is an x-edge cycle for some label x which bounds a disc face of Γi. See Figure
4.

A Scharlemann cycle is a trivial loop if it consists of only one edge. Note that if
qD = 1, then all the interior edges in ΓD are sign-preserving edges, and hence the
parity rule implies that ΓA has no sign-preserving edges. In particular ΓA does not
contain a Scharlemann cycle.

Lemma 2.2. Let E be a disc face of a Scharlemann cycle σ in Γi. Then the limit
circle c of the end of the open disc E is embedded in the surface i, and two adjacent
labels appear alternately on the circle c as shown in Figure 4.
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Proof. The cycle σ consists of at least two sign-preserving x-edges for some label x
because Γi contains no trivial loop edges. Note that the limit circle c is embedded
in the surface i, since vertices are fat and qj ≥ 2 and E is a face of Γi. Hence
c = ∂Ē. If an end point of a corner in c has the label x, then the corner has the
label x − 1 or x + 1 (mod qj), say x + 1 at the other end point. Then the edge
incident to this end point with label x + 1 has the label x at the other end point
because it is an x-edge. Similar arguments show that we see labels x, x+ 1 on the
circle c alternately.

We call a Scharlemann cycle with labels x and x+1 a Scharlemann cycle for the
interval [x, x+1]. For example, the Scharlemann cycle in Figure 4 is a Scharlemann
cycle for the interval [2, 3].

Lemma 2.3. ([2, Lemma 2.5.2(a)]) The graph ΓA does not contain a Scharlemann
cycle.

Proof. Suppose for a contradiction that ΓA has a Scharlemann cycle σ for an interval
[x, x+ 1]. Let E be the disc face of σ. Note that E ∩D = ∅, since the intersection
PA ∩ PD does not contain an inessential closed curve. Let u, v be vertices of ΓD

which are assigned the numbers x, x + 1 respectively. The boundary components
of ∂PD numbered x, x + 1 are adjacent on the torus ∂N(K). These boundary
components cobound an annulus Q containing all the corners in c. We obtain a
new disc D′ by performing surgery on the once punctured torus (D − u − v) ∪ Q
along the disc E, because c has non-zero algebraic intersection number with a core
of Q. Since ∂D′ = ∂D, the disc D′ is also a compressing disc of T ; moreover
|D′ ∩K| = |D ∩K| − 2, which contradicts the minimality of |D ∩K|.

We call a surgery as in the above proof of Lemma 2.3 a surgery on D along a
Scharlemann cycle σ. We call the subgraph of ΓD consisting of the vertices u and
v and the edges corresponding to those of σ as in the above proof of Lemma 2.3 a
Scharlemann co-cycle of σ.

3. Two Scharlemann cycles for distinct intervals and

∂-incompressibility

If ΓA contains a Scharlemann cycle, then the proof of Lemma 2.3 shows that
we can take a compressing disc D′ such that ∂D′ = ∂D and |D′ ∩K| < |D ∩K|.
In this section, we treat the case where ΓD contains a Scharlemann cycle. If ΓD

contains a Scharlemann cycle, then can we find another essential annulus A′ such
that ∂A′ = ∂A and |A′∩K∗| < |A∩K∗| ? It is not expected in general. Our purpose
in this section is to prove the following lemma. In the proof we demonstrate that the
existence of two Scharlemann cycles for distinct intervals allows us to find another
essential annulus A′ as above.

It should be noted that Gordon and Luecke make use of two Scharlemann cycles
for distinct intervals in [13] to prove the “reducing conjecture”.

Lemma 3.1. Suppose that ΓD contains two Scharlemann cycles σ1 and σ2 for
distinct intervals [x, x+ 1] and [y, y + 1] respectively. Then qA = 2.

To prove this, for a moment we consider the following situation. The notation
used here is temporary.

Let M be a connected, orientable 3-manifold with boundary. Let T be a toral
component of ∂M , and A an annulus on T such that its core is an essential loop
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on T . Let H be a 1-handle embedded in M (i.e., H is a tubular neighbourhood
of a proper arc in M) so that H ∩ ∂M = H ∩ A consists of two attaching discs
of H . Suppose that the arc of the core of H is oriented. Let Q be the annulus
∂H−int(attaching discs). Let X be the exterior of H , that is, the closure of M−H .
Let PA = A ∩ X . Let D be an oriented disc properly embedded in X . We say D
is a non-trivial Scharlemann disc of H if ∂D ⊂ (PA ∪ Q) and ∂D ∩ Q consists of
more than one arc on Q such that orientations of these arcs coincide with that of
the core of H . The number ` of the components of ∂D∩Q is called the multiplicity
of D. As in Section 2, we define the Scharlemann co-cycle of D to be the graph
on A whose vertices are fat vertices corresponding to the attaching discs of H and
whose edges are subarcs ∂D ∩ A.

Lemma 3.2. If a Scharlemann co-cycle of a non-trivial Scharlemann disc D is
not contained in any disc on A, then M does not contain a proper disc E such that
∂E ∩A consists of an essential arc on A.

Proof. We assume for a contradiction that such a disc E exists. Since ∂E ∩ A
consists of an essential arc on A, E is non-separating in M . The Scharlemann
co-cycle has two parallel families of edges. We can take the disc E so that ∂E ∩A
consists of an arc which intersects precisely one parallel family of edges of the
Scharlemann co-cycle in the minimal number of points, say (0 <) `′ (< `) points as
shown in Figure 5.

Further we take E so that E intersects H in discs which are parallel to the cocore
disc of H . Each such disc intersects ∂D in ` points. Let w be the algebraic intersec-
tion number of E and the core of H . Then the disc E intersects ∂D algebraically
`w ± `′ 6= 0 times. Hence the boundary loop ∂D represents a non-zero element of
H1(M ; Z), which is a contradiction.

We return to our original situation and prove Lemma 3.1.

Proof of Lemma 3.1. For the Scharlemann cycle σi in ΓD, we define the Scharle-
mann co-cycle of σi as in the last paragraph in Sect.2. If at least one of the
Scharlemann co-cycles of σ1 and σ2, say that of σ1, is contained in a disc on A,
then we perform surgery on A along σ1 and obtain a separating annulus B with
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∂B = ∂A and |B ∩ K∗| = |A ∩ K∗| − 2, which is essential since A is essential in
W (K; γ). This contradicts the minimality of qA. Hence we can assume that none
of the Scharlemann co-cycles of σ1 and σ2 is contained in a disc on A.

Let E1 and E2 be the disc faces of σ1 and σ2. The separating annulus A divides
W (K; γ) into two 3-manifolds M1 and M2.

Suppose first that both discs E1 and E2 are in the same component, say M1.
Then surgery on the annulus A along the Scharlemann cycle σ1 yields a separating
annulus A′ in W (K; γ) with ∂A′ = ∂A and |A′ ∩K∗| = |A∩K∗| − 2. See Figure 6
(1). The annulus A′ divides W (K; γ) into two 3-manifolds M ′

1 and M ′
2, where M ′

1

contains the disc E2. The annulus A′ is incompressible since A is incompressible and
∂A′ = ∂A. We show that A′ is ∂-incompressible in W (K; γ). Clearly the annulus
A′ does not have a ∂-compressing disc in M ′

1, by Lemma 3.2. Let us regard a
regular neighbourhood of E1 as a 1-handle H , and the co-core of the 1-handle
(⊂ V ) between fat vertices numbered x and x+1 in ΓA as a “Scharlemann disc” of
H . Since we are assuming that the Scharlemann co-cycle of σ1 is not contained in a
disc on A, the Scharlemann co-cycle of H is not contained in a disc in A′. Hence A′

does not have a ∂-compressing disc also in M ′
2, by Lemma 3.2. Thus A′ is essential

in W (K; γ), which contradicts the minimality of qA.
Secondly we assume the discs E1 and E2 are in distinct components, say in M1

and in M2 respectively.

Case (a). If {x, x+ 1} ∪ {y, y + 1} consists of four elements, then we perform two
surgeries on the annulus A simultaneously along the two Scharlemann cycles σ1

and σ2. This operation yields a separating annulus A′′ in W (K; γ) with ∂A′′ = ∂A
and |A′′ ∩K∗| = |A ∩K∗| − 4. See Figure 6 (2).

Case (b). If {x, x + 1} ∪ {y, y + 1} consists of three elements, then we isotope 1-
handles between x and x+ 1 and between y and y + 1, the knot K∗ and discs E1

and E2 as shown in Figure 7.

We perform a similar operation on A as in Case (a), and obtain an annulus A′′

such that |A′′ ∩K∗| = |A ∩K∗| − 2.
In both cases (a) and (b), similar arguments as for the annulus A′ show that A′′

is essential in W (K; γ).

Case (c). If {x, x+ 1} ∪ {y, y + 1} consists of two elements, then qA = 2.
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Figure 7

4. Lemmas about interior edges

Lemma 4.1. ([15, Proposition 5.1]) If the graph Γi contains a great x-edge cycle,
then its disc face contains a disc face of a Scharlemann cycle.

Lemma 4.2. ΓA contains at most qA sign-preserving x-edges for every label x.

Proof. Suppose that ΓA contains k sign-preserving x-edges. Let Λ be the subgraph
of ΓA consisting of the above sign-preserving x-edges and all the vertices of ΓA.
The graph Λ may have an isolated vertex. Let fd denote the number of disc faces
of Λ. Applying Euler’s formula for the graph Λ on A, we have:

qA − k + Σχ(face) = χ(A) = 0.

Hence if k ≥ qA + 1, then we have fd ≥ Σχ(face) ≥ 1 and ΓA contains a great
x-edge cycle. This contradicts Lemmas 4.1 and 2.3.

Lemma 4.3. ΓA contains at most qDqA/2 sign-preserving edges.

Proof. Suppose that ΓA has more than qDqA/2 sign-preserving edges. Their end
points are more than qDqA. Since every sign-preserving edge has distinct labels at
its two end points by the parity rule and since ΓA has qD kinds of labels at end
points of interior edges, there are more than qA sign-preserving x-edges for some
label x. Then the result follows by Lemma 4.2.

Lemma 4.4. If ΓD contains more than qD − 1 Scharlemann cycles, then qA = 2.

Proof. If ΓD contains Scharlemann cycles for at least two distinct intervals, then
the result follows from Lemma 3.1. So we assume for a contradiction that ΓD has
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k (≥ qD) Scharlemann cycles, and they are for the same intervals, say [x, x + 1].
The proof is contained in that of [13, Theorem 2.3].

We construct a graph Λ in D as follows. We choose a dual vertex in the interior of
each disc face of ΓD bounded by a Scharlemann cycle for the interval [x, x+1]. Let
the vertices of Λ be the vertices of ΓD together with these dual vertices. The edges
of Λ are defined by joining each dual vertex to the vertices of the corresponding
Scharlemann cycle in the obvious way. See Figure 8.

Since ΓD does not contain a trivial Scharlemann cycle, Λ has at least 2k edges.
Hence Euler’s formula for the graph Λ on D implies

(qD + k)− 2k + Σχ(face) ≥ χ(D) = 1.

Since k ≥ qD, we have Σχ(face) ≥ 1. In particular, there is a disc face E of Λ.
But ∂E determines an x-edge cycle σ bounding a disc in E. See Figure 9.

By Lemma 4.1 the disc face of σ contains a Scharlemann cycle, which contradicts
the way we constructed Λ.

Lemma 4.5. If ΓD contains more than 2qD − 2 sign-preserving x-edges for some
label x, then qA = 2.

Proof. Suppose that ΓD contains k sign-preserving x-edges. Let Λ be the subgraph
of ΓD consisting of the above sign-preserving x-edges and all the vertices of ΓD.
The graph Λ may have an isolated vertex. Let fd denote the number of disc faces
of Λ. Applying Euler’s formula for the graph Λ on D, we have

qD − k + Σχ(face) = χ(D) = 1.

Hence if k ≥ 2qD − 1, then we have fd ≥ Σχ(face) ≥ qD and ΓA contains at least
qD great x-edge cycles whose disc faces are disjoint from each other. By Lemma
4.1 ΓD contains at least qD Scharlemann cycles. Hence qA = 2 follows by Lemma
4.4.

Lemma 4.6. If ΓD contains more than (2qD − 2)qA/2 sign-preserving edges, then
qA = 2.
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Proof. Suppose that ΓD has more than (2qD−2)qA/2 sign-preserving edges. Their
end points are more than (2qD−2)qA. Since every sign-preserving edge has distinct
labels at its two end points by the parity rule and since ΓD has qA kinds of labels
at end points of interior edges, there are more than 2qD−2 sign-preserving x-edges
for some label x. Then the result follows by Lemma 4.5.

The next Lemmas 4.7 and 4.8 are well-known, and we omit the proof of the
former.

Lemma 4.7. ([2, Lemma 2.6.7]) The graph ΓA does not contain a parallel family
of more than qD/2 sign-preserving edges. (Otherwise, ΓA would contain a Scharle-
mann cycle.)

Lemma 4.8. [10, Proposition 1.3]) If ΓA contains a parallel family of more than
qD − 1 interior edges, then the knot K is a cable knot in W .

Proof. First we note that qD > 1, for otherwise (i.e., qD = 1), ΓD contains a trivial
loop. This is a contradiction.

Suppose that ΓA contains a parallel family of more than qD − 1 interior edges.
From Lemma 4.7 we see that these edges are sign-reversing edges. Then the result
follows because the same arguments in the proof of [10, Proposition 1.3].

5. Proof of Theorem 1.2

We prove Theorem 1.2 in this section.

Lemma 5.1. Suppose that each component of ∂A intersects ∂D in one point, and
∆ ≥ 3. Then qA = 2.

Proof. The graph ΓA has at most two boundary edges. It has at most qDqA/2
sign-preserving edges by Lemma 4.3. Each vertex of ΓA has ∆qD end points of
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edges. Hence the number of end points of sign-reversing edges of ΓA is at least

3qDqA − 2− (qDqA/2)2

= (2qD − 2)qA + 2(qA − 1)

> (2qD − 2)qA.

Note that the last inequality follows because qA ≥ 2. Thus by the parity rule the
graph ΓD has more than (2qD−2)qA/2 sign-preserving edges. Then qA = 2 follows
by Lemma 4.6.

Lemma 5.2. Suppose that each component of ∂A intersects ∂D in one point, and
∆ ≥ 3. Then the knot K is a cable knot in W .

Proof. Since ΓA has at most two boundary edges, and since ΓA has precisely two
vertices by Lemma 5.1, ΓA has a vertex x to which at most one boundary edge is

incident. Let y be the other vertex. Let Γ̃A be the reduced graph corresponding to
ΓA, obtained by amalgamating all mutually parallel edges in the obvious way.

The graph Γ̃A has at most one loop edge incident to the vertex x, say `. Other-
wise, either the valencies of x and y would be different in ΓA, or ΓA would contain

a trivial loop. The graph Γ̃A has at most two edges e and f connecting x and y.
See Figure 10. By Lemma 4.7, ` corresponds to at most qD/2 parallel edges. Then
the number of end points of edges corresponding to e and f at x is at least

3qD − 1− (qD/2)2 = 2(qD − 1) + 1.

Thus ΓA contains a parallel family of more than qD − 1 interior edges connecting
x and y. Then by Lemma 4.8 the knot K is a cable knot in W .

By Lemmas 5.1 and 5.2 we get the next proposition.

Proposition 5.3. Let W , K, T , D and A be as in Theorem 1.2. If ∆ ≥ 3, then
K is a cable knot in W .

We can exclude the possibility of cable knots under the above condition by the
next proposition, and hence we establish Theorem 1.2.

Proposition 5.4. Let W , K, T , D and A be as in Theorem 1.2. If ∆ ≥ 3, then
K cannot be cabled in W .
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We need the next claim.

Claim 1. Let K be a (p, q)-torus knot in a solid torus M (i.e., K is a (p, q)-cable
of a core of M) with q ≥ 2. Let γ be a slope on the torus ∂N(K). If M(K; γ)
contains a separating essential annulus A, then we can take another separating
essential annulus A′ in M(K; γ) such that A′ ∩K∗ = ∅ and ∂A′ = ∂A.

Proof of Claim 1. Among all the separating essential annuli in M(K; γ) such that
their boundary coincides with ∂A, we choose an annulus A′ so that |A′ ∩ K∗| is
minimal. For a contradiction, assume A′∩K∗ 6= ∅. Then A′∩(M(K; γ)−intN(K∗))
is an essential punctured annulus in the cable space

M − IntN(K) = M(K; γ)− IntN(K∗).

By [10, Lemma 3.1], this essential punctured annulus does not separate the cable
space, and hence A′ is also non-separating in M(K; γ). This is a contradiction.

Let K be a cable knot of a knot J (possibly a core of W ) in W . Suppose for
a contradiction that for a slope γ with ∆ ≥ 3 the 3-manifold W (K; γ) contains
a separating essential annulus A such that every component of ∂A intersects ∂D
once. We assume that |A∩K∗| is minimal. The exterior W − IntN(K) contains a
cable space C such that ∂N(K) ⊂ C. The union M = C ∪N(K) is a solid torus.

Claim 2. The torus ∂M is incompressible in the exterior W − intN(K).

Proof of Claim 2. Clearly ∂M is incompressible in C. Suppose for a contradiction
that ∂M has a compressing disc E in the closure of W −M . Let B be a regular
neighbourhood of M ∪ E. Then ∂B is a separating 2-sphere in W . By a standard
cut and paste argument we can rechoose the compressing disc D of T so that
D ∩ ∂B = ∅, which implies D ∩K = ∅. This contradicts the assumption that T is
incompressible in W−intN(K).

Since ∆ ≥ 2, [7, Lemma 7.2] implies that the manifold M(K; γ) is either

(1) a solid torus, or
(2) a Seifert fibred manifold over a disc with two exceptional fibres.

In the latter case (2), by a standard cut and paste argument we can rechoose
an essential annulus A so that A ∩ ∂M(K; γ) consists of loops which are essential
on A and ∂M(K; γ), and so that A ∩M(K; γ) is empty or consists of separating
essential annuli A1, . . . , Ak in M(K; γ). Let A′

` be a separating essential annulus
in M(K; γ) with ∂A′

` = ∂A` and such that A′
` ∩K∗ = ∅ for 1 ≤ ` ≤ k. Such annuli

exist by Claim 1. Replace A1, . . . , Ak by A′
1, . . . A

′
k. Thus we can rechoose A so

that A ∩K∗ = ∅, which is impossible by Lemma 2.1.
In the former case (1), it is sufficient to prove this proposition for the corre-

sponding Dehn surgery on the knot J in W . Note that the distance ∆(µJ , γJ) ≥ 4
by [7, Lemma 3.3], where µJ and γJ are meridian slopes on the boundary of the
solid tori M and M(K; γ) respectively. Hence by Proposition 5.3 J is a cable knot
in W . In particular we assume ∂M and T are not parallel. Then ∂M is an essential
torus in W−intN(K) by Claim 2. Thus Haken’s finiteness theorem (see [17, III.20.
Theorem]) and an inductive argument allow us to assume that (2) occurs rather
than (1).
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6. Surgeries creating non-separating annuli

In this section we prove Theorem 1.3 (2).

Proof of Theorem 1.3 (2). By twisting (−p)-times along the meridian disc D, we
get a new knot K−p ⊂ W ⊂ S3. Then we can easily compute that the surgery
slope m/n on ∂N(K) corresponds to (m−npw2)/n on ∂N(K−p), where w denotes
the algebraic intersection number of K and D. Hence W (K−p; (m − npw2)/n)
contains a non-separating anulus A′ whose boundary component is represented by
a preferred longitude L. Let W ′ be the complementary solid torus S3−intW . Then
S3(K−p; (m−npw2)/n) = W (K−p; (m−npw2)/n)∪W ′. Since L bounds a meridian
disc of W ′, we have a non-separating 2-sphere by capping off ∂A′ with two meridian
discs of W ′. Therefore [4, Corollary 8.3] implies that K−p is a trivial knot in S3

and (m− npw2)/n = 0, and hence m/n = pw2. This completes the proof.

7. Lemmas about boundary edges

To prove Theorem 1.1 we need more lemmas concerning boundary edges.
Let b be a boundary edge. Suppose that b is incident to vertices x and y in

the graphs ΓD and ΓA respectively. We define the character of b as char b =
(sign x)×(sign y).

Lemma 7.1. Let e and f be boundary edges. Then the edges e and f are incident
to the same component of ∂A if and only If char e = char f .

Proof. The boundary loop ∂D intersects the two boundary loops of ∂A alternately.
Suppose that e and f are boundary edges such that they have end points adjacent
on ∂D. It is sufficient to prove that char e = −char f .

Let α be the subarc of ∂D connecting end points of e and f such that α does
not meet any other end points of boundary edges. Let F be the face of the graph
ΓD whose closure contains e ∪ f ∪ α, and let x and y be corners adjacent to e and
f on the limit curves of the end of the open collar of F . See Figure 11.
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Figure 11
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Let p, q be the vertices to which e, f are incident in ΓD, and r, s the labels
at the corresponding end points of e, f respectively. Let t and u be subarcs of
K∗ corresponding to x and y, respectively. These four arcs t, u, x and y are
in the normal direction to the annulus A and have end points at the vertices r
or s. Because ∂D and ∂A are contained in the torus T and α connects distinct
components of ∂A, α connects the same side of A. Then the arcs x and y have
mutually inverse orientations with respect to A near the vertices r and s when they
are assigned the orientations induced from that of the face F . See Figure 12.

Hence the orientations of t and u induced by that of K∗ coincide with respect to
A near the vertices r and s if and only if the vertices p and q have mutually inverse
signs. Thus the signs of the vertices r and s coincide if and only if the vertices p
and q have mutually inverse signs.

The next Lemma 7.2 is a corollary of Lemma 7.1.

Lemma 7.2. Let e and f be a pair of parallel boundary edges of ΓA. Let r and s
be the labels of e and f at the vertex of ΓA. Then the vertices numbered r and s in
the graph ΓD have the same sign.

Let Γ̃A be the reduced graph corresponding to ΓA, obtained by amalgamating all
mutually parallel edges in the obvious way.

Lemma 7.3. Let Λ be a subgraph of Γ̃A, and q the number of vertices of Λ. Then
the graph Λ has at most 2q boundary edges. Moreover if it has precisely 2q boundary
edges, then it has at most q interior edges.

Proof. Let Λ′ be the subgraph of Λ consisting of vertices and boundary edges of
Λ. Let v, e and f be the numbers of vertices, edges and faces of Λ′. Adding extra
boundary edges if necessary, we may assume that Λ′ has the maximal number of
boundary edges. That is, we assume that adding another boundary edge to Λ′

creates a parallel pair of boundary edges. Then the annulus A is divided by these
boundary edges into discs each of which is bounded by a 4-gon whose corners are
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in ∂A and in a fat vertex alternately. Hence 2e = 4f , and Euler’s formula implies
that 0 = v − e+ f = q − (e/2). Thus we have e = 2q, and hence Λ′ has at most 2q
boundary edges. Moreover if Λ has exactly 2q boundary edges, then Λ′ has also 2q
boundary edges, and f = e− v = 2q− q = q. Since Λ has at most one interior edge
in every face of Λ′, Λ has at most q interior edges.

Lemma 7.4. Let Λ be a subgraph of Γ̃A, and q the number of vertices of Λ. Then
for each component C of ∂A the graph Λ has at most 2q−1 boundary edges incident
to C.

Proof. Let Λ′ be the graph consisting of all vertices of Λ and boundary edges of Λ
which are incident to C. Let v, e and f be the numbers of vertices, edges and faces
of Λ′. We assume that Λ′ has the maximal number of boundary edges incident to
C. Then the annulus A is divided by these boundary edges into a once punctured
disc bounded by a bi-gon and discs bounded by 4-gons. Hence 2e = 4(f − 1) + 2,
and Euler’s formula implies that 0 = v − e+ (f − 1) = q − e+ (e− 1)/2. Thus we
have e = 2q − 1, and Λ has at most 2q − 1 boundary edges incident to C.

Lemma 7.5. Assume that qD ≥ 2. If ΓA contains a parallel family of more than
2qD − 2 boundary edges, then the knots K and K∗ are parallel to essential simple
loops on T in W and W (K; γ) respectively.

Proof. In the graph ΓD, every vertex (except possibly for one) has two boundary
edges incident to it, corresponding to 2qD−1 parallel successive boundary edges in
ΓA. Hence there are parallel edges e and f in ΓD among these boundary edges. Let
x and y be the vertices of ΓA and ΓD to which e and f are incident. Let Qi ⊂ Pi
be the disc of parallelism of the edges e and f in the graph Γi for i = D and A. We
can isotope the annulus QD ∪QA slightly so that its boundary intersects the loop
∂y in one point. Recall that ∂y is a meridian loop of the knot K. Thus the knot
K is parallel to an essential simple loop on T in W .

If QD does not contain a boundary edge with label x except for e and f , then
we can isotope the annulus QD ∪ QA slightly so that its boundary intersects the
loop ∂x in one point.

If QD contains such a boundary edge, then QD contains a parallel family B of
2qA boundary edges. The boundary edges of ΓA corresponding to them are incident
to a component, say C, of ∂A if they are incident to vertices of ΓA with the sign
+, and to the other component C ′ of ∂A if they are incident to vertices of ΓA with
the sign − by Lemma 7.1. Let Λ be the subgraph of ΓA consisting of the vertices
with the sign + and boundary edges incident to these vertices and corresponding
to those of B. Since every vertex of Λ has two boundary edges incident to it, Λ
has parallel boundary edges by Lemma 7.4. These two edges are parallel also in
ΓA, and similar arguments as in the first paragraph of this proof show that K∗ is
parallel to an essential simple loop on T in W (K; γ).

Lemma 7.6. If qD = 1 and ∆ ≥ 2, then the knots K and K∗ are parallel to
essential simple loops on T in W and W (K; γ) respectively.

Proof. Since ΓD has precisely one vertex x, it does not have interior edges, and has
∆qA ≥ 2qA parallel boundary edges. Then ΓA also does not have interior edges,
and it has parallel boundary edges e and f incident to a vertex, say y, such that
e and f cobound a disc of parallelism QA (⊂ PA). We may assume that QA does
not contain boundary edges other than e and f . Let QD (⊂ PD) be the disc of
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parallelism of the edges e and f . Then the annulus QA ∪QD gives a parallelism of
K and a simple loop on T in W .

Since ΓD has a parallel family B of 2qA boundary edges, the same argument
as in the last paragraph in the proof of Lemma 7.5 shows that K∗ is parallel to a
simple loop on T in W (K; γ).

In the following we assume qD > 1.

8. Proof of Theorem 1.1 in case qA = 2

The goal of this section is to prove the following proposition, which guarantees
Theorem 1.1 for ∆ ≥ 3 when qA = 2. Lemmas 8.2, 8.3, 8.4 and 8.5 form a proof of
this proposition.

Proposition 8.1. Assume that qA = 2. If ∆ ≥ 3, then either (1) the knot K is a
cable knot in W , or (2) the knots K and K∗ are parallel to essential simple loops
on T in W and W (K; γ) respectively.

Let pD and mD be the numbers of vertices of ΓD with sign + and − respectively.
We assume without loss of generality that pD ≥ mD.

Lemma 8.2. Assume that qA = 2. Suppose that one of the two vertices of Γ̃A, say
x1, has two boundary edges which are incident to x1 and to distinct components of
∂A. If ∆ ≥ 3, then the knot K is a cable knot in W .

Proof. Let C1 and C2 be the two components of ∂A. The graph Γ̃A consists of two
vertices x1 and x2. Let bst be a boundary edge connecting xs and Ct for s, t = 1, 2.
Let e and f be interior edges connecting x1 and x2. Let ` be a loop edge incident
to x1. Note that b21, b22, e, f and ` may not exist. See Figure 13.

We assume without loss of generality that in the graph ΓA the labels at the end
points of the edges corresponding to b11 have the sign +. Then Lemma 7.2 implies
that each of b11 and b22 corresponds to at most pD parallel boundary edges of ΓA,
and that each of b12 and b21 corresponds to at most mD parallel boundary edges of
ΓA. We consider the number of end points of edges at x2 in ΓA, and see that the
sum of the numbers of end points of edges corresponding to e and f is at least

3qD − (pD +mD) = 2qD.

x1 x2
b12b11 b22 b21

e

AΓ
�

x1 x2
b12b11 b21

e

f

l

Figure 13
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Then e or f corresponds to more than qD − 1 parallel interior edges, and the knot
K is a cable knot in W by Lemma 4.8.

Lemma 8.3. Assume that qA = 2 and that some vertex x of Γ̃A has two boundary
edges incident to x and the same component C of ∂A. If ∆ ≥ 3, then either (1) the
knot K is a cable knot in W or (2) the knots K and K∗ are parallel to essential
simple loops on T in W and W (K; γ) respectively.

Proof. The other vertex y of Γ̃A has precisely one boundary edge b and precisely
one interior edge e incident to it. See Figure 14.

Then since the vertex y has valency at least 3qD, either b corresponds to more
than 2qD − 2 parallel edges, or e corresponds to more than qD − 1 parallel edges.
In the former case we have (2) by Lemma 7.5. In the latter case we have (1) by
Lemma 4.8.

By Lemmas 8.2 and 8.3 we can assume that Γ̃A is as in Figure 15 for the rest of
this section.

Lemma 8.4. Assume that qA = 2 and that Γ̃A is as shown in Figure 15. If mD > 0
and ∆ ≥ 3, then the knot K is a cable knot in W .

Proof. Let x be a vertex of Γ̃A. The graph Γ̃A has at most one loop edge and exactly
one boundary edge incident to the vertex x, say ` and b respectively. By Lemma
7.2 and the fact that mD > 0, b corresponds to at most pD parallel boundary edges
of ΓA. If the sum of the numbers of end points of ` and b at x is more than qD, then
we find two edges with the same label, say r, in parallel edges of ΓA corresponding
to `, and they form a great r-edge cycle, which is a contradiction by Lemmas 2.3

and 4.1. The graph Γ̃A has at most two edges e and f connecting the two vertices

of Γ̃A. The number of end points of edges of ΓA corresponding to e and f at x
sums up to at least 3qD − qD = 2qD. Thus ΓA contains a parallel family of more
than qD − 1 interior edges connecting the two vertices of ΓA. Then by Lemma 4.8
the knot K is a cable knot in W .
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Lemma 8.5. Assume that qA = 2 and that Γ̃A is as shown in Figure 15. If mD = 0
and ∆ ≥ 3, then either (1) the knot K is a cable knot in W or (2) the knots K and
K∗ are parallel to essential simple loops on T in W and W (K; γ) respectively.

Proof. Since mD = 0, the graph ΓD has no sign-reversing edges, and hence ΓA has

no sign-preserving edges by the parity rule. Hence Γ̃A has no loop edges, as shown
in Figure 16.

Sign-reversing edges α and β of Γ̃A connect the two vertices x and y of Γ̃A. If
α or β corresponds to more than qD − 1 parallel edges of ΓA, then (1) follows by
Lemma 4.8. Hence we assume in the following that each of α and β corresponds

to at most qD − 1 parallel edges. The graph Γ̃A has two boundary edges γ and δ
incident to x and y respectively. Since ∆ ≥ 3 and each of α and β corresponds to
at most qD−1 parallel edges, each of γ and δ corresponds to at least qD +2 parallel
edges of ΓA. At end points of each family of the parallel edges, we see some labels
appear more than once. Thus every vertex of ΓD has at least two boundary edges
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incident to it, and there is a vertex with more than two boundary edges incident
to it.

Claim 1. If ΓD has a parallel family of three boundary edges, then (2) follows.

Proof. Let e, f and g be three parallel boundary edges in ΓD, placed in this order.
Let v be the vertex of ΓD which they are incident to. The edges e and g have the

same label, say x, at v since qA = 2. The vertex x of Γ̃A has exactly one boundary

edge incident to it, because Γ̃A is as shown in Figure 16. Hence the edges of ΓA

corresponding to e and g (we will call them e and g in the following) are parallel in
ΓA. Let Q (⊂ PA) be the disc of parallelism of these edges. If Q contains an edge
with the label v other than e and g, then ΓA has a parallel family of at least 2qD+1
boundary edges, and we have (2) by Lemma 7.5. If Q does not contain such an
edge, then let R be the disc of parallelism of e and g in ΓD. We join the discs Q and
R together along the arcs e and g, and obtain an annulus B in the exterior X of the
knot K. By an adequate small isotopy of B, we have |∂B ∩ ∂v| = 1 = |∂B ∩ ∂x|.
Thus (2) follows. This completes the proof of Claim 1.

Claim 2. Suppose that ΓD contains a Scharlemann cycle σ. If all the edges of σ
except for at most one edge have edges parallel to them, then (1) follows.

Proof. Let e1, e2, ..., en be the edges of σ placed in this order. Let fk be the edge
which is adjacent and parallel to ek for k = 2, ..., n. Let vk and vk+1 be the vertices
to which the edge ek is incident, where vn+1 = v1. Note that every pair of parallel
edges ek and fk forms a Scharlemann cycle σk for 2 ≤ k ≤ n, because qA = 2. The
Scharlemann co-cycle of σk is not contained in a disc on A (otherwise we perform
surgery on A along σk and have a contradiction to the minimality of qA). We
assume without loss of generality that the edge corresponding to e1 is contained in
the parallel family of edges of ΓA corresponding to α. We indicate such a situation
by writing e1 ∈ α in this proof. First suppose for a contradiction that fk ∈ β
for 2 ≤ k ≤ n. Then ek ∈ α for 1 ≤ k ≤ n, and the Scharlemann co-cycle of σ
is contained in a disc on A. Hence we perform surgery on A along σ and have a
contradiction to the minimality of qA. Second, we suppose that fm ∈ α for some
m. Assume that m is the minimal integer as above. Then the edges em−1 and fm
have the same label, say x, at the vertex vm since qA = 2. This implies that the
family of parallel edges of ΓA corresponding to α contains two edges with the same
label vm at the vertex x, and α corresponds to at least qD + 1 parallel edges of ΓA.
Thus (1) holds by Lemma 4.8. This completes the proof of Claim 2.

The next Claim 3 is an easy corollary of Claim 2.

Claim 3. If ΓD has a parallel family of more than two sign-preserving edges, then
(1) follows.

We return to the main course of the proof of Lemma 8.5.
Since ΓD has a vertex with more than two boundary edges incident to it, we

can assume by Claim 1 that ΓD has a vertex with a non-parallel pair of boundary
edges incident to it. Let e and f be an outermost pair of such boundary edges, Q
the outermost disc on D, and v the vertex of ΓD to which e and f are incident.
By Claim 1 we can assume that every vertex on Q other than v has precisely two
boundary edges which are parallel. We construct a new graph Λ on Q by moving the
vertices on Q other than v to the boundary ∂Q along the pairs of parallel boundary
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edges. We can assume that Λ does not contain a parallel family of more than
two edges by Claim 3, noting that all the interior edges of ΓD are sign-preserving
because mD = 0. We call an edge e of Λ a diagonal edge if it connects two vertices
which are not adjacent on ∂Q. Suppose first that Λ does not have a diagonal edge.
Then all the pairs of adjacent vertices are connected by two parallel edges. See
Figure 17 (a). Every disc face of Λ corresponds to a face of a Scharlemann cycle
since qA = 2 and mD = 0. Hence (1) follows by Claim 2.

Suppose second that Λ has a diagonal edge. Let e1 be an outermost diagonal
edge on Q, Q1 the outermost disc, and v1 and v2 the vertices to which e1 is incident.
Then every pair of adjacent vertices other than the pair v1 and v2 are connected by
two parallel edges. See Figure 17 (b) and (c). We again have (1) by Claim 2.

9. Proof of Theorem 1.1 when ΓA does not contain

a non-parallel pair of double boundary edges

In this section we prove Theorem 1.1 when the graph ΓA does not contain a
pair of non-parallel boundary edges which are incident to the same vertex and to
the same component of ∂A. We call such a pair of boundary edges a non-parallel
pair of double boundary edges. Proposition 8.1 and Lemmas 7.6, 9.1 and 9.2 form
a proof of Theorem 1.1 for this situation.

Lemma 9.1. Assume that qD ≥ 2. Suppose that ΓA does not have a non-parallel
pair of double boundary edges, and mD = 0. If ∆ ≥ 4, then either (1) qA = 2,
or (2) the knots K and K∗ are parallel to essential simple loops on T in W and
W (K; γ) respectively.

Proof. We assume that (2) does not hold to show that (1) holds. Then qD ≥ 2 and

Lemma 7.5 imply that every boundary edge of Γ̃A corresponds to at most 2qD − 2
parallel boundary edges. Since we assume that ΓA does not have a non-parallel

pair of double boundary edges, every vertex of Γ̃A has at most one boundary edge
incident to it, by Lemma 7.2 and the fact that mD = 0. Hence ΓA has at most
(2qD − 2)qA boundary edges. Thus the number of end points of interior edges of
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ΓA is at least

4qDqA − (2qD − 2)qA = (2qD − 2)qA + 4qA.

Since mD = 0, ΓD has more than (2qD−2)qA/2 sign-preserving edges. Then qA = 2
by Lemma 4.6.

Lemma 9.2. Suppose that ΓA does not have a non-parallel pair of double boundary
edges, and mD > 0. If ∆ ≥ 4, then qA = 2.

Proof. Since ΓA does not have a non-parallel pair of double boundary edges, if

a vertex of Γ̃A has two boundary edges incident to it, then they are incident to

distinct components of ∂A. Thus every vertex of Γ̃A has at most two boundary
edges incident to it. Hence every vertex of ΓA has at most pD+mD = qD boundary
edges incident to it, by Lemmas 7.1 and 7.2 and the fact that mD > 0. Thus ΓA

has at most qDqA boundary edges. The graph ΓA contains at most qDqA/2 sign-
preserving edges by Lemma 4.3. Hence the number of end points of sign-reversing
edges is at least

4qDqA − qDqA − (qDqA/2)2

= (2qD − 2)qA + 2qA.

Thus the parity rule implies that ΓD has more than (2qD − 2)qA/2 sign-preserving
edges. Then qA = 2 by Lemma 4.6.

10. Proof of Theorem 1.1 when ΓA contains

a non-parallel pair of double interior edges

In this section we prove Theorem 1.1 when the graph ΓA contains a non-parallel
pair of double interior edges. That is, the graph ΓA contains a pair of non-parallel
interior edges α and β which connect two distinct vertices u and v and the loop
consisting of these edges bounds a disc E on A (see Figure 18).

We take the pair α and β so that it is an innermost one among all such pairs of
edges on A. Then we take the subgraph GA = (ΓA ∩ E) − (α ∪ β) − (loop edges

u

u

v

v

A

ΓA

β

α

Figure 18
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incident to u or v); see Figure 18. We call the vertices u and v terminal vertices of
GA, and the other vertices of GA inner vertices. We call the interior edges of GA

incident to terminal vertices terminal edges of GA, and the interior edges connecting
inner vertices of GA inner edges of GA.

Proposition 8.1 and Lemmas 7.6, 10.2 and 10.3 form a proof of Theorem 1.1 for
this situation.

The next Lemma 10.1 is used also in section 11.

Lemma 10.1. Assume that qD ≥ 2. Let x be a terminal vertex, and vx be the

valency of x in G̃A. Then either

(1) the knot K is a cable knot in W , or
(2) qA = 2, or
(3) the valency of x in GA is at most (vx + 2)qD/2− 2.

Proof. We assume (1) and (2) do not hold and show that (3) holds. The vertex x
has at most 2qD−2 sign-reversing edges incident to it in the graph GA. Otherwise,
the graph ΓD would have more than 2qD − 2 sign-preserving x-edges by the parity
rule, and (2) qA = 2 by Lemma 4.5.

Every sign-preserving edge in G̃A corresponds to at most qD/2 parallel edges by

Lemma 4.7. Every sign-reversing edge in G̃A corresponds to at most qD−1 parallel
edges (otherwise (1) holds by Lemma 4.8).

Let kx be the number of sign-reversing edges incident to x in the reduced graph

G̃A. Then the valency of x in GA is at most

(2qD − 2) + (vx − kx)qD/2 = (vx − kx + 4)qD/2− 2 when kx ≥ 2,

(qD − 1) + (vx − 1)qD/2 = (vx + 1)qD/2− 1 when kx = 1,

vxqD/2 when kx = 0.

Since qD ≥ 2, the largest of these values occurs when kx = 2. Hence we have
(3).

Let rA be the number of inner vertices of GA. Since GA has two terminal vertices
and at least one inner vertex, ΓA has at least three vertices. Moreover, because A
is separating, qA ≥ 4.

Lemma 10.2. Assume that qD ≥ 2. Suppose that the graph G̃A contains at most
2rA − 2 terminal edges. If ∆ ≥ 4, then the knot K is a cable knot in W .

Proof. Since qA ≥ 4, GA has at most (2qD − 2)rA/2 inner sign-reversing edges by
the parity rule and similar arguments as in the proof of Lemma 4.6. The graph GA

is a graph on the disc E and has at most (rA − 1)qD/2 inner sign-preserving edges
by similar arguments as in the proof of Lemmas 4.2 and 4.3. Then the number of
end points of terminal edges at inner vertices is at least

4qDrA − (2qD − 2)rA − (rA − 1)qD

= qDrA + 2rA + qD.

Now we suppose for a contradiction that the knot K is not a cable knot in W .

Let U and V be the valencies of the terminal vertices u and v in G̃A respectively.
Then by Lemma 10.1 and qA ≥ 4, the number of end points of terminal edges at
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inner vertices is at most

{(U + 2)qD/2− 2}+ {(V + 2)qD/2− 2}
= (U + V )qD/2 + 2qD − 4

≤ (2rA − 2)qD/2 + 2qD − 4

= (qDrA + 2rA + qD)− (2rA + 4).

This is a contradiction.

Lemma 10.3. Assume that qD ≥ 2. Suppose that the graph G̃A contains at least
2rA − 1 terminal edges. If ∆ ≥ 4, then the knot K is a cable knot in W .

Proof. When rA = 1, the graph G̃A has at most two terminal edges and no inner
edges. Hence GA has a parallel family of at least 2qD interior edges. Then by
Lemma 4.8 the knot K is a cable knot in W .

We can assume rA ≥ 2 in the rest of this proof. We suppose for a contradiction
that the knot K is not a cable knot in W . Since we have taken GA so that the
pair α and β is innermost among all non-parallel pairs of double interior edges,
each inner vertex of GA has at most two terminal edges. We note that if an inner
vertex has exactly two terminal edges, then one of them is incident to u and the
other is incident to v. Hence all the inner vertices, except possibly for one, have

two terminal edges, because G̃A contains at least 2rA−1 terminal edges. Therefore

G̃A has at most rA inner edges (see Figure 19). Each of them corresponds to at
most qD − 1 parallel edges by Lemma 4.8.

Then the number of end points of terminal edges at inner vertices is at least

4qDrA − 2(qD − 1)rA = 2qDrA + 2rA.

On the other hand, let U and V be the valencies of the terminal vertices u and

v in G̃A respectively. Notice that U +V ≤ 2rA, since each inner vertex has at most
two terminal edges. Then by Lemma 10.1 and qA ≥ 4, the number of end points of
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terminal edges at inner vertices is at most

{(U + 2)qD/2− 2}+ {(V + 2)qD/2− 2}
= (U + V )qD/2 + 2qD − 4

≤ 2rAqD/2 + 2qD − 4

= (2qDrA + 2rA)− {qD(rA − 2) + 2rA + 4}.
Since rA ≥ 2, this is a contradiction.

11. Proof of Theorem 1.1 when ΓA contains

a non-parallel pair of double boundary edges

In this section we prove Theorem 1.1 when the graph ΓA contains a non-parallel
pair of double boundary edges, and does not contain a non-parallel pair of double
interior edges. The graph ΓA contains a non-parallel pair of boundary edges γ and
δ which are incident to the same vertex w and to the same component C of ∂A.
See Figure 20.

Let E (⊂ A) be the disc bounded by the loop which consists of the arcs γ and δ
and a subarc of C. We take γ and δ so that they form an outermost pair of edges
on A as above. Then we take the subgraph HA = (ΓA ∩D)− (γ ∪ δ)− (loop edges
incident to w). We call the vertex w a terminal vertex of HA. We define inner
vertices, terminal edges and inner edges of HA as in section 10.

Proposition 8.1 and Lemmas 7.6, 11.1 and 11.2 form a proof of Theorem 1.1 for
this situation.

Let sA (> 0) be the number of inner vertices of HA.

Lemma 11.1. Assume that qD ≥ 2. Suppose that the graph ΓA contains a non-
parallel pair of double boundary edges, and does not contain a non-parallel pair of
double interior edges. If mD = 0 and ∆ ≥ 4, then either (1) qA = 2, or (2) the
knots K and K∗ are parallel to essential simple loops on T in W and W (K; γ)
respectively.

w
w

δ

γ

ΓA

A

Figure 20
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Proof. We assume that (2) does not hold to show that (1) holds. Since mD = 0,
interior edges of the graph ΓD are all sign-preserving edges, and hence the parity
rule implies that all the interior edges of HA are sign-reversing. The number of
terminal edges is at most 2qD−2 by the parity rule and Lemma 4.5. Every boundary

edge of H̃A corresponds to at most 2qD−2 parallel edges by Lemma 7.5 and qD ≥ 2.

Let b be the number of boundary edges of H̃A. Let I be the number of end points
of inner edges of HA. Then we have

I ≥ 4qDsA − (b + 1)(2qD − 2).

Since we take the pair of edges γ and δ to be outermost, b ≤ sA. Hence

I ≥ (2sA − 2)qD + 2sA + 2 > 0.

Thus an inner edge exists, and b ≤ sA−1. Otherwise, that is, when b = sA, Lemma
7.1 and mD = 0 imply that all the inner vertices of HA would have the same sign,
and hence the inner edge is a sign-preserving edge, a contradiction. Hence we have

I ≥ 4qDsA − {(sA − 1) + 1}(2qD − 2)

= 2qDsA + 2sA

= (2qD − 2)sA + 4sA.

Thus HA has more than (2qD− 2)sA/2 inner sign-reversing edges. Then the parity
rule and similar arguments as in the proof of Lemma 4.6 imply that the condition
(1) holds.

Lemma 11.2. Assume that qD ≥ 2. Suppose that the graph ΓA contains a non-
parallel pair of double boundary edges, and does not contain a non-parallel pair of
double interior edges. If mD > 0 and ∆ ≥ 4, then either (1) qA = 2, or (2) the
knot K is a cable knot in W .

Proof. When sA = 1, the graph H̃A has at most one terminal edge and at most
one boundary edge, and has no inner edges. Hence HA has either a parallel family
of at least 2qD interior edges, or a parallel family of at least 2qD boundary edges.
In the former case, the knot K is a cable knot in W by Lemma 4.8. In the latter
case, we have a contradiction to mD > 0 by Lemma 7.2.

We can assume sA ≥ 2 in the rest of this proof. We suppose for a contradiction
that neither (1) nor (2) hold. Since ΓA does not contain a non-parallel pair of

double interior edges, H̃A has at most sA terminal edges. Hence HA has at most
(sA+2)qD/2−2 terminal edges by similar arguments as in Lemma 10.1. The graph
HA has at most pDsA boundary edges by Lemma 7.2 and the fact that mD > 0.
Every vertex x with the sign − of ΓD has at most sA − 1 sign-reversing edges
corresponding to inner edges of HA. Otherwise, the graph HA would have more
than sA−1 inner sign-preserving x-edges by the parity rule, and similar arguments
as in Lemma 4.2 show that HA would contain a Scharlemann cycle because HA

is a graph on the disc E. Thus ΓD has at most (sA − 1)mD sign-reversing edges
corresponding to inner edges of HA, and HA has at most (sA − 1)mD inner sign-
preserving edges by the parity rule. The graph HA has at most (2qD − 2)sA/2
inner sign-reversing edges by the parity rule and similar arguments as in the proof
of Lemma 4.6. Hence the number of end points at inner vertices of HA sums up to
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at most

{(sA + 2)qD/2− 2}+ pDsA + 2mD(sA − 1) + (2qD − 2)sA

= 4qDsA − (qD − 2mD)(sA/2− 1)− 2sA − 2

< 4qDsA.

Note that pD +mD = qD and sA ≥ 2, and remember that we are assuming that
pD ≥ mD. Thus we have a contradiction.

12. Dehn surgery creating an essential annulus with ∆ = 2

In this section, we give an example which shows that Theorem 1.1 does not hold
for ∆ = 2. The graphs ΓD and ΓA defined in section 2 are as shown in Figure
21. The graph ΓD has four vertices with the same sign, and the graph ΓA has
two vertices with distinct signs. Note that ΓD contains three Scharlemann cycles
for the interval [1, 2]. A parallel pair of boundary edges of ΓA are incident to one
component of ∂A, and the other parallel pair of boundary edges are incident to the
other component of ∂A. Let Q1, Q2 ⊂ PA be discs of parallelism of the two pairs
of parallel boundary edges of ΓA. Let Rk be the face of ΓA which is adjacent to Qk

for k = 1 and 2.
Let Y be the 3-manifold obtained by cutting W along the disc D. In Figure

22 we see the boundary of the 3-manifold Z obtained by cutting the exterior X of
the knot K along the disc with four holes PD = D ∩ X . We assume here that Z
is irreducible. The regular neighbourhood V of K is cut by the fat vertices of ΓD

into four 1-handles H[1,2], H[2,3], H[3,4] and H[4,1]. Let K[k,l] be the arc forming
the core of H[k,l]. The arc K[1,2] is parallel to the boundary ∂Y , where the discs
Q1 and Q2 give discs of parallelism. These discs are parallel in Z because Z is
assumed to be irreducible. Let B1 ⊂ Z be the ball between these discs. The arcs
K[4,1], K[3,4] and K[2,3] are parallel in Y , where the four discs Q3, Q4, Q5 and Q6 of
parallelism of interior edges of ΓA form the discs of parallelism of these arcs. The
discs Q3 and Q4 are parallel in Z; let B2 be the ball between these discs. The discs
Q5 and Q6 are parallel in Z; let B3 be the ball between these discs. The closure of
Y − (B1 ∪H[1,2]) is homeomorphic to the manifold Y . The boundary of the disc
Rk (k = 1 or 2) intersects each of the meridian loops of the arcs K[1,2], K[4,1] and
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K[2,3] in one point. The closure of Z − (B1 ∪ B2 ∪ B3) has toral boundary, and
this boundary is compressed by the discs R1 and R2. Hence this manifold is a solid
torus, and Y is a punctured RP 3. The manifold W is the connected sum of a solid
torus and a projective space RP 3.

Claim 1. ∂W is incompressible in the exterior X of the knot K.

Proof. In the manifold W the torus ∂W has a compressing disc D. If W contains
another compressing disc of ∂W , then it is isotopic to D since W is the connected
sum of a solid torus and a lens space. Because D intersects K four times alge-
braically, X does not contain a compressing disc of ∂W .

Claim 2. The torus ∂N(K) is incompressible in X.

Proof. Suppose for a contradiction that ∂N(K) has a compressing disc D1 in X .
The boundary ∂D1 is not a meridian loop ofK, as otherwiseW would contain a non-
separating 2-sphere. Then the loop ∂D1 intersects the disc D 4` times geometrically
and algebraically, where ` is a positive integer. Hence ∂D1 represents a non-trivial
element of H1(W,Z), which is a contradiction.

Claim 3. The knots K and K∗ are not parallel to essential simple loops on ∂W
and ∂W (K; γ) respectively.

Proof. If either K or K∗ is parallel to an essential simple loop on ∂W or ∂W (K; γ),
then X contains an essential annulus A1 whose boundary slope on ∂N(K) is distinct
from both meridian slopes of K and K∗, since ∆ = 2. Because D intersects K in
the minimal number of points up to isotopy, the disc with four holes PD is essential
in X . Hence we can isotope A1 in X so that it intersects PD in essential arcs on A1.
Then it follows that the arcs K[4,1], K[3,4] and K[2,3] are parallel to the boundary
in Y , which is a contradiction.
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Claim 4. K is not a cable knot in W .

Proof. Suppose for a contradiction that K is a cable knot. Let A2 be the cabling
annulus. We can isotope A2 so that it intersects PD in essential arcs on A2. Then it
follows that the arc K[1,2] and one of three arcs K[4,1], K[3,4] and K[2,3] are parallel
in Y , which is a contradiction.

Claim 5. The annulus A is incompressible.

Proof. Suppose for a contradiction that A is compressible. Then ∂W (K; γ) is
compressible in W (K; γ). We can see that this is a contradiction by Claim 3 and
[26, Theorem 2].

The annulus A divides W (K; γ) into two 3-manifolds M1 and M2, where M1

contains the balls B1, B2 and B3.

Claim 6. A does not have a ∂-compressing disc in M1.

Proof. Let P be the closure of a disc face of a Scharlemann cycle of ΓD. Since P is
a Scharlemann disc described in section 3, we have the required result.

Claim 7. A does not have a ∂-compressing disc in M2.

Proof. If A has a ∂-compressing disc in M2, then the torus ∂M2 is compressible in
M2. Hence it is sufficient to prove that ∂M2 is incompressible in M2.

The graph ΓD has seven faces: three disc faces of Scharlemann cycles, two discs of
parallelism of boundary edges, and the other two discs R3 and R4. The boundary
of the manifold M ′

2 = M2 ∩ X is compressible by the disc R3. The closure of
M2 −M ′

2 is a ball, which we regard as a 2-handle. Let A3 = M ′
2 ∩ ∂N(K): the

attaching annulus of this 2-handle. We assume for a contradiction that ∂M ′
2−A3 is

compressible in M ′
2. Let D2 be a compressing disc of this surface. We can isotope

D2 so that it intersects PD in arcs. Let α be an outermost arc on D2. This arc α
cobounds an outermost disc together with a subarc β of ∂D2, and is contained in R3

or R4. We can assume that α ⊂ R3 without loss of generality. Since β∩PD = ∂β, α
satisfies the following condition: (*) α has two end points either in the same interior
edge of ΓD or in (boundary edges)∪(∂D ∩ R3). Among arcs of D2 ∩ R3 satisfying
(*) let γ be an outermost one on R3, and D3 the outermost disc of it. We perform
surgery on D2 along D3 and obtain two discs, one of which is a compressing disc of
∂M ′

2−A3. Hence by repeating similar operations, we can rechoose the compressing
disc D2 so that it does not intersect PD. Then ∂D2 bounds a disc in ∂M ′

2 − A3,
which is a contradiction. Thus ∂M ′

2−A3 is incompressible in M ′
2. We can also see

that M2 has incompressible boundary by the handle addition lemma [18].

Claim 8. W (K; γ) does not contain an essential annulus which is disjoint from
K∗.

Proof. Suppose for a contradiction that W (K; γ) contains such an annulus A4. We
can isotope A4 in the exterior X of the knot K∗ so that |∂A4 ∩ ∂PD| is minimal
and A4 ∩ PD consists either of essential loops on A4 or of essential arcs on A4.

In the former case by a standard cut and paste argument we can rechoose the
essential annulus A4 so that A4 ∩ PD = ∅. Then we consider the intersection
A4 ∩Q1, and see that A4 is ∂-compressible, which is a contradiction.

In the latter case let D4 be an arbitrary one of discs of A4 ∩ Z. Then ∂D4 ∩
(∂Z ∩ PD) consists of two arcs. This disc D4 divides Y into two 3-manifolds, M3
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and M4, one of which, say M3, contains the three 1-handles H[4,1], H[3,4] and H[2,3].
Otherwise, D4 must intersect at least one of the discs Q3, Q4, Q5 and Q6, and it
follows from a standard cut and paste argument that at least one of the three arcs
K[4,1], K[3,4] and K[2,3] is parallel to the boundary in Y , which is a contradiction.
Hence every arc of A4 ∩ PD divides one copy of the disc D (⊂ ∂Y ) into two discs,
of which one contains the fat vertex numbered “1” and the other one contains the
other vertices numbered “2”, “3” and “4”. This contradicts the fact that every arc
of A4 ∩PD divides the other copy of the disc D (⊂ ∂Y ) into two discs of which one
contains the fat vertex numbered “2” and the other one contains the other vertices
numbered “3”, “4” and “1”.

13. Proof of Theorem 1.5 and examples

In this final section we prove Theorem 1.5 and present some examples.

Proof of Theorem 1.5. Let us denote the image of C in the resulting manifold
S3(K;m/n) by the same symbol C. Take a small fibred tubular neighbourhood
N(C) of C in S3(K;m/n) disjoint from K∗ (the image of K in S3(K;m/n)). Let
W be the unknotted solid torus S3−intN(C). Since C is an exceptional fibre of
S3(K;m/n), S3(K;m/n)−intN(C) = W (K;m/n) is a Seifert fibred manifold over
the disc with two exceptional fibres. Let A be a vertical annulus separating the
exceptional fibres. Then A is an essential separating annulus in W (K;m/n). If
∆(m/n, 1/0) = |n| ≥ 4, then Theorem 1.1 implies that (1) there is a separating
essential annulus A′ such that A′∩K∗ = ∅ and ∂A′ = ∂A, or (2) K is parallel to an
essential loop on ∂W , or (3) K is cabled in W . If (1) occurs, then since ∂A′ = ∂A,
A′ is also isotopic to a vertical annulus in W (K;m/n). (In the following we assume
that A′ is vertical.) We note that A′ splits W (K;m/n) into two solid tori, W ′

1 and
W ′

2, and one of them, say W ′
1, contains K∗ in its interior. In addition, since C is an

exceptional fibre in S3(K;m/n), each component of ∂A′(= ∂A) is not isotopic to
a meridian of W . Hence A′ (regarded as an annulus in W ) also splits W into two
solid tori, W1 and W2, and one of them, say W1, contains K in its interior. The
core of W1 is a cable of the core of W2. Then W1(K;m/n) = W ′

1; hence K is a 0-
or 1-bridge braid in W1 (see [5]). If K is a 0-bridge braid in W1 and is not a core
of W1, then K is cabled in S3. If K is a core of W1, then K is a cable of the core
of W2 and hence K is cabled in S3. If K is a 1-bridge braid in W1, then |n| = 1 by
[5, Proof of Lemma 2.3].

If (2) or (3) occurs, then K is a torus knot or a cable knot. Since the result of
Dehn surgery on a trivial knot is a lens space or S3, which cannot admit a Seifert
fibration over S2 with exactly three exceptional fibres, K is non-trivial.

Let us assume that K is a cable of a non-trivial knot. Since S3(K;m/n) is
Seifert fibred over S2 with three exceptional fibres and m/n 6= 0, S3(K;m/n) does
not contain an incompressible surface ([17, VI.13.Example]). In particular it is
a simple manifold, i.e., S3(K;m/n) contains no incompressible torus. We take a
companion knot k of K that is a simple knot (i.e., a torus knot or a hyperbolic
knot). We choose a tubular neighbourhood V of k so that V contains K in its
interior. Then from [5] we have three possibilities: (i) V (K;m/n) ∼= S1 ×D2 and
K is a 0- or 1-bridge braid in V , (ii) V (K;m/n) ∼= (S1 × D2)]M , where M is a
closed 3-manifold with 1 < |H1(M ; Z)| < ∞, or (iii) V (K;m/n) is a ∂-irreducible
Haken manifold. If (i) or (ii) happens, then ∂V (K;m/n) is compressible. Therefore
w (= the algebraic intersection number of K and a meridian disc of V ) is non-zero
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([3, Corollary 2.5], [25, 5.2 Corollary]). Now we exclude the possibilities (ii), (iii).
Assume for a contradiction that (ii) holds; then S3(K;m/n) ∼= S3(k;m/nw2)]M
(see [7, Lemma 3.3]). Since S3(K;m/n) is irreducible, S3(k;m/nw2) ∼= S3. This
contradicts Gordon and Luecke’s result [12]. If (iii) holds, then S3(K;m/n) contains
an incompressible torus, a contradiction.

Therefore (i) must hold. If K is a 1-bridge braid in V , then |n| = 1 ([5, Proof of
Lemma 2.3]). Thus K is a 0-bridge braid in V , and hence K is a cable of a simple
knot k with |w| ≥ 2. Since S3(k;m/nw2) ∼= S3(K;m/n) and |nw2| ≥ 4, we can
apply Theorem 1.1 again for the simple knot k to conclude that k is a torus knot.
This completes the proof.

In the rest of this section we describe an infinite family of hyperbolic knots
{Kp,q,r} each of which satisfies the following property.

By performing a certain Dehn surgery on Kp,q,r, we obtain a Seifert fibred man-
ifold over S2 with three exceptional fibres, and one of them is the image of a knot
C which is trivial in S3 and is disjoint from Kp,q,r.

To do that, we first construct knots in solid tori such that certain Dehn surgeries
on them produce Seifert fibred manifolds with suitable properties according to [22,
Sect.9].

Let W1 be a standardly imbedded solid torus in S3 with preferred meridian-
longitude pair (M,L).

Let Kp,q be a simple loop on ∂W1 which winds around p times meridionally and
q times longitudinally (q > |p| ≥ 2). Now we take a trivial knot τ in S3 as depicted
in Figure 23. Take a tubular neighbourhood N(τ) of τ such that N(τ) ∩Kp,q = ∅.
Let W = S3 − intN(τ), an unknotted solid torus. Then the loop Kp,q is a knot in
W .

It should be noted that Kp,q is a torus knot of type (p, q) in S3, and Kp,q

intersects a meridian disc of W algebraically (p+ q)-times.

Lemma 13.1. ([22, Lemma 9.1]) The resulting manifold W (Kp,q; pq) is a Seifert
fibred manifold over the disc with two exceptional fibres of indices |p|, q. Further-
more, a preferred longitude L of W is a regular fibre of W (Kp,q; pq).

Twisting along a meridian disc of W r(6= 0)-times, we obtain a new knot Kp,q,r ⊂
W ⊂ S3. Then Lemma 13.1 together with an easy computation yields
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Lemma 13.2. The resulting manifold W (Kp,q,r; pq + (p+ q)2r) is a Seifert fibred
manifold over the disc with two exceptional fibres of indices |p|, q. Furthermore,
L+ rM is a regular fibre of W (Kp,q,r; pq + (p+ q)2r).

By extending the Seifert fibration to the complementary solid torus W ′ =
S3−intW so that the core C is an exceptional fibre of index |r|, we see that
S3(Kp,q,r; pq + (p + q)2r) is a Seifert fibred manifold over S2 with three excep-
tional fibres of indices |p|, q, |r|. Note that C is a trivial knot in S3.

Claim. The complement S3−Kp,q,r admits a complete hyperbolic structure of finite
volume, provided that p+ q ≥ 2 and |r| > 5.

Proof. From [22, Claim 9.2], we see that W −Kp,q admits a complete hyperbolic
structure of finite volume in its interior. The manifold S3−Kp,q,r can be obtained
from W −Kp,q by Dehn filling along the slope −1/r. We recall that if r = 0, then
Kp,q,0 is a torus knot and S3 −Kp,q,0 is not hyperbolic. Since W−intN(Kp,q) has
two boundary components, Gordon’s result [8, pp.18–19], [9] asserts that S3−Kp,q,r

admits a complete hyperbolic structure of finite volume for |r| > 5.
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