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NON-ARCHIMEDEAN NEVANLINNA THEORY

IN SEVERAL VARIABLES AND

THE NON-ARCHIMEDEAN NEVANLINNA INVERSE PROBLEM

WILLIAM CHERRY AND ZHUAN YE

Abstract. Cartan’s method is used to prove a several variable, non-Archime-
dean, Nevanlinna Second Main Theorem for hyperplanes in projective space.
The corresponding defect relation is derived, but unlike in the complex case, we
show that there can only be finitely many non-zero non-Archimedean defects.
We then address the non-Archimedean Nevanlinna inverse problem, by showing
that given a set of defects satisfying our conditions and a corresponding set
of hyperplanes in projective space, there exists a non-Archimedean analytic
function with the given defects at the specified hyperplanes, and with no other
defects.

1. History and Introduction

Nevanlinna theory, broadly speaking, studies to what extent something like the
Fundamental Theorem of Algebra holds for meromorphic functions. Unlike poly-
nomials, transcendental meromorphic functions, in general, have infinitely many
zeros. However, they have only finitely many zeros inside a disc of radius r. There-
fore, in order to study the values of a meromorphic function, Nevanlinna theory
associates to each meromorphic function f, three functions of r, the distance from
the origin (for their precise definitions, see Nevanlinna [Ne 2]). The “characteristic”
or “height” function Tf (r) measures the growth of f and should be thought of as the
analogue of the degree of a polynomial. The “counting” function Nf (a, r) counts
the number of times (as a logarithmic average) f takes on the value a in the disc of
radius r. Finally, the “mean-proximity function” mf (a, r) measures how often, on
average, f stays “close to” the value a on the circle of radius r. Nevanlinna proved
two “main” theorems about these functions. The so-called “First Main Theorem”
states that

Tf(r) = mf (a, r) +Nf (a, r) +O(1),

where the bounded term O(1) depends on f and a but not on r. This should
be thought of as a substitute for the Fundamental Theorem of Algebra in the
following sense. The First Main Theorem says that mf (a, r)+Nf (a, r) is essentially
independent of the value a, and this is analogous to the fact that a polynomial takes
on every finite value the same number of times counting multiplicity. The First
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Main Theorem is weaker, though, in the sense that f need not take on a value a
very often so long as it stays “close” to the value a often. For example, the function
ez never takes on the value 0, but it is close to zero on about half of each circle of
radius r. The function ez takes on all non-zero finite values a equally often, but on
any given large circle, it is “near” any non-zero value a on only a very small arc.

Nevanlinna’s Second Main Theorem is a deeper result which says in a very pre-
cise way that for most values of a, the counting function dominates the proximity
function. More precisely (see [Ye 2] for this formulation),

Theorem 1.1. Nevanlinna’s Second Main Theorem. Let φ(r) be an increas-
ing function of r such that ∫ ∞

1

1

rφ(r)
dr <∞.

Let a1, . . . , aq be q distinct points in P1 = C∪ {∞}. Let f be a non-rational mero-
morphic function. Assume for simplicity that f(0) 6= 0,∞, aj and that f ′(0) 6= 0.
Then

(q − 2)Tf(r) −
q∑
j=1

Nf (aj , r) +Nf,Ram(r) ≤ logTf(r) + logφ(Tf (r)) +O(1),

for all r outside a set of finite Lebesgue measure.

The right hand side of the above inequality is called the “error term.” The point
is to take φ as small as possible, subject to the integral condition, although the
measure of the set of values of r for which the inequality does not hold grows as φ
gets smaller. Classically, Nevanlinna took φ to be (log r)1+ε. For small φ, the error
term is small compared with Tf . The term Nf,Ram(r) counts how many times f
is ramified inside the disc of radius r. The assumptions on f(0) and f ′(0) are not
essential, but they make the inequality easier to state. For examples illustrating
the sharpness of the error term in Theorem 1.1, see [Ye 1].

As noted above, the Second Main Theorem tells us that for “most” values of
a, Nf(a, r) dominates the term mf (a, r). This motivates the definition of a “defi-
ciency” or a “defect.” We define the “defect” of a value a to be

δf (a) = lim inf
r→∞

{
1− Nf (a, r)

Tf(r)

}
.

A value a is called “deficient” for f if δf (a) > 0. Dividing the inequality in the
Second Main Theorem by Tf immediately gives the so-called “defect relation:”∑

a∈P1

δf (a) ≤ 2.

In [Ne 1], Nevanlinna asks whether this is the only restriction on defects, and
proves some important special cases that suggest that it is. More precisely, Nevan-
linna asked:

Question 1.2. Nevanlinna Inverse Problem. Let δj be a countable collection
of numbers 0 < δj ≤ 1 such that ∑

j

δj ≤ 2.
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Let {aj} be distinct points in P1. Does there exist a meromorphic function f such
that δf (aj) = δj and δf (a) = 0 for all a 6∈ {aj}?

Question 1.2 was answered in the affirmative by Drasin [Dr]. In fact, Drasin
showed more. His theorem also included the so-called “ramification defects” coming
from the ramification term in the Second Main Theorem, and he shows that one can
find a meromorphic function f solving the inverse problem of arbitrarily “small”
infinite order.

Nevanlinna’s theory of meromorphic functions was generalized by Cartan [Ca],
and later independently by Ahlfors [Ah], to holomorphic curves in projective space.
Kneser [Kn] proved the First Main Theorem for meromorphic functions of several
variables, and much later, Carlson, Griffiths, Cowen, King, Stoll and others (see
for instance, [C-G], [G-K], [L-C], [St], [Wo], [W-S], [Ye 2]) generalized Nevanlinna
theory to several variables.

Motivated, at least in part, by the analogy Osgood [Os 1], [Os 2] and Vojta
[Vo] make between Nevanlinna theory and Diophantine approximation, the study
of Nevanlinna theory over non-Archimedean fields has been around since at least
the early eighties. See [Bo 1], [Bo 2], [Ch 1], [Co 1], [Co 2], [Kh 1], and [Kh 2]. See
also the 1971 paper of Adams and Straus [A-S], which uses the techniques, but
not the language, of non-Archimedean Nevanlinna theory. Most of the papers cited
above include proofs of analogous First and Second Main Theorems. For example,
we have the following non-Archimedean Second Main Theorem:

Theorem 1.3. Non-Archimedean Second Main Theorem. Let F be an al-
gebraically closed field of characteristic zero complete with respect to a non-trivial
non-Archimedean valuation. Let a1, . . . , aq be q distinct points in P1(F). Let f be
a meromorphic function on F. Then,

(q − 2)Tf (r)−
q∑
j=1

Nf (aj , r) +Nf,Ram(r) ≤ − log r +O(1)

for all r ≥ 1, where the constant O(1) depends only on q, a1, . . . , aq, and f. The
dependence on f can be removed if f is normalized so that f(0) = 1.

Notice that, unlike in the complex case, the error term in the non-Archimedean
Second Main Theorem is bounded as r→∞.

As in the complex case, dividing both sides of the above inequality by Tf gives
us:

Corollary 1.4. Defect Relation.∑
a∈P1(F)

δf (a) ≤ 2.

As far as we know, no one has yet commented on the sharpness of these inequal-
ities or investigated the Nevanlinna Inverse Problem in the non-Archimedean case.
In this paper, we give an easy example to show that the non-Archimedean Second
Main Theorem with the ramification term is sharp. However, we will show that
for every meromorphic function there can be at most one deficient value. Thus,
from the value-distribution theory point of view, non-Archimedean meromorphic
functions behave more like ordinary polynomials than they do like meromorphic
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functions on the complex plane. This can be viewed as supporting evidence for
the conjecture in [Ch 1] (see also [Ch 2]) that projective algebraic varieties contain
non-trivial non-Archimedean analytic curves if and only if they contain rational
curves.

Boutabaa [Bo 1], Cherry [Ch 1], and Khoái-Tu [K-T] have independently verified
that Cartan’s method of studying holomorphic curves in projective space general-
izes to the one variable non-Archimedean case, and Khoái [Kh 3] began to study
several variable non-Archimedean Nevanlinna theory. Ye [Ye 2], generalizing work
of Vitter [Vi], shows that Cartan’s method can prove sharp several variable hyper-
plane second main theorems for maps from Cm into projective space. In this paper,
we show that Lang’s [La] presentation of Cartan’s method together with some key
ideas in [Ye 2] can give the analogous non-Archimedean several variable hyperplane
second main theorems. We also investigate the sharpness and inverse problems for
the non-Archimedean curve and several variable cases. Again, we can see from
the discussion of this paper that the non-Archimedean situation is easier and less
interesting than the complex case, because the non-Archimedean maps behave very
much like polynomial mappings.

When the first draft of this paper was submitted for publication, no proof of a
non-Archimedean hyperplane second main theorem was readily available in the liter-
ature. While the first draft of this paper was with the referee, the work of Khoái-Tu
[K-T] appeared in print. Khoái-Tu made a significant contribution by recognizing
the importance of an extra term neglected by Cherry [Ch 1] and Boutabaa [Bo 3],
although present in [Bo 1]. We have incorporated this previously neglected term
into the present paper, and we will say more about this at the appropriate place.
The paper [K-T] also includes several interesting applications of the hyperplane
second main theorem, which we do not discuss here. The original content of the
present paper is Lemma 2.3, which is the key to extending the proof to several
variables, and section 6, where defects and the inverse problem are discussed.

The authors would like to thank David Drasin for his comments and suggestions.
The authors would also like to express their gratitude to the referee for many helpful
comments and suggestions.

2. Definitions, Notation, and Preliminary Results

Throughout this paper, F will denote an algebraically closed field of charac-
teristic 0 complete with respect to a non-trivial non-Archimedean valuation v. A
non-Archimedean valuation v is a real-valued function on the non-zero elements
of F such that if z and w are non-zero elements of F, then v(zw) = v(z)+v(w), and
v(z +w) ≥ min{v(z), v(w)}. The valuation v is said to be “non-trivial” if there ex-
ists some non-zero element z in F such that v(z) 6= 0. Given a positive real number
π, we define a non-Archimedean absolute value | |v on F by

|z|v = π−v(z).

Note that | |v satisfies the non-Archimedean triangle inequality

|z + w|v ≤ max{|z|v, |w|v},
and we will use this property over and over again without comment in the sequel.
The most important example of such a field F is the field Cp of p-adic complex
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numbers. To get Cp, let p be a prime number and start by defining v on Q, the
field of rational numbers. For any rational number q, write q = pn ab , where n is an
integer and p does not divide a or b. Define v(q) = n. This is a non-Archimedean
valuation on Q, and it is customary to normalize the absolute value so that

|q|v = p−v(q),

or in other words, so that π = p. The rational number field Q can be completed
with respect to this absolute value to get the field of p-adic numbers, denoted Qp.
The valuation v on Q (and hence Qp) can be extended to the algebraic closure
of Qp. The field Cp is the completion of the algebraic closure of Qp under this
valuation. Note that it is a theorem that Cp is algebraically closed.

Let F≤ be the set of elements z of F such that |z|v ≤ 1. Let F< be the set of
elements z of F such that |z|v < 1. Define two elements z1 and z2 of F≤ to be
equivalent if z1 − z2 is in F<. Denote the equivalence class of an element z by z̃.
The set of all such equivalence classes forms an algebraically closed field, called the

residue class field, and will be denoted by F̃.

Let Fm be the m-th Cartesian product of F. We let Bm(r) be the “closed”
ball of radius r in Fm, which is defined by

Bm(r) = {(z1, . . . , zm) ∈ Fm : |zj|v ≤ r for j = 1, . . .m}.
Note that Bm(r) is actually both open and closed, but we use the adjective “closed”
because of the ≤ in the definition. Also note that Bm(r) is more analogous to a
polydisc than to a ball, but it seems customary to refer to it as a ball.

If z1, . . . , zm are F-valued variables, we use z to denote the m-tuple (z1, . . . , zm).
We use multi-index notation, so if γ = (γ1, . . . , γm), where the γj are non-negative
integers, then by definition

zγ = zγ11 · · · zγmm , |γ| = γ1 + · · ·+ γm, and γ! = γ1! · · · γm!.

By an analytic function f on Bm(r) we mean a formal power series∑
γ

aγz
γ

in m variables, z1, . . . , zm, with coefficients in F such that

lim
|γ|→∞

|aγ |vr|γ| = 0.

If

lim
|γ|→∞

|aγ |vr|γ| = 0

for all non-negative real numbers r, then f can be considered to be an analytic
function on all of Fm.

If

f =
∑
γ

aγz
γ

is analytic on Bm(r), then define

|f |r = sup
γ
|aγ |vr|γ|.
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Note that | |r is multiplicative, meaning that if f and g are analytic, then

|fg|r = |f |r|g|r.

We remark that if we have a sequence of functions fn, analytic on balls Bm(rn),
and if for every r > 0 and every ε > 0 there exists an integer N so that whenever
m,n ≥ N we have rn, rm ≥ r and |fn − fm|r < ε, then fn → f, where f is an
analytic function on Fm.

We will have occasion to use infinite products, so we state a proposition about
their convergence.

Proposition 2.1. Let fn be analytic functions on Bm(r) such that

lim
n→∞ |1− fn|r = 0.

Then

f =

∞∏
n=1

fn

is an analytic function on Bm(r). If the hypotheses hold for all r > 0, then f is
analytic on Fm.

Proof. Consider the partial products,

PN =

N∏
n=1

fn.

We need to check that |PN − PM |r tends to zero as min{N,M} → ∞. Without loss
of generality, assume that N ≥M. Then,

|PM − PN |r =

∣∣∣∣∣
M∏
n=1

fn

∣∣∣∣∣
r

∣∣∣∣∣1−
N∏

n=M+1

fn

∣∣∣∣∣
r

.

Because |1− fn|r → 0, there exists an N0 such that for all n ≥ N0, |fn|r = 1.
Therefore for M ≥ N0, ∣∣∣∣∣

M∏
n=1

fn

∣∣∣∣∣
r

=

∣∣∣∣∣
N0∏
n=1

fn

∣∣∣∣∣
r

.

On the other hand, if M ≥ N0, then∣∣∣∣∣1−
N∏

n=M+1

fn

∣∣∣∣∣
r

=

∣∣∣∣∣1−
N∏

n=M+1

(1− (1− fn))

∣∣∣∣∣
r

≤ sup
n>M

|1− fn|r

The right hand side tends to zero as M → ∞ by assumption, and the proposition
follows.

We say that an analytic function g divides an analytic function f if f = gh for
some analytic function h, and we say that g is a greatest common divisor of n
analytic functions f1, . . . , fn if whenever an analytic function h divides each of the
non-zero fi then h also divides g. We say that n analytic functions f1, . . . , fn are
without common factors if 1 is a greatest common divisor.
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By a meromorphic function f on Fm (or on Bm(r)) we will mean the quotient
of two analytic functions f1/f2 such that f1 and f2 do not have any common factors
in the ring of analytic functions on Fm (or on Bm(r)). Note that for convenience,
we consider the constant function ∞ to be a meromorphic function, and this is
slightly non-standard.

Given any two analytic functions f1 and f2, possibly with common factors, one
could ask whether f1/f2 makes sense as a meromorphic function. This is clearly
equivalent to asking if greatest common divisors exist in the ring of analytic func-
tions on Fm (or on Bm(r)). If there exists a in F with |a|v = r, then the ring of
analytic functions on Bm(r) is a unique factorization domain (see [BGR], Theo-
rem 5.2.6/1), and so greatest common divisors exist. We know of no reference in
the literature for the existence of greatest common divisors in the ring of analytic
functions on Fm, so for the sake of completeness we have included an appendix con-
taining an argument of W. Lütkebohmert [Lü] for the existence of greatest common
divisors in that ring.

Note that because | |r is multiplicative on analytic functions, we can uniquely
extend | |r to meromorphic functions f = g/h, where g and h are analytic, by
defining

|f |r =
|g|r
|h|r

.

The mean-proximity function measures how close a function is to a cer-
tain value on the boundary of the ball of radius r. The mean-proximity function
mf (∞, r) should measure how close the meromorphic function f stays to infinity
on the boundary of the ball of radius r. Define

mf (∞, r) = max{0, logπ |f |r}.
If a is an element of F, then f is close to a whenever 1/(f − a) is large, so define

mf (a, r) = m1/(f−a)(∞, r).

To define the counting function for analytic or meromorphic functions of several
variables is a little more subtle. The counting function counts, as a logarithmic
average, how many times a function takes on a particular value in a disc. It is clear
what to do in the one variable case, so for the several variable case we restrict to a
generic line through the origin. The following two results are what allow us to do
this. We begin by recalling the non-Archimedean Weierstrass Preparation Theorem
in one variable:

Theorem 2.2. Weierstrass Preparation Theorem. Let

f =

∞∑
j=0

ajz
j

be an analytic function on B1(r). Assume that f is not identically zero. Let d be
the largest integer such that

|ad|vrd = sup
j
|aj |vrj .
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Then, there exists a unique monic polynomial P of degree d and a function g which
is analytic on B1(r) such that f = Pg. Furthermore, g does not have any zeros
inside B1(r), and P has exactly d zeros, counting multiplicity, on B1(r).

The existence of P and g follows from Hensel’s Lemma and the continuity of
Euclid’s algorithm. The statement about the zeros follows from Newton polygons.
See [BGR] and [Am] for complete proofs.

Next, the following technical lemma tells us we can use the Weierstrass Prepa-
ration Theorem to count zeros by slicing with a generic line through the origin.

Lemma 2.3. Let r be a positive real number, and let

f(z1, . . . , zm) =
∑
γ

cγz
γ

be an analytic function on Bm(r) in Fm. Assume that f is not identically zero.
Let u = (u1, . . . , um) be an m-tuple of elements in F with |uj|v = 1 for all j, and
let fu(z) = f(u1z, . . . , umz). If fu is not identically zero, then write fu = Pugu,
where Pu and gu are the factors given by the Weierstrass Preparation Theorem
(Theorem 2.2) applied to fu on B1(r). Then, there exists a non-zero polynomial

equation in m variables with coefficients in F̃ such that if ũ = (ũ1, . . . , ũm) is not
a solution to the equation, then

sup{|γ| : |cγ |vr|γ| = |f |r} = degPu = number of zeros of fu in B1(r).

Proof. To begin, note that for any u,

fu(z) =

∞∑
j=0

bjz
j,

where

bj =
∑
|γ|=j

cγu
γ .

Note that for each j,

|bj |v ≤ sup
|γ|=j

|cγ |v.(∗)

Hence,

|fu|r = sup
j
|bj|vrj ≤ sup

j
sup
|γ|=j

|cγ |vrj = |f |r.

Now, for each j such that

sup
|γ|=j

|cγ |v 6= 0,

let aj be an element of F so that

sup
|γ|=j

|ajcγ |v = 1.

Let P̃j be the homogeneous polynomial of degree j with coefficients in F̃ defined
by

P̃j(ũ) =
∑
|γ|=j

ãjcγ ũ
γ .
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The polynomial P̃j is not identically zero, since for at least one multi-index γ we

have |ajcγ |v = 1. Furthermore, if ũ is not a solution to P̃j(ũ) = 0, then we have
equality in (∗).

Let J = sup{|γ| : |cγ |vr|γ| = |f |r}. We want to show that P̃J is the polynomial

required by the lemma. Indeed, let u be such that ũ is not a solution of P̃J (ũ) = 0.
As we observed above, this means that

|bJ |v = sup
|γ|=J

|cγ |v, and so |bJ |vrJ = sup
|γ|=J

|cγ |vrJ = |f |r.

Hence, |fu|r = |f |r. Moreover, by the choice of J, for all j > J, we have

|bj |vrj ≤ sup
|γ|=j

|cγ |vrj < |f |r,

and so

sup{j : |bj |vrj = |fu|r} = sup{|γ| : |cγ |vrγ = |f |r},
whereby the lemma follows.

We also recall here the following useful corollary.

Corollary 2.4. If f is an analytic function on Fm that is never zero, then f is
constant.

We are now ready to define the counting function for analytic functions f. Let

f =
∑
γ

cγz
γ

be analytic and not identically zero. Let u = (u1, . . . , um) be anm-tuple of elements
of F with |ui|v = 1 for all i, and such that ũ is generic in the sense that it does not
satisfy the polynomial equation of Lemma 2.3. Define the unintegrated counting
function nf (0, r) to be the number of zeros with absolute value ≤ r of the one
variable function fu(z) = f(u1z, . . . , umz). Theorem 2.2 then tells us that

nf (0, r) = sup{|γ| : |cγ |vrγ = |f |r},
which allows us to easily compute nf(0, r). If f = g/h is a meromorphic function
and g and h do not have any common factors, then define the unintegrated counting
function nf (∞, r) by

nf (∞, r) = nh(0, r).

For a an element of F and f a meromorphic function not identically equal to a,
define

nf (a, r) = n1/(f−a)(∞, r).

Define the order ordf (r) of a meromorphic function which is not identically equal
to zero or infinity, on the ball of radius r to be

ordf (r) = nf (0, r) − nf(∞, r).

Finally, for a in P1(F), and a meromorphic function f not identically equal to a,
define the integrated counting function Nf (a, r) by

Nf (a, r) = nf (a, 0) logπ r +
1

lnπ

∫ r

0

(
nf (a, t)− nf(a, 0)

) dt
t
.
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As an immediate consequence of Lemma 2.3 and Theorem 2.2 we have

Proposition 2.5. If f is a meromorphic function on Fm that never takes on the
value a in P1(F), then Nf (a, r) = 0 for all r.

Finally, we define the height or characteristic function

Tf (a, r) = mf (a, r) +Nf (a, r).

Let Pn = Pn(F) denote projective n-space over F. By a meromorphic map
f : Fm → Pn, we mean an equivalence class of (n + 1)-tuples of analytic func-
tions (f0, . . . , fn) such that f0, . . . , fn do not have any common factors in the ring
of analytic functions on Fm and such that not all of the fj are identically zero.
Two (n+ 1)-tuples (f0, . . . , fn) and (g0, . . . , gn) are equivalent (or define the same
meromorphic map to Pn) if there exists a constant c such that fi = cgi for all i.
(Recall from Corollary 2.4 that the only invertible analytic functions on Fm are the
constants.) An (n+ 1)-tuple of meromorphic functions (g0, . . . , gn), not all identi-
cally zero, can be thought of as representing a meromorphic map from Fm to Pn

by clearing denominators and pulling out common factors. (To know that we can
pull out the common factor requires Proposition 7.1.) Unless otherwise noted, an
(n+ 1)-tuple (f0, . . . , fn) representing a meromorphic map will consist of analytic
functions without common factors.

In the next several paragraphs, we define the Nevanlinna functions for hyper-
planes in Pn. We want to point out that our definitions will depend on a choice of
projective coordinates on Pn, which is already implicit in our choosing coordinate
functions f0, . . . , fn, but we will see immediately following our definitions that a lin-
ear change in coordinates changes the Nevanlinna functions by at most a bounded
term, and hence we suppress the dependence on coordinates from the notation.

Now then, let x0, . . . , xn be projective coordinates on Pn, and let H0 be the
hyperplane defined by x0 = 0. Let f = (f0, . . . , fm) be a meromorphic map from
Fm to Pn such that the image of f is not contained in H0 (i.e. f0 is not identically
zero). We define the mean-proximity function mf (H0, r) by

mf (H0, r) = max
i
mfi/f0(∞, r).

Notice that if we replace fi by cfi for some non-zero constant c, then mf (H0, r)
does not change, so mf (H0, r) is well-defined. If H is any hyperplane in Pn not
containing the image of a meromorphic map f, then let ψ be an invertible projective
linear transformation taking H to H0, and define mf(H, r) by

mf (H, r) = mψ◦f (H0, r).

We will see in a short while that mf (H, r) depends on ψ only up to a bounded
term.

To define the counting function, let f = (f0, . . . , fm) be a meromorphic map.
Define Nf(H0, r) by

Nf (H0, r) = Nf0(0, r).

This is well-defined because if the fi are without common factors, then f0 is deter-
mined up to a multiplicative constant. For an arbitrary hyperplane H, let ψ be an
invertible linear transformation as above, and let

Nf (H, r) = Nψ◦f (H0, r).
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Later, we will see that Nf(H, r) is independent of the choice of ψ.

Finally, the height or characteristic function Tf(H, r) is defined by

Tf (H, r) = mf (H, r) +Nf(H, r).

The following proposition helps us see that our definitions are, up to a bounded
term, independent of coordinates on Pn, but it will also be useful in other contexts.

Proposition 2.6. Let f and g be meromorphic functions on Fm. Let a be a point
in P1. Then,

(1a) mf+g(∞, r) ≤ max{mf(∞, r),mg(∞, r)},
(1b) mfg(∞, r) ≤ mf (∞, r) +mg(∞, r),

(2a) nf+g(∞, r) ≤ nf (∞, r) + ng(∞, r),

(2b) nfg(∞, r) ≤ nf (∞, r) + ng(∞, r),

(3a) Nf+g(∞, r) ≤ Nf (∞, r) +Ng(∞, r),

(3b) Nfg(∞, r) ≤ Nf (∞, r) +Ng(∞, r),

(4a) Tf+g(∞, r) ≤ Tf (∞, r) + Tg(∞, r),

(4b) Tfg(∞, r) ≤ Tf (∞, r) + Tg(∞, r).

Proof. Inequality (1a) follows from the fact that

|f + g|r ≤ max{|f |r, |g|r}.
Inequality (1b) follows from |fg|r = |f |r|g|r. Inequalities (2a) and (2b) follow from
the fact that a pole in a sum or a product can only come from a pole in one of the
summands or factors. Inequalities (3a) and (3b) follow by integrating inequalities
(2a) and (2b), and inequalities (4a) and (4b) follow by adding the inequalities in
(1) and (3).

Proposition 2.7. Let f be a meromorphic map from Fm to Pn. Let H be a hy-
perplane in Pn. The counting function Nf (H, r) is well-defined, and the other two
Nevanlinna functions mf (H, r) and Tf (H, r) are well-defined up to a bounded term.

Proof. It suffices to show that if x0, . . . , xn are projective coordinates on Pn and
ψ : Pn → Pn is an invertible linear transformation that leaves the hyperplane H0

given by x0 = 0 fixed, then

mf (H0, r) = mψ◦f (H0, r) +O(1) and Nf (H0, r) = Nψ◦f (H0, r).

Let (f0, . . . , fn) be coordinate representatives for f. We note that ψ can be repre-
sented by an (n+ 1)× (n+ 1)-matrix (aij). Since H0 is fixed, we may assume that
a0j = 0 for j > 0, and since we are working projectively, we may scale things so
that sup |aij |v = 1. Then, by definition,

mψ◦f (H0, r) = max
i
mgi/g0(∞, r), where gi =

∑
j

aijfj .

By Proposition 2.6 and the fact that sup |aij |v = 1,

mgi/g0(∞, r) ≤ max
j
mfj/f0(∞, r) + max{0, v(a00)}.
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Therefore,

mψ◦f (H0, r) ≤ mf (H0, r) +O(1).

Doing the same thing for ψ−1 gives us

mψ◦f (H0, r) = mf (H0, r) +O(1).

To show that Nf(H0, r) is well-defined, let gi be as above. Since the fi are
analytic without common factors, so are the gi. Indeed, if h is a common factor of
the gi, then because ψ is invertible, h is also a common factor for the fi, which are
linear combinations of the gi. Therefore,

Nψ◦f (H0, r) = Ng0(0, r) = Na00f0(0, r) = Nf0(0, r) = Nf (H0, r).

3. Poisson-Jensen-Green Formula and the First Main Theorem

The goal of this section is to prove the so-called “First Main Theorem,” which
tells us that the Nevanlinna height function Tf (H, r), up to a bounded term, does
not depend on the choice of the hyperplane H. The First Main Theorem is actually
a corollary of the following non-Archimedean analogue to the Poisson-Jensen-Green
formula in several complex variables. Before stating the result, we need some more
notation; we need to quantify what happens to a meromorphic function f at the
origin. Let f1 and f2 be analytic functions such that f = f1/f2. Write

fi =
∑
γ

ci,γ z
γ , i = 1, 2.

Let

Ji = inf{|γ| : ci,γ 6= 0}.
Define

[f ]0 =

sup
|γ|=J1

|c1,γ |v
sup
|γ|=J2

|c2,γ |v
.

Clearly this is well-defined and multiplicative. For a meromorphic map f, the
notation [f ]0 will refer to the collection of numbers [fi/fj]0, where the fi are mero-
morphic coordinate functions representing f.

Theorem 3.1. Poisson-Jensen-Green Formula. Let f be a meromorphic
function on Bm(r). Then

logπ[f ]0 = logπ |f |r −
1

lnπ

∫ r

0

(
ordf (t)− ordf (0)

) dt
t
− ordf (0) logπ r.

Proof. Because logπ[f ]0, logπ |f |r, and ordf (r) are “multiplicative” in f, in the sense
that they turn products into sums, it suffices to prove the theorem when f is
analytic. Write

f =
∑
γ

cγz
γ .
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Let

k0 = inf{|γ| : cγ 6= 0}.
For each t < r, let

k(t) = inf{|γ| : |cγ |vt|γ| = |f |t},
K(t) = sup{|γ| : |cγ |vt|γ| = |f |t}.

Call tj a critical point if k(tj) 6= K(tj). We will prove the theorem by induction on
the number of critical points tj < r.

If there are no critical points < r, then ordf (t) = ordf (0) = k0 for all t < r.
Also,

|f |r = sup
|γ|=k0

|cγ |v rk0 = [f ]0 r
k0 ,

and the theorem is proved in this case.

Now assume there are n critical points t1, . . . , tn. By induction, we know that

logπ[f ]0 = logπ |f |tn −
1

lnπ

∫ tn

0

(
ordf (t)− ordf (0)

) dt
t
− ordf (0) logπ tn.

Furthermore,

1

lnπ

∫ r

tn

(
ordf (t)− ordf (0)

) dt
t

+ ordf (0)(logπ r − logπ tn)

= K(tn)(logπ r − logπ tn).

Since there are no critical points between tn and r,

logπ |f |r = K(tn) logπ r + sup
|γ|=K(tn)

{logπ |cγ |v}

= logπ |f |tn +K(tn)(logπ r − logπ tn).

Hence the theorem follows by induction.

As a corollary, we get the so-called “First Main Theorem:”

Corollary 3.2. First Main Theorem. Let f be a meromorphic map from Fm

to Pn. Let H and H ′ be two hyperplanes in Pn such that the image of f is not
contained in either one. Then,

Tf(H, r) = Tf (H
′, r) +O(1),

where the O(1) term depends on H,H ′, and [f ]0, but not on r.

Of course the theorem applies to the case n = 1, so

Corollary 3.3. Let f be a meromorphic function on Fm. Let a and a′ be two points
in P1. Then

Tf (a, r) = Tf(a
′, r) +O(1).
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Proof of Corollary 3.2. By Proposition 2.7, Tf (H, r) and Tf (H
′, r) only change by

a bounded term under an invertible linear change of coordinates, so we may choose
coordinates x0, . . . , xn on Pn so that H is given by x0 = 0 and H ′ is given by
x1 = 0. Let (f0, . . . , fn) be analytic coordinate functions without common factors
representing f. By definition,

Tf (H, r) = max
i

logπ |fi/f0|r +Nf0(0, r)

and

Tf(H
′, r) = max

i
logπ |fi/f1|r +Nf1(0, r).

Therefore,

Tf(H, r) − Tf (H
′, r) = max

i
logπ |fi/f0|r −max

i
logπ |fi/f1|r

−(Nf1(0, r)−Nf0(0, r))

= logπ |f1/f0|r − (Nf1(0, r)−Nf0(0, r))
= logπ[f1/f0]0 = O(1),

where the last line follows from Theorem 3.1.

In light of Corollary 3.2, from now on we omit the hyperplane H from the
notation involving the height, and just write Tf (r).

Following Cartan [Ca], we note that the Poisson-Jensen-Green formula also gives
us an alternative method for calculating Tf(r). Namely,

Corollary 3.4. Let f : Fm → Pn be a meromorphic map. Let (f0, . . . , fn) be
analytic coordinate representatives for f without common factors. Then,

Tf(r) = max
i

logπ |fi|r +O(1).

Proof. Trivially,

max
i

logπ |fi|r = max
i

logπ |fi/f0|r + logπ |f0|r.
Since f0 is analytic, the definition of Nf0(0, r) and Theorem 3.1 imply

logπ |f0|r = Nf0(0, r) +O(1).

Since the fi are without common factors, Nf0(0, r) = Nf(H0, r), so

max
i

logπ |fi|r = max
i

logπ |fi/f0|r +Nf0(0, r) +O(1)

= mf (H0, r) +Nf (H0, r) +O(1) = Tf (r) +O(1).

We end this section with the following proposition, which tells us how we can
use the height function Tf(r) to tell whether or not f is a rational function.

Proposition 3.5. Let f be a meromorphic map from Fm to Pn. Then
(i) f is constant if and only if Tf (r) = o(logπ r).
(ii) f is a rational map if and only if Tf (r) = O(logπ r).

In this case lim
r→∞Tf (r)/ logπ r equals the degree of f.

(iii) f is non-constant if and only if there exist a constant c in R and a number
A > 0 such that Tf(r) ≥ logπ r + c for r > A.
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Proof. Our proof is modeled on that of Boutabaa [Bo 2]. Let (f0, . . . , fn) be an-
alytic coordinate representatives without common factors for the mapping f. To
show (ii), first suppose Tf (r) = O(logπ r). This implies that there is a constant α
such that Tf (r) ≤ α logπ r, for all r sufficiently large. We want to show that the fi
are polynomials. Let Hi be one of the coordinate hyperplanes. Note that

Nf(Hi, r
2) = nfi(0, 0) logπ r

2 +
1

lnπ

∫ r2

0

(
nfi(0, t)− nfi(0, 0)

) dt
t

≥ nfi(0, 0) logπ r
2 + (nfi(0, r)− nfi(0, 0)) logπ r

+
1

lnπ

∫ r

0

(
nfi(0, t)− nfi(0, 0)

)dt
t

≥ nfi(0, r) logπ r.

Therefore

nfi(0, r) ≤
Nf(Hj , r

2)

logπ r
≤ Tf (r

2) +O(1)

logπ r
≤ α logπ r

2 +O(1)

logπ r
= 2α+ o(1)

for all i. Lemma 2.3 and Theorem 2.2 then easily imply that all the fi are polyno-
mials.

Now assume that f is a rational map. In this case we may choose coordinate
functions (P0, . . . , Pn) representing f which are all polynomials without common
factors. Let di = degPi and D = max di. We want to show that

lim
r→∞

Tf (r)

logπ r
= D.

For r� 0, logπ |Pi|r = di logπ r, and therefore by Corollary 3.4, for r � 0,

Tf (r) = max
i

logπ |Pi|r +O(1) = D logπ r +O(1),

as was to be shown.

If f is constant, then clearly Tf is bounded. Thus (iii) implies (i). To show (iii),
let f be non-constant, and let (f0, . . . , fn) be analytic coordinate functions for f
without common factors. Since f is not constant, at least one of these coordinate
functions has a zero by Corollary 2.4. Therefore

Tf (r) ≥ Nf0(0, r) +O(1) ≥ logπ r +O(1)

for r� 0.

4. Logarithmic Derivative Lemmas

If γ is a multi-index and f is a meromorphic function of m variables, then denote
by ∂γf the partial derivative

∂|γ|f
∂zγ11 . . . ∂zγmm

.

The following important lemma says that the mean-proximity function is insignifi-
cant for logarithmic derivatives.
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Lemma 4.1. Let f be a meromorphic function on Fm, and let γ be a multi-index
with |γ| > 0. Then, ∣∣∣∣∂γgg

∣∣∣∣
r

≤ 1

r|γ|
,

and in particular, for all r ≥ 1,

m∂γf/f (∞, r) = 0.

Remark. Since for r ≥ 1, logπ(1/r) ≤ 0, the first statement is stronger than the
second, and this is what gives Khoái-Tu [K-T] the better error term they need for
their applications.

Proof. Let

g =
∑
η

cηz
η

be an analytic function. Then

∂γg =
∑
η≥γ

cη[η · · · (η − γ + 1)]zη−γ ,

where we have the understandings

η ≥ γ if ηi ≥ γi for all i, η − γ = (η1 − γ1, . . . , ηm − γm),

and [η · · · (η − γ + 1)] =

m∏
i=1

(ηi)(ηi − 1) · · · (ηi − γi + 1).

Because [η · · · (η − γ + 1)] is an integer, and all integers have absolute value ≤ 1,

|∂γg|r = sup
η≥γ

|cη|v|[η · · · (η − γ + 1)]|vr|η|−|γ|

≤ sup
η≥γ

|cη|vr|η|−|γ|

≤ sup
η
|cη|v

r|η|

r|γ|

=
|g|r
r|γ|

.

This implies that ∣∣∣∣∂γgg
∣∣∣∣
r

≤ 1

r|γ|
.

If f is meromorphic, write f = g/h, where g and h are analytic. If |γ| = 1, then

∂γf

f
=
∂γg

g
− ∂γh

h
,

and so ∣∣∣∣∂γff
∣∣∣∣
r

≤ max

{∣∣∣∣∂γgg
∣∣∣∣
r

,

∣∣∣∣∂γhh
∣∣∣∣
r

}
≤ 1

r

from above since g and h are analytic. If k = |γ| > 1, then let γ1, . . . , γk−1 be
multi-indices such that |γ1| = 1 and

γ1 < · · · < γk−1 < γ.
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Then
∂γf

f
=
∂γ1f

f

∂γ2f

∂γ1f
· · · ∂γf

∂γk−1f
,

where each term in the product is a logarithmic derivative of order 1, and so is cov-
ered by the previous case. The proof is completed by invoking the multiplicativity
of | |r.

A meromorphic map f from Fm to Pn is called linearly non-degenerate if
the image of f is not contained in any hyperplane of Pn. If f = (f0, . . . , fn) is an
n + 1-tuple of analytic functions and if γ is a multi-index, then by ∂γf we mean
the n+ 1-tuple (∂γf0, . . . , ∂

γfn).

Lemma 4.2. Let f be a linearly non-degenerate meromorphic map from Fm to
Pn given by analytic coordinate functions (f0, . . . , fn). There exist multi-indices
γ1, . . . , γn such that |γi| ≤ i and such that the set of Fn+1-valued functions

f, ∂γ1f, . . . , ∂γnf

is linearly independent over the field of meromorphic functions on Fm.

Proof. The theory of “generalized Wronskians” as in §4 of Fujimoto [Fu] is easily
seen to generalize to analytic functions on Fm, so we leave the details of the proof
as an exercise to the reader.

5. Ramification and the Hyperplane Second Main Theorem

Let f be a linearly non-degenerate meromorphic map from Fm to Pn, represented
by analytic coordinate functions (f0, . . . , fn) that are without common factors. Let
γ1, . . . , γn be multi-indices such that f, ∂γ1f, . . . , ∂γnf are linearly independent, as
Fn+1-valued functions. Lemma 4.2 guarantees we can always find such γi, and with
|γi| ≤ i. The linear non-degeneracy of f implies that the “Wronskian”

W = det


f0 . . . fn

∂γ1f0 . . . ∂γ1fn
...

∂γnf0 . . . ∂γnfn


is not identically zero. For a linearly non-degenerate meromorphic map, define the
ramification term Nf,Ram(r) by

Nf,Ram(r) = NW (0, r).

For different choices of the γi one gets different ramification terms.

Theorem 5.1. Second Main Theorem. Let H1, . . . , Hq be q hyperplanes in
general position in Pn. Let f be a linearly non-degenerate meromorphic map from
Fm to Pn, represented by analytic coordinate functions (f0, . . . , fn) without common
factors. Let γ1, . . . , γn be multi-indices such that the “Wronskian”

W = W (f0, . . . , fn) = det


f0 . . . fn

∂γ1f0 . . . ∂γ1fn
...

∂γnf0 . . . ∂γnfn
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is not identically zero. Let

B =

n∑
i=1

|γi|,

and let r0 be a positive real number. Then, for all r ≥ r0, we have

q∑
j=1

mf (Hj , r) − (n+ 1)Tf (r) +Nf,Ram(r) ≤ −B logπ r +O(1),

where the O(1) term depends only on the hyperplanes, the map f, and r0.

Remark. The −(n + 1) in front of Tf (r) is significant because the degree of the
canonical bundle on Pn is −(n+ 1). Lemma 4.2 assures us that we can always find
multi-indices γi as in the theorem, and that moreover we can find these γi with
1 ≤ |γi| ≤ i, in which case n ≤ B ≤ n(n+ 1)/2.

Remark. In our proof of this theorem, we essentially follow Lang’s [La] presentation
of Cartan’s [Ca] proof, as in [Ch 1]. However, we also incorporate Lemma 4.2 to
generalize the proof to several variables, and instead of using the Lemma on the
Logarithmic Derivative, we use the stronger statement in Lemma 4.1. The impor-
tance of replacing the Logarithmic Derivative Lemma with this stronger estimate
was recognized by Khoái-Tu [K-T], and this is what results in the −B logπ r term
on the right of the inequality. This extra term turns out to be crucial for the
applications in [K-T].

Proof. Since any collection of less than n + 2 hyperplanes in general position can
be extended to a set of n+ 2 hyperplanes in general position, and since for r ≥ r0,
mf (Hj , r) ≥ −O(1), it suffices to consider q ≥ n + 2. Let x = (x0, . . . , xn) be the
projective coordinates on Pn, and let (f0, . . . , fn) be analytic coordinate functions
without common factors representing f. By abuse of notation, let

Hj(x) =

n∑
k=0

ajkxk

denote a linear form defining the hyperplane Hj .

First we claim that by general position of the hyperplanes, there exists a constant
C, depending only on the hyperplanes Hj and our choice of projective coordinates,
such that for each r, there are at most n hyperplanes Hj that do not satisfy the
following inequality:

max
k

logπ |fk|r − C ≤ logπ |Hj ◦ f |r ≤ max
k

logπ |fk|r + C.(∗)

Indeed, for the right hand inequality, we need only take C to be larger than
logπ |ajk|v for all j and k. For the left hand inequality, let J ⊂ {1, . . . , q} have
cardinality n+ 1, and choose K so that

|fK |r = max
k

|fk|r.

By general position of the hyperplanes, we can write

fk =
∑
j∈J

b
(J)
kj Hj ◦ f,
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and so

max
k

logπ |fk|r = logπ |fK |r ≤ logπ |Hj ◦ f |r + C

for at least one index j in J provided that C is larger than logπ

∣∣∣b(J)
Kj

∣∣∣
v

for all j. As

there are only finitely many possible index sets J, we can choose C so large that it

works for all the b
(J)
kj .

Now, let s = q − (n + 1), and let M = {m1, . . . ,ms} be a subset of {1, . . . , q}
with cardinality s. For such a subset M, let

HM (x) = Hm1(x) · · ·Hms(x).

Corollary 3.4 and inequality (∗) give us

s Tf (r) = smax
j

logπ |fj |r +O(1) = max
M

logπ |HM ◦ f |r +O(1).

Let hj = Hj ◦ f. Let I = {i0, . . . , in} ⊂ {1, . . . , q} denote a set of indices of
cardinality n + 1. Given n + 1 analytic functions (g0, . . . , gn) on Fm, we will use
W (g0, . . . , gn) to denote the “Wronskian” of those functions with respect to the γi
as in the statement of the theorem. Note that if dI is the determinant of the linear
transformation taking the standard projective coordinates on Pn to the hyperplanes
Hi0 , . . . , Hin , then

W (hi0 , . . . , hin) = dIW (f0, . . . , fn).

Decompose {1, . . . , q} into a disjoint union I ∪M, where I has cardinality n+ 1
and M has cardinality s. Let

LI =
W (hi0 , . . . , hin)

hi0 · · ·hin
and G =

h1 . . . hq
W (f0, . . . , fn)

.

Then,

HM ◦ f = hm1 · · ·hms = GdILI .

The term LI is a sum of products of logarithmic derivatives. Within each product,
there are exactly n logarithmic derivatives, one of order |γk| for each k between 1
and n. Therefore by Lemma 4.1,

max
I

logπ |LI |r ≤ −B logπ r.

As for the G term, the Poisson-Jensen-Green formula (Theorem 3.1) and the defi-
nition of G give us

logπ |G|r = NG(0, r)−NG(∞, r) +O(1)

=

q∑
j=1

(
Nhj(0, r) −Nhj(∞, r)

) −NW (0, r) +NW (∞, r) +O(1)

=

q∑
j=1

Nhj(0, r) −NW (0, r) +O(1),
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where the last line follows since hj and W are analytic. Hence

s Tf(r) = max
M

logπ |HM ◦ f |r +O(1)

= max
I

logπ |GLI |r +O(1)

≤
q∑
j=1

Nf (Hj , r) −NW (0, r)−B logπ r +O(1).

The theorem follows by recalling that Nf,Ram(r) = NW (0, r) and that

s Tf(r) −
q∑
j=1

Nf (Hj , r) =

q∑
j=1

mf (Hj , r)− (q − s)Tf (r) +O(1)

=

q∑
j=1

mf (Hj , r)− (n+ 1)Tf(r) +O(1).

If we define the defect δf (H) of a hyperplane H for a meromorphic map f to
be

δf (H) = lim inf
r→∞

{
1− Nf (H, r)

Tf(r)

}
,

then we immediately get the following corollary:

Corollary 5.2. Defect Relation. Let f be a linearly non-degenerate meromor-
phic map from Fm to Pn. Let H1, . . . , Hq be q hyperplanes in general position.
Then

q∑
j=1

δf (Hj) ≤ n+ 1.

6. Defect Relations and Inverse Problems

In this section we examine defects more closely. We show that the defect relation
(Corollary 5.2) from the Second Main Theorem (Theorem 5.1) is not sharp, by
proving that there can be at most n hyperplanes in general position that have non-
zero defects. We then construct examples to show that this is the only restriction
on defects. Finally, we give a few easy examples to show that the Second Main
Theorem with the ramification term is sharp.

Theorem 6.1. Let f be a linearly non-degenerate meromorphic map from Fm to
Pn. Let H1, . . . , Hq be q hyperplanes in general position such that

δf (Hj) > 0 for all j.

Then q ≤ n.

Since 0 ≤ δf (H) ≤ 1 for any hyperplane H, this immediately implies

Corollary 6.2. If H1, . . . , Hq are q hyperplanes in general position, then
q∑
j=1

δf (Hj) ≤ n.
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Proof of Theorem 6.1. It suffices to show that q cannot be n+ 1. Since the hyper-
planes are in general position, we can, by making a linear change of coordinates on
Pn, assume that the hyperplanes are the coordinate hyperplanes. Let f0, . . . , fn be
analytic coordinate functions representing f. By assumption,

lim inf
r→∞

{
mf (Hj , r)

Tf (r)

}
= lim inf

r→∞

{
1− Nf (Hj , r)

Tf (r)

}
= δf (Hj) > 0.

This implies that for all r sufficiently large

mf (Hj , r) > 0 for all j.

By the definition of mf (Hj , r),

max
i

logπ |fi/fj|r > 0 for all j.

Clearly this is absurd.

We now proceed to show that Theorem 6.1 is the only restriction on defects. We
begin with a lemma.

Lemma 6.3. Let 0 < ε ≤ 1. Let ρ be a positive real number. Let S be the largest
integer k such that [k/ε] ≤ ρ, where for any real number x, [x] denotes the greatest
integer ≤ x. Then

Sρ−
S∑
k=1

[k/ε] = ε
ρ2

2
+O(ρ).

Proof. By definition

k

ε
− 1 <

[
k

ε

]
≤ k

ε
,

so clearly

ερ− 1 < S < ε(ρ+ 1).(∗)
Therefore,

ερ2 − ρ < Sρ < ε(ρ2 + ρ).(∗∗)
Now,

S∑
k=1

[
k

ε

]
≤ 1

ε

S∑
k=1

k =
1

ε

S(S + 1)

2
≤ ε

ρ2

2
+O(ρ),

where the last inequality follows from (∗). Similarly,

S∑
k=1

[
k

ε

]
>

1

ε

S∑
k=1

k − S =
1

ε

S(S + 1)

2
− S > ε

ρ2

2
+O(ρ).

Hence,

S∑
k=1

[
k

ε

]
= ε

ρ2

2
+O(ρ).

The lemma follows by combining this with (∗∗).
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Theorem 6.4. Let m and n be positive integers. Let q be a positive integer less
than or equal to n. Let H1, . . . , Hq be q linearly independent hyperplanes in Pn. Let
0 < δj ≤ 1 for j = 1, . . . , q be real numbers. There exists a linearly non-degenerate
meromorphic map f from Fm to Pn such that δf (Hj) = δj for j = 1, . . . , q, and
such that δf (H) = 0 for any hyperplane H that is in general position with (i.e.
linearly independent with) H1, . . . , Hq. Moreover, if m ≥ n, we can choose f so its
Jacobian has maximal rank.

Proof. First note that it suffices to prove the theorem when H1, . . . , Hq are the
coordinate hyperplanes given by xi = 0, i = 1, . . . , q, for a set of projective coordi-
nates (x1, . . . , xn+1). We can also assume that δ1 ≥ · · · ≥ δq. Let p be the integer
(possibly zero) such that δj = 1 if j ≤ p, and δj < 1 if j > p. Note that in the sequel
if p = 0, then all statements holding for j = 1, . . . , p will be taken to be vacuous.

We begin by defining n+ 1 analytic functions of one variable, gj(z). Let b be an
element of F such that |b|v > 1. Let a1, . . . , an+1 be n + 1 distinct elements of F
such that |aj |v = 1 for all j. For j = 1, . . . , p, let

gj(z) = (z − aj)
j .

For j = p+ 1, . . . , n+ 1, let

gj(z) =

∞∏
i=1

(
1− aj

z

b[i/(1−δj)]

)
,

where again [x] denotes the greatest integer less than or equal to x for any real
number x, and where δj = 0 for j > q. Because |b|v > 1 and |aj |v = 1, Lemma 2.1
implies that each of the gj is an analytic function on F.

For j = 1, . . . ,min{m,n+ 1}, let

fj(z1, . . . , zm) = zj−1
j gj(z

n+1
j ),

and if m < n+ 1, then for j = m+ 1, . . . , n+ 1, let

fj(z1, . . . , zm) = zj−1
m gj(z

n+1
m ).

Note that we have only used one variable in the definition of each fj . Since we
chose the aj to be distinct, the gj do not have any common zeros by construction.
The fj differ from the gj only by powers of zj or zm, and since f1(0) 6= 0, the
fi are also analytic without common factors (since considered as functions of one
variable they have no common zeros). Note that we have constructed the fj so
that the exponents in all the non-zero terms of the power series expansion of fj
are congruent to j − 1 modulo n + 1, and so in particular the set of exponents in
the power series expansion for fj is disjoint from the set of exponents in the power
series expansion for fk whenever j 6= k.

Let f be the map from Fm to Pn given by the coordinate functions fj. Note
that if m ≥ n, then we have used a different variable for at least n of the coordinate
functions; hence f has maximal rank Jacobian, and so in particular, f is linearly
non-degenerate. In any case, as the sets of exponents in the series expansions for
each of fj are pairwise disjoint, f is linearly non-degenerate even when m < n.

We will now compute logπ |gj|r for each j. Fix r > 1. For j = 1, . . . , p,

logπ |gj |r = j logπ r.
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For j = p+ 1, . . . , n+ 1 (where again we take δj = 0 if j > q),

logπ |gj |r = Sj logπ r −
Sj∑
i=1

[
i

1− δj

]
logπ |b|v,

where Sj is the largest integer i such that[
i

1− δj

]
logπ |b|v ≤ logπ r.

Setting

ε = 1− δj and ρ =
logπ r

logπ |b|v
in Lemma 6.3 gives us

logπ |gj |r = (1 − δj)
(logπ r)

2

2 logπ |b|v
+O(logπ r), j = p+ 1, . . . , n+ 1.

Also, since δn+1 = 0,

max
1≤j≤n+1

|gj|r =
(logπ r)

2

2 logπ |b|v
+O(logπ r).

Now we will check that f has the specified deficiencies. Since the fj are without
common factors, Corollary 3.4 and the above estimates on |gj |r then tell us that

Tf (r) = max
j

logπ |fj |r +O(1)

= max
j

logπ |gj |rn+1 +O(logπ r)

=
(n+ 1)2(logπ r)

2

2 logπ |b|v
+O(logπ r).

We note in passing that f has growth order 0. Now, directly from the definition,
for j = 1, . . . , p,

mf (Hj , r) = max
i

logπ |fi|r − logπ |fj|r
= max

i
logπ |gi|rn+1 +O(logπ r)

=
(n+ 1)2(logπ r)

2

2 logπ |b|v
+O(logπ r),

and, for j = p+ 1, . . . , q,

mf (Hj , r) = max
i

logπ |fi|r − logπ |fj |r
= max

i
logπ |gi|rn+1 − logπ |gj |rn+1 +O(logπ r)

= δj
(n+ 1)2(logπ r)

2

2 logπ |b|v
+O(logπ r).

Therefore, for j = 1, . . . , q,

δf (Hj) = lim inf
r→∞

mf (Hj , r)

Tf(r)
= δj .

To complete the proof, we need to check that if H is any hyperplane in general
position with H1, . . . , Hq, then δf (H) = 0. Since H is assumed linearly independent
with H1, . . . , Hq, the linear form H(x) =

∑
cjxj defining H is such that cj 6= 0
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for at least one j > q, and so without loss of generality we assume that cn+1 6= 0.
Because the sets of exponents in the power series expansions of the fj are pairwise
disjoint, we see that ∣∣∣∣∣∣

n+1∑
j=1

cjfj

∣∣∣∣∣∣
r

= max
j
|cj |v|fj|r.

Thus, for all r sufficiently large,

logπ |H ◦ f |r = max
j

logπ |cjfj |r = logπ |fn+1|r +O(logπ r),

and this implies that for all r sufficiently large,

mf (H, r) = max
j

logπ |fj |r − logπ |H ◦ f |r +O(1) = O(logπ r).

Thus δf (H) = 0, and the proof is complete.

As previously mentioned, the fact that the defect relation in Corollary 5.2 is not
sharp does not mean that the Second Main Theorem (Theorem 5.1) itself is not
sharp, because Theorem 5.1 also contains a ramification term on the left-hand side.
We now give an easy example to show that with the ramification term, Theorem 5.1
is sharp in the following sense. If f is a linearly non-degenerate meromorphic map
from Fm to Pn, then define the total ramification defect Θf to be

Θf = lim inf
r→∞

Nf,Ram(r)

Tf(r)
.

Theorem 6.5. Let m and n be positive integers. There exist a linearly non-
degenerate meromorphic map f = (f0, . . . , fn) : Fm → Pn and a collection of
hyperplanes H1, . . . , Hq in general position such that

q∑
j=1

δf (Hj) + Θf = n+ 1.

Moreover, if m ≥ n, we can choose f so that we may take

Nf,Ram(r) = NJ(0, r),

where J is the following Jacobian:

J = det



f0 f1 . . . fn
∂f0
∂z1

∂f1
∂z1

. . .
∂fn
∂z1

...

∂f0
∂zn

∂f1
∂zn

. . .
∂fn
∂zn


.

Remark. To require that a map have Jacobian not identically zero is a much
stronger non-degeneracy condition than linear non-degeneracy. The point of the
second statement in the above theorem is to show that the Second Main Theorem
is also sharp if one adds the stronger non-degeneracy condition as a hypothesis.

Before giving a proof of Theorem 6.5, we first need the following lemma.
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Lemma 6.6. Let n be a positive integer. There exists a transcendental analytic
function f on F such that

Tf(n)(r) = Tf(r) +O(logπ r).

Proof. If the characteristic of F̃, the residue class field of F, is zero, then the lemma
is trivial. For in that case, let

f =
∑

ajz
j

be any transcendental analytic function. For r sufficiently large,∣∣∣f (n)
∣∣∣
r

=
|f |r
rn

.

Therefore, for r sufficiently large,

Tf(n)(r) = mf(n)(∞, r) +O(1) = mf(∞, r) +O(logπ r) = Tf (r) +O(logπ r),

and we are done.

Now assume that the characteristic of F̃ is different from zero. For each positive
integer k, let

Ik = {i ∈ Z : |i|v ≤ π−k}.
Clearly Ik is an ideal, and it is not the zero ideal because of our assumption on the
characteristic of the residue class field. It is easy to see that the cardinality of Z/Ik
tends to infinity as k tends to infinity. Let K be an integer sufficiently large so that
the cardinality of Z/IK is larger than n. Let i be the positive generator of IK . Let

f =
∑
j

ajz
ij+n,

where the aj are non-zero coefficients chosen small enough to ensure that f is
analytic on all of F. Trivially,

f (n) =
∑
j

aj(ij + n) · · · (ij + 1)zij.

Because we chose K large enough, none of (ij+1), . . . , (ij+n) are in IK . Therefore,
each of these numbers has norm greater than π−K , and hence

|(ij + 1) · · · (ij + n)|v > π−nK .

Thus for r sufficiently large, ∣∣∣f (n)
∣∣∣
r
≥ π−nK

|f |r
rn

.

On the other hand, since |j|v ≤ 1 for all integers j,∣∣∣f (n)
∣∣∣
r
≤ |f |r

rn

for r sufficiently large. Therefore,

Tf(n)(r) = Tf(r) +O(logπ r),

as in the case when char F̃ = 0.
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Proof of Theorem 6.5. First we give an example for arbitrary m and n using a
Wronskian for the ramification term. Let g(z) be a transcendental analytic function
in one variable such that

Tg(n)(r) = Tg(r) +O(logπ r).

Lemma 6.6 ensures the existence of such a g. Consider the meromorphic map from
Fm to Pn given by

(1, z1, z
2
1 , . . . , z

n−1
1 , g(z1)),

where z1 is the first variable on Fm. If we write out the Wronskian, we get

W = det



1 z1 z2
1 . . . g(z1)

0 1 2z1 . . . g′(z1)
0 0 2 . . . g′′(z1)

...

0 0 0 . . . g(n)(z1)


.

Clearly W is a constant multiple of g(n). Because W is analytic, for r sufficiently
large, mW (0, r) = 0. Therefore for r sufficiently large,

NW (0, r) = TW (r) −mW (0, r) +O(1)

= Tg(n)(r) +O(1)

= Tg(r) + o(Tg(r)) = Tf (r) + o(Tf (r)).

Thus in this case Θf = 1. Also, the deficiencies of the first n coordinate hyperplanes
are each clearly 1. Summing these defects together gives n + 1, which is what we
wanted to show.

If m ≥ n and we want an example with a Jacobian type ramification term rather
than a Wronskian type ramification term, we need only do the following. This time
let g be a transcendental analytic function of one variable such that

Tg′(r) = Tg(r) +O(logπ r).

Let f be the meromorphic map from Fm to Pn given by

(1, g(z1), . . . , g(zn)),

where z1, . . . , zn are the first n coordinates on Fm. Then

J = g′(z1) · · · g′(zn),
and because J is analytic, we again have mJ(0, r) = 0 for r sufficiently large. Thus,

NJ(0, r) = TJ(0, r)−mJ(0, r) +O(1) = nTg(r) + o(Tg(r)).

Thus Θf = n. In addition, the first coordinate hyperplane clearly has defect 1, so
the sum of the defects, including the total ramification defect, is again n+ 1.

We conclude this paper with the following open question:
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Question 6.7. Let m and n be positive integers. Let q be an integer such that
0 ≤ q ≤ n. Let H1, . . . , Hq be q linearly independent hyperplanes (this set is empty
if q = 0). Let δ1, . . . , δq be q real numbers such that 0 < δj ≤ 1. Let 0 ≤ Θ ≤ n+ 1
be a real number. Assume further that

q∑
j=1

δj + Θ ≤ n+ 1.

Does there exist a linearly non-degenerate meromorphic map from Fm to Pn such
that δf (Hj) = δj for j = 1, . . . , q, such that Θf = Θ, and such that if H is any
hyperplane linearly independent with H1, . . . , Hq then δf (H) = 0? If not, what
additional restrictions are there on the δf (H) and Θf?

7. Appendix

The argument presented in this appendix is due to W. Lütkebohmert [Lü].

Proposition 7.1. Greatest common divisors exist in the ring of analytic functions
on Fm.

Proof. Because Bm(r) is a unique factorization domain provided there exists an a
in F with |a|v = r (see [BGR] Theorem 5.2.6/1), then by standard arguments (see
any book on several complex variables that discusses the Second Cousin Problem
and the Poincaré Problem), we need only consider the following. Let ri be an
increasing sequence of radii such that ri → ∞ and such that there exist ai in F
with |ai|v = ri. Let Bi = Bm(ri), and let fi be analytic functions on Bi such that
for every i and j there exists an invertible analytic function ui,j on Bm(min{ri, rj})
such that

fi = ui,jfj .

We need to show there exists an analytic function G on all of Fm, such that on
each Bi there exist invertible analytic functions vi such that

G = vifi.

If any of the fi are identically zero, then they all are, and the proposition is trivial in
that case. So, let z0 be a point in B1 such that f1(z0) 6= 0, and therefore fi(z0) 6= 0
for all i. To construct G, we may assume, without loss of generality, that fi(z0) = 1
for all i. For if not, then we just need to adjust the vi at the end by constant factors.
The key point is that since ui,i+1 is analytic and invertible on Bi, its power series
expansion about z0 is of the form

ui,i+1 = 1 +
∑

γ,|γ|≥1

aγ(z − z0)
γ , with |aγ |vr|γ|i < 1 for all γ.

Hence, for j > i,

|uj,j+1 − 1|ri <
ri
rj
.

Keeping i fixed and letting j → ∞, we note that ri/rj → 0, and so we can use
infinite products (Proposition 2.1) to define

vi =

∞∏
k=i

uk,k+1.
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For j > i, note that

fjvi = fj

∞∏
k=i

uk,k+1

= fj

(
j−1∏
k=i

uk,k+1

) ∞∏
k=j

uk,k+1


= fivj .

Therefore, fiv
−1
i = fjv

−1
j on Bi for all j ≥ i. But, this means precisely that the

functions fiv
−1
i converge to an analytic function G on all of Fm, and this G is

precisely the function we were looking for.
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[Kh 2] Hà Huy Khoái, Heights for p-Adic Meromorphic Functions and Value Distribution The-
ory, Max-Planck-Institut Für Mathematik. 89-67 (1989). Cf. MR 96j:32044
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