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THE AVERAGE EDGE ORDER OF TRIANGULATIONS

OF 3-MANIFOLDS WITH BOUNDARY

MAKOTO TAMURA

Abstract. Feng Luo and Richard Stong introduced the average edge order
µ0(K) of a triangulationK and showed in particular that for closed 3-manifolds
µ0(K) being less than 4.5 implies that K is on S3. In this paper, we establish
similar results for 3-manifolds with non-empty boundary; in particular it is
shown that µ0(K) being less than 4 implies that K is on the 3-ball.

1. Introduction

Let M be a compact, connected 3-manifold and K a triangulation of M (for the
definition, see [2]). Note that we distinguish a triangulation from a cell complex
consisting of 3-simplices, that is, such a cell complex is a triangulation when the
intersection of any two simplices is actually a face of each of them (Lemma 4.1).
Suppose M is closed. Then the average edge order µ0(K) of K is defined to be
3F0(K)/E0(K), where E0(K) and F0(K) are the numbers of edges and faces in K,
respectively. This is equal to the average of the orders of edges of K, where the
order of an edge is the number of faces incident to that edge. Feng Luo and Richard
Stong showed in [1] that for a closed 3-manifold M , the average edge order being
small implies that the topology of M is fairly simple and restricts the triangulation
K of M . In fact, they proved the following theorem.

Theorem 1.1 ([1]). Let K be any triangulation of a closed connected 3-manifold
M . Then

(a) 3 ≤ µ0(K) < 6, and equality holds if and only if K is the triangulation of
the boundary of a 4-simplex.

(b) For any ε > 0, there are triangulations K1 and K2 of M such that µ0(K1) <
4.5 + ε and µ0(K2) > 6− ε.

(c) If µ0(K) < 4.5, then K is a triangulation of S3. There are an infinite number
of distinct such triangulations, but for any constant c < 4.5 there are only finitely
many triangulations K with µ0(K) ≤ c.

(d) If µ0(K) = 4.5, then K is a triangulation of S3, S2 × S1, or S2×̃S1. Fur-
thermore, in the last two cases, the triangulations can be described.

For a related study, see [4]. The author showed similar results for compact 3-
manifolds with non-empty boundary in [3], by employing µ(K) = 3F (K)/E(K),
where E(K) (resp. F (K)) is the number of edges (resp. faces) in K. In particular,
B3, D2 × S1, and D2×̃S1 are characterized. And then, the referee and Professor
S. Kojima kindly suggested to the author that the more natural generalization of
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the average edge order of closed manifolds to that of manifolds with boundary is to
count simplices on the boundary with weight 1/2. Their suggestions are based upon
the fact that the average edge order is a geometric interpretation of the curvature
in terms of a global average.

According to them, we modify the definition of the average edge order as follows.
Put E0(K) = Ei(K) + E∂(K)/2 and F0(K) = Fi(K) + F∂(K)/2, where Ei(K)
(resp. Fi(K)) is the number of edges (resp. faces) in intK = K\∂K, and E∂(K)
(resp. F∂(K)) is the number of edges (resp. faces) on ∂K. Then we define the
average edge order µ0(K) of a triangulation K of a 3-manifold with boundary to
be 3F0(K)/E0(K). This is the average of the “orders” of edges of K, where we
modify the definition of the order of an edge e on ∂K as follows: The order of e is
twice the number of triangles incident to that edge, where we count triangles on
the boundary with weight 1/2. Note that this is equal to the order of the copy of
e in the canonical double of K. Explicitly, let D(K) be the canonical double of K.
Then D(K) is a cell decomposition of a closed manifold into a union of 3-simplices.
Though it may not be a triangulation, we define the order of an edge of D(K) and
the average edge order µ0(K) as in the beginning of this introduction. Then the
order of an edge e of ∂K in K is equal to that of the copy of e in D(K), and we
have µ0(K) = µ0(D(K)).

By using this average edge order, we have the following theorem.

Theorem 1.2. Let K be any triangulation of a compact connected 3-manifold M
with non-empty boundary. Then

(a) 2 ≤ µ0(K) < 6, and equality holds if and only if K is the triangulation of
one 3-simplex.

(b) For any rational number r with 4 < r < 6, there is a triangulation K ′ of M
such that µ0(K

′) = r.
(c) If µ0(K) < 4, then K is a triangulation of B3. There are an infinite number

of distinct such triangulations, but for any constant c < 4 there are only finitely
many triangulations K with µ0(K) ≤ c.

(d) If µ0(K) = 4, then K is a triangulation of B3, D2 × S1, or D2×̃S1. Fur-
thermore, in the last two cases, the triangulations can be described.

2. Proof of Theorem 1.2 (a) and (b)

The proof of Theorem 1.2 (a) is easy. Since each edge has order at least 2, we have
µ0(K) ≥ 2. Since the upper bound in Theorem 1.1 (a) is valid for any cell complex
of a closed 3-manifold consisting of 3-simplices, we have µ0(K) = µ0(D(K)) < 6.
Finally, suppose µ0(K) = 2. If an edge e is in intK, then the order of e is at least
3 because K is a triangulation. Thus each edge of K is on ∂K and its order is
2. Hence we see K consists of only one 3-simplex. This completes the proof of
Theorem 1.2 (a).

The proof of (b) is similar to that of Theorem 2 (b) in [3], so we give only its
outline. Let r = q/p be a rational number with 4 < r < 6, where p and q are
relatively prime integers. We can see that there is a triangulation K of M such
that K contains edges e1, e2, and e3 which satisfy the following conditions:

(1) e1 lies in ∂K and the order of e1 is 2,
(2) e2 and e3 lie in intK and the orders of them are α and α+1, respectively,
for some integer α satisfying q/p < 6α/(α + 1), and
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(3) st(ei) (1 ≤ i ≤ 3) have mutually disjoint interiors, where st(e) is the
star neighborhood of e in K.

Let K ′ be the stellar subdivision of K obtained by adding 2l,m, and n vertices in
the interior of e1, e2, and e3, respectively. Then

µ0(K
′) = 3{F0(K) + 4l+ 2αm+ 2(α+ 1)n}/{E0(K) + 3l+ (α+ 1)m+ (α+ 2)n}.

All that we still have to do is to check the following, which is left to the reader:
there exist non-negative integers l,m, and n satisfying µ(K ′) = q/p, that is,

3(4p− q)l + {6αp− (α + 1)q}m+ {6(α+ 1)p− (α + 2)q}n = qE0(K)− 3pF0(K).

To check this, note that F0(K) = 2T0(K) is even, where T0(K) is the number of
tetrahedra of K.

3. The first step of the proof of Theorem 1.2 (c) and (d)

To prove (c) and (d) of Theorem 1.2, it is convenient to define

ξ(K) = 3F0(K)− 4E0(K)

for a triangulation K of a compact manifold. As µ0(K) = 4(3F0(K)/4E0(K)),
µ0(K) < 4 (resp. µ0(K) = 4) is equivalent to ξ(K) < 0 (resp. ξ(K) = 0). We
prove the following theorem.

Theorem 3.1. Let K be a triangulation of a compact, connected 3-manifold M
with non-empty boundary. Then

(a) ξ(K) ≥ −6, and equality holds if and only if K = \k∆3 for some positive
integer k.

(b) If M is not homeomorphic to B3, then ξ(K) ≥ 0, equality holds if and only
if K = \k∆3/ ∼, where ∼ denotes the identification of two faces on the boundary
whose star neighborhoods have no intersection.

Here \k∆3 denotes the boundary connected sum of tetrahedra along their faces.

By this theorem, we have the first half of (c) and (d) of Theorem 1.2. By assuming
it, we prove the latter half of Theorem 1.2 (c). Since we count simplices on the
boundary with weight 1/2, we see that F0(K\∆3) = F0(K) + F0(∆

3) = F0(K) + 2
and E0(K\∆3) = E0(K)+E0(∆

3)−3/2 = E0(K)+3/2, and hence ξ(K\∆3) = ξ(K)
for any triangulation K. Therefore we have ξ(\k∆3) = ξ(∆3) = −6 < 0 for any
positive integer k, and hence there are infinitely many triangulations K of B3 with
µ0(K) < 4. For any constant c < 4, suppose µ0(K) = 3F0(K)/E0(K) < c. Then
ξ(K) = 3F0(K)− 4E0(K) < (c− 4)E0(K). Since ξ(K) ≥ −6 by Theorem 3.1 (a),
we have −6 < (c − 4)E0(K). This gives the bound of the number of edges in any
triangulation K with µ0(K) < c, that is, E0(K) < 6/(4 − c). Therefore there are
only finitely many such triangulations.

4. Preliminaries for the proof of Theorem 3.1

In this section, we prepare several lemmas. The following two lemmas were
proved in [1].

Lemma 4.1 (Lemma 1 in [1]). Let D be a cell decomposition of an n-manifold M
into a union of simplices. Then D fails to be a triangulation if and only if there
are two simplices of D with the same boundary.
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We will perform an operation on a triangulation which will be called contraction
of an edge of the triangulation. Explicitly, given an edge [xy] in the triangulation
K, we let K ′ be the cell decomposition obtained from K by removing all simplices
containing [xy] and identifying two r-simplices [xv1 . . . vr] and [yv1 . . . vr] if and only
if [xyv1 . . . vr] is an (r + 1)-simplex of K. The following lemma tells us when this
procedure produces a triangulation. A subcomplex Σ of K is called an essential
∂∆k if Σ is isomorphic to the simplicial complex ∂∆k and does not bound a k-
simplex in K.

Lemma 4.2 (Lemma 2 in [1]). Contraction of the edge [xy] in the triangulation K
produces a triangulation K ′ if and only if [xy] lies in no essential ∂∆k.

For the set of triangulations of compact 3-manifolds, we introduce the lexico-
graphical order with respect to (b1(K), |∂K|, T0(K)), where b1(K) is the first Betti
number of the polyhedron of K, |∂K| is the number of connected components of the
polyhedron of ∂K, and T0(K) is the number of tetrahedra of K; that is, K ′ < K if
and only if one of the following holds;

(1) b1(K
′) < b1(K),

(2) b1(K
′) = b1(K) and |∂K ′| < |∂K|,

(3) b1(K
′) = b1(K), |∂K ′| = |∂K|, and T0(K

′) < T0(K).

In the proof of the theorem, we need to study Σ, an essential ∂∆3 in K. To
remove it, we will produce two kinds of operations. The following lemma describes
the effects of these operations on ξ(K).

Lemma 4.3. Let Σ be an essential ∂∆3 in K.
(1) Suppose Σ is contained in ∂K. Let K ′ be the cell complex obtained by gluing

a tetrahedron to K along Σ. Then K ′ is a triangulation satisfying ξ(K ′) = ξ(K)−6
and K ′ < K.

(2) Suppose Σ is not contained in ∂K. Let K ′ be the cell complex obtained from
K by cutting along Σ and gluing two tetrahedra along the images of Σ (see Figure 1).
Then K ′ is a triangulation satisfying ξ(K ′) = ξ(K)− 12. Moreover, any connected
component, say K0, of K ′ satisfies K0 < K.

Proof. Lemma 4.1 shows that K ′ is a triangulation in both cases. The equality
in (1) follows from the equalities F0(K

′) = F0(K) + 2 and E0(K
′) = E0(K) + 3.

(Recall that we count cells on the boundary with weight 1/2.) Since b1(K
′) = b1(K)

and |∂K ′| = |∂K| − 1, we have K ′ < K. This completes the proof of (1).
To prove the equality in (2), we use the following notation. For a subspace X of

K consisting of open simplices of K, put E0(X,K) = Ei(X,K) + (1/2)E∂(X,K)
and F0(X,K) = Fi(X,K)+(1/2)F∂(X,K), where Ei(X,K) (resp. Fi(X,K)) is the
number of edges (resp. faces) of X in intK and E∂(X,K) (resp. F∂(X,K)) is the
number of edges (resp. faces) of X on ∂K. Let ξ(X,K) = 3F0(X,K)− 4E0(X,K).
Then ξ(K) = ξ(K(2), K), where K(2) is the 2-skeleton of K.

Since we count simplices on the boundary with weight 1/2, we have

F0(Σ, K) + F0(Σ ∩ ∂K,K) = 4

and
E0(Σ, K) + E0(Σ ∩ ∂K,K) = 6.

Thus we have

ξ(Σ, K) + ξ(Σ ∩ ∂K,K) = −12.(4.1)
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Figure 1

Note that the “image” of Σ in K ′ consists of two components, say Σ1 and Σ2,
where Σ1

∼= Σ and Σ2
∼= cl(Σ \ ∂K). Let Σ̃i ⊂ K ′ be the boundary of the 3-simplex

glued to Σi in the construction of K ′ (i = 1, 2). Then we have

ξ(Σ̃i, K
′) + ξ(Σ̃i ∩ ∂K ′, K ′) = −12 (i = 1, 2).(4.2)

For each simplex σ in Σ ∩ ∂K, there is a unique image σ̃ of σ in K ′ such that
σ̃ ∈ ∂K ′. Conversely, each simplex σ̃ in (Σ̃1∪Σ̃2)∩∂K ′ is the image of some simplex
σ in ∂K. Hence we have

ξ(Σ ∩ ∂K,K) = ξ(Σ̃1 ∩ ∂K ′, K ′) + ξ(Σ̃2 ∩ ∂K ′, K ′).(4.3)

Since there is a 1 to 1 correspondence between the simplices of K(2) \ Σ and

those of K ′(2) \ (Σ̃1 ∪ Σ̃2), we have

ξ(K(2) \ Σ, K) = ξ(K ′(2) \ (Σ̃1 ∪ Σ̃2), K
′).(4.4)

Hence

ξ(K ′)

= ξ(K ′(2), K ′)

= ξ(K ′(2) \ (Σ̃1 ∪ Σ̃2), K
′) + ξ(Σ̃1, K

′) + ξ(Σ̃2, K
′)

= ξ(K ′(2) \ (Σ̃1 ∪ Σ̃2), K
′)− ξ(Σ̃1 ∩ ∂K ′, K ′)− ξ(Σ̃2 ∩ ∂K ′, K ′)− 24 by (4.2)

= ξ(K(2) \ Σ, K)− ξ(Σ ∩ ∂K,K)− 24 by (4.3) and (4.4)

= ξ(K(2) \ Σ, K) + ξ(Σ, K)− 12 by (4.1)

= ξ(K(2), K)− 12

= ξ(K)− 12.
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If K ′ is connected, then b1(K
′) = b1(K)− 1 and hence K ′ < K. Suppose K ′ is

disconnected and let K0 be a component of K ′. Then b1(K0) ≤ b1(K), |∂K0| ≤ |∂K|,
and T0(K0) < T0(K), and hence K ′ < K. This completes the proof of (2).

The next lemma is obtained as a corollary of Theorem 3 in [1].

Lemma 4.4 (Theorem 3 in [1]). Let K be any triangulation of a closed connected
3-manifold M . Then

(1) 3(F0(K) − 4)/(E0(K) − 6) ≥ 4.5, and equality holds if and only if K is a
triangulation of S3 as ]k∂∆4 for some k ≥ 1.

(2) If M 6= S3, then µ0(K) = 3F0(K)/E0(K) ≥ 4.5, equality holds if and only
if K is a triangulation of S2× S1 or S2×̃S1 obtained from ]k∂∆4 by removing two
open 3-simplices and gluing along their boundaries.

Lemma 4.5. Let K be any triangulation of a closed connected 3-manifold M . Then
(1) ξ(K) > −12.
(2) If M 6= S3, then ξ(K) > 0.

Proof. (1) We see from Lemma 4.4 (1) that

ξ(K) = 3F0(K)− 4E0(K) ≥ E0(K)/2− 15.

Since K has more than one tetrahedron and K is closed, E0(K) > 6. Thus ξ(K) ≥
E0(K)/2− 15 > −12.

(2) If M 6= S3, then by Lemma 4.4 (2), ξ(K) = 3F0(K)− 4E0(K) ≥ E0(K)/2 >
0.

5. Proof of the inequality part of Theorem 3.1

In this section, we prove the inequality part of Theorem 3.1, and we postpone
the proof of the equality part until the next section. Suppose the inequality part
of Theorem 3.1 does not hold, that is, there is a triangulation K of a compact con-
nected 3-manifold M with non-empty boundary which satisfies one of the following
conditions.

(1) ξ(K) < −6,
(2) ξ(K) < 0 and M 6= B3.

Let Γ be the set of counterexamples of the inequalities in the theorem and K
a minimal element of Γ in the lexicographical order with respect to the collection
(b1(K), |∂K|, T0(K)). We shall prove the following claims.

Claim 5.1. K has no essential ∂∆3.

Claim 5.2. There are no edges of order 3 of K.

Claim 5.3. Any tetrahedron of K has at most one face on ∂K.

Claim 5.4. Suppose K satisfies the conclusions of Claims 5.2 and 5.3. Then
ξ(K) ≥ 0.

By Claim 5.4, K is not an element of Γ, a contradiction. Therefore, by assuming
the above claims, we have the inequality part of Theorem 3.1.

5.1. Proof of Claim 5.1. Suppose K contains Σ, an essential ∂∆3. Suppose
Σ ⊂ ∂K. Put K ′ = K ∪Σ ∆3 as in Lemma 4.3 (1). Then ξ(K ′) = ξ(K) − 6 and
K ′ < K. If ∂K ′ 6= ∅, then K ′ ∈ Γ. This contradicts the minimality of K. So K ′

is a triangulation of a closed 3-manifold. If K is a triangulation of B3, then K ′

is a triangulation of S3 and we have ξ(K) = ξ(K ′) + 6 > −6 by Lemma 4.5 (1).
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This contradicts the assumption K ∈ Γ. If K is not a triangulation of B3, K ′ is
not a triangulation of S3 and we have ξ(K) = ξ(K ′) + 6 > 6 by Lemma 4.5 (2), a
contradiction.

Suppose Σ is not contained in ∂K. Let K ′ be the cell complex obtained from
(K,Σ) as in Lemma 4.3 (2), and let Σ1 and Σ2 be the subcomplexes of K ′ as
in the proof of Lemma 4.3. By Lemma 4.3 (2), ξ(K ′) = ξ(K) − 12 < −12 and
K ′ < K. If K ′ is connected, then ∂K ′ 6= ∅ and hence K ′ is an element of Γ. This
contradicts the minimality of K. So K ′ is disconnected. Let Ki be the component
of K ′ containing Σi for i = 1, 2. Then Ki < K (i = 1, 2), ∂K2 6= ∅, and we have
the following equality by Lemma 4.3 (2):

ξ(K) = ξ(K1) + ξ(K2) + 12.(5.1)

Suppose ∂K1 6= ∅. Since K ∈ Γ, we have ξ(K) < 0 and hence some Ki satisfies
ξ(Ki) < −6. Since ∂Ki 6= ∅, Ki is an element of Γ, a contradiction.

Suppose ∂K1 = ∅. If K1 is not a triangulation of S3, ξ(K1) > 0 by Lemma 4.5
(2). Then by (5.1), ξ(K2) < ξ(K1) + ξ(K2) = ξ(K) − 12 < −12, and hence K2

is an element of Γ, a contradiction. If K1 is a triangulation of S3, then K2 is a
triangulation of the given manifold M . Since ξ(K1) > −12 by Lemma 4.5, we get
ξ(K) > ξ(K2) by (5.1). So K2 is an element of Γ, a contradiction.

5.2. Proof of Claim 5.2. This follows from Claim 5.1 and the following lemma.

Lemma 5.5. Let K be a triangulation of a compact connected 3-manifold M with
non-empty boundary which does not contain an essential ∂∆3. If K contains an
edge of order 3, then there is another triangulation K ′ of the given manifold M
such that K ′ < K and ξ(K ′) = ξ(K)− 2.

Proof of Lemma 5.5. Let [xy] be an edge of order 3 in K. Then K has the subcom-
plex C as illustrated in Figure 2 (a). We can obtain another cell complex K ′ of M
by replacing C with C ′ as illustrated in Figure 2 (b). We have ξ(K ′) = ξ(K) − 2.
Let {a, b, c} be the vertices of the link of [xy] in K. Suppose there is a face [abc]
in K. Since K does not contain an essential ∂∆3, K contains the tetrahedra [xabc]
and [yabc]. Hence K is a triangulation of S3. This contradicts ∂K 6= ∅. Thus K
does not have the face [abc] and hence K ′ is a triangulation by Lemma 4.1. Since
b1(K

′) = b1(K), |∂K ′| = |∂K|, and T0(K
′) = T0(K)− 1, we have K ′ < K.

Figure 2
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Figure 3

5.3. Proof of Claim 5.3. If there is a tetrahedron of K which has all its faces on
∂K, then K = ∆3 and hence ξ(K) = −6. This contradicts the assumption K ∈ Γ.

For the case when K has a tetrahedron ∆3
0 which contains two or three faces on

∂K, we have the following lemma.

Lemma 5.6. Let K be a triangulation of a compact connected 3-manifold M with
non-empty boundary which does not contain an essential ∂∆3. Suppose K is not
∆3. If K has a tetrahedron ∆3

0 which contains just two or three faces on ∂K, then
there is a triangulation K ′ with K ′ < K which satisfies the following:

(1) If ∆3
0 ∩ ∂K contains just three faces, then K ′ is a triangulation of M and

ξ(K ′) = ξ(K).
(2) Suppose ∆3

0 ∩ ∂K contains just two faces.
(2.1) Suppose further that ∆3

0 has an edge in intK. Then K ′ is a triangulation
of M and ξ(K ′) = ξ(K)− 2.

(2.2) Suppose that ∆3
0 = [xyzw] does not have an edge in intK. Let [xy] be

the common edge of the two faces on ∆3
0 ∩ ∂K.

(2.2.1) If there is not an essential ∂∆2 in K containing the edge [xy], then
K ′ is a triangulation of M and ξ(K ′) = ξ(K).

(2.2.2) If there is an essential ∂∆2 in K containing the edge [xy], then K ′

is a triangulation of another manifold such that ∂K ′ 6= ∅ and ξ(K ′) = ξ(K)− 6.

By Claim 5.1 and this lemma, we obtain an element K ′ of Γ such that K ′ < K.
This contradicts the minimality of K. Thus K does not have a tetrahedron which
contains two or more faces on ∂K.

Proof of Lemma 5.6. (1) Put K ′ = cl(K\∆3
0) (see Figure 3).

Then K ′ is a triangulation of M and ξ(K ′) = ξ(K). Since b1(K
′) = b1(K), |∂K ′|

= |∂K|, and T0(K
′) = T0(K)− 1, we have K ′ < K.

(2.1) Put K ′ = cl(K\∆3
0) (see Figure 4).

Figure 4
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Figure 5

Figure 6

Then K ′ is a triangulation of M and ξ(K ′) = ξ(K) − 2. Since b1(K
′) =

b1(K), |∂K ′| = |∂K|, and T0(K
′) = T0(K)− 1, we have K ′ < K.

(2.2.1) Let K ′ be the cell complex obtained from K by contraction of the edge
[xy] (see Figure 5).

Since ∂K 6= ∅, K does not contain an essential ∂∆4. By the assumption, K
contains neither an essential ∂∆3 nor an essential ∂∆2 containing [xy]. Thus K ′

is a triangulation by Lemma 4.2, and we have ξ(K ′) = ξ(K). Since b1(K
′) =

b1(K), |∂K ′| = |∂K|, and T0(K
′) = T0(K)− 1, we have K ′ < K.

(2.2.2) To obtain another triangulation K ′, we take the closure of K\∆3
0 and

separate two faces [xzw] and [yzw] by dividing the edge [zw] into two copies (see
Figure 6).

Then K ′ is a triangulation which satisfies ∂K ′ 6= ∅ and ξ(K ′) = ξ(K)− 6. Since
b1(K

′) = b1(K)− 1, we have K ′ < K.

5.4. Proof of Claim 5.4. Let µi(K) be (
∑

e∈intK order e)/Ei(K) or 0 according
to whether Ei(K) 6= 0 or not. Put

µi∂(K) =

(∑
e∈∂K

]{facef ∈ intK|f � e}
)
/E∂(K).

Then either Ei(K) = 0 or µi(K) ≥ 4 by Claim 5.2. By Claim 5.3, any edge of ∂K
is contained in at least one face of intK. Thus we have µi∂(K) ≥ 1. Since ∂K is
a triangulation of a closed 2-manifold, 3F∂(K) = 2E∂(K). By the definitions of
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µi(K) and µi∂(K), 3Fi(K) = µi(K)Ei(K) + µi∂(K)E∂(K). Hence we have

ξ(K) = 3F0(K)− 4E0(K)

= 3(Fi(K) + F∂(K)/2)− 4(Ei(K) + E∂(K)/2)

= 3Fi(K)− 4Ei(K)− E∂(K)

= (µi(K)− 4)Ei(K) + (µi∂(K)− 1)E∂(K) ≥ 0.

6. Proof of the equality cases

First we prove the latter half of (a). Let K be a triangulation of B3 with ξ(K) =
−6. Suppose K has Σ, an essential ∂∆3. If Σ = ∂K, put K ′ = K∪Σ∆3 as in Lemma
4.3 (1). By Lemma 4.3 (1) and Lemma 4.5, ξ(K) = ξ(K ′)+6 > −6, a contradiction.
Thus Σ 6= ∂K. Since K is a triangulation of B3, Σ is a triangulation of a separating
2-sphere. Let K1 and K2 be as in Lemma 4.3 (2). Then K1 is a triangulation of S3

and K2 is a triangulation of B3. By Lemma 4.3 (2), Lemma 4.5, and the inequality
part of Theorem 3.1, ξ(K) = ξ(K1) + ξ(K2) + 12 > −12 + (−6) + 12 = −6, a
contradiction. Therefore K does not have an essential ∂∆3.

Suppose K contains an edge of order 3. Since K does not have an essential ∂∆3,
there is a triangulation K ′ such that ξ(K ′) = ξ(K)− 2 = −8 by Lemma 5.5. This
contradicts the inequality part of Theorem 3.1 (a). Thus K satisfies the conclusion
of Claim 5.2.

If K satisfies the conclusion of Claim 5.3, then ξ(K) ≥ 0 by Claim 5.4, a con-
tradiction. Thus K has a tetrahedron which has two or more faces on ∂K, and
hence either K = ∆3, or we can reduce K by the operations in the proof of Lemma
5.6. Since the only such operations that could give equality are those illustrated
in Figures 3 and 5, we have K = \k∆3 for some k. This completes the proof of
Theorem 3.1 (a).

Next we prove the equality part of Theorem 3.1 (b). Let M 6= B3, and let K be a
triangulation of M with ξ(K) = 0. Suppose K has Σ, an essential ∂∆3. If Σ ⊂ ∂K,
put K ′ = K∪Σ∆3 as in Lemma 4.3 (1). By Lemma 4.3 (1), ξ(K ′) = ξ(K)−6 = −6.
If ∂K ′ = ∅, then K ′ is a triangulation of S3 by Lemma 4.5 and hence K is a
triangulation of B3, a contradiction. Thus ∂K ′ 6= ∅, and hence we have K ′ = \k∆3

by Theorem 3.1 (a). This contradicts the fact that intK ′ has the image of Σ.
Therefore Σ is not contained in ∂K.

Suppose Σ is a triangulation of a non-separating 2-sphere. Let K ′ be as in
Lemma 4.3 (2). Then ξ(K ′) = ξ(K) − 12 = −12. This contradicts the inequality
part of Theorem 3.1 (a). Thus Σ is a triangulation of a separating 2-sphere. Put
K ′ = K1tK2 as in Lemma 4.3 (2). Since ξ(K1)+ ξ(K2)+12 = ξ(K) = 0, we have
ξ(Ki) = −6 for i = 1, 2, and hence Ki = \k∆3. But we cannot take all the faces of
Σ1 in intK1, a contradiction. Therefore K does not contain an essential ∂∆3.

Case 1. Suppose K satisfies the conclusion of Claims 5.2 and 5.3. Then µi(K) ≥ 4
and µi∂(K) ≥ 1. Since 0 = ξ(K) = (µi(K) − 4)Ei(K) + (µi∂(K) − 1)E∂(K) and
since E∂(K) 6= 0, we have µi∂(K) = 1 and either µi(K) = 4 or Ei(K) = 0.

Subcase 1.1. Suppose Ei(K) ≥ 1. Then µi(K) = 4, and we have the following.

(6.1) For each edge e in intK, lk(e) consists of 4 edges.
(6.2) For each edge e on ∂K, lk(e) consists of 2 edges.

Here lk(e) is the link complex of an edge e.
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Figure 7

Figure 8

Let [xy] be an edge in intK and {a, b, c, d} the 4 vertices of lk([xy]) in this cyclic
order. Suppose some edge of lk([xy]), say [ab], is in intK. By (6.1), lk([ab]) has
4 vertices; let {x, y, z, w} be the 4 vertices in this cyclic order (see Figure 7 (a)).
Since lk([bx]) contains [wa], [ay], and [yc], [bx] does not lie in ∂K by (6.2). Thus
lk([bx]) contains [cw] by (6.1), that is, K contains a tetrahedron [bcwx]. Since
lk([by]) contains [za], [ax], and [xc], [by] does not lie in ∂K by (6.2). Thus lk([by])
contains [cz] by (6.1), that is, K contains a tetrahedron [bcyz]. Therefore lk([bc])
contains [wx], [xy], and [yz], and hence [bc] is in intK by (6.2). Similarly, we see
that [cd] and [da] are in intK. Thus K contains the join of lk([xy]) and lk([ab]),
and hence ∂K = ∅, a contradiction. Therefore any edge of lk([xy]) is on ∂K.

By (6.2), lk([ab]) consists of two edges [xy] and, say, [yz]. For reasons similar
to the above, [ay] and [by] lie in intK. This implies that [cy] and [dy] also lie in
intK. Thus K contains the join of {[xy], [yz]} and lk([xy]) (see Figure 7 (b)). If
K contains another tetrahedron, say [abzw], then lk([ab]) contains [xy], [yz], and
[zw], and hence [ab] lies in intK, a contradiction. Thus K is the join of {[xy], [yz]}
and lk([xy]). This contradicts the hypothesis that K is not a triangulation of B3.

Subcase 1.2. Suppose Ei(K) = 0. Since K 6= ∆3, K has at least two tetrahedra,
say [axyz] and [xyzb], with a common face. Since µi∂(K) = 1, K satisfies the
condition (6.2). Since lk([ax]) contains 2 edges [yz] and, say, [zw], by (6.2), K
contains a tetrahedron [axzw] (see Figure 8). Thus lk([xz]) contains [wa], [ay], and
[yb], and hence [xz] is not on ∂K by (6.2), a contradiction.

Case 2. Suppose K does not satisfy the conclusions both of Claim 5.2 and of
Claim 5.3. Since K 6= ∆3, K can be reduced by the operations in the proof of
Lemma 5.5 or Lemma 5.6.
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Suppose K can be reduced by the operation in Figure 2 or 4. Then we can obtain
a triangulation K ′ of M 6= B3 satisfying ξ(K ′) = ξ(K)− 2 = −2. This contradicts
the inequality part of Theorem 3.1 (b).

Suppose K can be reduced by the operation in Figure 3 or 5. Since each operation
does not change the topology of the manifold and ξ(K ′) = ξ(K) = 0, K ′ does not
satisfy the conclusions both of Claim 5.2 and of Claim 5.3. This implies that we can
construct a finite sequence of such operations from K to K0 which is a triangulation
of M 6= B3 satisfying ξ(K0) = 0 and which can be reduced neither as in Figure 3
nor as in Figure 5.

Since the operation in Figure 6 decreases ξ by 6, K0 can be reduced to K ′
0 which

satisfies ξ(K ′
0) = ξ(K0)− 6 = −6. By Theorem 3.1 (a), K ′

0 = \k∆3. Since K0 can
be obtained from K ′

0 by a 1-handle addition and K can be obtained from K0 by the
inverse operations in Figure 3 and 5, it follows that K = \k∆3/ ∼ and M = D2×S1

or D2×̃S1. This completes the proof of Theorem 3.1.
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