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A CLASS OF PARABOLIC k-SUBGROUPS
ASSOCIATED WITH SYMMETRIC k-VARIETIES
A. G. HELMINCK AND G. F. HELMINCK
Abstract. Let G be a connected reductive algebraic group defined over a
field k of characteristic not 2, σ an involution of G defined over k, H a kopen subgroup of the fixed point group of σ, Gk (resp. Hk ) the set of krational points of G (resp. H) and Gk /Hk the corresponding symmetric kvariety. A representation induced from a parabolic k-subgroup of G generically
contributes to the Plancherel decomposition of L2 (Gk /Hk ) if and only if the
parabolic k-subgroup is σ-split. So for a study of these induced representations
a detailed description of the Hk -conjucagy classes of these σ-split parabolic ksubgroups is needed.
In this paper we give a description of these conjugacy classes for general
symmetric k-varieties. This description can be refined to give a more detailed
description in a number of cases. These results are of importance for studying
representations for real and p-adic symmetric k-varieties.

Introduction
Let G be a connected reductive algebraic group defined over a field k of characteristic not 2 and σ an involution of G defined over k. If H is a k-open subgroup
of the fixed point group of σ, then Gk /Hk is called a symmetric k-variety. Here
Gk (resp. Hk ) denotes the set of k-rational points of G (resp. H). In the last few
decades the representation theory of these varieties has been studied extensively
for a number of base fields. The case k = R is probably best known. Here the representation theory and Plancherel formulas for symmetric k-varieties (also called
semisimple symmetric spaces) have been studied by many people. Best known is
the work of Harish-Chandra [13], which has been extended to general real symmetric k-varieties by many others, including Flensted-Jensen, Oshima, Sekiguchi,
Matsuki, Brylinski, Delorme, Schlichtkrull and van den Ban (see [9, 29, 28, 8, 1, 2]).
More recently several attempts have been made to begin a systematic study of the
representation theory of symmetric k-varieties over other base fields. Examples of
this are work of Lusztig and his students on symmetric k-varieties over finite fields
(see [26]) and a number of preliminary results about the representation theory of
symmetric k-varieties over local fields (see for example [25] and [22]). In studying the representation theory of these symmetric k-varieties one runs quickly into
various questions about their structure and geometry. This paper deals with some
questions we encountered while studying induced representations for p-adic symmetric k-varieties. This concerns the following. Let P be a parabolic k-subgroup of
G with Levi decomposition P = LN , where N is the unipotent radical of P . One
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considers continuous irreducible representations ρ of Pk on a Hilbert space that are
k
trivial on Nk . Let IndG
Pk (ρ) denote the representation of Gk obtained by inducing
k
ρ from Pk to Gk . In order that the induced representation IndG
Pk (ρ) contribute
2
to the Plancherel decomposition of L (Gk /Hk ), it must have Hk -fixed distribution
vectors. This can only be true for generic ρ if P is σ-split. Here one can expect that
the “most continuous part” comes from the minimal σ-split parabolic k-subgroups.
In the case k = R, this is known to be true by the work of van den Ban and Delorme using ideas due to Harish-Chandra; see [1, 8, 10, 11, 12]. For a study of these
Hk -fixed distribution vectors a detailed description of the Hk -conjugacy classes of
these σ-split parabolic k-subgroups is needed. This is exactly what most of this
paper is about. We will first give a description of these in the general case, and
then give a more detailed description in the special case of groups with a Cartan
involution (this includes the case of real semisimple symmetric spaces).
Every σ-split parabolic k-subgroup P of G can be characterized as P = P (F )
with F a facet of X∗ (A) ⊗Z R and A a maximal (σ, k)-split torus of G contained
in P . So, modulo the action of the Weyl group of A, one can hope to characterize
these σ-split parabolic k-subgroups as standard parabolic k-subgroups with respect
to a maximal k-split torus, containing the maximal (σ, k)-split torus. Up to Hk conjugacy of the maximal (σ, k)-split tori, this is seen to be the case:
Corollary 2.8. Let {Ai | i ∈ I} be representatives of the Hk -conjugacy classes
of maximal (σ, k)-split tori of G, and for each i ∈ I let A0i ⊃ Ai be a σ-stable
maximal k-split torus of G and ∆i a σ-basis of Φ(A0i ). If P is any σ-split parabolic
k-subgroup of G, then there exist i ∈ I, h ∈ Hk , n ∈ NGk (A0i ) ∩ NGk (Ai ) and a
subset ∆1 of ∆i such that nhP h−1 n−1 = P∆1 .
This result can be even more refined for minimal σ-split parabolic k-subgroups.
See Theorem 2.9 for details.
Another way to characterize the Hk -conjugacy classes of minimal σ-split parabolic k-subgroups is to look at the Hk -orbits on Gk /Pk which are contained in
(HP )k (see Theorem 3.1). Here P is a fixed minimal σ-split parabolic k-subgroup
of G. For k a local field this corresponds exactly to the open orbits:
Theorem 3.6. Assume k is a local field and let {Ai | i ∈ I} be representatives of
the Hk -conjugacy classes of maximal (σ, k)-split tori of G.SThere is a one to one
correspondence between the open Hk -orbits on Gk /Pk and i∈I W (Ai )/WHk (Ai ).
To obtain a more detailed description of the Hk -conjugacy classes of the minimal
σ-split parabolic k-subgroups one will first need a description of the Hk -conjugacy
classes of the maximal (σ, k)-split tori of G. Unfortunately, in general the maximal
(σ, k)-split tori of G are not conjugate under Hk . In fact in most cases there are
infinitely many conjugacy classes. In a number of special cases, like symmetric
k-varieties over local fields, there are only finitely many conjugacy classes, and for
these one can get a more detailed characterization of these Hk -conjugacy classes of
maximal (σ, k)-split tori (see [17, 18, 19]).
In the remainder of this paper we discuss some special cases for which one can
get a more detailed description of the Hk -conjugacy classes of σ-split parabolic ksubgroups. These are symmetric k-varieties over local fields (see 2.11), symmetric
k-varieties with anisotropic fixed point group (see 3.7) and finally the the case of
“groups with a Cartan involution” (see section 4). The latter were introduced in [23]
as a generalization of real reductive groups. For these groups there exists a second
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involution θ (the Cartan involution) which commutes with σ. As in the case of real
groups most of the structure of these groups can be derived from the additional
structure provided by this Cartan involution. In this case the Hk -conjugacy classes
of σ-split parabolic k-subgroups can be reduced to Hk ∩Kk -conjugacy classes of σθstable parabolic k-subgroups. In section 4 we first show that every σ-split parabolic
k-subgroup is Hk -conjugate to a σθ-stable parabolic k-subgroup (see Proposition
4.13). For the σθ-stable parabolic k-subgroups we can then reduce to Hk ∩ Kk conjugacy classes. In the remainder of section 4 we use this reduction to Hk ∩ Kk conjugacy classes of σθ-stable parabolic k-subgroups to refine the characterization
of the orbits in the previous sections.
For k = R the Hk ∩Kk -conjugacy classes of σθ-stable parabolic k-subgroups occur
in the study of the principal series representations associated with real symmetric
k-varieties (see [1, 8]). The results in section 4 provide an algebraization of the
results for real reductive groups and also a generalization to the setting of “groups
with a Cartan involution”.
A brief outline of this paper follows. In section 1 we set the notation and review
some basic facts from [23] and [16] about symmetric k-varieties, (σ, k)-split tori and
σ-split parabolic k-subgroups. Then we prove some results which will be needed for
the characterization of the Hk -conjugacy classes of σ-split parabolic k-subgroups of
G. Section 2 is devoted to a characterization of the Hk -conjugacy classes of σ-split
parabolic k-subgroups for general symmetric k-varieties, while in section 3 we give
a characterization in terms of the open orbits. The final section deals with the case
of “groups with a Cartan involution”.
We would like to thank the referee for a number of helpful suggestions.

1. Preliminaries and Recollections
In this section we set the notations and recall a few results from [23], [16] and
[17]. We use as our basic reference for reductive groups the papers of Borel and
Tits [5, 6] and also the books of Humphreys [24] and Springer [34]. We shall follow
their notations and terminology.
1.1. Given an algebraic group G, the identity component is denoted by G0 . We
use L(G) or g, the corresponding lower case German letter, for the Lie algebra of G.
If H is a subset of G, NG (H) (resp. ZG (H)) is the normalizer (resp. centralizer)
of H in G. We write Z(G) for the center of G. The commutator subgroup of G is
denoted by D(G) or [G, G].
An algebraic group defined over k will also be called an algebraic k-group. For
an extension K of k, the set of K-rational points of G is denoted by GK or G(K).
If G is a reductive k-group and A a torus of G, then we denote by X ∗ (A)
(resp. X∗ (A)) the group of characters of A (resp. one-parameter subgroups of A)
and by Φ(G, A) the set of the roots of A in G. Let W (G, A) = NG (A)/ZG (A)
denote the Weyl group of G relative to A. If α ∈ Φ(G, A), then let Uα denote the
unipotent subgroup of G corresponding to α. If A is a maximal torus, then Uα is
one-dimensional. Given a quasi-closed subset ψ of Φ(G, A), the group Gψ (resp.
G∗ψ ) is defined in [5, 3.8]. If G∗ψ is unipotent, ψ is said to be unipotent and often
one writes Uψ for G∗ψ .
Throughout the paper G will denote a connected reductive algebraic k-group.
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1.2. Involutions of G. Let G be a connected algebraic group, σ an automorphism
of G of order two and Gσ = {g ∈ G | σ(g) = g} the set of fixed points of σ. This is
a subgroup of G, and is reductive if G is reductive. If G is semisimple and simply
connected, then Gσ is connected, but in general Gσ is not necessarily connected.
When G and σ are defined over k, the automorphism σ will also be called a kinvolution of G.
If G is reductive and H a k-open subgroup of Gσ , then we call the variety G/H
a symmetric variety and the variety Gk /Hk a symmetric k-variety. Symmetric
varieties are spherical.
Define a morphism τ : G → G by τ (x) = xσ(x)−1 , x ∈ G. The image τ (G) is
a closed k-subvariety of G, and τ induces an isomorphism of the coset space G/Gσ
onto τ (G). Note that τ (x) = τ (y) if and only if y −1 x ∈ Gσ and σ(τ (x)) = τ (x)−1
for x ∈ G.
1.3. If T is a σ-stable torus of G, then we write Tσ+ = (T ∩ Gσ )0 and Tσ− = {x ∈
T | σ(x) = x−1 }0 . It is easy to verify that the product map
µ : Tσ+ × Tσ− → T, µ(t1 , t2 ) = t1 t2 ,
is a separable isogeny. In particular T = Tσ+ Tσ− , and Tσ+ ∩ Tσ− is a finite group.
(In fact it is an elementary abelian 2-group.) The automorphisms of Φ(G, T ) and
W (G, T ) induced by σ will also be denoted by σ.
Recall that a torus A is called σ-split if σ(a) = a−1 for every a ∈ A. To the
symmetric k-variety Gk /Hk one can associate a natural root system. To see this
we consider the following tori:
Definition 1.4. A k-torus A of G is called (σ, k)-split if it is both σ-split and
k-split.
Consider a maximal (σ, k)-split torus A in G. In [23, 5.9] it was shown that
Φ(G, A) is a root system and NGk (A)/ZGk (A) is the Weyl group of this root system.
We can also obtain this root system by restricting the root system of Gk . Namely,
let A0 ⊃ A be a σ-stable maximal k-split torus of G. Then A = (A0 )−
σ , and
Φ(G, A) can be identified with Φσ = {α|A 6= 0 | α ∈ Φ(G, A0 )}. One can also
choose compatible orders on these root systems as follows:
1.5. Characterization of σ. For each σ-stable torus A, the morphism σ : G −→
G induces a natural action σ on Φ(G, A). For a proper description of this action
we need to refine the notion of linear order to this setting. Let A0 be a σ-stable
maximal k-split torus of G and let X = X ∗ (A0 ), Φ = Φ(A0 ) and X0 (σ) = {χ ∈
X | σ(χ) = χ}.
Definition 1.6. A linear order  on X is called a σ-order if it has the following
property:
(1.1)

if χ ∈ X, χ  0, and χ ∈
/ X0 (σ), then σ(χ) ≺ 0.

By [16, §2] σ-orders on (X, Φ) exist. If π is the natural projection from X to
X/X0 (σ) and Φ0 (σ) = X0 (σ) ∩ Φ, then we call Φσ = π(Φ − Φ0 (σ)) the set of
restricted roots of Φ relative to σ. If ∆ is a basis of Φ with respect to a σ-order on
X, then we write ∆0 (σ) = ∆ ∩ Φ0 (σ) and ∆σ = π(∆ − ∆0 (σ)). We will also call a
basis of Φ with respect to a σ-order on X a σ-basis of (X, Φ). We write W0 (σ) for
the Weyl group of Φ0 (σ), which we identify with a subgroup of W (A0 ).
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1.7. Characterization of σ on a σ-basis. Let ∆ be a σ-basis of (X, Φ). In [16,
§2] we have shown that the action of σ on Φ can be decomposed as
(1.2)

σ = − id ·σ∗ · w0 (σ),

where w0 (σ) ∈ W0 (σ) is the longest element of W0 (σ) with respect to ∆0 (σ) and
σ ∗ ∈ Aut(X, Φ, ∆, ∆0 (σ)) = {φ ∈ Aut(X, Φ) | φ(∆) = ∆ and φ(∆0 (σ)) = ∆0 (σ)},
(σ ∗ )2 = id. Note that if Φ is irreducible, then σ ∗ = id or is a non-trivial diagram
automorphism of ∆. On ∆ the action of σ can now be described as follows:
(1.3) If α ∈ ∆0 (σ), then σ(α) = α.
(1.4) If α ∈ ∆ − ∆0 (σ), then σ(α) = −σ ∗ (α) + β with σ ∗ (α) ∈ ∆ and β ∈ Φ0 (σ).
For more details see [16, §2].
Note that in the case in which A is a maximal (σ, k)-split torus and A0 ⊃ A a
σ-stable maximal k-split torus of G, then in fact Φσ = Φ(G, A) is a (not reduced)
root system.
1.8. Properties of ZG (A). We will need several properties of the centralizer of
a maximal (σ, k)-split torus. The key result in the study of these is the following
result (see [23, 4.5]).
Lemma 1.9. Let A be a maximal (σ, k)-split torus of G. Let C, L1 , L2 denote the
central, anisotropic and isotropic factors of ZG (A) over k respectively. Then the
following conditions hold:
(i) A is the unique maximal (σ, k)-split torus of ZG (A).
(ii) L2 ⊂ H.
(iii) If A0 is any maximal k-split torus of ZG (A), then A0 is σ-stable and moreover
CL1 ⊂ ZG (A0 ).
Using this result, we can now prove the following property of the Weyl group
W0 (σ) of Φ0 (σ).
Lemma 1.10. Let A be a σ-stable maximal k-split torus of G with A− a maximal
(σ, k)-split torus of G. For α ∈ Φ(A) let Uα denote the corresponding unipotent
subgroup of G. Then we have the following:
(i) Uα ⊂ H, for all α ∈ Φ0 (σ).
(ii) W0 (σ) has representatives in Hk .
Proof. (i). Write ZG (A− ) = C · L1 · L2 as an almost direct product of k-groups
where C, L1 , L2 denote respectively the central, anisotropic and isotropic factors
of ZG (A− ) over k. Then Uα ⊂ L2 . Since we know by Lemma 1.9 that L2 ⊂ H, the
result is clear.
(ii). For α ∈ Φ(A) let Gα = ZG ((ker α)0 ). This is a restricted rank one ksubgroup of G. Write Gα = C1 · G1 · G2 as an almost direct product of k-groups
where C1 , G1 , G2 denote respectively the central, anisotropic and isotropic factors
of Gα over k. Then the reflection sα ∈ W (A) corresponding to α has representatives
in G2 . On the other hand, if α ∈ Φ0 (σ), then Gα ⊂ ZG (A− ). So G2 ⊂ L2 ⊂ H. It
follows that for each α ∈ Φ0 (σ) the reflection sα has representatives in Hk . Since
W0 (σ) is generated by these reflections, the result follows.
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1.11. σ-split parabolic k-subgroups. Associated with the (σ, k)-split tori is a
class of parabolic k-subgroups. This correspondence is as follows. Let A be a k-split
torus of G, Φ(G, A) the set of roots of A in G and X∗ (A) the set of one-parameter
subgroups of A. By chambers and facets of X∗ (A)⊗Z R, we mean those with respect
to the hyperplanes ker(α), α ∈ Φ(G, A). The parabolic k-subgroups of G containing
A are in bijective correspondence with the facets of X∗ (A) ⊗Z R. Given a facet F ,
the corresponding parabolic k-subgroup P (F ) of G containing A is determined by
Φ(P (F ), A) = {α ∈ Φ(G, A) | hx, αi ≥ 0, x ∈ F }.
For λ ∈ X∗ (A), let
Φ(λ, A) = {α ∈ Φ(G, A) | hλ, αi ≥ 0}.
If F (λ) is the facet containing λ, i.e. the facet of X∗ (A) ⊗Z R determined by the
hyperplanes ker(α) with α ∈ {α ∈ Φ(G, A) | hλ, αi = 0}, then Φ(P (F (λ)), A) =
Φ(λ, A). For simplicity, we write P (λ) for the parabolic k-subgroup P (F (λ)) of G
containing A.
If A is a (σ, k)-split torus, then clearly any element λ ∈ X∗ (A) gives a σ-split
parabolic k-subgroup P (λ). Conversely, since a parabolic k-subgroup contains a
σ-stable maximal k-split torus of G, any σ-split parabolic k-subgroup is of this
form, as follows from the following result.
Lemma 1.12. Let P be a σ-split parabolic k-subgroup of G and A a σ-stable maximal k-split torus of P . Then there exists λ ∈ X∗ (A− ) such that P = P (λ) and
P ∩ σ(P ) = ZG (λ).
For a proof of this result, see [23, 4.6].
The minimal σ-split parabolic k-subgroups now are described by the maximal
(σ, k)-split tori (see [23, 4.7]).
Proposition 1.13. Let P be a σ-split parabolic k-subgroup of G and A a σ-stable
maximal k-split torus of P . Then the following conditions are equivalent:
(i) P is a minimal σ-split parabolic k-subgroup of G.
(ii) P ∩ σ(P ) has no proper σ-split parabolic k-subgroups.
(iii) σ is trivial on the isotropic factor of P ∩ σ(P ) over k.
(iv) A− is a maximal (σ, k)-split torus of G, and ZG (A− ) = P ∩ σ(P ).
The minimal σ-split parabolic subgroups of G are conjugate under H, as follows
from the next result (see [23, 4.8]).
Lemma 1.14. Let P be a minimal σ-split parabolic k-subgroup of G and P0 a
minimal parabolic k-subgroup of G contained in P . Then the following conditions
hold:
(i) H 0 P = H 0 P0 .
(ii) H 0 P0 is open in G.
Unfortunately the minimal σ-split parabolic k-subgroups are not necessarily conjugate under Hk . Similarly, the maximal (σ, k)-split tori may not be conjugate
under Hk . The best we can do is the following result (see [23, 4.11]).
Proposition 1.15. Let P be a minimal σ-split parabolic k-subgroup of G. Then
the following conditions are equivalent:
(i) g ∈ Gk ∩ HP .
(ii) g ∈ Gk , and gP g −1 is a σ-split parabolic k-subgroup of G.
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For the maximal (σ, k)-split tori we can prove a slightly stronger result (see [23,
10.3]).
Proposition 1.16. Let A1 and A2 be maximal (σ, k)-split tori of G and A a maximal k-split torus of G containing A1 . Then there exists g ∈ (H 0 ZG (A))k such that
gA1 g −1 = A2 .
The following example illustrates that in general, the minimal σ-split parabolic
k-subgroups are not conjugate under Hk .
Example 1.17. Let G = SL(2), σ(x) = t x−1 , B = the Borel subgroup of upper
triangular matrices and A the group of diagonal matrices. Then G, B, A and σ are
defined over Q; B is a minimal σ-split parabolic Q-subgroup of G and
 A a maximal
(σ, Q)-split torus of G, which is also maximal Q-split. If g = ac db ∈ GL(2), then

d −c
and
σ(g) = (det g)−1 −b
a


−(ab + cd)
b2 + d2
−1
−2
.
g σ(g) = (det g)
−(ab + cd)
a 2 + c2
So if g ∈ SL(2), then g −1 σ(g) ∈ A− = A = NZG (A− ) (A) if and only if ab + cd = 0.

−v
with u, v, t ∈ Q and uv(1 + t2 ) = det g = 1.
It follows that g is of the form ut
u vt
In this case we have
 2

0
v (1 + t2 )
g −1 σ(g) =
(1.5)
.
0
u2 (1 + t2 )
Moreover from Proposition 1.15 it follows that gBg −1 is a σ-split parabolic Qto B can be seen
subgroup of G. That gBg −1 does not need to be HQ -conjugate
u 
∈ BQ . Then y −1 σ(y) =
as follows. Let y = hb ∈ HQ BQ , h ∈ HQ , b = a0 a−1

−2
b−1 σ(b) ∈ A implies that y −1 σ(y) = a 0 a02 . But from (1.5) it follows that
g −1 σ(g) is of this form if and only if we can choose t ∈ Q such that 1 + t2 is a
square of a rational number. It follows that gBg −1 is not always conjugate to B
by an element of HQ . Note that in this case G has in fact infinitely many HQ conjugacy classes of minimal σ-split parabolic k-subgroups, and consequently also
infinitely many HQ -conjugacy classes of maximal (σ, Q)-split tori of G.
Remark 1.18. These σ-split parabolic k-subgroups are of importance in the representation theory of these symmetric k-varieties. For example, in the case that
k = R, the representations induced from a parabolic k-subgroup P contribute to
the Plancherel decomposition of L2 (Gk /Hk ) if P is a σ-split parabolic k-subgroup.
The contributions to the most “continuous part” of the Plancherel decomposition
come from minimal σ-split parabolic k-subgroups (see [1]).
1.19. Orbits of minimal parabolic k-subgroups on Gk /Hk . The orbits of
the minimal parabolic k-subgroups on Gk /Hk play a central role in the study of
the symmetric k-varieties. They are also of importance for the study of the σsplit parabolic k-subgroups. In the following we give a brief description of these
orbits, which can be found in [23]. Let P be a minimal parabolic k-subgroup
of G, A a σ-stable maximal k-split torus of P , N = NG (A), Z = ZG (A) and
W = W (A) = NG (A)/ZG (A) the corresponding Weyl group. As in [23, 6.7], set
Vk = {x ∈ Gk | τ (x) ∈ Nk }. The group Zk × Hk acts on Vk by (x, z)y = xyz −1 ,
(x, z) ∈ Zk × Hk , y ∈ Vk . Let Vk be the set of (Zk × Hk )-orbits on Vk . If v ∈ Vk , we
let x(v) ∈ Vk be a representative of the orbit v in Vk . The inclusion map Vk → Gk
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induces a bijection of the set Vk of (Zk × Hk )-orbits on Vk onto the set of (Pk × Hk )orbits on Gk (see [23, §6]). The set Vk is in general infinite. In a number of cases
one can show that there are only finitely many (Pk × Hk )-orbits on Gk . If k is
algebraically closed, the finiteness of Vk was proved by Springer [35]. The finiteness
of the orbit decomposition for k = R was discussed by Wolf [36], Rossmann [32] and
Matsuki [27]. For general local fields this result can be found in Helminck-Wang
[23]. An example showing that in most cases the set Vk is infinite can be found in
[23, 6.12].
1.20. We conclude this section by addressing the following questions, which arise
in the study of the induced representations associated with these symmetric kvarieties. “When can a minimal parabolic k-subgroup P be embedded in a proper
σ-split parabolic k-subgroup, and when can P be embedded in a minimal σ-split
parabolic k-subgroup?” The latter question will prove to be related to the open
orbits in Pk \Gk /Hk (see also Theorem 3.6). This all follows from the following
results.
Proposition 1.21. Let P0 be a minimal parabolic k-subgroup of G and let σ be as
above. Then the following are equivalent.
(i) There exists a proper σ-split parabolic k-subgroup P of G with P ⊃ P0 .
(ii) P0 is not σ-stable.
(iii) P0 H is not closed in G.
Proof. (i) ⇒ (ii). Assume P ⊃ P0 a proper σ-split parabolic k-subgroup of G.
Let A ⊂ P0 be a σ-stable maximal k-split torus of G, which exists by [23, 2.5].
By Lemma 1.12, there exists λ ∈ X∗ (A− ), such that P = P (λ). Since P = P (λ)
is a proper σ-split parabolic k-subgroup of G, there exists α ∈ Φ(A) such that
hα, λi > 0. If P0 were σ-stable, then by [23, 3.5] ZG (A) = ZG (A+ ), and A+ is a
maximal k-split torus of H. So also hσ(α), λi > 0. But since P is σ-split it follows
that P and σ(P ) are opposite, and hence hσ(α), λi < 0. It follows that P0 is not
σ-stable.
(ii) ⇒ (iii). If P0 H is closed in G, then by [23, 1.7] P0 ∩ σ(P0 ) contains a parabolic k-subgroup of G and, since P0 is minimal, it follows that σ(P0 ) = P0 , which
contradicts the fact that P0 is not σ-stable.
(iii) ⇒ (i). Let A ⊂ P0 be a σ-stable maximal k-split torus of G, and take
λ ∈ X∗ (A− ) regular. Then, since σ(λ) = −λ, the parabolic k-subgroup P (λ) is
σ-split. If P (λ) = G, then hα, λi = 0 for all α ∈ Φ(A). Since λ ∈ X∗ (A− ) is regular,
it follows that A+ is a maximal k-split torus of H and ZG (A) = ZG (A+ ). From
[23, 3.5] it follows then that P0 is σ-stable. But then by [23, 1.7] P0 H is closed in
G, which contradicts the assumption.
Corollary 1.22. Let P0 be a minimal parabolic k-subgroup of G and let σ be as
above. Then P0 is contained in a minimal σ-split parabolic k-subgroup P of G if
and only if HP is open in G.
Proof. This result follows from Proposition 1.21 and [23, 9.2].
2. Hk -conjugacy classes of σ-split parabolic k-subgroups
In this section we will give a characterization of the Hk -conjugacy classes of
σ-split parabolic k-subgroups. These conjugacy classes play a central role in the
study of Hk -invariant distribution vectors of representations associated with these
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symmetric k-varieties Gk /Hk , both when k = R (see [13]) and when k = Qp (see
[22]).
2.1. Let P be a minimal σ-split parabolic k-subgroup and let P1 ⊂ P be a minimal
parabolic k-subgroup. By [23, 2.4] there exists a σ-stable maximal k-split torus A in
P1 . The following result will be useful in the characterization of the Hk -conjugacy
classes of σ-split parabolic k-subgroups.
Lemma 2.2. Let A1 and A2 be maximal (σ, k)-split tori of G and A0i ⊃ Ai maximal
k-split tori of G (i = 1, 2). Then A1 and A2 are Hk -conjugate if and only if A01
and A02 are Hk -conjugate.
Proof. Assume first that h ∈ Hk is such that hA1 h−1 = A2 . Let A03 = hA01 h−1 .
Then A02 and A03 are maximal k-split tori of ZG (A2 ). Since (A02 )+ and (A03 )+ are
maximal k-split tori of ZG (A2 ) ∩ H, there exists h1 ∈ (ZG (A2 ) ∩ H)k such that
0 +
0 −1 −1
h1 = A02 , which proves the result.
h1 (A03 )+ h−1
1 = (A2 ) . But then h1 hA1 h
Let {Ai | i ∈ I} be representatives of the Hk -conjugacy classes of maximal (σ, k)split tori of G. Every σ-split parabolic k-subgroup is conjugate with one containing
one of the Ai .
Lemma 2.3. Any σ-split parabolic k-subgroup of G is conjugate under Hk to a
σ-split parabolic k-subgroup containing one of the Ai (i ∈ I).
Proof. Assume P is a σ-split parabolic k-subgroup of G. Let P1 ⊂ P be a minimal
σ-split parabolic k-subgroup and let A ⊂ P1 be a σ-stable maximal k-split torus
of G, which exists by [23, 2.2]. Then by Proposition 1.13 A− is a maximal (σ, k)split torus of G. Let h ∈ Hk be such that hA− h−1 = Ai , for some i ∈ I. Then
Ai ⊂ hP h−1 , which proves the result.
Let {Ai | i ∈ I} be as above, and for each i ∈ I let A0i be a maximal k-split
torus containing Ai .
Lemma 2.4. Let Ai be a maximal (σ, k)-split torus of G and P ⊃ Ai a σ-split
parabolic k-subgroup. If A0i ⊃ Ai is a maximal k-split torus of G, then A0i ⊂ P .
Proof. Let P1 ⊃ Ai be a minimal σ-split parabolic k-subgroup of G contained in
P . From Proposition 1.13 it follows that ZG (Ai ) = P1 ∩ σ(P1 ) ⊂ P ∩ σ(P ) ⊂ P .
So clearly A0i ⊂ ZG (Ai ) ⊂ P .
Lemma 2.5. Let A be a maximal (σ, k)-split torus of G, A1 , A2 maximal k-split
tori of ZG (A) and P1 , P2 minimal parabolic k-subgroups of ZG (A). Then we have
the following.
(i) A1 and A2 are conjugate under (ZG (A) ∩ H)k .
(ii) P1 and P2 are conjugate under (ZG (A) ∩ H)k .
Proof. Write ZG (A) = C · L1 · L2 as an almost direct product of k-groups where C,
L1 , L2 denote respectively the central, anisotropic and isotropic factors of ZG (A)
over k. Then A1 and A2 are maximal k-split tori of C · L2 . Since L2 ⊂ H (see [23,
4.5 (ii)]) the result is clear.
As for (ii), note that we can write P1 = C · L1 · P̃1 , P2 = C · L1 · P̃2 with P̃1 , P̃2
minimal parabolic k-subgroups of L2 . Now the result follows from the fact that
L2 ⊂ H.
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In the following we will use the notion of “standard parabolic” as in [5]. In
particular if ∆0 ⊂ Φ(A0i , G) is a fundamental basis and C(A0i ) the corresponding
chamber, then the standard parabolic k-subgroups of G are those P (F ) with F a
facet of C(A0i ). Note that, since the facets of C(A0i ) correspond with subsets of ∆0 ,
the standard parabolic k-subgroups can also be described by using subsets of ∆0 .
For a facet F let ∆0 (F ) = {α ∈ ∆0 | α(F ) = 0} be the corresponding subset of ∆0 .
Conversely if ∆1 ⊂ ∆0 , then we denote the corresponding facet of C(A0i ) by F∆1 ,
and we will also write P∆1 for the standard parabolic k-subgroup P (F∆1 ).
Proposition 2.6. Let Ai be a maximal (σ, k)-split torus of G, A0i ⊃ Ai a maximal
k-split torus of G, ∆ a σ-basis of Φ(A0i ), ∆σ the corresponding basis of Φ(Ai ) and
∆1 ⊂ ∆. Then the following are equivalent:
(i) P∆1 is a σ-split parabolic k-subgroup of G.
(ii) There exists a subset Π of ∆σ such that ∆1 = {α ∈ ∆ | α|A−
i ∈ Π ∪ {0}}.
(iii) ∆0 (σ) = {α ∈ ∆ | σ(α) = α} ⊂ ∆1 , and Φ(∆1 ) = Φ(A0i ) ∩ Z∆1 is σ-stable.
Proof. Write X = X ∗ (A0i ) and Φ = Φ(A0i ).
(i) ⇒ (iii). Assume P∆1 is σ-split. By Lemma 1.12 there exists λ ∈ X∗ (Ai ) such
that P = P (λ) and P ∩ θ(P ) = ZG (λ). Moreover, ∆1 = {α ∈ ∆ | hα, λi = 0}.
Since λ ∈ X∗ (Ai ), we have
hα, λi = hσ(α), σ(λ)i = hσ(α), −λi.
So clearly ∆0 (σ) ⊂ ∆1 . It remains to show that Φ(∆1 ) is σ-stable.
As in (1.2) write σ = − id σ ∗ w0 (σ), where w0 (σ) ∈ W0 (σ) is the longest element
of W0 (σ) with respect to ∆0 (σ) and σ ∗ ∈ Aut(Φ, ∆, ∆0 (σ)), (σ ∗ )2 = id. If α ∈
∆1 − ∆0 (σ), then by (1.4) we have σ(α) = −σ ∗ (α) + β with σ ∗ (α) ∈ ∆ − ∆0 (σ)
and β ∈ Φ0 (σ). It suffices to show now that σ ∗ (α) ∈ ∆1 . But since ∆0 (σ) ⊂ ∆1
we have hβ, λi = 0 and hence
hσ ∗ (α), λi = h−σ(α) + β, λi = −hσ(α), λi + hβ, λi = 0 + 0 = 0.
It follows that σ ∗ (α) ∈ ∆1 − ∆0 (σ) and Φ(∆1 ) is σ-stable.
(iii) ⇒ (ii). Let Π = {α|Ai | α ∈ ∆1 − ∆0 (σ)}. Since ∆ is a σ-basis we have
Π ⊂ ∆σ . So clearly ∆1 = {α ∈ ∆ | α|A−
i ∈ Π ∪ {0}}.
(ii) ⇒ (iii). Since σ(Π) = −Π, it follows that Φ(∆1 ) is σ-stable and ∆0 (σ) ⊂ ∆1 .
(iii) ⇒ (i). Let λ ∈ X∗ (A0i ) be such that P∆1 = P (λ). Then Φ(∆1 ) = Φ(λ)
and Φ(A0i , P∆1 ) = {α ∈ Φ | hα, λi ≥ 0}. Let α ∈ ∆ with hα, λi > 0. Then
α ∈ ∆ − ∆1 . Since ∆0 (σ) ⊂ ∆1 we also have α ∈ ∆ − ∆0 (σ). Similarly as above
we get σ(α) = −σ ∗ (α) + β with σ ∗ (α) ∈ ∆ − ∆0 (σ) and β ∈ Φ0 (σ). Since Φ(∆1 )
is σ-stable it follows that σ ∗ (α) ∈ ∆ − ∆1 . But then
hσ(α), λi = h−σ ∗ (α) + β, λi = −hσ ∗ (α), λi + hβ, λi = −hσ ∗ (α), λi < 0
It follows that P∆1 ∩ σ(P∆1 ) = ZG (λ), and hence P∆1 is σ-split.
Every σ-split parabolic k-subgroup of G containing one of the Ai (i ∈ I) is
conjugate under NGk (A0i ) ∩ NGk (Ai ) with a standard σ-split parabolic k-subgroup,
as follows from the following result.
Proposition 2.7. Let P be a σ-split parabolic k-subgroup of G with P ⊃ Ai for
some i ∈ I, A0i ⊃ Ai a σ-stable maximal k-split torus of G and ∆ a σ-basis of
Φ(A0i ). Then there exists n ∈ NGk (A0i ) ∩ NGk (Ai ) such that nP n−1 is a standard
σ-split parabolic k-subgroup.
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Proof. Write X = X ∗ (A0i ) and Φ = Φ(A0i ). Note first that it follows from Lemma
2.4 that A0i ⊂ P . Let λ ∈ X∗ (Ai ) be such that P = P (λ) and P ∩ σ(P ) = ZG (λ).
Let Φ(λ) = {α ∈ Φ | hα, λi = 0} be the root system of ZG (λ) with respect to A0i .
Since σ(λ) = −λ it follows that Φ(λ) is σ-stable.
Let X(λ) = {χ ∈ X | hχ, λi = 0}. Then X(λ) is a σ-stable cotorsion free
submodule of X. Let  be a σ-order on (X(λ), Φ(λ)) and extend this to an order
on (X, Φ) by choosing an order on X/X(λ). Since X(λ) ⊃ X0 (σ) and X(λ) is σstable, it follows that  is a σ-order on (X, Φ). Let ∆1 be the basis corresponding
to  and let ∆1 (λ) = ∆1 ∩ Φ(λ) be the corresponding basis of Φ(λ). Note that
P = P (λ) = P∆(λ) .
Since ∆ and ∆1 are both σ-bases of Φ, they induce bases ∆σ and (∆1 )σ of
Φσ = Φ(Ai ). Since Ai is a maximal (σ, k)-split torus of G and Φ(Ai ) is a root
system, there exists w ∈ W (Ai ) such that w((∆1 )σ ) = ∆σ . Then w(∆1 ) and
∆ are σ-bases of Φ which induce the same restricted basis of Φ(Ai ). It follows
now from [16, 2.5] that there exists w0 ∈ W0 (σ) such that w0 w(∆1 ) = ∆. Let
n, n0 ∈ NGk (A0i ) ∩ NGk (Ai ) be representatives of w and w0 respectively. If ∆2 =
w0 w(∆(λ)) ⊂ ∆, then P∆2 = n0 nP n−1 n−1
0 is a standard parabolic k-subgroup of
G. Since w0 wσ = σw0 w, it follows that Φ(∆2 ) = w0 wΦ(λ) is σ-stable. But since
clearly ∆0 (σ) ⊂ ∆2 , it follows now from Proposition 2.6 that Φ(∆2 ) is σ-split.
Combining this with Lemma 2.3, we now get the following result:
Corollary 2.8. Let {Ai | i ∈ I} be representatives of the Hk -conjugacy classes
of maximal (σ, k)-split tori of G, and for each i ∈ I let A0i ⊃ Ai be a σ-stable
maximal k-split torus of G and ∆i a σ-basis of Φ(A0i ). If P is any σ-split parabolic
k-subgroup of G, then for i ∈ I there exist h ∈ Hk , n ∈ NGk (A0i ) ∩ NGk (Ai ) and a
subset ∆1 of ∆i such that nhP h−1 n−1 = P∆1 .
Proof. This result is immediate from Lemma 2.3, Proposition 2.6 and Proposition
2.7.
For the minimal σ-split parabolic k-subgroups of G we can even show a more
detailed characterization. If we denote the set of minimal σ-split parabolic ksubgroups of G containing a maximal (σ, k)-split torus A by P(A), then we have
the following result:
Theorem 2.9. For each i ∈ I, let Ai be a maximal (σ, k)-split torus of G, A0i ⊃ Ai
a σ-stable maximal k-split torus of G, ∆i a σ-basis of Φ(A0i ) and ∆i0 (σ) = {α ∈
∆i | σ(α) = α}. Then we have the following.
(i) For each i ∈ I, P∆i0 (σ) is a minimal σ-split parabolic k-subgroup of G.
(ii) If P is any minimal σ-split parabolic k-subgroup of G, then for i ∈ I there
exist h ∈ Hk and n ∈ NGk (A0i ) ∩ NGk (Ai ) such that nhP h−1 n−1 = P∆i0 (σ) .
(iii) There is a bijective correspondence between P(Ai ) and the bases for Φ(Ai ).
(iv) For each i ∈ I the group W (Ai ) acts simply transitively on P(Ai ).
(v) There is a bijective correspondence between the Hk -conjugacy classes of the
minimal σ-split parabolic k-subgroups in P(Ai ) and W (Ai )/WHk (Ai ).
Proof. (i). Let P = P∆i0 (σ) . Since Φ0 (σ) is σ-stable it follows from Proposition 2.6
that P is σ-split. By Lemma 1.12 there exists λ ∈ X∗ (Ai ) such that P = P (λ) and
P ∩ θ(P ) = ZG (λ). Let Φ(λ) = {α ∈ Φ(Ai ) | hα, λi = 0}. Since ∆i0 (σ) ⊂ Φ(λ), it
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follows that Φ(λ) = Φ(∆0 (σ)) = Φ0 (σ). But then ZG (λ) = ZG (Ai ), and hence it
follows from Proposition 1.13(iv) that P is minimal σ-split.
(ii). Let P be a minimal σ-split parabolic k-subgroup of G. By Lemma 2.3 there
exists h ∈ Hk such that hP h−1 ⊃ Ai for some i ∈ I. The result now follows from
Proposition 2.7.
(iii). Since each w ∈ W (Ai ) has a representative in NGk (A0i ) ∩ NGk (Ai ), the group
W (Ai ) acts on P(Ai ).
Let P ∈ P(Ai ) be a minimal σ-split parabolic k-subgroup of G. By Lemma 2.4
we have P ⊃ A0i , and by Proposition 2.7 there exists n ∈ NGk (A0i ) ∩ NGk (Ai ) be
such that nP n−1 is standard. Let ∆1 ⊂ ∆i be such that nP n−1 = P∆1 . From
Proposition 2.7 it follows that ∆1 ⊃ ∆i0 (σ), but since P is minimal σ-split it follows
from (i) that ∆1 = ∆i0 (σ). We obtain a bijective correspondence between the bases
for Φ(Ai ) and P(Ai ).
(iv). Since W (Ai ) acts simply transitive on the bases of Φ(Ai ), (iv) follows from
(iii).
(v). Assume P1 , P2 ∈ P(Ai ) are Hk -conjugate. Let h ∈ Hk be such that hP1 h−1 =
P2 and let A = hA0i h−1 . Then A and A0i are σ-stable maximal k-split tori of
P2 . Since A− ⊂ P2 ∩ σ(P2 ) = ZG (Ai ), it follows that A− Ai is a (σ, k)-split torus
of G. But since Ai is maximal (σ, k)-split it follows that A− = Ai . So A and
A0i are σ-stable maximal k-split tori of ZG (Ai ). By Lemma 2.5 there exists h ∈
(ZG (Ai ) ∩ H)k such that hAh−1 = A0i . It follows that P1 and P2 are conjugate
under NHk (A0i ) ∩ NHk (Ai ), which proves the result.
Remark 2.10. In order to give a more detailed description, or possibly even a classification, of the Hk -conjugacy classes of minimal σ-split parabolic k-subgroups, one
first needs a classification of the Hk -conjugacy classes of maximal (σ, k)-split tori
of G. This classification follows from the classification of the Hk -conjugacy classes
of σ-stable maximal k-split tori of G. An initial study of these conjugacy classes
was carried out in [17, 18, 19] (see also [20]). However a full classification of these
conjugacy classes has only been completed for k algebraically closed or the real
numbers. In order to classify these conjugacy classes over other base fields, one will
need first a classification of the symmetric k-varieties for those fields. Some of the
necessary fine structure related to these symmetric k-varieties was classified in [15]
(see also [21]), but a classification of the quadratic elements characterizing the isomorphy classes is still needed. Once the classification of the symmetric k-varieties
is finished, one can try to classify the Hk -conjugacy classes of maximal (σ, k)-split
tori for a number of base fields. Note that in most cases there are in fact infinitely
many Hk -conjugacy classes of maximal (σ, k)-split tori, as can be seen from Example 1.17. In the case of local fields there are only finitely many conjugacy classes
and a classification will be feasible. In section 4 we discuss a special case, where
there is only one Hk -conjugacy class of maximal (σ, k)-split tori and for which we
can give a more detailed description of the Hk -conjugacy classes of minimal σ-split
parabolic k-subgroups. In the case of local fields we can also give a slightly more
detailed description of the conjugacy classes as follows (see also Theorem 3.6).
2.11. Orbits over local fields. In the case that k is a local field, we can refine
some of the above results. So for the remainder of this section assume that k is a
local field. Let A be a maximal (σ, k)-split torus of G, A0 ⊃ A a maximal k-split
torus of G, P1 ⊃ A a minimal σ-split parabolic k-subgroup in P(A), P ⊂ P1 a
minimal parabolic k-subgroup of G with A0 ⊂ P . By [7] there exists an “A0 -good”
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maximal compact subgroup Kk of Gk such that Gk = Kk Pk = Pk Kk (Iwasawa
decomposition).
We now have the following generalization of Corollary 2.8 and Proposition 2.9(ii):
Proposition 2.12. Assume k is a local field, and let {Ai | i ∈ I} be representatives
of the Hk -conjugacy classes of maximal (σ, k)-split tori of G. For each i ∈ I let
A0i ⊃ Ai be a maximal k-split torus of G, ∆i a σ-basis of Φ(A0i ), ∆i0 (σ) = {α ∈
∆i | σ(α) = α} and Kki an A0i -good maximal compact subgroup of Gk as in 2.11. If
P is any σ-split parabolic k-subgroup of G, then we have the following:
(i) There exist (for i ∈ I) h ∈ Hk , n ∈ NKk (A0i ) ∩ NKk (Ai ) and a subset ∆1 of
∆i such that nhP h−1 n−1 = P∆1 .
(ii) If P is a minimal σ-split parabolic k-subgroup of G, then for i ∈ I there exist
h ∈ Hk and n ∈ NKk (A0i ) ∩ NKk (Ai ) such that nhP h−1 n−1 = P∆i0 (σ) .
(iii) The number of Hk -conjugacy classes of minimal σ-split parabolic k-subgroups
is finite.
Proof. By Corollary 2.8 there exist i ∈ I and h ∈ Hk such that hP h−1 ⊃ A0i . Since
by [7], W (A0i ) has representatives in Kki , (i) follows from Corollary 2.8 and (ii)
follows from Proposition 2.9(ii).
Finally (iii) follows from the fact that for k a local field there are only finitely
many Hk -orbits on Gk /Pk (see [23, 6.15]).
3. Characterization of (HP )k
Instead of Hk -conjugacy classes of minimal σ-split parabolic k-subgroups one
could study the more general problem of Hk -orbits on Gk /Pk (or equivalently Hk ×
Pk -orbits on Gk ). Naturally not all parabolic subgroups contained in Gk /Pk are still
σ-split. Similar to [18], one could define these to be “quasi σ-split” (i.e. parabolic ksubgroups of G which are Gk -isomorphic to a σ-split parabolic k-subgroup). Using
a similar approach as in [18] and [23, §6], one can derive a characterization of these
Hk -orbits on Gk /Pk in terms of Hk -conjugacy classes of σ-stable quasi (σ, k)-split
tori (i.e. k-tori which are Gk -isomorphic to a (σ, k)-split torus) and their Weyl
groups. This characterization is quite technical and hard to derive. On the other
hand, for the study of the principal series representations on these symmetric kvarieties we mainly need a characterization of the “open orbits”, which is equivalent
to a characterization of the Hk × Pk -orbits in (HP )k , for P a minimal σ-split
parabolic k-subgroup of G. The following result characterizes the orbits of Hk on
Gk /Pk contained in the open orbit HP .
Theorem 3.1. Let {Ai | i ∈ I} be representatives of the Hk -conjugacy classes of
maximal (σ, k)-split tori of G. There is a oneSto one correspondence between the
Hk ×Pk -orbits on Gk contained in (HP )k and i∈I W (Ai )/WHk (Ai ). In particular
the orbits are characterized by Hk nPk with n a representative for W (Ai )/WHk (Ai )
in NGk (Ai ) (i ∈ I).
Proof. If g ∈ (HP )k , then gP g −1 is σ-split. Indeed, write g = hp with h ∈ H and
p ∈ P . Then gP g −1 = hP h−1 and consequently gP g −1 and σ(gP g −1 ) are opposite,
which proves that gP g −1 is σ-split.
On the other hand if P1 is minimal σ-split, then by [23, 4.11] there exists g ∈
(HP )k such that P1 = gP g −1 . It follows that we have a one-to-one correspondence
between Hk \(HP )k /Pk and the Hk -conjugacy classes of minimal σ-split parabolic
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k-subgroups. By Lemma 2.3 every minimal σ-split parabolic k-subgroup of G is
Hk -conjugate with one containing one of the Ai (i ∈ I). But by Theorem 2.9(v) the
Hk -conjugacy classes of minimal σ-split parabolic k-subgroups in P(Ai ) correspond
bijectively with W (Ai )/WHk (Ai ), which proves the result.
Another way to characterize the sets W (Ai )/WHk (Ai ) is in terms of the restricted
Weyl group of G as follows:
Lemma 3.2. Let A a maximal (σ, k)-split torus of G and A0 ⊃ A be a σ-stable
maximal k-split torus of G. Let W (A, A0 ) = W (A) ∩ W (A0 ) = {w ∈ W (A0 ) |
w(A) ⊂ A}. Then
W (A)/WHk (A) ' W (A, A0 )/WHk (A0 ).
Proof. Let Φ0 (σ) = {α ∈ Φ(A0 ) | σ(α) = α}, and W0 (σ) the Weyl group of Φ0 (σ),
which we identify with a subgroup of W (A0 ). From [33, Proposition 2.1.4] it follows
that
W (A) ' W (A, A0 )/W0 (σ).
Since by Lemma 1.10 W0 (σ) has representatives in Hk , the result follows.
The orbits which are not contained in the open orbit HP can be described as
follows:
Proposition 3.3. Let P be a minimal σ-split parabolic k-subgroup of G, A a σstable maximal k-split torus of G with A− a maximal (σ, k)-split torus of G, and
Hk gPk an Hk × Pk -orbit on Gk which is not contained in (HP )k . Then there exists
x ∈ Gk such that Hk xPk = Hk gPk and xAx−1 is σ-stable and
dim(xAx−1 ∩ H) > dim(A+ ).
Proof. Let P0 ⊂ P be a minimal parabolic k-subgroup with A ⊂ P0 . Then gAg −1 is
a maximal k-split torus of gP0 g −1 . By [23, 2.4] there exists h ∈ (H ∩ Ru (gP0 g −1 ))k
such that A1 = hgAg −1 h−1 is σ-stable. Let x = hg. Clearly Hk xPk = Hk gPk and
−1
∩ H) >
A1 = xAx−1 is σ-stable. So it remains to show that dim A+
1 = dim(xAx
+
−
+
+
dim(A ). If dim A1 = dim(A ), then A1 is a maximal (σ, k)-split torus of G.
By Lemma 1.16 there exists y ∈ (HZG (A1 ))k such that yA1 y −1 = A. But then
Hk xPk ⊂ (HP )k , which contradicts the assumption.
3.4. Open orbits over local fields. In the case that k is a local field we also
have the topology on Gk induced from the field k, and in this case Theorem 3.1
in fact characterizes precisely the open Hk -orbits on Gk /Pk . So for the remainder
of this section we assume that k is a local field. We first recall the following
characterization of the open orbits of a minimal parabolic k-subgroup acting on the
symmetric k-variety Gk /Hk (see [23, 13.4]).
Proposition 3.5. Let k be a local field, σ an involution of G defined over k, H an
open k-subgroup of Gσ and P a minimal parabolic k-subgroup of G. Assume the
topology on Gk is the one induced from that of k. Then the following conditions
are equivalent:
(i) P is contained in a minimal σ-split parabolic k-subgroup of G.
(ii) Pk Hk is open in Gk .
It follows from this result and [23, 9.2] that Hk gPk is open in Gk if and only if
HgP is also open in G. This leads to the following characterization of the open
Hk -orbits on Gk /Pk .
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Theorem 3.6. Assume k is a local field and let {Ai | i ∈ I} be representatives of
the Hk -conjugacy classes of maximal (σ, k)-split tori of G.SThere is a one to one
correspondence between the open Hk -orbits on Gk /Pk and i∈I W (Ai )/WHk (Ai ).
Proof. If Hk gPk is open in Gk , then HgP is also open in G. This yields that HP
and HgP are the same open orbit of P in H\G; hence g ∈ (HP )k . Conversely if
Hk xPk ⊂ (HP )k , then by Proposition 3.5 Hk xPk is open in Gk . The result follows
now from Theorem 3.1.
3.7. Anisotropic fixed point group. In the case that H is anisotropic over k a
lot more is known about the structure and geometry of the corresponding symmetric
k-varieties. Consequently the representation theory of these symmetric k-varieties
is studied before one attempts the general case. For example in the case that k = R,
the corresponding symmetric k-varieties, also called Riemannian symmetric spaces,
were studied long before the non-Riemannian symmetric spaces (see [13]). In the
following we show how the above results can be refined in this special case. So
for the rest of this section assume that H is anisotropic over k. From [23, 10.5] it
follows that all k-orbits are contained in the open orbit HP :
Proposition 3.8. Let σ be an involution of G defined over k and H be an open
k-subgroup of Gσ . If [G, G] ∩ H is anisotropic over k, then Gk = (P H 0 )k for any
minimal parabolic k-subgroup P of G.
3.9. Let A be a σ-stable maximal k-split torus of G. Since H is anisotropic over k
it follows that A is also σ-split. Contrary to the case that k = R, the torus A does
not need to be maximal σ-split. Consequently one cannot expect that all maximal
(σ, k)-split tori are conjugate under Hk . To ensure these properties we need to
impose additional conditions, which are satisfied in the case that k = R and also
for some of the p-adic symmetric k-varieties.
Definition 3.10. Let σ be an involution of G defined over k and let H be an open
k-subgroup of Gσ . We will call the symmetric pair (G, H) a (σ, k)-anisotropic pair
if it satisfies the following conditions:
(1) [G, G] ∩ H is anisotropic over k.
(2) All σ-stable maximal k-split tori of G are maximal σ-split.
(3) For any σ-stable maximal k-split torus A of G we have
(3.1)

(H 0 A)k = Hk0 Ak

For these (σ, k)-anisotropic pairs we can now establish the following results:
Theorem 3.11. Let (G, H) be a (σ, k)-anisotropic pair, A a σ-stable maximal ksplit torus of G and P ⊃ A a minimal parabolic k-subgroup with unipotent radical
U = Ru (P ). Then we have the following.
(i) (H 0 ZG (A))k = (H 0 A)k = Hk Ak .
(ii) Gk = (H 0 P )k = Hk Pk .
(iii) All σ-stable maximal k-split tori of G are conjugate under Hk .
(iv) NGk (A) = NHk (A)ZGk (A).
Proof. Since A is maximal σ-split, (i) follows from 1.9 and condition (3.1).
(ii). From [23, Lemma 10.2] it follows that
(H 0 P )k = (H 0 ZG (A))k Uk = Hk Ak Uk .
But then the result follows from (i) and Proposition 3.8.
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(iii) is immediate from (ii) and Lemma 2.5. Finally, (iv) follows from (ii), (iii)
and Theorem 3.1.
Remark 3.12. Note that the condition that (G, H) is a (σ, k)-anisotropic pair implies that the group Gk has an Iwasawa type decomposition: Gk = Hk Ak Uk .
4. Groups with a Cartan involution
In a number of cases one can give a more detailed description of the Hk -conjugacy
classes of σ-split parabolic k-subgroups. In this section we discuss one such special
case, namely the “groups with a Cartan involution”. This includes the case of real
symmetric k-varieties, also called reductive symmetric spaces.
4.1. Cartan involutions. In the study of real reductive groups and their representations the Cartan involution has been one of the essential tools (see [14]). In
[23] the notion of Cartan involution was extended to groups defined over formally
real fields satisfying the additional condition (k × )2 = (k × )4 . Recall that a field
is called formally real if −1 is not the sum of squares (see [3, 30]). The Cartan
involutions are defined as follows (see [23, 11.8]).
Definition 4.2. Let k be a formally real field, G a connected reductive algebraic
k-group, θ an involution of G defined over k and A a maximal (θ, k)-split torus of
G. Let K = Gθ be the fixed point group of θ. We call θ a Cartan involution of G
(over k) if K is anisotropic over k, −1 6∈ (k × )2 = (k × )4 and Gk satisfies one of the
following equivalent conditions:
(i) Gk = Kk0 Ak Kk0 .
(ii) Gk = Kk Ak Kk .
(iii) Gk = Uk Ak Kk and τ (Gk ) consists of k-split semisimple elements.
(iv) Gk = Uk Ak Kk0 and τ (Gk ) consists of k-split semisimple elements.
(v) Gk = τ (Gk )Gθ (k) and τ (Gk ) consists of k-split semisimple elements.
Remark 4.3. The condition −1 6∈ (k × )2 = (k × )4 is naturally satisfied in the case
that k is “real closed”, i.e. k is formally real, but has no formally real proper
algebraic extension field (see [30, 3.2]). In fact in this case the Cartan involutions
for the classical real reductive groups generalize to reductive groups over real closed
fields. It is an open question if the Cartan involutions for reductive groups over
real closed fields are the same as those for the real reductive groups. An example
of a Cartan involution for a reductive group over a real closed field is given in the
following:
Example 4.4. Let k be a real closed field, G = SLn (k), θ(g) = t g −1 and K =
Gθ = {g ∈ G | t g = g −1 } = SOn (k). The group A of diagonal matrices is
a maximal (θ, k)-split torus of G, which is also a maximal k-torus. Now θ is a
Cartan involution of G. For n = 2 this can
The set τ (G)
 be seen as follows.
p q
consist of the symmetric k-matrices. If ac db ∈ SL2 (k) and −q p ∈ SO2 (k), then
 p q
aq+bp 
x = ac db −q p = ap−bq
∈ τ (G) if and only if (a + d)q = (c − b)p. If
cp−dq cq+dp
a + d = 0 we can take p = 0. If a + d 6= 0, then we can take q =
(c−b)2
(a+d)2 )

(c−b)
(a+d) p

and p ∈ k

such that p2 (1 +
= p2 + q 2 = 1. So we may assume x ∈ τ (G). But then by
[30, 2.5] there exists h ∈ SO2 (k) such that hxt h ∈ A. It follows from 4.2(v) that θ
is a Cartan involution of G.
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For the groups with a Cartan involution as defined above, most of their structure
can be derived from the additional structure provided by the Cartan involution. A
thorough discussion of the groups with a Cartan involution can be found in [23,
§11]. One of the main properties of these groups which we will use, is the following
(see [23, 11.17]).
Lemma 4.5. If σ ∈ Aut(G) is a k-involution, then there exists a Cartan involution
θ ∈ Aut(G) which commutes with σ.
For the rest of this section we assume σ ∈ Aut(G) is a k-involution and θ ∈
Aut(G) is a Cartan involution satisfying σθ = θσ. We will use the same notation
as in section 1. In particular, H denotes a k-open subgroup of Gσ and K = Gθ .
4.6. In the description of the relevant principal series representations for reductive
symmetric spaces (see [1, 8]) Hk ∩ Kk -conjugacy classes of σθ-stable parabolic ksubgroups are used, and these are characterized in a similar way as is done in the
previous sections for the σ-split parabolic k-subgroups. In the following we first
establish the correspondence between the Hk -conjugacy classes of σ-split parabolic
k-subgroups and the Hk ∩ Kk -conjugacy classes of σθ-stable parabolic k-subgroups,
and use this to refine the characterization of the orbits in 2.9 and 3.1. We note that
for k = R some of the results about σθ-stable parabolic k-subgroups can be found
in [1]. However the proofs and arguments used here provide an algebraization of
those results and hold also in the context of “groups with a Cartan involution” as
defined above.
To establish the above correspondence we first need to prove a few results about
the σθ-stable parabolic k-subgroups. We recall the following result from [23]:
Proposition 4.7. Let σ ∈ Aut(G) be a k-involution, θ ∈ Aut(G) a Cartan involution satisfying σθ = θσ, A a maximal (σ, k)-split torus of G and A0 ⊃ A a σ-stable
maximal k-split torus of G. Then we have the following.
(i) A0 is Hk -conjugate to a θ-stable maximal k-split torus of G, which is also
maximal θ-split.
(ii) All σ- and θ-stable maximal k-split tori of G containing a maximal (σ, k)-split
torus of G are conjugate under (H ∩ K)0k .
Proof. This result follows immediate from [23, 11.4] and [23, 11.18].
To show that σθ-stable parabolic k-subgroups are in fact σ-split we need the
following:
Lemma 4.8. Let P be a σθ-stable parabolic k-subgroup of G. Then P ∩ Gσθ is
a parabolic k-subgroup of Gσθ . Moreover if P is a minimal σθ-stable parabolic
k-subgroup of G, then P ∩ Gσθ is a minimal parabolic k-subgroup of Gσθ .
Proof. Since P is σθ-stable it follows from [23, Lemma 1.7] that P G0σθ is closed in
G. Let B be a Borel subgroup of P and consider the action of B on P H/H. Since
P G0σθ is closed in G, B has a closed orbit in P H/H. It follows that there is x ∈ P
such that BxH is closed in G. By [35, Cor. 6.6 (i)], x−1 Bx is σθ-stable, and by
[31, 5.1] x−1 Bx ∩ G0σθ is a Borel subgroup of G0σθ . Since P ∩ G0σθ ⊃ x−1 Bx ∩ G0σθ ,
it follows that P ∩ Gσθ is a parabolic k-subgroup of Gσθ .
Assume next that P is a minimal σθ-stable parabolic k-subgroup of G. Then by
[23, Proposition 3.5] there exists a σθ-stable maximal k-split torus A of P such that
+
A+
σθ is a maximal k-split torus of Gσθ and ZG (Aσθ ) is a σθ-stable Levi k-subgroup
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of P . But then ZG (A+
σθ ) ∩ Gσθ is the Levi k-subgroup of a minimal parabolic ksubgroup of Gσθ , and consequently P ∩ Gσθ is a minimal parabolic k-subgroup of
Gσθ .
Lemma 4.9. Let σ and θ be as above. Then we have the following:
(i) θ|Gσθ = σ|Gσθ is a Cartan involution of Gσθ .
(ii) All θ-stable maximal k-split tori of Gσθ are maximal (σ, k)-split tori of G.
(iii) Every maximal k-split torus of Gσθ is conjugate under G0σθ (k) to a θ-stable
maximal (σ, k)-split torus of G.
Proof. (i) is immediate from [23, 11.9].
As for (ii), assume that A1 is a θ-stable maximal k-split torus of Gσθ . Since
θ|Gσθ = σ|Gσθ is a Cartan involution, it follows from [23, 11.4] that A1 is a maximal
θ-split torus of Gσθ . Similarly A1 is a maximal σ-split torus of Gσθ . That A1 is
a maximal (σ, k)-split torus of G follows from the observation that Gσθ contains
a maximal (σ, k)-split torus of G. Namely, if A2 is a θ-stable maximal k-split
torus with (A2 )−
σ a maximal (σ, k)-split, then by [23, 11.4] A2 is also θ-split and
(A2 )−
σ ⊂ Gσθ .
Finally, (iii) follows from (ii) and the fact that every maximal k-split torus of
Gσθ is conjugate under Gσθ (k) to a θ-stable maximal k-split torus. This proves the
result.
The following result characterizes the facets corresponding to the σθ-stable parabolic k-subgroups of G.
Lemma 4.10. Let P be a σθ-stable parabolic k-subgroup of G, M a σθ-stable Levi
k-subgroup of P and A a σθ-stable maximal k-split torus of M . Then there is a
λ ∈ X∗ (A+
σθ ) such that P = P (λ) and M = ZG (λ).
Proof. Let F be the facet with P = P (F ). Since P (F ) = σθ(P (F )) = P (σθ(F )),
it follows that σθ(F ) = F . Take δ ∈ X∗ (A) ∩ F . Since σθ(F ) = F , it follows
that σθ(δ) ∈ F and λ = δ + σθ(δ) ∈ X∗ (A+
σθ ) ∩ F . Then λ satisfies the above
conditions.
Proposition 4.11. Every σθ-stable parabolic k-subgroup of G is σ-split.
Proof. Let P1 be a σθ-stable parabolic k-subgroup of G and P ⊂ P1 be a minimal
σθ-stable parabolic k-subgroup of G. By Lemma 4.8, P ∩Gσθ is a minimal parabolic
k-subgroup of Gσθ . Let A be a θ-stable maximal k-split torus of Gσθ contained in
P . It follows from Lemma 4.9 that A is also a maximal (σ, k)-split torus of G. Let
A1 ⊃ A be a σθ-stable maximal k-split torus of P . From Lemma 4.10 it follows that
there are λ, λ1 ∈ X∗ ((A1 )+
σθ ) such that P = P (λ) and P1 = P (λ1 ). Since A is a
maximal k split torus of Gσθ , we have (A1 )+
σθ = A. But then, since A is (σ, k)-split,
we have σ(λ) = −λ and σ(λ1 ) = −λ1 , and hence P and P1 are σ-split.
The converse of this result is not true. However, if a σ-split parabolic k-subgroup
of G contains a θ-stable maximal (σ, k)-split torus of G, we have the following.
Proposition 4.12. Let A be a θ-stable maximal (σ, k)-split torus of G, A0 ⊃ A a
θ-stable maximal k-split torus and P ⊃ A a σ-split parabolic k-subgroup of G. Then
we have the following:
(i) A0 is maximal θ-split.
(ii) P is θ-split.
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(iii) P is σθ-stable.
(iv) P is minimal σθ-stable if and only if P is minimal σ-split.
Proof. (i) follows from [23, 11.4], and (ii) follows from (i) and Lemma 1.12.
As for (ii), note that by Lemma 1.12 there exists λ ∈ X∗ (A) such that P = P (λ).
Since A ⊂ A0 is θ-split it follows that θ(λ) = −λ, and therefore P is θ-split.
(iii) follows from (ii), since P is both θ-split and σ-split, and therefore
σθ(P ) = σθ(P (λ)) = P (σθ(λ)) = P (λ) = P.
(iv). Assume first that P ⊃ A is minimal σ-split. If P1 ⊂ P is minimal σθ-stable,
then by Proposition 4.11 P1 is σ-split, and since P is minimal σ-split it follows that
P1 = P .
Conversely, assume P ⊃ A is minimal σθ-stable. By Proposition 4.11 P is also
σ-split. If P1 ⊂ P is a minimal σ-split parabolic k-subgroup of G, then there exists
a σ-stable maximal k-split torus A1 ⊂ P1 with A−
1 a maximal (σ, k)-split torus
of G. Similarly to [23, 2.4] it follows now that A0 and A1 are conjugate under
h ∈ (H ∩ Ru (P ))k . So we may assume that A1 = A0 . But, then, since P1 is σ-split,
it follows from Lemma 1.12 that there exists λ ∈ X∗ (A−
1 ) such that P1 = P (λ).
The result now follows from Lemma 4.10.
Although not every σ-split parabolic k-subgroup of G is σθ-stable, they are
conjugate under Hk with one which is σθ-stable.
Proposition 4.13. Every σ-split parabolic k-subgroup of G is conjugate under Hk
with a σθ-stable parabolic k-subgroup.
Proof. Let P1 be a σ-split parabolic k-subgroup of G, P ⊂ P1 a minimal σ-split
parabolic k-subgroup of G and A a maximal (σ, k)-split torus of P . From Proposition 4.7 it follows that there is an h ∈ Hk such that A1 = hAh−1 is θ-stable. But
then it follows from Proposition 4.12 that A1 is θ-split and hP h−1 is σθ-stable.
Similarly also P1 is σθ-stable.
The above results give an adequate characterization of the σθ-stable parabolic
k-subgroups. What is left is to show that we can restrict to Hk ∩ Kk -conjugacy
classes of σθ-stable parabolic k-subgroups instead of Hk -conjugacy classes. For this
we first show the following:
Lemma 4.14. Let A be a θ-stable maximal (σ, k)-split torus of G. Then
WGk (A)/WHk (A) ' WKk (A)/W(Hk ∩Kk )0 (A).
Proof. Let A0 ⊃ A be a θ-stable maximal k-split torus. By Lemma 4.9 A0 is also
θ-split. Similarly to Lemma 3.2, we can write
(4.1)

W (A) ' WGk (A, A0 )/W0 (σ),

where WGk (A, A0 ) = W (A) ∩ W (A0 ) = {w ∈ W (A0 ) | w(A) ⊂ A} and W0 (σ)
is as in 1.7. The group WGk (A, A0 ) has representatives in NGk (Ak , A0k ) = {n ∈
NGk (A0k ) | nAn−1 ⊂ A}. By [23, 11.5] NGk (A0k ) = A0k · NKk (A0k ), so it follows that
also
(4.2)

NGk (Ak , A0k ) = A0k · NKk (Ak , A0k ).

The root system Φ0 (σ) can be identified with the root system Φ(A1 , G1 ), where
G1 = D(ZG (A)) = [ZG (A), ZG (A)] and A1 = (A0 ∩ G1 )0 . By [23, 11.9] G1 is also
a group with a Cartan involution. Since A is a maximal (σ, k)-split torus of G, the
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torus A1 is a maximal θ-split torus of G, contained in H ∩ G1 . It follows from [23,
11.5] that W0 (σ) = W (A1 , G1 ) has representatives in (H ∩ K ∩ G1 )(k). Combining
this with (4.2), we get
(4.3)

WGk (A, A0 )/W0 (σ) ' WKk (A, A0 )/W0 (σ).

Combined with (4.1), this gives us
WGk (A) ' WKk (A).

(4.4)

Since all σ-stable maximal k-split tori of ZG (A) are conjugate under (H ∩ K ∩
ZG (A))0 and since W0 (σ) has representatives in (H ∩ K ∩ ZG (A))(k), we also have
the following identifications:
WHk (A) ' WHk (A, A0 )/W0 (σ)

(4.5)
and
(4.6)

W(K∩H)0k (A) ' W(K∩H)0k (A, A0 )/W0 (σ).

So it suffices to show that WHk (A, A0 ) ' W(K∩H)k (A, A0 ). So let h ∈ Hk be a
representative of w ∈ WHk (A, A0 ). By (4.2) we can write
(4.7)
0 −
0
h = a1 a2 pk1 with a1 ∈ (A0 )+
σ =, a2 ∈ (A )σ = A, p ∈ τ (K), k1 ∈ (K ∩ H)k .
Since σ(h) = h it follows that a22 = p−2 , and hence a42 = p−4 = id. On the other
hand, since a2 ∈ Ak , p ∈ Kk and since −1 6∈ (k × )2 = (k × )4 it follows that we must
have a22 = p−2 = id. So p ∈ (K ∩ H)k and a = a1 a2 ∈ (A0 ∩ H)k . It follows that
(4.8)

WHk (A, A0 ) ' W(K∩H)k (A, A0 ),

which proves the result.
Proposition 4.15. Let P1 and P2 be σθ-stable parabolic k-subgroups of G. Then
P1 and P2 are conjugate under Hk if and only if they are conjugate under Hk ∩ Kk .
Proof. Let h ∈ Hk be such that hP1 h−1 = P2 . Assume first that P1 and P2 are
minimal σθ-stable parabolic k-subgroups of G. Let A1 ⊂ P1 and A2 ⊂ P2 be
θ-stable maximal (σ, k)-split tori of G. Then hA1 h−1 ⊂ P2 is a (σ, k)-split torus
of G. Since hA1 h−1 is σ-stable, we get hA1 h−1 ⊂ P2 ∩ σ(P2 ) = ZG (A2 ). So
hA1 h−1 A2 ⊂ ZG (A2 ) is a (σ, k)-split torus of G. From the maximality of A2 it
follows that hA1 h−1 = A2 . On the other hand it follows from Proposition 4.7
= A2 . Let P = h1 P1 h−1
that there exists h1 ∈ (H ∩ K)0k such that h1 A1 h−1
1
1
−1
and n = hh1 ∈ NHk (A2 ). Then both P and P2 are contained in P(A2 ), and
nP n−1 = P2 . It follows now from Lemma 4.14 that P and P2 are conjugate under
N(H∩K)0k (A2 ), which proves the result for P1 and P2 minimal σθ-stable parabolic
k-subgroups of G.
If P1 and P2 are not minimal, then let P ⊂ P1 be a minimal σθ-stable parabolic
k-subgroup of G and A ⊂ P a θ-stable maximal (σ, k)-split torus of G. Then
hP h−1 ⊂ P2 is a minimal σ-split parabolic k-subgroup of G. Let P̃ ⊂ P2 be a
minimal σθ-stable parabolic k-subgroup of G and Ã ⊂ P̃ a θ-stable maximal (σ, k)split torus of G. Since hAh−1 and Ã ⊂ P2 are maximal (σ, k)-split, there exists
= Ã. Now P0 = h1 hP h−1 h−1
⊂ P2 is
h1 ∈ (P2 ∩ H)k such that h1 hA1 h−1 h−1
1
1
minimal σ-split, and Ã ⊂ P0 . By Lemma 1.12 there exists λ ∈ X∗ (Ã) such that
P0 = P (λ). Since by Proposition 4.7 Ã is θ-split, it follows that θ(λ) = −λ and
hence P0 is θ-split. Since P0 is also σ-split, it follows that P0 is σθ-stable. From
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the first part of this proof it follows now that there exists h0 ∈ (H ∩ K)0k such
−1
that P̃ = h0 P h−1
0 . Let P̃1 = h0 P1 h0 . Then P̃1 and P2 are conjugate under
−1
n = h1 hh0 ∈ NHk (A0 ). From Lemma 4.14 it follows now that P̃1 and P2 are
conjugate under N(H∩K)0k (A2 ), and consequently P1 and P2 are conjugate under
(H ∩ K)0k .
Combining the above results with those of section 2, we now obtain the following
result:
Theorem 4.16. Let A be a θ-stable maximal (σ, k)-split torus of G, A0 ⊃ A a
θ-stable maximal k-split torus of G, ∆ a σ-basis of Φ(A0 ) and ∆0 (σ) = {α ∈ ∆ |
σ(α) = α}. Then we have the following.
(i) There is a bijective correspondence between the Hk -conjugacy classes of the
minimal σ-split parabolic k-subgroups in P(A) and the Hk ∩ Kk -conjugacy
classes of the σθ-stable parabolic k-subgroups in P(A).
(ii) If P is any minimal σθ-stable parabolic k-subgroup of G, then there exist
h ∈ (H ∩ K)0k and n ∈ NKk (A0 ) ∩ NKk (A) such that nhP h−1 n−1 = P∆0 (σ) .
Proof. (i) is immediate from Proposition 4.15. As for (ii), note first that by [23,
11.4] NGk (A0k ) = A0k · NKk0 (A0k ). Since W (A) ' W (A, A0 )/W0 (σ), it follows from
Lemma 1.10 that W (A) has representatives in NKk0 (A0k ). Now the result follows
from Theorem 2.9.
Similarly we have the following generalization of Theorem 3.1.
Theorem 4.17. Let A be a θ-stable maximal (σ, k)-split torus of G and P ⊃ A a
minimal σθ-stable parabolic k-subgroup of G. There is a one to one correspondence
between the Hk ×Pk -orbits on Gk contained in (HP )k and WKk (A)/W(Hk ∩Kk )0 (A).
In particular the orbits are given by Hk nPk with n ∈ NKk (A) a representative for
the coset w in WKk (A)/W(Hk ∩Kk )0 (A).
Proof. Note first that by Proposition 4.12(iv) P is also minimal σ-split. Since
by Proposition 4.7 all maximal (σ, k)-split tori are conjugate under Hk , the result
follows from Lemma 4.14 and Theorem 3.1.
We conclude this section with a generalization of Proposition 3.3 to the setting
of groups with a Cartan involution.
Proposition 4.18. Let A be a θ-stable maximal (σ, k)-split torus of G, P ⊃ A a
minimal σθ-stable parabolic k-subgroup of G and A0 ⊃ A a θ-stable maximal k-split
torus of G. If Hk gPk is an Hk × Pk -orbit on Gk which is not contained in (HP )k ,
then there exists x ∈ Kk such that Hk xPk = Hk gPk , xA0 x−1 is both θ- and σ-stable
and dim(xA0 x−1 ∩ H) > dim((A0 )+ ).
Proof. Let Hk gPk be an Hk × Pk -orbit on Gk which is not contained in (HP )k .
By Proposition 3.3 there exists x ∈ Gk such that Hk xPk = Hk gPk , xA0 x−1 is σstable and dim(xA0 x−1 ∩ H) > dim((A0 )+ ). We need to show that we can actually
choose x in Kk . By Proposition 4.7 there exists h ∈ Hk such that hxA0 x−1 h−1
is maximal θ-split. From [23, 11.4] it follows that there exists k1 ∈ Kk0 such that
k1 A0 k1−1 = hxA0 x−1 h−1 . Now Hk Pk and Hk k1−1 xPk are orbits containing A,
so there exists w ∈ W (A, A0 ) such that Hk wk1−1 xPk = Hk Pk . By Lemma 4.14
w has a representative k2 ∈ NKk (A0 , A). From this it follows that Hk xPk =
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Hk k1 k2−1 Pk , and since clearly k1 k2−1 A0 k2 k1−1 = hxA0 x−1 h−1 is θ- and σ-stable
and dim(k1 k2−1 A0 k2 k1−1 ∩ H) > dim((A0 )+ ), the result follows.
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