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A GENERALIZATION OF SNAITH-TYPE FILTRATION

GREG ARONE

ABSTRACT. In this paper we describe the Goodwillie tower of the stable homo-
topy of a space of maps from a finite-dimensional complex to a highly enough
connected space. One way to view it is as a partial generalization of some well-
known results on stable splittings of mapping spaces in terms of configuration
spaces.

0. INTRODUCTION

It has been known for a while (see [1] for a survey article and a list of references)
that given a parallelizable, compact m-dimensional manifold M with a nonempty
boundary, and given a connected, pointed space Z, there is a configuration space
model for the space of unbased maps Map(M, S™Z), which stably splits. More
precisely, there is a weak equivalence:

(0.1) Q%> (Map(M,S™2)) ~ [[ @5 (C(M,0M;n) As, Z™)),

n>1

where C(M, OM;n) stands for the space of n-tuples of distinct points in M, where
all n-tuples whose intersection with OM is not empty have been identified to a
point. There is an analogous splitting for the space of based maps. A closely related
result is the stable splitting of spaces of the form Q737" X. This later splitting is
sometimes refered to as the Snaith splitting (at least in the case m = c0), and we
refer to (0.1) as Snaith-type splitting.

It is, therefore, natural to ask if for a based space K, that is not a man-
ifold, but, say, a finite CW-complex, anything can be said about the functor
X — @QMap, (K, X) (where Map, (K, X) stands for the space of based maps from
K to X). One does not expect this functor to split, in general, but it is still rea-
sonable to try to approximate it by more elementary functors in a way that would
give the splitting above in the case when K = M and X = S™Z. It turns out
that this question (in fact a generalization of it) can be answered positively within
the framework of the theory referred to as calculus of functors, which had been
developed by T. Goodwillie in [4], [5], [6]. Since [6] has not been published yet, we
present a brief outline of the theory of “Taylor towers” in the appendix. In what
follows we will freely use notation from there.

Consider again the identity (0.1). Observe that the factors

Q(C(M,0M;n) As, Z"™)
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1124 GREG ARONE

are homogeneous functors (of Z). Therefore, the functors
P,Map(M,S™Z) = [[ @ (C(M,0M;i) As, Z™)
i=0

are excisive of degree n. Moreover, it is, in fact, true that the (weak) map
QMap(M,S™Z) — P,Map(M,S™Z)

is (n + 1)k-connected if the space Z is k-connected. Therefore, by universality,
the right hand side of (0.1) is nothing but the Taylor tower of the functor Z —
QMap(M,S™Z), where Z € T,. One can think of it as the “Maclaurin tower” of
QMap(M, S™Z). Hence the generalization that we seek in this paper is the one of
identifying the Taylor tower of the functor QMap, (K,Y"), where K is a finite CW-
complex and Y € T'x. More concretely, we want to answer the following question:
given a space Y containing X as a retract, how can we describe QMap, (K,Y) as a
sequence of extensions of @Map, (K, X) by homogeneous functors?

Let us discuss the case X = * (Maclaurin tower) first. We use implicitly the
fact that the differentials of a functor can be recovered from the differentials of its
composition with (m-fold) suspension. Indeed, there are equivalences (the second
of which follows essentially from duality on manifolds, although in our proofs we
do not refer to duality directly)

D,,(QMap(M,S™Z)) ~ Q(C(M,dM;n) A Z"™)
=~ Q> (Map, (M, 5%((S™2)"")as, );
here MM = M>*"™/A™M, where A™M is the “fat diagonal”, i.e. the space of n-
tuples of points in M such that at least two points coincide. The right hand side
makes sense even if M is not a manifold, and it suggests that (over a point)
Dy (QMap, (K,Y)) = O (Map, (K™, 5%V "");5, )

(here K(") = K" /A"K), which is, indeed, the case. Furthermore, since the action
of ¥,, on K™ is free off the basepoint, and K™ is a finite CW-complex, it follows,
by a suitable version of the Adams isomorphism, that

D,,(QMap, (K,Y)) ~ Q®(Map, (K™, £y )=,

The Taylor polynomials of a functor (as opposed to its homogeneous layers) are
not easily retrievable from the Taylor polynomial of its composition with suspension.
In particular, the fact that the Taylor tower of the functor Y — QMap(M, S™Y)
splits does not imply that the Taylor tower of Y — QMap(M,Y) splits (it doesn’t).
We write explicit formulas for the polynomial approximations of our functor in our
main theorem (theorem 2) and prove that they are correct by establishing that they
have the necessary universal properties. For example the quadratic approximation
(still only over a point) is given by the following formula:

P,Q(Map, (K,Y)) = Map, (K"?,Q(Y"?))*
with the approximation map being the composition of the obvious maps
QMap, (K,Y) — QMap, (K"?, Y"?)* — Map, (K2, Q(Y"?))>

However, P3Q(Map, (K,Y)) # Map, (K", Q(Y"%))>.
To pass from the Maclaurin tower to the general Taylor tower we observe that,
given M as in (0.1) and given two topological spaces X and Z, the space of maps
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SNAITH SPLITTING 1125

Map(M, X V, S™Z) can be approximated by means of certain “fiberwise configu-
ration spaces” models, which stably splits. Thus the space QMap(M, X V, S™Z)
splits as follows:

QMap(M, X v, 5™2) ~ [[ @ (C(M, OM; 1) Ay Map(M, X )3 Ass, ZA") ,
n>0

where

C(M,0M;n) Ay Map(M, X) 4+
={(mi...my) AN feC(M,0M;n) AMap(M, X ), |V1<i<n f(m;) =z}

To “dualize” this formula we define certain functors, which we call fiberwise mapping
spaces, and we show how to write the general Taylor tower in terms of these functors.
Thus, for example,

(0.2)  Dn(QMap,(K,Y)) = Map, (K™, Q((Y/X) " A Map, (K, X)))*,

where the right hand side denotes the space of maps satisfying a certain compati-
bility condition.

The paper is organized somewhat differently from the outline above: in section
1, we define fiberwise mapping spaces. These spaces are defined as spaces which
depend functorially on K, X and Y. However, it is not clear from the definitions
that these spaces are homotopy functors (of Y or K), let alone excisive functors (of
Y).

In section 2, we prove a basic lemma about fiberwise mapping spaces, which
in subsequent sections enables us to prove that fiberwise mapping spaces possess
certain good properties.

In section 3, we use the lemma of section 2 to prove that certain fiberwise map-
ping spaces are, indeed, excisive homotopy functors of Y.

In section 4, we use fiberwise mapping spaces to describe the Taylor tower of the
functor @QMap, (K,Y). In subsection 4.1 we state the main theorem. In particular,
we describe the Taylor polynomials of QMap, (K, Y"). This result appears to be new
even in the case X = %, when fiberwise mapping spaces become ordinary mapping
spaces. In subsection 4.2 we prove the main theorem.

The reader is strongly encouraged to proceed from the introduction directly to
section 4.1, and refer to the earlier sections as need arises.

Remark 1. It is easy to see that, given any (—1)-connected spectrum F, our for-
mulas can be generalized to describe the Taylor tower of the funcor

Y — Q% (E AMap, (K,Y)).

Basically, one just replaces @ with 2°°E everywhere. Some care might be needed
with the fiberwise case, but presumably it is not too hard to figure out. In par-
ticular, one gets a spectral sequence for the homology of the space of maps from a
finite complex to a highly enough connected space. There is no doubt that many
special cases of this spectral sequence are known. For instance, it was known to
Goodwillie a long time ago that in the case K = S, one gets the usual Eilenberg-
Moore spectral sequence for the homology of 2X. The spectral sequence probably
has not been written in this generality before. However, the really new result of
this paper is the functorial, explicit description of the extentions on the space level.

Acknowledgement: This is a much revised version of my Ph.D. thesis (Brown,
1993) written under the supervision of T. Goodwillie.
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1. FIBERWISE MAPPING SPACES

Let X be a fixed space with a basepoint. Throughout this paper, Tx will denote
the category of all spaces containing X as a retract. Thus an object of Tx is a
triple (Y, «, p) where Y and X are based spaces, @ : Y — X isamap, p: X - Y
is a cofibration and the composite X Ly % X is the identity. A morphism
(Y,a,p) — (Y',o/,p') is amap Y — Y’ which commutes with «, o/, p and p’ in
the obvious sense. We consider the functor QMap, (K,Y’), where K is a finite CW
complex with a basepoint, Y € Tx and Map,(—, —) stands for the space of based
maps. Q(—) stands for Q°X>(—).

For an integer n > 1, let K' be a ¥, equivariant subquotient of the space
K*™. This means that there exist X, equivariant subcomplexes K, C K; of K*"
such that K" & K;,/K,. We will denote by P; the projection of K*™ on its i-th
coordinate. Obviously, if K7 is not a subcomplex of K*™ then P; does not induce
a map on K7'; however, it does induce a map on K7\ {*x}. We will denote this
restricted map by the same symbol.

Let W be a based space endowed with a map

a: WA\ {x} - X.

In keeping with our conventions for maps induced by projections of cartesian prod-
ucts on summands, we define the maps

Pyi : WA AMap, (K, X) 4 \ {x} = W

th coordinate in W™) and

(projection on 4
P W™ A Map, (K, X) 4 \ {+} — Map, (K, X)
(projection on Map, (K, X)).
We are now ready to define fiberwise mapping spaces.
Definition 1.

Map, (K7, W™ A Map, (K, X))
= {f € Map, (K7, W"" AMap, (K, X);) | VA € K"\ f~'(*)
Pr(f(k7)(Pi(k7)) = a(Pwi(f (k7)) V1 < i < n}.

We say that the space Map, (K", W™ AMap, (K, X)) is a fiberwise mapping
space.

Likewise, we define the stable fiberwise mapping space

M&p* (K?v Q(W/\n A Map* (Ka X)+))

as follows:

Definition 2.

Map*(K?7Q(W/\n A Ma'p*(K7X)+))
=limy{f € Map,(SY A K", SN A (W"" A Map, (K, X)4)) |
VN ARF € SN AKP\ [l (%)
Pr(f(s" ANRD)(Pi(RY)) = a(Pwi(f(s" ART))) VI < < nj.

We will say that a function f satisfies the bar condition if it is an element of
some appropriate fiberwise mapping space.

Clearly, fiberwise mapping spaces are Y., equivariant subspaces of the corre-
sponding mapping spaces, where the action of 3, is induced by the obvious action
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SNAITH SPLITTING 1127

on K% and W"" and the trivial action on Map, (K, X). In particular, it makes
sense to talk about maps which are equivariant and satisfy the bar condition. We
will denote spaces of such maps by Map, (K7, WA A Map, (K, X))», etc.

Notice that if X = % then fiberwise mapping spaces are homeomorphic to ordi-
nary mapping spaces. For instance, if X = % then

n n ~ n ny)2n
Ma'p*(KluQ(W/\ /\Map*(KvX)‘i‘))En _Ma'p* (KluQ(WA )) .
It is also clearly possible to define fiberwise mapping spaces such as

Map, (K7, V,, AMap, (K, X )1 )>n

for any based space V,, endowed with an action of X, and a ¥,, equivariant map

&V, \x— X"

2. A FIBRATION LEMMA

At this point, it is not clear that fiberwise mapping spaces have good homotopy
properties. We want to prove that certain fiberwise mapping spaces make excisive
functors of Y. However it is not even obvious from the definition that they are
homotopy functors of Y, K and K7. The following lemma will be the key tool
for proving such statements, as it will enable us to make inductive proofs (on the
dimension of K7, on the number of cells in K7, etc.). It will be referred to as the
fibration lemma.

Let Y € Tx. By definition, there is a cofibration X — Y. Let Y/X denote the
quotient. Let n > 1. Let K be a finite CW-complex. Let K{* be a X,, equivariant
subquotient complex of K*". Let K C K' be a ¥,, equivariant subcomplex of
K7'. Note that the map «: Y — X induces a map Y/X \ {x} — X.

The fibration lemma. Restriction maps such as

Map, (K7, (Y/X)"™ A Map, (K, X))=
!
Map, (K3, (Y/X)"™ A Map, (K, X)4)%n

and

Map, (K7, Q((Y/X)"" A Map, (K, X)4))*"
!
Map, (K3, Q((Y/X)"" A Map, (K, X)4))*

are Serre fibrations.

Proof. We will prove that the second map is a fibration, the proof of all other cases
being identical. First, we prove the statement for the case when K7 is a subcomplex
of K*". Following our conventions, we will denote by P; the projection of K*" on
its i-th coordinate. Again, by a slight abuse of notation, we also denote by P; its
restrictions to K{* and K3'. Our goal is to show that for every commutative square
diagram of the form

T B Map*(K%Q((Y/X)AIAMap*<K,X>+>>En
Imx 1 — Map,(K3,Q((Y/X)"™ AMap, (K, X) 1))
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1128 GREG ARONE

there exists a map I"™ x I — Map, (K7, Q((Y/X)"" A Map, (K, X);))=, which
commutes with all the maps in the square. This is equivalent to showing that for
every diagram of based map of the form

(I™ x 1), AK} QUY/X)™ A Map, (K, X))
7 /T
I A (L A K U {0}y AKT)

where the map T is equivariant and satisfies the bar condition, there exists a based
map U : (I"™ x )1 A K" — Q((Y/X)" A Map, (K, X)4) which is equivariant,
satisfies the bar condition, and completes the diagram to a commutative triangle.
Since (K7, K¥) is a X,-NDR pair, it follows that (I A K7, Iy A K U{0}+ A KJ)
is a 3,-DR pair. Hence there exists a ¥,, equivariant retraction

GI+/\KIL—>I+/\KSU{O}+/\K?
Therefore, we have the following diagram:

I AL AKY Q((Y/X)" AMap, (K, X))
Tlldlr/\G T
I A (I ANK3U{0}4 AKY)

One could consider the map T o (Id;m x G) as the first candidate for being
the map U above. It is, indeed, ¥, equivariant, but it does not satisfy the bar
condition. To rectify that, we need the following proposition.

Proposition 1. There exists a based map H : I N K} — Map, (K, K) with the
following properties:

(1) Hr, axpufoy,axyp=Id € Map, (K, K).

(2) HkP, 1)(P(kY)) = Pi(Pip (G(RY, 1)) V1 <i<mn, Ykl € K, Vte I
(Prp stands for the obvious projection of I N K{' on KT').

(3) H is Xy, equivariant.

Note that we take the basepoint of Map, (K, K) to be the identity map.

Proof. Our assertion is equivalent to the one stating that there exists a based map
H* I, N\KNK] - K
which satisfies the following conditions:
(1) H* |1, arargpu{op akaxy= Pk (projection on K),
(2’) H*l|l+/\AiK: H(PK{L(G(P]JF/\K{L))) V1 <1 < n, Vk‘? S K{Z, vVt € 1
(A'K = {(kNk}) € K ANKY | if kA KY # {basepoint} then P;(k}) = k}),
(3') H* is X,, equivariant.

The first thing we need to check is that these conditions are compatible. Condi-
tion (1') is compatible with any of the conditions in (2') because G is a retraction.
Condition (1”) is compatible with (3’) because projection on K is X, equivariant.
Any of the conditions in (2’) is compatible with (3') because G is ¥,, equivariant.

Finally, it is obvious that all the conditions in (2') are compatible with each other.
Thus, H* is well defined on the subspace

I A (K/\Kgu (UNK)) U{0}, AK AKY
=1
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of Iy N K A K7. The pair

(K ANKY, (K ANKy U <QAK> ))

is a ¥, NDR pair, and so the pair

<1+ ANEK x K@ I, A (KAKgu (UNK)) U{0}+/\K/\K{‘>
=1

is a ¥,, DR pair. Therefore H* can be extended to Iy A K A K7 (]

Now it is easy to see that the map H induces a (X,, equivariant) map

H:(I™ x1); NK{ — Map,(Map, (K, X), Map, (K, X))
defined as the composition
(I™ x 1)y NK} — I A K2 Map, (K, K) — Map, (Map, (K, X), Map, (K, X)).

The map H in turn induces a (3, equivariant) map

QH : (I x I){ AK7
— Map, (Q((Y/X)"" A Map, (K, X)+), Q((Y/X)"" AMap, (K, X)4)),
which in turn induces a map U as follows:
U: (ImxI)sAKP — QUY/X)™ AMap, (K, X)),
(v,t, k7) s QH(v,t, k) (To (Idpp A G)(v,t,k{l)) .

In order to show that the map U has all the desired properties we need to check
that:

) U |(rmxny s akpuamxqopsankp=T-

2"") U satisfies the bar condition.

3" U is X, equivariant.

(1) follows from condition (1) in Proposition 1 and from the fact that G is a
retraction. (2”) follows from condition (2) in Proposition 1 and (3”) follows from
the fact that QH, T and G are equivariant maps.

We have proved the lemma for the case when K7 is a subcomplex of K *". Now
assume that K" = Ef/Ko and KJ = /@/KO, where Ky C /@ C /Iiﬁ are X,
equivariant subcomplexes of K*", and consider the diagram

Map, (K, Q((Y/X)"™ AMap, (K, X)1))®r —Map, (K}, Q((Y/X)"" A Map, (K, X)+))™»
! !

Map, (K3, Q((Y/X)"" AMap, (K, X)+))®n —Map, (K3, Q((Y/X)"" A Map, (K, X)+))»

It is very easy to check that this diagram is a strict pullback, and we have proved that
the right map is a fibration. Therefore, the left map is a fibration. O

Corollary 1. The homotopy fiber of the restriction map
Map, (K}, Q((Y/X)"™" A Map, (K, X) 1))
|

Map, (K3, Q((Y/X)"" A Map, (K, X)+))®"
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is homotopy equivalent to

Map, (K7 /K3, Q((Y/X)™ A Map, (K, X)5))".

3. PROPERTIES OF FIBERWISE MAPPING SPACES

3.1. Fiberwise mapping spaces are homotopy functors of K}. As a first
step towards analyzing fiberwise mapping spaces, we have to prove that they are
homotopy functors of K7* in some suitable sense. The following lemma will suffice

for our needs.

Lemma 1. Let K{* be a X, equivariant subquotient of K*™. Let K3 be a %,,-

equivariant deformation retract of Ki'. Then the restriction map

Map, (K7, Q((Y/X) " A Map, (K, X)))*"
lr
Map, (K3, Q((Y/X) " A Map, (K, X)))*"

is a homotopy equivalence.

Proof. The proof is very similar to the proof of the fibration lemma.
assume that K7 is a subcomplex of K *". We will construct a map

s : Map, (K3, Q((Y/X)"* A Map, (K, X)4))*" —

— Map, (KT, Q((Y/X)"* A Map, (K, X))

and prove that it is a two-sided homotopy inverse of r.
By our assumption on K7, there exists a homotopy

G:I. NK? — K7

such that

1) G lqoy,rxpur, axp= Pryp,

2) G |y, aky (KT) C K7,

3) G is X,-equivariant.
Proposition 2. There exists a homotopy

H:I. NK} — Map, (K, K)

such that

1) H [toy, arpur,akyp = ldx,
2/) H(t, k{l)(PZ(k?)) =P(Gt,kY)), i=1,...,n,
3") H is ¥, -equivariant.

Proof. The proof is virtually identical to the proof of proposition 1.
Now define a homotopy
= n n Xn
5: Iy AMap, (K7, Q((Y/X)™ AMap, (K, X))

— Map, (K7, Q((Y/X)"" A Map, (K, X)+))™"

First we

as follows: first, we observe that a map as above is exactly the same as a map

Map, (K7, Q((Y/X)" A Map, (K, X),))™
— Map, (I} A KT, Q((Y/X)"" A Map, (K, X){))™".
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Such a map is induced by G. We compose this map with a map
n n Xn
Map* (I+/\K15Q((Y/X)A /\Map*(KaX)-F))
n n Zn
_>Ma'p* (I‘i‘/\KlaQ((Y/X)/\ /\Map*(KvX)‘i‘))

induced by H in the obvious way. Thus § is induced by the composition of these
two maps. Let s be the map obtained by restricting s to

{1}4 AMap, (KT,Q((Y/X)"" AMap, (K, X)4))™" .
Thus s is a map
Map, (K7, Q((Y/X) AMap, (K, X)4))™"
— Map, (K7, Q((Y/X)"" A Map, (K, X)+))™" .

Because of condition (2) in the definition of G, s may in fact be considered as a
map

Map, (K3, Q((Y/X)" AMap, (K, X)4))™"
— Map, (K7, Q((Y/X)"" A Map, (K, X)+))™" .

Moreover, it follows from property (2) in the definition of H that s preserves the
bar condition, i.e

s+ (Map. (K3, Q(V/X)" A Map, (K, X) 1)) )

C (Map, (KT, Q((Y/X)"™ A Map. (K, X)5))™ )
Therefore we may think of s as a map
s :Map, (K3, Q((Y/X)"" A Map, (K, X)4))>n
— Map, (K7, Q((Y/X)"" A Map, (K, X)4))>".
It remains to check that s is a two-sided homotopy inverse of r. Obviously, rs = Id,
since G |1, nx,= Pr, and H |1, nx,= Idg. To see that sr ~ Id, observe that 3
induces the required homotopy. We have proved the lemma in the case when K

is a subcomplex of K*". The general case is concluded in the same way as in the
last step of the proof of the fibration lemma. O

3.2. Fiberwise mapping spaces make excisive homotopy functors of Y.
Now we have set the ground to prove that fiberwise mapping spaces have some
good properties.

Let n > 1. Let Y € Tx. Let K7 be as usual. Consider the functor

Map, (KT, Q((Y/X)"" A Map, (K, X)+))>"

Theorem 1. This functor is
1) a homotopy functor of Y — X. That is, if a map Y — Y’ is a weak
equivalence in Tx, then the induced map

Map, (K7, Q((Y/X)"" A Map, (K, X)4))=
— Map, (K7,Q((Y'/X)"" A Map, (K, X)+))®"

is a weak equivalence.
2) excisive of degree n. Moreover, if the action of ¥, on K} is free off the
basepoint, then the functor is homogeneous of degree n.
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3) a reduced functor of Tx.

Proof of the theorem. First, let us discuss statement (3). It says that if ¥ ~ X
then

Map. (K7, Q((Y/X) ™™ A Map, (K, X) ;)5 = ».

Assuming that statement (1) is true, it is enough to prove (3) for the case Y = X.
But in this case Y/X 2 % and therefore the space

Map, (KT, Q((Y/X)"" A Map, (K, X)4))*"

is a subspace of the space of maps of K7 into a one point space, which is also a one

point space. Therefore in this case Map, (K7, Q((Y/X)"™ A Map, (K, X)))5n 2 .

The proof of statements (1) and (2) is by induction on d, the dimension of K7
We start with the case d = 0, i.e. K7 is a finite based set with an action of %,,.
Let e be the number of orbits under this action not counting the orbit consisting
of the basepoint. We proceed with an induction on e. So, we first prove the case
e = 1. In this case K7 is a X, orbit of one point in K*" plus the basepoint.

Choose a representative point (k1,...,k,) in K{'. Let /1515 be the set consisting
of this representative and the basepoint. Let S/l)C the set of distinct elements in
(k1,... ,kn). Let s be the cardinality of S, let K¢ be the the set consisting of the
s-tuple (ki,...,ks) and the basepoint. Then, recalling the definitions, it is clear
that

Map, (K, Q((Y/X)"" A Map, (K, X)+))*"
= Map, (K7, Q((Y/X)"* A Map, (K, X).))
= Q (Map. (K3, (Y/X)"* A Map, (K, X)+))

and we will denote the space

Map, (K3, (Y/X)"* A Map, (K, X))
simply by (Y/X)"s A Map, (K, X ). Explicitly, this is the following space:
((Y/X)"s AMap, (K, X)4)
={@A... AT [) € (Y/X)" AMap, (K, X) |
either (g1 A ... A7) is the basepoint or
V1<i<s f(ki) =a(yi)}

We define (Y/X)"s x Map, (K, X) similarly to (Y/X)"$ A Map, (K, X)4, and it is
straightforward to check that

750 > Map, (K. X)
* x Map, (K, X)

(Y/X)"s AMap, (K, X)y =

Likewise, it is possible to define the space
(Y/X)/\S X Map*(K07X)
for any K such that S C Ky C K. In particular, it is defined for S = K. Now
consider the commutative square
(Y/X)"* x Map, (K,X) — Map,(K,X)
1 1
(Y/X)"* x Map,(S,X) — Map,(S,X)
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Proposition 3. This is a strict pullback square.
Proof. Easy. O

We conclude that since the right vertical map map is a fibration, the left vertical
map is a fibration too.

Recall that our goal was to prove that the functor @ ((Y/ X)) A Map, (K, X )+)
is an excisive homotopy functor (and in case the action of ¥,, on K7 is free off the
basepoint, is also homogeneous of degree n). Since @ takes co-Cartesian cubes to
Cartesian cubes, it is enough to prove that the functor ((Y/ X)) A Map, (K, X )+)
is a homology functor, which satisfies the “homology limit axiom”, which takes
strongly co-Cartesian n+1-cubes to co-Cartesian n+1-cubes (and which, in case the
action of ¥,, on K7 is free off the basepoint, also takes [-connected spaces over X to

nl-connected spaces). We will show that a) the functor ((Y/X ) x Map, (S, X ))
has all the required properties, and b) that this implies the same for

(/%)™ x Map, (K. X)) .
Indeed, to see (a) notice that there is a cofibration sequence

Map, (S, X) — ((¥/X)" x Map, (S, X)) — (V/X)*.

To see (b) recall that there is a fibration sequence

Map, (K/S, X) — ((Y/X)AS x Map, (K, X)) — ((Y/X)AS x Map, (S, X))

in which the fiber is constant (as a functor of V). The statement of (b) is easily
implied by the following two well known propositions:

Proposition 4. Let

Yo - Y71 —- Y, — ...

! ! !
XO — Xl — X2 — ...

be a commutative diagram such that each square is homotopy Cartesian. Then the
homotopy fiber of the induced map on the mapping telescopes is the same as of the
maps Y; — X;.

Proof. [10, Lemma 1.8] O

Proposition 5. Let p : E — B be a map of filtered spaces such that F,E =
p~'E,B forn > 0 and, forn > 1, p : F,E — F,B is obtained by passage to
pushouts from a commutative diagram of the form

F,_.E & D, I E

n
pl Lan Lon

Fn—lB <f_n An ﬁ’ Bn

Suppose that the following conditions hold.
(i) p|FoE is a quasifibration.
(ii) Each map p, : E, — B, is a fibration.
(iii) Each map i, : A, — By, is a cofibration.
(iv) Each right square is a pullback.
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(v) gn induces weak equivalences on all fibers.
Then p : e — B is a quasifibration, and so are its restrictions to F,E for all
n > 0.

Proof. [8, Theorem 2.7] |

It remains to prove that if the action of ¥,, on K7 is free off the basepoint, then
the functor

Q ((V/X)™ A Map, (K, X))

is homogeneous of degree n, for which, since we have shown that this functor is n-
excisive, it is enough to show that it takes [-connected spaces over X to nl-connected
spaces. To prove this it is enough to prove that the map

((Y/2)™ x Map, (K, X)) — Map, (K, X)

is ml-connected if (Y/X) is l-connected. If ¥, is acting freely (off the basepoint)
on K7 then s = n, and (again) there is a pullback square

(Y/X)"™ x Map, (K,X) — Map,(K,X)
! l
(Y/X)"™ x Map,(S,X) — Map,(S,X)

We need to prove that a certain connectivity property holds for the top horizontal
map. But the condition clearly holds for the bottom map, and therefore for the top
map.

We have completed the proof of the case e = 1. Now let K7 have e+ 1 orbits (not
counting the basepoint) and assume that in the case of e orbits the theorem is true.
Let K% C K7 be a subspace containing one orbit and the basepoint. Clearly, the
quotient K7'/K¥ is the union of e orbits and the basepoint. Consider the sequence

Map, (KT'/K3, Q((Y/X)" A Map, (K, X)))>"
!
Map, (KT, Q((Y/X)"" A Map, (K, X)))>"
!
Map, (K3, Q((Y/X)"" A Map, (K, X)))>"

It follows immediately from the fibration lemma and its corollary that this is a
fibration sequence, and by the induction assumption, the theorem is true for the
base and the fiber. It follows that it is true for the total space.

We have completed the case d = 0. Now let KT* be of dimension d + 1, and
assume that the theorem is true if K" is of dimension d. Let )A(:d_H be the disjoint
union of the d+1-cells in K. So, )Z',Hl is a disjoint union of d+ 1-dimensional balls.
For each of these balls take an open “subball” of some fixed slightly smaller radius.
Let X441 be the disjoint union of these subballs and let 7d+1 be the union of the
corresponding closed balls. Let oK' = K7'\ Xg41. Clearly, the d-skeleton of K7
is a X,-equivariant homotopy retract of 4K7'. There is an equivariant homotopy
pushout square

0Xar1y — Xariy
! !
aKi — KT
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It follows immediately from the fibration lemma that it induces a homotopy pullback
square

Map, (KT, Q((Y/X) " A Map , (K, X)))*"
!
Map, (a KT, Q((Y/X)"" A Map , (K, X)4))*"

— Map, (Xay1,,Q((Y/X)N AMap, (K, X))
!
- Ma'p* (67d+1+7Q((Y/X)/\n A Ma'p* (K7 X)+))En

The theorem holds for the lower left and lower right corners by our induction
assumption. The same is true for the upper right corner by lemma 1 since X g1 n
is equivariantly equivalent to a finite set. Therefore the theorem is true for the
functor at the upper left corner. This completes the induction and the proof of the
theorem. O

4. DESCRIPTION OF THE TAYLOR TOWER

4.1. The main theorem. In this section we will define a sequence of functors
P% QMap, (K,Y), which we will eventually prove to be equivalent to the Taylor
polynomials of QMap, (K,Y"). We need some preliminary definitions.

Definition 3. Let M be the category whose objects are the standard finite sets
(and the empty set):

m={1,2,3...,m}
and whose morphisms are surjective maps of sets
q:m’ —m
Let M,, be the full subcategory of M whose objects are sets of cardinality < n.

By abuse of notation, we may sometimes neglect to underline cardinalities and
use symbols such as m to denote both the number m and the set m.

Definition 4. For a finite set T, X7 stands for the total cofiber of the cubi-
cal diagram U +— Map,(Us,X), U C T, in which the maps Map,(V},X) —
Map, (U, X) are induced by collapsing maps U; — V, which send all the ele-
ments in U \ V to the basepoint.

Basically, X7 is just the smash product of |T'| copies of X, made functorial in
T. Note that there is a little twist in case 7 = (). Our convention is that X? 2 x
and X" = 5, =~ G0,

A morphism ¢q : m’ — m in M induces a well-defined map

K - KA - KN
ki Nka Ao Nk = kgay Nkgy Ao A kgmy)-
In fact, the corrsepondence m — K\ defines a contravariant functor M — T,.
Definition 5. Let F,, G, : M, — Spectra be the two functors defined by
F,(m) = 2°K"™,

Gnl(m) = S®°(V/X)"™ A F(K, X))
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Let Nat(F},, G,,) be the set of natural transformations from F,, to G,,. Obviously,
Nat(F,,,Gy,) is a subset of

which is the same as
[T Map, (K™, Q((Y/X)"™ A Map(K, X)4)),
m=0

and we endow Nat(F),,G,) with the subspace topology. Next we need to define
fiberwise natural transformations.

Definition 6. The space Nat(F,,G,) of fiberwise natural transformations is de-
fined to be the (strict) pullback of the diagram

Nat(F,,Gp)
il

T Map. (K", QU(Y/X)"™ A Map(, X)+))
m=0
1

[ Map. (KA, QUY/X )" A Map, (K, X))

m=0

where Map, (K", Q((Y/X)"™ A Map, (K, X)4)) is as in definition 2.

Definition 7. For n > 0 define
Pg QMap, (K, Y) = Nat(F,, Gp).
We now present an inductive description of P QMap, (K,Y). Let
A"K ={(ki A...Nky) € K" | 3i,j i # j such that k; = k;}.
Lemma 2. For all n > 0 there exists a commutative square diagram

Py QMap, (K,Y) —  Map, (K", Q((Y/X) N A Map, (K, X)+))®n
! L1
Py QMap,(K,Y) ™ Map,(A"K,Q((Y/X)" A Map, (K, X)1))=

which is both a strict pullback and a homotopy pullback.

Proof. Following [3], we define the twisted arrow category of M,,, denoted aM,,, as
follows: The objects of aM,, are the morphisms of M,,, and a morphism (m; —
mz) — (mj — mj}) is a square diagram

mp — mj
i !

me — mh

(note the twist in the directions of the horizontal maps). Define the aM,-diagram
hom, (F,,, Gy) by

(m1 — ma) — Map, (Fy,(m2), Gn(m1))
= Map, (K™, Q((Y/X)""™ A F(K, X)4)).
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As noted in [3, proposition 3.2], it is easy to see that
Nat(F,,Gy) = lim*™" hom, (F,, Gy,).

We need a fiberwise version of this. Define the diagram hom,(F,,, G,) by
(m1 — mg) — Map, (K"m2, Q((Y/X) ™ A F(K, X)4))

where the right hand side is the image of Map, (K™, Q((Y/X) ™2 A F(K, X)4))
in Map, (K"™2, Q((Y/X)""*AF (K, X)4)) under the inclusion map associated with
the surjection m; — mo. Again it is easy to see that

Nat(F,, G,) = lim*"hom, (F,, Gy).

Now we write a)M,, as a union of two categories aM! and aM? as follows: Let aM,
be the full subcategory of aM,, whose objects are morphisms m; — msg such that
mo < n—1. Let aM?2 be the full subcategory of aM,, whose objects are morphisms
m1 — msg such that m; = n. It is easy to see that the nerve of aM,, is the union
of the nerves of aM! and aM?2, and therefore there is a pullback square

lm homg (Fn, G) —  lim*™<homy (F),, G)
b L
lim*"rhom, (F,,G,) — 1lim*"»"*"2hom,(F,,G,)

To analyze

lim®Mn hom,, (Fy,, Gr,)

—

consider the full subcategory of aM! whose objects are surjections m; — ma such
that m; < n — 1. It is easy to see that this subcategory is initial in aM;}, and
therefore

lim“Mnhomy (F,, Gy) 2 PR~' QMap, (K, Y).
To analyze

limaMn hom, (F,, G,)

notice that the full subcategory of aM? whose objects are surjections n — n is
initial, and therefore

lim M o, (Fy., G) 2 Map, (K7, Q((Y/X)™ A Map. (K, X) 7).

Similarly, it is not very hard to check directly that
im0 Mihom, (F,, Gn) 2 Map, (A"K, Q((Y/X) M A Map, (K, X)1))>".

—

Thus a pullback square as in the statement of the lemma exists. It is easy to check
that the right vertical map is the restriction and thus a fibration by the fibration
lemma of section 2. Therefore the square is a homotopy pullback. O

Corollary 2. The functor P% QMap,(K,Y) is an excisive functor of degree n.
Moreover,

D5 PY QMap,(K,Y) ~ Map, (K@, Q((Y/X)" A Map, (K, X))
for all0 <i<n.
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Proof. Tt follows from the previous lemma and the corollary of the fibration lemma
that the fiber of the map
P% QMap, (K,Y) — Py~ ' QMap, (K,Y)

is homotopy equivalent to

Map, (K™, Q((Y/X)"" A Map, (K, X)1))*,

which by theorem 1 is a homogeneous functor of degree n. The statement follows
by induction on n. O

Next we need to construct natural maps
pn t QMap, (K,Y) — Py QMap, (K,Y)
such that for all n the diagrams

QMap, (K,Y) = PgQMap,(K,Y)
N\ !
Pt QMap, (K, Y)
commute, and show that these maps are highly enough connected.
To define p,,, it is enough to define an unstable map

B : Map, (K, Y) — Nat(K*", (Y/X )" A Map, (K, X)).

We define p,, as follows:

Do(f)(k1y .o s km) = fFki) Ao A F(Rn) A S,
where f is the composition
KLy x

We are now ready to state our main theorem, whose proof is given in the next
subsection.

Theorem 2. The map p,, defined above is (n+ 1)(k — d)-connected, where k is the
connectivity of Y/X and d is the dimension of K.

In other words, P¥ QMap, (K,Y) is a model for the n-th Taylor approximation
of QMap, (K,Y), and p,, is a model for the approximation map.

Remark 2. The reader is encouraged to consider what our formula for
Py QMap, (K, Y)

simplifies to in the special case X = %, when “fiberwise” stops being an issue. It
might be illuminating to consider the even more special case K = SV, Y = SV Z.
Letting N go to infinity, one gets formulas for the Taylor tower of QQZ (over x),
which has to coincide, up to homotopy, with the classical splitting of QQZ. It is
easy to see, for instance, that for n = 2 our formula says that

P2QQZ ~ Qx,(Z"*)™2,

which by the tom Dieck splitting is equivalent to Q(Z) x Q(Z;3,) (see [2]), just as
one would expect from the Snaith splitting.
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4.2. Proof of the main theorem. It is shown in [5, example 4.5] that the functor
QMap, (K,Y)) is “analytic” enough. Therefore, to show that the map p, is as
connected as claimed, it is enough to show that it induces an equivalence on n-th
Taylor polynomials. For this it is enough to show that p,, induces an equivalence
on differentials up to the n-th one. In fact, by induction it is enough to show
that p, induces an equivalence on the n-th differential. For this, it is enough to
show that the induced map on n-th cross-effects, which we denote x,p.,, satisfies
the following connectivity condition: if Zy,...,Z, are k-connected then y,p, is
(n + 1)k + c-connected, where ¢ is a constant not depending on Z3, ... , Z,.

Let (x1,... ,x,) be an n-tuple of points in X. It is easy to see from the definitions
(see the appendix) that the cross-effect at (x1, ... ,x,) satisfies

xn@Map, (K,Y)) (Z1,Za, ..., Zy)

~0 Map, (K, X Vg, Z1 Vg, ZoV ...\ Zp)

n

UMap, (K, XVv...vZiv...)

i=1
It is also easy to prove, using the fibration lemma and induction on the dimension
of K7 in our usual way, that the cross-effect of the functor

Map, (K7, Q((Y/X)" A Map, (K, X)1))*

satisfies

Xn Map, (KT, Q((Y/X)"" A Map, (K, X)))>

~ Map, (K2, Q(( \/ Zo) A A Zgm)) AMap, (K, X);))"
oeX,

~ Map, (K7, Q((Zoa) N - - N Zony) AN Map, (K, X))).

Moreover, since

Map, (K™, Q(Z"" A Map, (K, X)4))>
is the n-th differential of P{ @QMap, (K,Y), the natural map

Map, (K™, Q(Z" A Map, (K, X)) — Pg @QMap, (K,Y)

induces an equivalence after applying x,. Therefore we may regard

Map, (K™, Q(( \/ Zgy A - N Zg(m)) AN Map, (K, X) 1))
oEeEYX,

as a model for
xnP% QMap, (K,Y).

So, we need to describe x,p, in terms of these models for the cross-effects. We are
going to describe a map x,,p, from

Map, (K, XV ZyV ZyV ... Zy,)

UMap, (K, XVv...vZiv...)

i=1
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to

Map, (K™, (\/ Zya)A... A Zym)) AMap, (K, X))
oeEYX,

The map is defined as follows: Given a function f € Map, (K, XV Z1V ...V Z,),

let f be the composition

KL xvz,v.. vz, — X

If the point (ki,k?,...,k}) is different from the basepoint and there exists a per-
mutation o € ¥, such that f(k}) € Z,(;, then

Xabn(F)kE K2, k) = FRT YA FRTP) AL A FRT ™) AT
otherwise,

XD (F) (BT BT, ... KD = *.

The map xnpn is induced by x,p,. Our next step is to show that to prove that
XnPn satisfies the connectivity condition, it is enough to prove that the map xnpn
satisfies the connectivity condition.

Proposition 6. Let Z1,Zs, ... ,Z, be k-connected spaces, and let KT* be a subquo-
tient of the space K*™ such that the action of ¥, on K7 is free off the basepoint.
Then the stabilization map from

n!
Map (K3, \/ (Z1 A ... A Zy) A Map, (K, X))

=1

to

n!

Map, (K7, Q(\/ (Z1 A ... N Zy) A Map, (K, X)4))™"
=1

is 2nk + c-connected (and therefore (n + 1)k + c-connected).
Proof. The idea is the same as usual. That is, to use the fibration lemma to reduce

to the case when K7 is an orbit of one point in K*", in which the map is the
inclusion

ZiN...NZy ANMap, (K, k1,...  kn; X, 21 .. 0+
!
Q(ZyN...NZp ANMap, (K, k1,...  kn; X, 21 ... Z0)4)

which is obviously 2nk-connected. As one proceeds with the induction, the connec-
tivity reduces by 1 at each step, so in the end ¢ = — dim(K). O

On the other hand, it is easy to see that if K is a finite complex of dimension d,
then the space

Map, (K, XV ZyV ZyV ... Zy,)

UMap, (K, XVv...vZiv...)

i=1
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is ~ nk — nd-connected, and therefore the inclusion

Map, (K, XV Z1V Za NV ...V Zy) Map, (K, XV Z1V ZsV ... Zy,)

0 = Q| —
UMap, (K, X Vv...vZiv...) UMap, (K, XVv...vZiv...)
i=1 =1

is 2nk — 2nd-connected, and in particular is ~ (n + 1)k + c-connected.

Therefore, it is enough to prove that the map x,p, has the required connectivity
property.

It is enough to prove it in the case when K = M is a parallelizable compact
m-dimensional Riemannian manifold with boundary and a basepoint mg. It also
follows from Goodwillie’s classification of homogeneous functors that we may as-
sume Z; =2 S™ W,. In this case we can use the machinery of configuration spaces.
We will need suitable fiberwise versions of the classical results on approximation of
mapping spaces by configuration spaces.

Remark 3. The proof would have been much easier if we were content to prove the
case X = %, which already is of interest. In this case we would only need classical
results from the theory of configuration spaces.

Let M be as above. Let C(M;j) = (M \{mo})*7\ A7 M be the space of j-tuples
of distinct points in M \ {mo}. Let C.(M;j) be the space of j-tuples of points
in M \ {mo} such that the distance between any two is at least 3¢ and so is the
distance from the basepoint. Let z € X.

Definition 8.

C(M;j) xz Map, (M, X) = {(m1,ma,...m;, f) € C(M;j) x Map, (M, X) |
f(mi) =av1 <i<j}

For W a based space, make the following definition:
Definition 9.
Cxaew (M) = [ (COM: ) o Map, (M, X) x W7) _,

Jj=0

~

where = stands for the usual identifications:

(i)

((ml,...7mi,mi+2,...,mj>, f ,(wl,...,wi,wi+2,...,wj))

~ (<m1, ey MGy MY 1, M2, - . ,mj>, f s <’w1, vy Wy, K, W42, . ,wj))
(i)

(<m17"'amj>7 ] f 7<w17"'awj>)
= ((Mo1ys - smo(d)),  f s (W), s Wo(s)))

(iii)

((ml,...,mi,...,mj>, f ,<w1,...,wi,...,wj>)
z((ml,...,mi,...,mﬁ, f )
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Similarly define the space Ce;x 5w (M ). There is a map
U Cexaaw (M) x {e} — Coxaow (M)
€0

which is a homotopy equivalence.

Let N and N’ be two manifolds of the same dimension as M. Suppose that they
are embedded as closed submanifolds of M in such a way that M = N U N’ and
NNN =90NNON'.

Definition 10. We say that the inclusion N — M is nice if
1) B=0N NON’ is a submanifold of N and of ON’, and
2) each connected component of B has nonempty intersection with OM.

We will need the following:
Lemma 3. Let N — M be a nice inclusion. Then the restriction map

CX,I;W(M)
N L
OX@;W(N)

is a quasifibration.

Proof. The proof is an adaptation of the corresponding proof in [9]. Filter the space

[T (C:5) 5 Map, (V. ) » W)
j=0

~

by the spaces

~

=k
C_k = H (C(N7.7) Xz Map*(NvX) x WJ)
j=0
To prove that the map r is a quasifibration it is enough to prove that:
1) 7 : 771 (Cry1 \ Cr) — Cry1 \ Ck is a fibration with the same fiber for all k.
2) For each k there is an open subset Uy of C), which contains Cj_; and there
are homotopies

hy : U — U
and
Hy :r N (Up) — Y Uy)

such that
a) ho =1id, hy(Cr—1) € Cr_1, h1(U) C Cr_1;
b) Hy =id, rH; = hyr;
¢) Hy : v~ 1(z) — r~1(hy(x)) is a homotopy equivalence for all z € Uy,.
To prove (1) we need to show that for any commutative square of the form

m & -1 <(C(N;j) szap*(N,X)x(W/\j\*))Ej>
! br
et L (O ) X Map. (N, X) x (W9 )

J
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there is a map

T <(C(N;j) % Map, (N, X) x (W \ *))z)

which commutes with all other maps in the square.
To prove this we introduce some more notation. Since the action of all symmetric
groups on Map, (M, X) is trivial, it is clear that

I1 (O(M;j) X Map, (M, X) x Wj)
>0

~

is homeomorphic to

[Tc(s:5) x W) | x Map, (M, X).
§>0

So we will think of the functions F', (G, and E as products F' = F} X F5, G = G1 XGs,
E = E; x Ey, where Fy maps I"! to (C(N;j) x (WAI\ %)), F2 maps " to
Map, (N, X), and so on. Of course the pairs (Fi, F»), (G1,G2), (F1, E2) must
satisfy an additional condition, a version of the bar condition.

We denote I" ™! = {(u,t) € I" x I}. Also, we think of a point in

[[c01;5) x w
>0 -
as a finite subset [S] of M \ OM whose points are labeled by points in W which are
different from the basepoint. Then, given two points [S] and [U], one can obviously
define standard operations of set theory on them, such as their union [SUU], their
set difference [S\ U], etc.

We will construct the map

E .t ot ((C(NJ) xz Map, (N, X) x (WAj)\*>En>

by constructing maps

By 1 — | o 5) x W

Jj=0

and
Ey : I"T — Map, (M, X)
in such a way that they satisfy the bar condition and the image of £ = E; X FEs
is in r7! <(C(N;j) X Map, (N, X) x (W" '\ *))Z

) and the map F commutes

n

with other maps in the square diagram.
First we define

Er((u,t)) = [Fi(u, ) U (G1(u) \ N)].
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Clearly, this map is well defined and continuous. To show that it is possible to
define a map F» such that F; X Fy has all the desired properties we need to show
that there is a map

By : I"T' — Map, (M, X)

such that: o
1) the composition I"+1 2 Map, (M, X) restrigtion Map, (N, X) is equal to Fy;
2) the composition ™ — 71 5 Map, (M, X) is equal to Ga.
3) Ex((u,t))(m) = x ¥(u,t) € I"" Vm € (Im(Ey(u,t)) \ N).
So we can describe the situation as follows: we need to define a map

Ey : I xIxM—X
which is already predetermined on the subset
I"x MUI™™ x NUI™™ x (Im(Gy) \ N).

Moreover, the restriction of the map to I"*! x (Im(Gy) \ N) is a constant map.
Clearly, the subspace (Im(G7) \ N) is separated from N in M, and there exists a
closed subspace O C M such that:

(i) (Im(G1) \ N) O,

(ii) O has an open neighborhood disjoint with N,

(iii) (M, N UO) is an NDR pair.

Choose O as above and extend Ey to I™ x M U I x N U I™! x O in the
obvious way (sending O to the point ). Now the map can be extended to all of
It x M, since (M, N UO) is an NDR pair. This completes the proof of condition
(1) in our lemma.

By our assumption on B we may choose € > 0 so that the set {y € M : d(y, B) <
2¢} is homeomorphic to to B x (—2¢, 2¢). Also, for small e > 0, N\ Ny, is homeomor-
phic to ON x [0, 2¢). It follows that there is a homotopy Il; : (M,0M) — (M,0M)
such that Iy = id, I;(N.) = N and I; | I;1(M \ OM) is injective. Because of this
injectivity of I, it induces a homotopy

(lt)* . Cx)W(M) — CX7w(M)

et Uy be c Ck car NN) <k—1; and let hy, H; be the appro-
Let Ui be §[S] € Cx(N d(SNN) <k d let hy, H; be th

priate restrictions of (It).. Clearly, subconditions (a) and (b) of condition (2) are
satisfied. It remains to prove that

Hy 7N (S, f) — r=H(lS], f)

is a homotopy equivalence for all ([S], f) in Uy
Clearly, each fiber r=1([S], f) is canonically isomorphic to

v =TT (C(N,ON"YB) x Map, (N', B; X, f(B)) x W7) _;
Jj=20

in terms of this identification Hy is a map H; : V — V. In fact it is

(UL f In) = ([W(U) U], foly [n),
where [w] = [[1(S) N N'] is a configuration in the neighborhood W = [3(N) N N’
of B in N’. Now [i1(U)] lies outside W for all [U] € (C(N’,@N’ \ B) x Wj) .

Also, we assumed that each component of B has nonempty intersection with OM ,
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so that the configuration [w] can be connected to the empty configurations through
configurations in W. Therefore the map

(U], f Inv) = (L (U) U, f o by | N)
is homotopic to
([0, f In) ¥ ([11(U)], f o l1 o (a homotopy equivalence of M) |n/)
and this is homotopic to idg since [; ~ id. O
We are now ready to prove the following fact.

Theorem 3. Let M be a parallelizable manifold of dimension m with nonempty
boundary. There is a map

[T (C-OF:3) >z Map, (M. X) x W7) = Map, (M, XV, S™W)
iz

~

which is a homotopy equivalence.

Proof. The map is defined the usual way. For each point m;, labeled by a point
w;, map the e-ball centered at m; to the sphere over w; in S™W (since M is
parallelizable, we can do this in a canonical way) and map the rest of M to X as
determined by the map f € Map, (M, X), using the fact that the space obtained
from M by identifying j e-balls to their centers is homeomorphic to M. To prove
that this map is an equivalence we need only to check that the assertion is true for
the case

M =5°%x D™,

Then the assertion for general M follows by induction on handles, which works
thanks to the previous lemma. See [9] for details.
In the case M = S° x D™ it is clear that

Map, (M, X vV S™W) = Map, (D™, X vV S™W) x Map, (D', X v S"W)

and

11 (O(M;j) xz Map, (M, X) x Wj)

Jj=0

= [ (CTO7™:3) % Map. (D™, X) x W)
>0

<11 (C(Dm;j) Xz Map, (D7, X) x WJ’)
j=0

Q

Q

So, we need to prove that the maps

1 (C(Dm;j) X2 Map, (D™, X) x Wj) — Map, (D™, X V S™W)
7>0 ”

and

11 (C(Dm;j) Xz Map, (D7, X) x WJ’) — Map, (D™, X V S™W)
j=0

~

are equivalences. This is easy to do directly and is left as an exercise to the reader.
|
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As a consequence, we get a generalization of the classical “stable splitting” the-
orem.

Lemma 4. Let M be an m -manifold. Then there are stable equivalences

Map, (M, X Vy S™W) =~ Cx »w (M)
j=o0
— \/ C(M,0M;j) Ay Map, (M, X) 4 As, WN.
J=0

Proof. We have just proved the first equivalence in theorem 3. As for the second
equivalence, its meaning is that the filtration of the “fiberwise configuration space”
model stably splits into the wedge sum of its subquotients, which are easily seen to
be

C(M,0M:;j) Ay Map, (M, X)) AW,

The construction and proof of the second equivalence carry over from the proof of
the corresponding statement in [1] |

Corollary 3. Let M be a parallelizable, compact, m-dimensional manifold with
boundary. The n-th differential of the functor Map, (M, X V, S™W) is given by

DQMap, (M, X Vy S™W) ~ Q (C(M, A1) Ay Map, (M, X )z A WA")

n

Proof. By theorem 3. There is an equivalence

[T (CQME; ) . Map, (M, X) x W) = Map, (M, X v S™W),

320 ~
where the space on the right is filtered by the spaces

n

J
C, = (Ce(M;j)szap*(M,X)XWj) ;

Il
o

J

and it is easy to see that

Co /Ty (C(M, OM; 1) Ay Map, (M, X) 1 A WA")
Clearly, if W is [-connected, then the quotient C'_n/ Ch_1 is nl-connected. In parti-
cular, this implies that the inclusion

= [T (COM ) o Map, (M, X) x W7)
>0

is (n 4 1)l-connected. On the other hand, by lemma 4

[T (O(M;j) Xz Map, (M, X) x Wj)
>0

stably splits into the product of the quotients. To summarize, there is an equivalence

QMap, (M, X v S™"W) ~ [[ @ ((O(M, OM; J) s Map, (M, X)1 A WM')E ) .
j>0 I
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J

Clearly, Q <(C(M, O j) Ay Map, (M, X)1 A WM)

of degree j, and therefore the functor

) is a homogeneous functor

j=n

I1 o ((CTOrant ) A Map. 0L, X7 A7) )

Jj=0

is a functor of degree n. Since there is a (weak) map

j=n
QMap, (M, X v 5™W) - [] @ ((C (MM j) Ay Map, (M, X)5 AW ) )
=0 I

which is (n 4+ 1)l-connected whenever W is I-connected, it must be true, by unique-
ness and universality of Goodwillie’s “Taylor approximations”, that

Jj=n
P,QMap, (M, X v S™W) ~ [[ Q ((C(M, OM: ) Ao Map, (M, X)+ AW ) )
i=0 j

and

DyQMap, (M, XV S"W) ~ Q ((C<M, OM;n) A Map, (M, X)+ AW™") ) .
O

It is clear now that, given an n-tuple (z1,...,2,) of points in X, the space of
maps

Map, (M, X Vg, S"Wi V...V, S™W,)

can be approximated by means of appropriate fiberwise configuration spaces. More
specifically, it is clear that there is a map from

C(M,OM; 1) Nay.....ony Map, (M, X) s AW AWa AL AW,

(defined in the obvious way) to
Map, (M, X Vv S"W1 V S™Wy V...V S™W,)

n
UMap, (K, X v...v "W v...)
i=1
which is (n + 1)k-connected whenever all W;’s are k-connected. It remains to prove
that the composed map

C(M,OM; 1) Nay....ony Map, (M, X) s AW AWa AL AW,

|
Map* (M, X \/ml SmW1 \/12 SmWQ V... \/In SmWn)

(UMap, (K, X v...v§"W; Vv...)

i=1
!
Map, (M), S™Wy A ... A S™W, AMap, (K, X))

satisfies the same connectivity condition.
In fact, we can prove a more general statement:
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Lemma 5. Let U = M™ (so U\ * is a manifold). Let Uy be a subspace of U. We
will say that the inclusion Uy — U is nice, if U \ x is a manifold and the inclusion
Ui \ x — U \ * is nice. Then there is a configuration space model for

Map,(Uy, (Map, (M, X)+ AS™W1 A ... ANSTW,)).

More precisely, there is an equivalence

TT(CW\ ) x (Map, (M, X) 1 A (W AW A AW))')
i>0

~

!
Map, (U1, Q(Map, (M, X)+ A S™W1 A... AS™W,)).

Proof. The idea of the proof is the same as in lemma 3. Given a subspace Us of
Uy, such that the inclusion Us < Uj is nice, there is the following proposition

Proposition 7. The restriction map
I1 (C(U1 \ %:4) x (Map, (M, X)4 A (Wi AWa A... A Wn))i)N

i>0
!

]_[(O(U2 \ #:4) x (Map, (M, X)+ A (Wi AWa A ... A Wn))i)z

i>0

is a quasifibration.
Proof. The proof is similar to that of lemma 3, only easier. O

Using this proposition, our lemma is proved by induction on handles. O

APPENDIX A. TAYLOR TOWERS

Following the conventions of ([4], [5], [6]), we say that a functor from spaces to
spaces is a homotopy functor, if it takes weak equivalences to weak equivalences
and commutes with mapping telescopes. We will work with homotopy functors
F :Tx — D, where Tx is the category of spaces containing a fixed space X as a
retract and D is either the category of based spaces or the category of spectra. The
calculus of functors is concerned with approximating such homotopy functors by
functors of a special kind, the so-called excisive functors or functors of finite degree,
which should be interpreted as “polynomial functors”.

The definition of excisive functors involves cubical diagrams of spaces (see [5] for
definitions). A cubical diagram of spaces is said to be strongly co-Cartesian if each
of its two-dimensional faces is a homotopy pushout square. A cubical diagram of
spaces is said to be Cartesian if it is a homotopy pullback cube. A homotopy functor
F is said to have degree n or equivalently to be n-excisive if it satisfies n" order
excision. This means that it takes n + 1 strongly co-Cartesian cubical diagrams
to n + 1 Cartesian cubical diagrams. For instance, a functor is 1-excisive (linear)
if it takes homotopy pushout squares to homotopy pullback squares. An example
of a linear functor is QY = Q°X>°Y. In general, any linear functor T, — D has
(up to natural weak homotopy equivalence) the form 2°°(E AY'), where E is some
spectrum.

A homotopy functor F' is said to be analytic if, loosely speaking, it satisfies
n-th order excision in a stable range for all n (see [5, definition 4.2] for a precise
definition). Many of the familiar homotopy functors are analytic. For instance
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the identity functor, Waldhausen’s A-theory, and Map(K, X), where K is a finite
CW-complex, are analytic. All functors dealt with in this paper are analytic.

One of the main results of calculus of functors is that an analytic functor can
be approximated by functors of finite degree in much the same way as an analytic
function can be approximated by its Taylor polynomials. That is, to any analytic
functor there corresponds a tower of functors {P,F'},>o of degree n with maps

.— P,F — P,_1F — .... This tower is uniquely determined (up to a natural
weak equivalence) by the universal property that for each n there is a natural map
F(X) — P,F(X) that is roughly (n 4 1)k-connected (here k is the connectivity of
Y in Tx). This tower of functors is called the Taylor tower of the functor F.

A functor F' is homogeneous of degree n if it is of degree n and P, 1 F ~ x.
It is proved in [6] that the fibers of the maps P,F — P,_1F are homogeneous
functors (of degree n). These functors are called the differentials of F and are
usually denoted D, F'.

In [6] Goodwillie classified all homogeneous functors (whose domain is 7%) up to
natural weak equivalence. A homogeneous functor of degree n is determined by a
spectrum A endowed with an action of the group X, and it has, up to natural weak
equivalence, the form Q> [(A AY"") hE,j' Its visual resemblance to the function
% further enhances the analogy with Taylor polynomials. Let F' : T, — D be
a functor with D, F(Y) ~ Q> ((A A YA")hEn); then we say that the spectrum
A, together with the action of ¥, is the n-th derivative of F' at *x (of course,
the derivative of a functor is determined only up to a suitable notion of weak 3,,-
equivariant pseudo-equivalence). Thus the n-th derivative of a functor defined on
T, is a spectrum with an action of ¥,, or equivalently, a bundle of spectra over
BY,.

For a general space X, the n-th derivative of a functor F': Tx — D is a bundle
of spectra over X" xsx, FY,. Equivalently, it is a bundle of spectra over X"
with an action of X,. The best way to define the n-th derivative is probably
via the n-th “cross-effect” of F'. By definition, the n-th cross-effect of a functor
F:Tx — D is a bundle over X" of functors x,F : T.)™ — D. The fiber at an n-
tuple (x1,... ,x,) of this bundle is the iterated homotopy fiber of the n-dimensional
cube S+ F(X Vg, Ziy V... Va, Zi,), where {i1,... iy} is the complement of S in
{1,...,n}. The maps in the cube are induced by the obvious collapsing maps. It is
easily seen from the definitions that there is an action of ¥, on x,F and that each
fiber is a reduced functor of (Z1,...,Z,). It follows that the multilinearization of
a fiber of x,, F is given, up to homotopy, by

hoco lim Qk1+"'+k"XnF(Sk1 Z1,... 7Sk”Zn).

ki,...,kn—00
We denote this functor by D(WF. D F is a symmetric multilinear functor, and
as such is represented by a spectrum with an action of ¥,,. This gives a bundle of
spectra over X" xx_ EY,.
Obviously, there is some work in making all this precise, but it is not really
difficult.
The following theorem is proved in [6]

Theorem 4. Let F,G : Tx — Spaces, be two homogeneous functors of degree n.
Let h : F — G be a natural transformation. h is a weak equivalence if and only if
it induces a weak equivalence of n-th derivatives.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1150 GREG ARONE

REFERENCES

1. C.-F. Bodigheimer, Stable splitting of mapping spaces, Springer Lecture Notes, Vol. 1286
(1987), 174-187. MR 89c¢:55011

2. G. Carlsson, Survey of equivariant stable homotopy theory, Topology 31 (1992), 1-27. MR
93d:55009

3. W.G. Dwyer and D.M. Kan, Function complexes for diagrams of simplicial sets, Indagationes
Mathematicae 45 (1983), 139-147. MR 85e:55038

4. T.G. Goodwillie, Calculus I: the first derivative of pseudoisotopy theory, K-Theory 4 (1990),
1-27. MR 92m:57027

5. T.G. Goodwillie, Calculus II: analytic functors, K-Theory 5 (1992), 295-332. MR 93i:55015

6. T.G. Goodwillie, Calculus III: the Taylor series of a homotopy functor, in preparation.

7. J.P. May, The geometry of iterated loop spaces, Lecture Notes in Mathematics 271 (1972).
MR 54:8623b

8. J.P. May, Weak equivalences and quasifibrations, Springer Lecture Notes, Vol. 1425 (1990),
91-101. MR 91m:55016

9. D. McDuff, Configuration spaces of positive and negative particles, Topology 14 (1975), 91-
107. MR 50:11225

10. G. Segal, Categories and cohomology theories, Topology 13 (1974), 293-312. MR 50:5782

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, ILLINOIS 60637
E-mail address: arone@math.uchicago.edu

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



