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THESE ARE THE DIFFERENTIALS OF ORDER n

DAN LAKSOV AND ANDERS THORUP

Abstract. We answer P.-A. Meyer’s question “Qu’est ce qu’une différentielle
d’ordre n?”. In fact, we present a general theory of higher order differentials
based upon a construction of universal objects for higher order differentials.
Applied to successive tangent spaces on a differentiable manifold, our theory
gives the higher order differentials of Meyer as well as several new results
on differentials on differentiable manifolds. In addition our approach gives a
natural explanation of the quite mysterious multiplicative structure on higher
order differentials observed by Meyer. Applied to iterations of the first order
Kähler differentials our theory gives an algebra of higher order differentials for
any smooth scheme. We also observe that much of the recent work on higher
order osculation spaces of varieties fits well into the framework of our theory.

0. Introduction

In an interesting, as well as entertaining, article [22] P.-A. Meyer asks the ques-
tion “Qu’est ce qu’une différentielle d’ordre n?”. He answers the question in the case
of differentiable manifolds and comments on the history and uses of higher order
differentials. One of the most intriguing observations that Meyer makes, see also
[21], is that the higher order differentials have a, quite mysterious, multiplicative
structure.

The purpose of this article is to answer Meyer’s question and to expand the
theory so that it covers a wide area of applications from manifolds to schemes over
an arbitrary base. We present a general theory of higher order differentials and,
in particular, we give a natural explanation of their multiplicative structure. Our
theory, when applied to successive tangent spaces on a differentiable manifold, gives
the higher order differentials of Meyer, with their multiplicative structure. When
applied to iterations of the first order Kähler differentials, it gives an algebra of
higher order differentials for any smooth scheme.

The higher order differentials were part of the folklore of mathematics up to the
end of the previous century, and formulas like

d2f = f ′xd
2x+ f ′yd

2y + f ′′x2dx2 + 2f ′′xydxdy + f ′′y2dy2(1)

can be found in most classical calculus books. According to Meyer, the higher order
differentials vanished from the textbooks in our century because of the obscurity
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of their definition, and because the extensive use of exterior differentials led math-
ematicians to believe that d2 should always be zero. The higher order differentials
have, however, a natural role in differential calculus and, as we shall see, in ge-
ometry, because they have many desirable properties that are not shared with the
exterior differentials.

Meyer revived the theory because of its use in stochastic differential geometry.
There are, however, many other reasons for providing a solid foundation for, and
to develop, the theory of higher order differentials. Indeed, from the form of these
differentials, involving all the partial derivatives up to a given order, and since they
are invariant under coordinate change, they provide an excellent tool for treating
topics that involve osculating spaces of manifolds. This explains why we several
times have crossed the path of higher order differentials in our work [18], [19], [20]
on Weierstrass points on higher dimensional spaces.

The construction of Semple bundles, used by Collino [7], Colley–Kennedy [5],
[6], and Arrondo–Sols–Speiser [24] to study higher order contacts of manifolds, is
completely analogous to constructions of higher order differentials in special cases
(see Examples (5.5), (5.8), (5.9), (5.10)). J.-P. Demailly [8] uses a generalization of
the Semple construction in the hyperplane case to construct projectivized jet bun-
dles for directed manifolds. These bundles are essential in his study of hyperbolic
projective varieties.

The symmetrization of our higher order differentials has been studied in various
contexts. A construction of systems leading to higher order symmetric differentials
is essential in the work of Iitaka [10], [11], [12], [13] on Weierstrass points (see Ex-
ample (5.7)). In differential algebra a similar construction is used by Johnson [14],
[15] and leads to what he calls the canonical prolongation sequence, which is the
same as the ring constructed by Iitaka, or our ring of symmetric differentials, in the
more general case when a non-trivial derivation of the base ring is allowed. John-
son gives a description of prolongation sequences in terms of universal properties, in
the spirit of the present article. The global properties of the canonical prolongation
sequence have been studied by Buium [1], [2], [3], [4]. A particularly interesting spe-
cial case of the ring described above is the ring of differential polynomial functions
considered and studied by Ritt [23] and Kolchin [16], [17].

Meyer considers the following setup for the equation (1) and its generalization to
m dimensions: Let X be a differentiable manifold, say X is an open subset of Rm,
with coordinate functions xj . Let A = C∞(X) be the ring of k-valued C∞-functions
on X , where k is R or C. Then, for any function f in A, we have the formula for
the differential,

df =
m∑

j=1

f ′xj
dxj ,(2)

which defines the partial derivatives f ′xj
. The differential df may be viewed as

a function on the tangent space TX . Consider, inductively, the iterated tangent
space T n+1X = TT nX . Let Cn := C∞(T nX) be the algebra of C∞-functions on
T nX . Then the differential of C∞-functions on T nX may be viewed as a k-linear
map d : Cn → Cn+1, and we obtain a sequence of k-linear maps,

A = C0
d−→ C1

d−→ C2
d−→ · · · .(3)
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In addition, there is a map of algebras ι : Cn → Cn+1, obtained by composing
functions on T nX with the projection T n+1X → T nX . In particular, each algebra
Cn is an A-module. Let Ωn be the A-submodule of Cn defined as follows: Ω0 := A
and, inductively, Ωn+1 is the A-submodule of Cn+1 generated by all differentials
dω for ω ∈ Ωn. Then, from the maps (3), we obtain by restriction a sequence of
k-linear maps,

A = Ω0 d−→ Ω1 d−→ Ω2 d−→ · · · .(4)

Let C be the direct sum of the A-modules Cn, and let Ω be the direct sum of the
submodules Ωn.

The fundamental assertions of Meyer are the following: There is a natural prod-
uct on the graded A-module Ω,

Ωp ⊗k Ωn → Ωp+n, denoted ω ⊗ π 7→ ω.π,(5)

such that, for p = 0, the product is the natural product coming from the structure
of Ωn as an A-module and such that the maps d of (4) form a derivation of Ω with
respect to the product, that is, such that we have the equation

d(ω.π) = dω.π + ω.dπ .(6)

Moreover, the product is associative. In fact, with the product (5), the A-module
Ω is a ring containing A = Ω0 as a subring.

The equation (6) determines the product inductively with respect to the degree
p of ω. For instance, for p = 1, we use the equation d(fπ) = df.π + fdπ to obtain
the equation

df.π = d(fπ)− fdπ.(7)

The equation (7) determines the product for p = 1, since any form ω in Ω1 is an
A-linear combination of differentials df .

If the derivation d is applied to the equation (2), we obtain in Ω2 the equation

d2f =
m∑

j=1

d(f ′xj
dxj) =

m∑
j=1

(
df ′xj

.dxj + f ′xj
d2xj

)
=

m∑
i,j=1

f ′′xjxi
dxi.dxj +

m∑
j=1

f ′xj
d2xj .(8)

Note in particular that the product dxi.dxj appearing in (8) is given by the formula
in (7).

It should be emphasized that the product in Ω is not commutative. Hence the
formula (8) is not the m-dimensional generalization of the formula (1). To obtain
such a generalization, we have to divide the algebra Ω by its commutator ideal.

The analogous system in the algebraic case is constructed as follows: Take C0 :=
A and, inductively, let Cn+1 be the symmetric algebra Cn+1 := SymCn

(Ω1
Cn/k) and

let d : Cn → Cn+1 be defined as the universal derivation d : Cn → Ω1
Cn/k followed

by the inclusion of Ω1
Cn/k into Cn+1. View Cn as an A-module via the composition

of the inclusions of algebras Ci → Ci+1 for i = 0, . . . , n−1. The latter construction
is a non-commutative version of the construction given by Iitaka that we mentioned
above. Like Meyer we find that the theory becomes simpler and more transparent
when we impose as few commutativity conditions as possible.
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The results in this article grew out of an attempt to give a natural explanation
of the assertions made by Meyer, in a general setting that includes the algebraic
analogue. We consider, for any k-algebra A, general systems (C, d) of the form (3),
consisting of A-modules Cn and a sequence of k-linear maps,

A = C0
d−→ C1

d−→ C2
d−→ · · · .(9)

With such a system we associate, as in (4), a corresponding sequence of k-linear
maps,

A = Ω0 d−→ Ω1 d−→ Ω2 d−→ · · · .(10)

We analyze conditions under which it is possible to define a product as in (5) with
properties similar to the properties found by Meyer in the C∞-case. We prove that
the conditions hold for a wide variety of systems, including the above algebraic
system when A is smooth over k. And we prove additional properties which are
new, even in the C∞-case considered by Meyer. In particular, when the conditions
hold, we prove that for any n ≥ 1 there is a natural exact sequence of A-linear
maps,

0 → Ω1 ⊗A Ωn i−→ Ωn+1 r−→ Ωn → 0.(11)

The map i is the product (5) for p = 1. The differential d is a k-linear section of
the A-linear map r and, in addition, there is a natural k-linear retraction s for the
A-linear inclusion i. We prove that the product (5) exists and that it extends to a
product,

Ωp ⊗k Cn → Cn+p denoted ω ⊗ F 7→ ω.F .(12)

In fact, we prove that for any given element ε in k there are a product (5), depending
on ε, and an extension (12) such that, with respect to the products, we have that Ω
is an algebra, C an Ω-module and d is an ε-derivation with respect to the product,
that is, for ω ∈ Ωp and F ∈ C the following equation holds:

d(ω.F ) = dω.F + εpω.dπ .(13)

In addition, we establish an explicit formula for the product.
One of the main contributions of our work is the construction of Leibniz and

Kähler differentials, and the description of their multiplicative structures. Leibniz
differentials are universal objects for higher order differentials and their multiplica-
tive structure induces the multiplicative structure on the higher order differentials
in applications. In particular, they give a natural explanation for the multipli-
cation on higher order differentials on differential manifolds observed by Meyer.
In fact, the ε-calculus explained above gives an important and useful extension of
the case ε = 1 treated by Meyer. Kähler differentials are universal objects having
an additional property explained below, that is shared with the most interesting
examples.

The advantage of approaching higher order differentials via universal objects is
that the treatment of higher order differentials becomes coordinate free and global,
and attains such a generality that it encompasses applications in a wide range, from
manifolds to schemes. In particular, in the situation of differentiable manifolds, we
do not need to define the multiplication in local coordinates, as Meyer does, and we
avoid the tedious task, left by Meyer to the reader, of showing that multiplication
is well defined and associative. Our theory could be presented for the global case
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with only a change of terminology and notation. To make the presentation more
accessible we have however chosen to treat the case of algebras, and have made a
comment (Note (5.20)) about the notational changes that are necessary to adapt
to more geometric situations.

One of the main innovations of this work is the ε-formalism indicated above.
The reward for carrying out the ε-formalism is that we obtain the algebras of
symmetric, skew symmetric and alternating differentials as a natural part of our
theory, simply by taking quotients of the Leibniz differentials in the cases ε = ±1.
The calculus of symmetric and alternating differentials is discussed by Meyer, who
termed them “forgotten”, respectively, “well known”, and he obtains these calculi
from his theory of higher order differentials for differentiable manifolds using the
action of the symmetric, respectively alternating group, on these differentials. The
passage from Leibniz differentials to symmetric, skew symmetric and alternating
differentials is made in Section 7. It is worth noting that some of our formulas, in
the symmetric case, differ from those obtained by Meyer.

To describe our work in more detail, fix a commutative ring k and a k-algebra A,
which is not necessarily commutative. In addition, fix an element ε in k. Consider
a general system (3), consisting of A-modules Cn with C0 = A and k-linear maps
d : Cn → Cn+1. Equivalently, the system may be viewed as a pair (C, d), where
C is the direct sum of the Cn and d is the k-linear endomorphism of degree 1 of
C whose components are the maps d : Cn → Cn+1. Assume that the unit 1 of A,
as an element of C0, is in the kernel of d. Denote by Λ(C) the smallest d-invariant
A-submodule of C containing the unit 1. Then, clearly, Λ(C) is a homogeneous
A-submodule of C. Its elements will be called the differentials of the system. The
system (C, d) will be called a derivation system for A, if d is a differential operator
of order at most 1. In this case we write Ω(C) for the submodule of differentials.

The differentials of the system may be defined inductively: the differentials of
degree 0 are the elements of A = C0, and the differentials of degree n+1 are A-linear
combinations of elements dπ, where π is a differential of degree n. Equivalently,
the differentials of degree n are the sums of elements of the form

and(an−1d(· · · a1d(a0) )),

for a0, . . . , an ∈ A. In other words, if A〈t〉 is the polynomial algebra over A in one
non-commuting variable t (see Section 1), then the differentials of degree n are the
elements of C of the form P (d)(1) where P is a polynomial of degree n in A〈t〉.

Therefore, it is not surprising that the algebra A〈t〉 plays an important role
in the theory of higher order differentials. The material necessary to study the
properties of A〈t〉 is found in Section 1. We develop a theory of Taylor series in
ε-twisted polynomial rings, and we give two fundamental, Leibniz type, formulas
(Proposition (1.8)). The theory of Section 1 has a wider scope than being a utensil
for higher order differentials. Indeed, the ε-formalism and the Leibniz formulas
provide, for example, a natural framework for treating Gaussian polynomials (Note
(1.11) and Example (1.13)).

In Section 2 we consider a system obtained from the algebra A〈t〉 as follows:
Let ΛA/k be the quotient of A〈t〉 modulo the left ideal A〈t〉t, with the k-linear
endomorphism

dt : ΛA/k → ΛA/k ,
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induced by left multiplication by t. The quotient ΛA/k is a gradedA-module and the
endomorphism dt is homogeneous of degree 1. In degree 0 we have that Λ0

A/k = A.
Hence we have obtained a system (ΛA/k, dt). Clearly, all elements of ΛA/k are
differentials of the system. The elements of ΛA/k are called the Leibniz differentials
of the k-algebraA. In Remark (2.14) we show that the system (ΛA/k, dt) is universal
with respect to general systems (C, d) of the form (9).

We show (Proposition (2.7)) that for the Leibniz differentials there is an exact
sequence analogous to (11), which is split by dt and a map st similar to s.

A multiplicative structure on the Leibniz differentials is induced as follows: Let
∆ε

t be the k-linear endomorphism of A〈t〉 defined on homogeneous polynomials Q
by

∆ε
t (Q) = tQ− εdeg QQt,

and extended to A〈t〉 by linearity. Then ∆ε
t is an ε-derivation. Let Λε

A/k be the
smallest ∆ε

t -invariant A-submodule of A〈t〉 containing 1. The main result (Proposi-
tion (2.12)) of Section 2 states that Λε

A/k is a graded k-subalgebra ofA〈t〉. Moreover,
the composition of the inclusion Λε

A/k ⊆ A〈t〉 and the quotient map A〈t〉 → ΛA/k

is an isomorphism of A-modules

Λε
A/k

∼−→ΛA/k .

Under this isomorphism, the ε-derivation dε
t of Λε

A/k, induced by ∆ε
t , corresponds

to dt. As a consequence, from the structure on Λε
A/k as a k-algebra over A we

obtain a structure on ΛA/k as a k-algebra over A in such a way that dt becomes
an ε-derivation. In Remark (2.14) we show that the Leibniz differentials with this
multiplicative structure form a universal object for graded k-algebras over A with
ε-derivations.

The system of Leibniz differentials ΛA/k is not a derivation system because the
endomorphism dt is not a differential operator. In Section 3 we consider a derivation
system obtained as the quotient of ΛA/k by the smallest dt-invariant A-submodule
of ΛA/k containing all elements

dt(baπ)− bdt(aπ)− adt(bπ) + abdt(π),

for all a, b in A and π in ΛA/k. The endomorphism dt induces a k-linear endomor-
phism d of the quotient. The quotient is denoted ΩA/k and its elements are called
Kähler differentials. The name is justified by the fact that when A is commutative,
the first graded piece Ω1

A/k of ΩA/k is the usual A-module of first order Kähler
differentials associated to the k-algebra A and d : A→ Ω1

A/k is the usual universal
derivation from A.

The system of Kähler differentials form a derivation system, that is, the endomor-
phism d of ΩA/k is a differential operator of order at most 1. Moreover, we observe
in Remark (3.11) that the system of Kähler differentials is the universal derivation
system for A. We show (Proposition (3.9)) that for the Kähler differentials there is
an exact sequence analogous to (11).

For the given element ε of k, the corresponding product on ΛA/k induces a
product on ΩA/k. Moreover, with this product, the A-module ΩA/k is a k-algebra
over A, denoted Ωε

A/k, and the endomorphism d is an ε-derivation. Moreover, we
show that the algebra Ωε

A/k is universal with respect to graded k-algebras over A
with ε-derivations D satisfying D(b1)a = aD(b1), for all elements a and b of A.
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Finally, when Ω1
A/k is a free A-module generated by elements dx1, . . . , dxm, we

show that each A-module Ωn
A/k is free, and we give explicit bases for this module

(Proposition (3.12) and Corollary (3.13)). We also extend the theory of Kähler
differentials to the case of A-modules and show that connections on a module
correspond to derivations on the corresponding Kähler differentials (Note (3.15)
and Note (3.16)). It is interesting to note that, when A is commutative, the Kähler
differentials can be obtained by iterated first order principal parts (Example (5.5)).

The central theme in this work is the problem of deciding, for a given system
(C, d), if the module of differentials Λ(C) have a multiplicative structure such that
the endomorphism d is an ε-derivation. This theme is the subject of Section 4
where we consider, more generally, a triple (C,ϕ, u), where C is an A module and
ϕ is a k-linear endomorphism of C, and u is an element in the kernel of ϕ. Assume
for simplicity that C is graded, that ϕ is homogeneous of degree 1, and that u
is homogeneous of degree 0. Via the given endomorphism ϕ, we have that C is
a module over the polynomial algebra A〈t〉. In particular, we have that C is a
module over the subalgebra Λε

A/k. Denote by Λε(ϕ) the image of the corresponding
representation Λε

A/k → Endk(C). Then C is a faithful module over Λε(ϕ). Let
Λ(C,ϕ, u) be the smallest ϕ-invariant A-submodule of C containing u. Then, since
u is in the kernel of ϕ, it follows from our Leibniz formulas that the evaluation map,
P 7→ P (ϕ)(u), induces a surjection

Λε(ϕ) → Λ(C,ϕ, u).

The main result (Proposition (4.4)) of Section 4 gives criteria for the surjection
to be an isomorphism, and, when the criteria are fulfilled, it describes explicitly
the induced multiplicative structure on Λ(C,ϕ,C). In Section 5 we show that
these criteria are fulfilled in all interesting examples. We also show (Lemma (4.2))
that the multiplicative structure is induced from the multiplicative structure of the
Kähler differentials if and only if ϕ is a differential operator of order at most 1.

To describe the contents of the remaining sections 5, 6, and 7, assume that A is
commutative. Let (C, d) be a derivation system. Since d is a differential operator
of order at most 1, it follows from the results of Section 3 that there is an A-linear
map Ω1

A/k ⊗A C → C, denoted ρ⊗A F 7→ ρ.F , such that dA/kf.F = d(fF )− fdF ,
for all f ∈ A and F ∈ C. Moreover, since in addition d(1) = 0, we have that
d : A → C1 is an A-module derivation and we obtain a surjective A-linear map
Ω1

A/k → Ω1(C). To apply the results of Section 4, we must have that the map
Ω1

A/k ⊗A C → C factors over the quotient map Ω1
A/k ⊗A C → Ω1(C)⊗A C. When

the latter property is satisfied we call the derivation system (C, d) a Kähler system.
Obviously, the system of Kähler differentials is a derivation system. The major

part of Section 5 is devoted to other examples of Kähler systems (C, d). In Example
(5.7) we introduce the differentials defined by Iitaka, mentioned above. A non-
commutative version, which is easier to define, is introduced in Example (5.6).
An important generalization of this construction is given in Example (5.9). The
generalization may be seen as the affine analogue of the Semple bundle alluded to
above. For the constructions in (5.9), we need some properties of first order Kähler
differentials of symmetric powers, collected in (5.8). Finally, the original example
of Meyer on differentiable manifolds is given in (5.10). All the systems given in the
examples are Kähler systems.
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To apply the main result of Section 4, we need an additional property of the
system. We say that the Kähler system (C, d) has a Kähler basis if there are
elements x1, . . . , xm of A = C0 such that the subset X1 := {dx1, . . . , dxm} is an
A-basis for Ω1(C), and such that the subset Xn of Cn for n = 2, 3, . . . , defined
inductively by

Xn+1 = {dξ | ξ ∈ Xn} ∪ {dxj .ξ | j = 1, . . . ,m, ξ ∈ Xn},
is an A-basis for the n’th graded piece Ωn(C) of Ω(C). For example, for the system
(ΩA/k, d) of Kähler differentials, a subset x1, . . . , xm of A is a Kähler basis if and
only if the differentials dxj form an A-basis for Ω1

A/k.
Section 6 contains our results on Kähler systems having a Kähler basis. Let

(C, d) be a Kähler system with a Kähler basis. We prove in Theorem (6.7), which
is the main result of this article, that the graded pieces Ωn(C) of the module of
differentials fit into an exact sequence analogous to (11). In addition, for the given
ε in k there are products (5) and (12), depending on ε, such that Ω(C) is a graded
k-algebra over A, such that C is a graded Ω(C)-module, and such that d is an
ε-derivation.

In Example (6.9) we note in particular that if x1, . . . , xm are elements in A such
that the differentials dxj form an A-basis for Ω1

A/k, then {x1, . . . , xm} is a Kähler
basis for the non-commutative version of Iitaka’s differentials. Similarly, we observe
in Example (6.10) that if x1, . . . , xm are the coordinates of an open subset X of
Rm, then {x1, . . . , xm} is a Kähler basis for the system considered by Meyer. In
particular, the conclusions of Theorem (6.7) hold for these systems. At the end of
the section we sketch a globalization of the theory.

In the final section we construct the algebras of symmetric, skew symmetric and
alternating higher order differentials. As mentioned above it is in this construction
that the elegance and usefulness of the ε-calculus can most easily be seen. Assume
that ε = ±1. The algebra of ε-symmetric Kähler differentials Ωε-sym

A/k is the quotient
of the module of Kähler differentials by the ideal of ε-commutators, see Definition
(7.6). For ε = 1, the algebra is the algebra Ωsym

A/k of symmetric differentials and for
ε = −1 it is the algebra Ωskew

A/k of skew symmetric differentials. The algebra Ωalt
A/k is

the quotient of Ωskew
A/k by the ideal generated by squares of elements of odd degree.

We note in (7.6) that these algebras, in addition to the derivation of degree 1
induced by d, have a canonical derivation δ of degree −1 with several interesting
properties.

More generally, for any Kähler system (C, d) we define a system of ε-symmetric
differentials Ωε-sym(C) and a system Ωalt(C) of alternating differentials. When
(C, d) have a Kähler basis, these systems have multiplicative structures, obtained
from the algebra Ω(C) with its ε-product by dividing by suitable ideals. Assume
that {x1, . . . , xm} is a Kähler basis for (C, d). We prove in Proposition (7.7) that
the algebra Ωsym(C) of symmetric differentials is the commutative A-algebra freely
generated by the infinitely many differentials dnxj for n ≥ 1 and j = 1, . . . ,m and
that Ωalt(C) is the alternating A-algebra freely generated by the same differentials.

In (7.9) we prove, for any commutative k-algebra A, that the exterior algebra∧
Ω1

A/k with its exterior differentiation is the quotient of the algebra Ωalt
A/k of alter-

nating Kähler differentials by the ideal generated by all differentials d2ω.
Finally, in (7.10) we note that the algebra Ωsym

A/k of symmetric Kähler differentials
is equal to the algebra obtained by Iitaka’s original construction.
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1. Formal Taylor expansions

Formal Taylor expansions provide the basic technique for studying the multi-
plicative structure of higher order differentials. In this section we introduce Taylor
expansions in ε-twisted, non-commutative, polynomial algebras and prove two fun-
damental Leibniz type formulas for actions on modules. These formulas are central
in our treatment of the multiplicative structure of higher order differentials.

We first define the non-commutative polynomial k-algebra A〈t〉 over A, men-
tioned in the introduction, and study its properties. For every element ε of k we
introduce ε-derivations on graded k-algebras over A. In particular, we study the
inner ε-derivation ∆ε

t on A〈t〉 defined by ∆ε
t (Q) = tQ− εdeg QQt on homogeneous

elements Q of A〈t〉, and extended by linearity. Moreover, given a graded k-algebra
B over A, we study the ε-twisted polynomial algebra Bε[h], that is the algebra
which, as an A-module, is freely generated by the powers hi, for i = 0, 1, . . . , and
whose multiplication is determined by hb = εdeg bbh, for all homogeneous elements
b of B. We study, in particular, Taylor series in the ε-twisted polynomial alge-
bra A〈t〉ε[h]. The main result of this section is the two Leibniz type formulas of
Corollary (1.9).

It is noteworthy that the Taylor expansion (t+h)n =
∑∞

i=0

(
n
i

)
ε
tn−ihi in k[t]ε[h]

defines the Gaussian polynomials
(
n
i

)
ε

= (1−εn)(1−εn−1)···(1−εn−i+1)
(1−εi)(1−εi−1)···(1−ε) , for i = 0, 1, . . . .

We indicate how the methods used in this section provide a convenient tool for
studying Gaussian polynomials.

1.1. Setup. We shall work over a fixed commutative ring k. In addition, we fix
an element ε of k. Graded modules are always assumed to be N-graded. As a
consequence, the element ε induces in any graded k-module a homogeneous k-
endomorphism which in degree n is multiplication by εn. The endomorphism will
be denoted x 7→ εgr(x). Clearly, in a graded k-algebra, the endomorphism εgr is an
endomorphism of algebras.

A k-algebra is always assumed to be associative and unitary, but not necessarily
commutative. Let A be a fixed k-algebra. Unless otherwise specified, an A-module
is a left A-module. An A-A-module N is a k-module N with a left action and a
right action of A, both extending the given action of k, such that the two actions
commute, that is,

a(xb) = (ax)b for a, b ∈ A, x ∈ N.
In other words, an A-A-module is a module over the k-algebra A⊗kA

op, where Aop

is the opposite algebra of A.
A k-algebra B is said to be a k-algebra over A if there is given a homomorphism

of k-algebras A→ B, called the structure map. Homomorphisms of k-algebras over
A are assumed to commute with the structure maps. Via the structure map, a
k-algebra B over A is an A-A-module. In particular, a k-algebra B over A is an
A-module and the multiplication B⊗k B → B is A-linear when the tensor product
is given the structure of an A-module inherited from the first factor. Conversely,
if a k-algebra B has the structure of an A-module extending its structure as a
k-module and such that the multiplication B ⊗k B → B is A-linear, then B is a
k-algebra over A with a 7→ a1B as structure map.

If M is an A-module and a is an element of A, we denote by aM the k-linear
endomorphism of M given by left multiplication by a. Clearly, the ring Endk(M)
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of k-linear endomorphisms of M is a k-algebra over A with the map a 7→ aM as
structure map.

If T is a subset of a k-algebra B over A, denote by A〈T 〉 the smallest subring of
B containing T and the image of A in B.

1.2. Denote by A〈t〉 the polynomial k-algebra in one variable over A. It is the
k-algebra over A freely generated by t. A more formal definition of the polynomial
algebra is obtained as follows:

First, for any A-A-module N , define

T n
A(N) := N ⊗A N ⊗A · · · ⊗A N,

with n factors in the tensor product. The tensor product is an A-A-module, with
the left action of A inherited from the first factor and the right action inherited
from the last. By definition, T 0

A(N) := A. The direct sum

TA(N) := T 0
A(N)⊕ T 1

A(N)⊕ · · ·
is a graded k-algebra with the product given by the tensor product under the
isomorphism

T p
A(N)⊗A T

q
A(N) = T p+q

A (N).

The graded k-algebra TA(N) contains A as its subring of elements of degree 0.
In particular, TA(N) is a k-algebra over A. Moreover, the k-algebra TA(N) has
the following universal property: For any k-algebra B over A, there is a natural
bijection from the set of A-A-linear maps N → B to the set of homomorphisms
TA(N) → B of k-algebras over A.

1.3. Any A-module M has a natural extension to an A-A-module M ⊗k A. Note
the following isomorphism,

T n
A(M ⊗k A) = M ⊗k M ⊗k · · · ⊗k M ⊗k A,

with M occurring n times on the right. Under the latter isomorphism, the multi-
plication in TA(M ⊗k A) is given by the formula

(xp ⊗ · · · ⊗ x1 ⊗ a)(yq ⊗ · · · ⊗ y1 ⊗ b) = xp ⊗ · · · ⊗ x1 ⊗ ayq ⊗ · · · ⊗ y1 ⊗ b.

By the universal property of (1.2), for any k-algebra B over A, there is a natural
bijection from the set of A-linear maps M → B to the set of homomorphisms
TA(M ⊗k A) → B of k-algebras over A.

1.4. Consider in particular the k-algebra TA(A ⊗k A). Its degree-n part is given
by

T n
A(A⊗k A) = A⊗k A⊗k · · · ⊗k A,

with n+ 1 factors on the right. The product is given by the formula in (4.3). Set

t := 1⊗ 1 ∈ T 1
A(A⊗k A).

Then, by the definition of the product, we have that

an ⊗ · · · ⊗ a2 ⊗ a1 ⊗ a = ant · · · ta2ta1ta.

In particular, TA(A ⊗k A) = A〈t〉. By the universal property of (1.3), for any
k-algebra B over A, there is a bijection from the set of elements e of B to the set
of homomorphisms A〈t〉 → B of k-algebras over A.
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The k-algebra A〈t〉 will be called the k-algebra of polynomials over A in the
non-central variable t. If B is a k-algebra over A, and e is an element of B, then
the corresponding map A〈t〉 → B is fully determined by t 7→ e. The map is the
substitution of e in polynomials, denoted

P 7→ P (e).

Clearly, the image of the map A〈t〉 → B is the subalgebra A〈e〉 of B.

1.5. In a graded k-algebra, the ε-commutator [P,Q]ε of elements P and Q is de-
fined, when P and Q are homogeneous of degrees p and q, by the formula

[P,Q]ε = PQ− εpqQP.

The definition is extended additively to general P and Q. In particular, if P is
homogeneous of degree p, then, for all Q,

[P,Q]ε = PQ− εp
gr(Q)P.

1.6. Definition. Let N be an A-A-module. Then a k-linear map D : A → N is
called a module derivation if, for all a, b ∈ A,

D(ab) = (Da)b+ a(Db).

In the sequel we need two related notions of derivations. Let Γ andM be A-modules.
Then Γ is said to act on M if there is given a k-linear map µ : Γ⊗k M →M . The
map µ is called the product, and we write γ.x or simply γx for µ(γ⊗kx). The action
is said to be A-linear if µ is A-linear when the tensor product Γ⊗kM is considered
as an A-module via the first factor. An A-linear action corresponds to an A-linear
representation Γ → Endk(M), denoted γ 7→ γM and defined by γM (x) = γ.x.

If an action of Γ on M is given, a triple (α,∆, D) consisting of k-linear endo-
morphisms α,∆ : Γ → Γ and a k-linear endomorphism D : M →M will be called
a general derivation if, for all γ ∈ Γ and x ∈M , the following equation holds:

D(γ.x) = (∆γ).x + (αγ).(Dx) .(1.6.1)

The triple will be called an ε-derivation if, in addition, α∆ = ε∆α.
Let Γ be a graded A-module and let α := εgr. If (1.6.1) hold and, in addition,

εgr∆ = ε∆εgr, then the pair (∆, D) will be called an ε-derivation. Note that
the condition εgr∆ = ε∆εgr holds, if ∆ is homogeneous of degree 1, or if ε = 1.
Naturally, if M is a graded A-module and Γ is a homogeneous submodule and if
∆ is the restriction of D to Γ, then D is called an ε-derivation with respect to the
given action, if (∆, D) is an ε-derivation.

For instance, assume that Γ = M is a graded k-algebra over A and consider the
action of Γ on M given by multiplication in the algebra. Let P be homogeneous of
degree p in Γ. Then, with the ε-commutator

∆ε
P (Q) := [P,Q]ε = PQ− εp

gr(Q)P,

the triple (εp
gr,∆ε

P ,∆
ε
P ) is a derivation, and in fact an εp2

-derivation. Hence, if P
is of degree 1, then ∆ε

P is an ε-derivation of Γ. It is called the interior ε-derivation
induced by P .

In particular, in the polynomial algebra A〈t〉, the inner derivation ∆ε
t is an ε-

derivation of A〈t〉. It is homogeneous of degree 1. In particular, the part in degree
0 is a module derivation A → A〈t〉1, independent of ε. It is the map a 7→ ta− at,
and we denote it ∆t.
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Occasionally, when an action of Γ on M is given, we will meet the equation

D(γ.x) = (∆γ).βx+ γ.(Dx),(1.6.2)

where (∆, D) is as above and β is a k-linear endomorphism of M . If the equation
holds and, in addition, Dβ = εβD, then (∆, D, β) will be called a right ε-derivation.
If M is a graded A-module, then we may consider (1.6.1) for β := εgr. If it holds
and, in addition Dεgr = εεgrD, then (∆, D) will be called a right ε-derivation. Note
that the condition Dεgr = εεgrD holds, if D is homogeneous of degree −1, or if
ε = 1.

1.7. Definition. For any graded k-algebraB overA, denote by Bε[h] the ε-twisted
polynomial algebra. As a left B-module, it is freely generated by the powers hi for
i = 0, 1, . . . . Multiplication in Bε[h] is given by the rule:

hb = εgr(b)h.

The algebra Bε[h] is graded by the total degree; the element h is of degree 1. The
algebra Bε[h] contains B as a graded subalgebra.

Consider in particular the algebra A〈t〉ε[h]. Multiplication in the algebra is
determined by the rule that h commutes with the elements of A and ht = εth.
Denote by ∂ε : A〈t〉 → A〈t〉ε[h] the homomorphism of k-algebras over A given by
substitution for t of the element t+ h of A〈t〉ε[h], that is, ∂εP = P (t+ h). Define
a family of maps ∂ε

i : A〈t〉 → A〈t〉 for i = 0, 1, . . . by the formula,

P (t+ h) =
∞∑

i=0

(∂ε
i P )hi.(1.7.1)

Obviously, the map ∂ε
i is an A-A-linear endomorphism of A〈t〉, and homogeneous of

degree −i. The endomorphism ∂ε
0 is the identity map. Since ∂ε is a homomorphism

of algebras, we have that ∂ε(PQ) = ∂ε(P )∂ε(Q), that is,

∂ε
n(PQ) =

∑
i+j=n

(∂ε
i P )εi

gr

(
∂ε

jQ
)
.(1.7.2)

Clearly, ∂ε
1t = 1 and ∂ε

j t = 0 for j > 1. It follows from (1.7.2) that ∂ε
1 is a right

ε-derivation of A〈t〉.
1.8. Proposition. Let B be a k-algebra over A. Assume for elements e, f ∈ B
that

fe = εef and af = fa for all a ∈ A.
Then the following two formulas hold for P ∈ A〈t〉:

P (e+ f) =
∞∑

i=0

∂ε
i P (e)f i,(1.8.1)

P (e) =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (e+ f)f i.(1.8.2)

Proof. Clearly, given the conditions on e and f , there is a unique homomorphism
of k-algebras over A:

A〈t〉ε[h] → B,
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such that t is mapped to e and h is mapped to f . Obviously, when the homo-
morphism is applied to the two sides of Equation (1.7.1), the result is Equation
(1.8.1).

To prove (1.8.2), note first that the special case, for B := A〈t〉ε[h], e := t, and
f := h, is the following equation in A〈t〉ε[h]:

P (t) =
∞∑

i=0

(−1)iεi(i−1)/2(∂ε
i P )(t+ h)hi.(1.8.3)

As in the proof of (1.8.1), the special equation (1.8.3) implies the general equation
(1.8.2). Hence it suffices to prove (1.8.3).

To do so, let B be the ring of k-linear endomorphisms of the graded A-module
A〈t〉ε[h]. Let e and f be the k-linear endomorphisms of A〈t〉ε[h] defined, for Ψ ∈
A〈t〉ε[h], by the equations,

e(Ψ) := (t+ h)Ψ, f(Ψ) := −εgr(Ψ)h.

Then e and f belongs to B. Clearly, f is A-linear and fe = εef . Hence Equa-
tion (1.8.1) holds in the endomorphism ring B. Now we evaluate the two sides of
Equation (1.8.1) at the element 1 of A〈t〉ε[h].

To evaluate the right hand side, note that f(hj) = −εjhj+1. It follows that

f i(1) = (−1)i1 · ε · · · εi−1hi = (−1)iεi(i−1)/2hi.

Clearly, for Q ∈ A〈t〉 and Ψ ∈ A〈t〉ε[h], we have that Q(e)(Ψ) = Q(t + h)Ψ. It
follows that evaluation at 1 of the right hand side of (1.8.1) is the right hand side
of (1.8.3).

Therefore, to finish the proof, it suffices to prove that evaluation of the left side
of (1.8.1) is the left side of (1.8.3), that is,

P (e+ f)(1) = P.(1.8.4)

If Q ∈ A〈t〉, then (e + f)(Q) = (t + h)Q − εgr(Q)h = tQ, since hQ = εgr(Q)h. It
follows easily that P (e + f)(Q) = PQ. In particular, (1.8.4) holds, and the proof
of the proposition is complete.

1.9. Corollary. Assume as in the setup of (1.6) that an A-linear action of Γ on
M is given and that (α,∆, D) is an ε-derivation. Assume in addition that α is
A-linear. Then, for P ∈ A〈t〉, γ ∈ Γ, and x ∈M , the following two formulas hold:

P (D)(γ.x) =
∞∑

i=0

∂ε
i P (∆)(αiγ).Dix ,(1.9.1)

P (∆)(γ).x =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (D)(αiγ.Dix).(1.9.2)

Proof. View the tensor product Γ⊗k M as an A-module via the first factor. Then
the endomorphism ring B := Endk(Γ ⊗k M) is a k-algebra over A. Consider the
endomorphisms e := ∆ ⊗k 1M and f := α ⊗k D. Then f is A-linear because α is
A-linear, and fe = εef , because α∆ = ε∆α. Hence the two equations of (1.8) hold.
Clearly, for Q ∈ A〈t〉 we have that Q(e) = Q(∆) ⊗k 1M . In addition we have that
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f i = αi ⊗k D
i. Thus the two equations of (1.8) are the following:

P (e + f) =
∞∑

i=0

∂ε
i P (∆)αi ⊗k D

i,

P (∆)⊗k 1M =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (e+ f)(αi ⊗k D

i).

Compose the two equations with the given action µ : Γ ⊗k M → M . Since
(α,∆, D) is a general derivation, we have that µ(∆⊗k 1M )+µ(α⊗kD) = Dµ, that
is, µ(e+f) = Dµ. Since µ is A-linear, it follows, for any polynomial Q ∈ A〈t〉, that

µQ(e+ f) = Q(D)µ.

Therefore we obtain the equations,

P (D)µ =
∞∑

i=0

µ
(
∂ε

i P (∆)αi ⊗k D
i
)
,

µ
(
P (∆)⊗k 1M

)
=

∞∑
i=0

(−1)iεi(i−1)/2∂ε
i P (D)µ(αi ⊗k D

i).

Clearly, the latter two equations evaluated at γ⊗k x yield the two equations of the
corollary.

1.10. Note. The two equations of Corollary (1.9) will be called the Leibniz formulas.
The corresponding formulas for right ε-derivations (∆, D, β) are the following two
equations, when P ∈ A〈t〉 is homogeneous of degree p:

P (D)(γ.x) =
∞∑

i=0

∂ε
i P (∆)(γ).βp−iDix ,(1.10.1)

P (∆)(γ).βpx =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (D)(γ.Dix).(1.10.2)

The proof is similar to that of (1.9). Let e and f be the endomorphisms e := ∆⊗kβ
and f := 1⊗k D. Then f is A-linear, and fe = εef because Dβ = εβD. Thus the
two equations of Proposition (1.8) hold. If Q ∈ A〈t〉 is homogeneous of degree q,
then Q(e) = Q(∆)⊗kβ

q. Moreover, from (1.6.2) it follows that µQ(e+f) = Q(D)µ.
Hence, as in the proof of (1.9), the two formulas follow.

1.11. Note. Define the ε-binomial coefficients
(
n
i

)
ε

by the following equation in
k[t]ε[h]:

(t+ h)n =
∞∑

i=0

(
n

i

)
ε

tn−ihi.(1.11.1)

Equivalently, the coefficients are defined by the following equations in k[t]:

∂ε
i t

n =
(
n

i

)
ε

tn−i.(1.11.2)

Clearly,
(
n
0

)
ε

=
(
n
n

)
ε

= 1 and
(
n
i

)
ε

= 0 for i > n. The interchange of t and h defines
an isomorphism of the algebra k[t]ε[h] onto its opposite algebra. As a consequence,
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we obtain from (1.11.1) the symmetry,(
n

i

)
ε

=
(

n

n− i

)
ε

.(1.11.3)

By expanding (t+ h)n+p = (t+ h)n(t+ h)p, we obtain the equation,(
n+ p

i

)
ε

=
∑

j+l=i

εj(p−l)

(
n

j

)
ε

(
p

l

)
ε

.(1.11.4)

In particular, for i > 0, (
n+ 1
i

)
ε

= εi

(
n

i

)
ε

+
(

n

i− 1

)
ε

.(1.11.5)

By multiplying out the product of the n factors on the left side of (1.11.1), it
follows that the coefficient

(
n
i

)
ε
is a sum of powers of ε. In particular, the coefficient is

the evaluation at ε of a universal polynomial with integer coefficients. It follows from
the recursion formulas (1.11.4) that the coefficients are in fact the usual ε-binomial
coefficients or Gaussian polynomials. To obtain directly the explicit expressions for
the Gaussian polynomials, note first the equations

h(tjhi)t = εjtjhi+1t = εi+j+1t(tjhi)h.

It follows that if R ∈ k[t]ε[h] is homogeneous of degree n, then hRt = εn+1tRh. In
particular, we have for n > 0 the equation h(t + h)n−1t = εnt(t + h)n−1h. As a
consequence, we obtain the equation

t(t+ h)n − (t+ h)nt = (1− εn)t(t+ h)n−1h.

Comparison of the coefficients of tn+1−ihi yields the equations,

(1− εi)
(
n

i

)
ε

= (1− εn)
(
n− 1
i− 1

)
ε

.

Hence we obtain the usual expression for the Gaussian polynomial, for n ≥ i,(
n

i

)
ε

=
(1− εn)(1− εn−1) · · · (1− εn−i+1)

(1− εi)(1 − εi−1) · · · (1− ε)
.(1.11.6)

1.12. Note. A formula for the composition ∂ε
i ∂

ε
j may be obtained as follows:

Let B be the ε-twisted polynomial algebra over the twisted algebra A〈t〉ε[k], that
is,

B :=
(
A〈t〉ε[h]

)
ε
[k].

In B we have the relations kh = εhk and kt = εtk. In particular, with e := t + h
and f := k we have that fe = εef . Hence there is a unique homomorphism
∂′ : A〈t〉ε[h] → B of k-algebras over A such that t 7→ t + h and h 7→ k. It is
determined by the equation

∂′(Qhi) = Q(t+ h)ki.

Similarly, with e := t and f := h + k we have that fe = εef . Hence there is a
unique homomorphism ∂′′ : A〈t〉ε[h] → B of k-algebras over A such that t 7→ t
and h 7→ h+ k. It is determined by the equation

∂′′(Qhi) = Q(t)(h+ k)i.

The two compositions ∂′∂ε and ∂′′∂ε are homomorphisms A〈t〉 → B of k-algebras
over A. Clearly, under both compositions, the element t is mapped to t+ h+ k. It
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follows that the two compositions are equal, and in fact equal to the homomorphism
P 7→ P (t+ h+ k). From the equality ∂′∂εP = ∂′′∂εP we deduce in B the equation∑

j

(∂ε
jP )(t+ h)kj =

∑
n

(∂ε
nP )(t)(h + k)n.

By comparing the coefficients of hikj , we obtain the desired formula for the com-
position ∂ε

i ∂
ε
j :

∂ε
i ∂

ε
j (P ) =

(
i+ j

j

)
ε

∂ε
i+j(P ).(1.12.1)

Obviously, we have that (
i

1

)
ε

= 1 + ε+ · · ·+ εi−1.(1.12.2)

Hence it follows from (1.12.1) that

(∂ε
1)n = πε

n∂
ε
n,(1.12.3)

where

πε
n =

n∏
i=1

(1 + ε+ · · ·+ εi−1).

Clearly, if ε = 1, then πε
n = n!. In particular, if k contains the field of rational

numbers, then, for ε = 1, we have that ∂ε
n = (1/n!)(∂ε

1)
n. Similarly, for ε = 0, we

have that πε
n = 1, and hence ∂ε

n = (∂ε
1)n. On the other hand, for ε = −1 we have

that πε
2 = 0, and it follows that ∂ε

1∂
ε
1 = 0.

1.13. Example. For any element x ∈ k, the following formulas hold:

xn =
n∑

i=0

(
n

i

)
ε

(x− 1)(x− ε) · · · (x− εi−1),(1.13.1)

n−1∏
i=0

(1 + εix) =
n∑

i=0

εi(i−1)/2

(
n

i

)
ε

xi.(1.13.2)

To prove the formulas, let A := k and let Γ = M be the polynomial algebra k[u]
with the action given by the product in the ring k[u]. For polynomials p, q of Γ, we
have the identity

upq = (up+ xuεgrp)q + (−xεgrp)uq.
Hence, if D := u is multiplication by u in Γ, and ∆ := u(1 + xεgr) and α := −xεgr,
then (α,∆, D) is an ε-derivation for the action. Clearly, for a constant polynomial
q in k[u] we have the identities

∆i(q) = (1 + x) · · · (1 + εi−1x)uiq, αi(q) = (−1)ixiq.

Therefore, by (1.9) applied with P := tn, γ := 1, and x := 1, we obtain the two
equations

un =
n∑

i=0

(
n

i

)
ε

(1 + x) · · · (1 + εn−i−1x)(−1)ixiun,(1.13.3)

(1 + x) · · · (1 + εn−1x)un =
n∑

i=0

εi(i−1)/2

(
n

i

)
ε

xiun.(1.13.4)
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Divide by un. Clearly (1.13.2) follows from (1.13.4). By (1.11.3), we obtain from
(1.13.3) the equation

1 =
n∑

i=0

(
n

i

)
ε

(1 + x) · · · (1 + εi−1x)(−1)n−ixn−i.(1.13.5)

Since k and x are arbitrary, (1.13.1) follows from (1.13.5) after the substitution
x := −1/x.

Note finally, for n ≥ 1, the following formula in k[[t]]:

n−1∏
i=0

1
1− εit

=
∞∑

j=0

(
n+ j − 1

j

)
ε

tj .(1.13.6)

To prove (1.13.6), consider the graded completion B := k̂[t]ε[h] of k[t]ε[h]. In B we
have the identities

∞∑
m,i=0

(
m

i

)
ε

tm−ihi =
1

1− (t+ h)
=

∞∑
i=0

1
(1− t) · · · (1− εit)

hi.(1.13.7)

Indeed, the first identity holds by (1.11.1). Clearly hi(1−t−h) = (1−εit)hi−hi+1.
It follows that the product of 1 − t− h and the series on the right side of (1.13.7)
is equal to 1. Hence the second identity in (1.13.7) holds. Clearly, the asserted
formula (1.13.6) follows by comparing the coefficients to hn−1 in (1.13.7).

2. Leibniz differentials

The Leibniz differentials form a universal object for higher order differentials.
In this section we define Leibniz differentials and give their main properties. The
Leibniz differentials are the elements of the quotient ΛA/k of A〈t〉 modulo the left
ideal A〈t〉t. It is a graded A-module and comes with the natural k-endomorphism
dt induced by left multiplication by t. Denote the n’th graded piece of ΛA/k by
Λn

A/k. We prove that, for every n ≥ 1, we have an exact sequence,

0 → Λ1
A/k ⊗A Λn

A/k
it−→ Λn+1

A/k

rt−→ Λn
A/k → 0,

of A-A-modules, which is split by right A-linear maps.
For every element ε of k we let Λε

A/k be the smallest A-submodule of A〈t〉
which contains 1 and is invariant under the inner ε-derivation ∆ε

t . We show that
Λε

A/k is a k-subalgebra of A〈t〉 over A and that the composition of the inclusion
Λε

A/k → A〈t〉 and the quotient map A〈t〉 → ΛA/k is an isomorphism Λε
A/k → ΛA/k

of A-modules, and the ε-derivation ∆ε
t corresponds to the k-endomorphism under

the isomorphism. Via this isomorphism the Leibniz differentials inherit, for every
element ε of k, a ring structure, such that dt becomes an ε-derivation. We show
that the module of Leibniz differentials with this ring structure is a universal object
for graded k-algebras over A with ε-derivations.

2.1. Lemma. Under the identification of A〈t〉1 and A ⊗k A, let IA/k ⊆ A〈t〉1 be
the kernel of the multiplication map A⊗k A→ A. Then IA/k is an A-A-submodule
of A〈t〉1. Moreover, there is a decomposition into homogeneous A-submodules,

A〈t〉 = A⊕A〈t〉IA/k ⊕At,(2.1.1)
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and the projection onto the second factor, in degree p ≥ 1, is the map

apt · · · ta1ta0 7→ apt · · · t(a1ta0 − a1a0t).(2.1.2)

Proof. The multiplication map µ : A ⊗k A → A is A-A-linear. Hence IA/k is an
A-A-submodule of A〈t〉1. Under the multiplication map, a polynomial P =

∑
i bitai

is mapped to
∑

i biai. It follows that IA/k is generated as an A-module by the
polynomials ta− at for a ∈ A. In particular, there is a homogeneous A-linear map
Ev : A〈t〉 → A⊕A〈t〉IA/k, defined in degree p ≥ 1 by (2.1.2) and which in degree
0 is the identity of A. Clearly, the map Ev vanishes on A〈t〉t and it is the identity
on the submodule A⊕ A〈t〉IA/k. The assertions of the lemma follow easily.

2.2. Definition. Denote by ΛA/k the quotient of A〈t〉 modulo the left ideal A〈t〉t.
As the ideal A〈t〉t is homogeneous, the quotient ΛA/k is a graded A-module. Denote
by

dt : ΛA/k → ΛA/k

the k-linear endomorphism induced by left multiplication by t. The elements of
ΛA/k will be called Leibniz differentials. Whenever it is necessary to indicate the
dependence on the given k-algebra A, we will write dA/k,t for dt.

In degree 0, the quotient map A〈t〉 → ΛA/k defines an isomorphism of A onto
the Leibniz differentials of degree 0, and we will always identify Λ0

A/k and A. In
particular, the unit 1 of A will be considered as an element of ΛA/k. Note that, since
dt is induced by left multiplication by t, the polynomial P is mapped to P (dt)(1)
under the quotient map A〈t〉 → ΛA/k.

It follows from (2.1.1) that the canonical map A〈t〉 → ΛA/k restricts to a homo-
geneous A-linear isomorphism,

A⊕A〈t〉IA/k
∼−→ΛA/k.(2.2.1)

Since IA/k is an A-A-submodule of A〈t〉1, it follows that the left ideal A〈t〉IA/k is
an A-A-submodule of A〈t〉. Hence the map (2.2.1) induces on ΛA/k a canonical
structure of an A-A-module.

The map (2.2.1) in degree 0 is the identification of A and Λ0
A/k. In degree 1,

the map is an A-A-isomorphism from the A-A-submodule IA/k of A〈t〉1 to the A-A-
module Λ1

A/k of Leibniz differentials of degree 1. Note that, by (2.1), under the
isomorphism, the Leibniz differential dta of Λ1

A/k corresponds to the polynomial
ta − at = ∆ta of IA/k. We saw in (1.6) that ∆t is a module derivation on A〈t〉1.
As a consequence, with respect to the A-A-module structure on Λ1

A/k, the map
dt : A→ Λ1

A/k is a module derivation, that is,

dt(ab) = (dta)b+ a(dtb).(2.2.2)

The differentials dta for a ∈ A generate Λ1
A/k as an A-module. It follows from

(2.2.2) that they also generate Λ1
A/k as a right A-module.

For n ≥ 1, the differential dt : Λn
A/k → Λn+1

A/k is right A-linear, since it corre-
sponds, via the isomorphism (2.2.1), to left multiplication by t in A〈t〉IA/k.

For an A-module M , the tensor product ΛA/k(M) := ΛA/k ⊗A M is defined
using the structure on ΛA/k as a right A-module, and the tensor product is given
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the structure as a left A-module via the structure on ΛA/k as a left A-module. For
n ≥ 1 the differential induces a k-linear map

dt,M = dt ⊗A 1M : Λn
A/k(M) → Λn+1

A/k (M).

Similarly, if N is a right A-module, then N ⊗A Λ1
A/k is a right A-module.

2.3. Lemma. Let M and M ′ be A-modules and let v : M → M ′ be a k-linear
map. Then there is an A-linear map

v0 : Λ1
A/k ⊗A M →M ′,

determined, for a ∈ A and x ∈M , by the equation

v0(dta⊗A x) = v(ax)− av(x).(2.3.1)

Proof. The equation (2.3.1) determines v0, since the differentials dta generate Λ1
A/k

as an A-module. To define v0, consider the map

A〈t〉1 ⊗A M = A⊗k A⊗A M = A⊗k M →M ′,(2.3.2)

where A⊗kM →M ′ is the A-linear extension of v, determined by a⊗k x 7→ av(x).
Define v0 as the composition of (2.3.2) and the map Λ1

A/k ⊗A M → A〈t〉1 ⊗A M

induced by the inclusion Λ1
A/k = IA/k ⊆ A〈t〉1 of (2.1). The equation (2.3.1) is

easily verified.

2.4. Definition. Given a k-linear map v : M →M ′. The A-linear map v0 given
in Lemma (2.3) will be denoted by ρ⊗A x 7→ ρ.x. The particular A-linear map v0
obtained M = M ′ = ΛA/k and v := dt will be denoted by

it : Λ1
A/k ⊗A ΛA/k → ΛA/k.(2.4.1)

As the tensor product is over A, we have that (ρa).π = ρ.(aπ) for ρ ∈ Λ1
A/k, a ∈ A

and π ∈ ΛA/k. Clearly, the map it is homogeneous of degree 1. By (2.3.1), we have
that

dta.π = dt(aπ) − adtπ.(2.4.2)

Since the map dt is right A-linear, it follows easily that the map it is A-A-linear.

2.5. Lemma. Let N and N ′ be right A-modules and let w : N → N ′ be a k-linear
map. Then there is a right A-linear map, homogeneous of degree −1,

wt : N ⊗A ΛA/k → N ′ ⊗A ΛA/k,

determined, for x ∈ N , by the equations

wt(x⊗A dta) = w(x)a − w(xa) for a ∈ A.(2.5.1)

wt(x ⊗A dtπ) = w(x) ⊗A π for π ∈ Λn
A/k, n ≥ 1.(2.5.2)

Moreover, for ρ ∈ Λ1
A/k and π ∈ ΛA/k, we have the equation

wt(x⊗A ρ.π) = wt(x⊗A ρ)⊗A π.(2.5.3)

Proof. The part of wt in degree n is required to be a right A-linear map,

wn : N ⊗A Λn+1
A/k → N ′ ⊗A Λn

A/k.(2.5.4)

Since the differentials dtπ, for π ∈ Λn
A/k, generate Λn+1

A/k as an A-module, the maps
wn are fully determined by the equations (2.5.1) and (2.5.2).
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For n = 0, the proof of the existence of the map wn is entirely analogous to the
proof of Lemma (2.3).

To prove the remaining assertions, use that A〈t〉n+1 = A ⊗k A〈t〉n, as follows
from (1.4). Under the identification, a polynomial atP of A〈t〉n+1 corresponds to
a ⊗k P . It follows that there is a k-linear map w̃ : N ⊗A A〈t〉 → N ′ ⊗A A〈t〉 of
degree −1, determined for P ∈ A〈t〉 by the equation

w̃(x ⊗A tP ) = w(x) ⊗A P.(2.5.5)

Consider a polynomial Q of degree n + 1 in the ideal A〈t〉t. Assume that n ≥ 1.
Then Q is a sum of polynomials of the form atP t. It follows from (2.5.4) that
w̃(x ⊗A Q) is the sum of terms of the form w(xa) ⊗A Pt. Therefore, since Pt
belongs to A〈t〉t, it follows that w̃ for n ≥ 1 induces a map (2.5.4) of the quotients.
Clearly, (2.5.2) follows from (2.5.4). Moreover, since the map dt is right A-linear in
degree n ≥ 1, it follows from (2.5.2) that wn is right A-linear.

Finally, to prove (2.5.3) we may, since the tensor products are over A, assume
that ρ = dta for a ∈ A and π ∈ Λn

A/k. If n = 0, then (2.5.3) is trivial. Assume
n ≥ 1. Since dta.π = dt(aπ)− adtπ, it follows from (2.5.2) and (2.5.1) that

wt(x⊗A dta.π) = w(x) ⊗A aπ − w(xa) ⊗A π = w0(x⊗A dta)⊗A π.

Thus (2.5.3) holds.

2.6. Definition. The right A-linear map of degree −1 obtained from Lemma (2.5)
by taking as w the identity map of A will be denoted

rt : ΛA/k → ΛA/k.

Since the identity map is A-linear, it follows easily that rt is A-A-linear. Moreover,
since the identity map is right A-linear, it follows from (2.5.1) that r0 is the zero
map. Hence, from (2.5.2) and (2.5.3) we obtain, for n ≥ 1 and a ∈ A, ρ ∈ Λ1

A/k,
and π ∈ Λn

A/k, the two equations

rt(adtπ) = aπ, rt(ρ.π) = 0.(2.6.1)

The right A-linear map of degree −1 obtained from Lemma (2.5) by taking as
w the k-linear map −dt : A→ Λ1

A/k will be denoted

st : ΛA/k → Λ1
A/k ⊗A ΛA/k.

Since dt(ab) = (dta)b + adtb, it follows from (2.5.1) that s0 is the identity map.
Hence, from (2.5.2) and (2.5.3) we obtain, for n ≥ 1 and a ∈ A, ρ ∈ Λ1

A/k, and
π ∈ Λn

A/k, the two equations

st(adtπ) = −dta⊗A π, st(ρ.π) = ρ⊗A π.(2.6.2)

2.7. Proposition. Assume that n ≥ 1. Then the following sequence of A-A-linear
maps is exact:

0 −−−−→ Λ1
A/k ⊗A Λn

A/k

it−−−−→ Λn+1
A/k

rt−−−−→ Λn
A/k −−−−→ 0,

and split by the right A-linear maps dt and st.

Proof. The assertion follows from the equations of (2.6). Indeed, it follows directly
that rtdt = 1 and stit = 1. Hence, to finish the proof, it suffices to prove the
equation itst + dtrt = 1.
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By additivity, it suffices to evaluate the equation on an element of the form adtπ
for a ∈ A and π ∈ Λn

A/k. By (2.6.2) and (2.4.2) we have that

itst(adtπ) = −dta.π = −dt(aπ) + adtπ.

By (2.6.1), we have that

dtrt(adtπ) = dt(aπ).

The asserted equation itst + dtrt = 1 follows.

2.8. Definition. By an abuse of notation, denote by t the left multiplication by
t in A〈t〉. Then the quotient map A〈t〉 → ΛA/k is a surjective homomorphism of
A-modules with k-linear endomorphisms

(A〈t〉, t) → (ΛA/k, dt).

More generally, for a given A-module C, a k-linear endomorphism ϕ of C and
an element u of C, there is a unique homomorphism of A-modules with k-linear
endomorphisms

(A〈t〉, t) → (C,ϕ),

under which 1 is mapped to u. It is the map P 7→ P (ϕ)(u), and it is denoted
Evϕ,u. Clearly, the image in C is the smallest ϕ-invariant A-submodule containing
u. The image will be denoted Λ(C,ϕ, u). If ϕu = 0, then the map Evϕ,u induces a
homomorphism

(ΛA/k, dt) → (C,ϕ).(2.8.1)

2.9. Lemma. Let Γ be a graded k-algebra over A, and let D be an ε-derivation
of Γ. Then the A-submodule Λ(Γ, D, 1) of Γ is a k-subalgebra over A. In fact, for
P ∈ A〈t〉 and x ∈ Γ, we have the equation

P (D)(1)x =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (D)Dix.(2.9.1)

Proof. The equation follows from (1.9.2) by taking C := Γ, α = εgr and γ = 1.
The A-submodule Λ(Γ, D, 1) is D-invariant. Hence, if x belongs to Λ(Γ, D, 1), then
the right hand side of (2.9.1) belongs to Λ(Γ, D, 1). So the product P (D)(1)x
belongs to Λ(Γ, D, 1). Since any element of Λ(Γ, D, 1) is of the form Q(D)(1) for
Q ∈ A〈t〉, it follows that Λ(Γ, D, 1) is stable under the product in Γ. Obviously,
Λ(Γ, D, 1) contains the image of the structure map a 7→ a1. Therefore Λ(Γ, D, 1) is
a k-subalgebra over A.
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2.10. Lemma. The following four equations hold for polynomials P , S, and R in
A〈t〉:

PS =
∞∑

i=0

∂ε
i P (∆ε

t )(ε
i
grS)ti.(2.10.1)

P (∆ε
t )(S) =

∞∑
i=0

(−1)iεi(i−1)/2(∂ε
i P )εi

gr(S)ti.(2.10.2)

P (∆ε
t )(SR) =

∞∑
i=0

∂ε
i P (∆ε

t )(ε
i
grS)∆ε i

t R.(2.10.3)

P (∆ε
t )(S)R =

∞∑
i=0

(−1)iεi(i−1)/2∂ε
i P (∆ε

t )
(
εi
gr(S)∆ε i

t (R)
)
.(2.10.4)

Proof. With respect to the product in the algebra A〈t〉, the endomorphism ∆ε
t of

(1.6) is an ε-derivation. So the two equations of (1.9), with γ := S and x := R,
yield the last two equations.

Again, if we identify t with left multiplication in the algebra A〈t〉, then it follows
from the equation

tPQ = (∆ε
tP )Q + (εgrP )tQ

that the pair (∆ε
t , t) is an ε-derivation. So the two equations of (1.9), with γ := S

and x := 1, yield the first two equations.

2.11. Lemma. The inner ε-derivation ∆ε
h of A〈t〉ε[h] vanishes on the subalgebra

A〈t〉. Moreover, for any polynomial P of A〈t〉 we have the equation

∂ε∆ε
tP = ∆ε

t∂
εP + ∆ε

h∂
εP.(2.11.1)

Proof. IfQ ∈ A〈t〉, then ∆ε
hQ = hQ−εgr(Q)h = 0 by definition of the multiplication

in A〈t〉ε[h]. Thus the first assertion holds. Since ∂ε is a homomorphism of graded
algebras and ∂εt = t+h, it follows that ∂ε∆ε

t = ∆ε
t+h∂

ε. Clearly ∆ε
t+h = ∆ε

t +∆ε
h.

Hence the second assertion holds.

2.12. Proposition. Let Evε : A〈t〉 → A〈t〉 be the endomorphism defined by the
equation Evε(P ) := P (∆ε

t )(1), and denote by Λε
A/k the image of Evε. Then Λε

A/k

is the smallest ∆ε
t -invariant A-submodule containing the unity 1, and it is a ho-

mogeneous k-subalgebra over A. Moreover, a polynomial Q belongs to Λε
A/k if and

only if ∂ε
iQ = 0 for i > 0. Furthermore, we have the decomposition,

A〈t〉 = Λε
A/k ⊕A〈t〉t,(2.12.1)

and the projection on the first factor is the map Evε. In particular, the map Evε

is equal to the identity on Λε
A/k and the kernel of Evε is the left ideal of A〈t〉t.

Finally, for polynomials Q ∈ Λε
A/k and R ∈ A〈t〉, we have the equation

QR = Q(∆ε
t )(R).(2.12.2)

Proof. The map Evε is obviously homogeneous, so the image is a homogeneous
submodule in A〈t〉. In the notation of (2.8), we have that Λε

A/k = Λ(A〈t〉,∆ε
t , 1).

Hence the first assertion follows from Lemma (2.9).
Let Γε be the set of polynomials Q ∈ A〈t〉 such that ∂ε

iQ = 0 for i > 0. If Q ∈ Γε,
then ∂εQ = Q. Therefore, it follows from Lemma (2.11) that ∂ε(∆ε

tQ) = ∆ε
tQ and
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hence ∆ε
tQ belongs to Γε. Thus Γε is ∆ε

t -invariant. In addition, Γε is an A-
submodule because the maps ∂ε

i are A-linear and, obviously, the unity 1 belongs
to Γε. As Λε

A/k is the smallest ∆ε
t -invariant A-submodule containing 1, it follows

that Λε
A/k is contained in Γε. Conversely, if Q belongs to Γε, then it follows from

(2.10.2) with P := Q and S := 1 that

Evε(Q) = Q.(2.12.3)

In particular, then Q belongs to the image Λε
A/k. Hence Λε

A/k = Γε.
Consider Equation (2.12.1). For any polynomial P we have the equation

P = Evε(P ) +
( ∞∑

i=0

Evε(∂ε
i+1P )ti

)
t,(2.12.4)

as it follows from (2.10.1) with S := 1. In particular, there is a decomposition
P = Q+Rt where Q ∈ Λε

A/k. Moreover, the decomposition is unique. Indeed, since
∆ε

t1 = 0, the polynomial Rt belongs to the kernel of Evε. Hence, by (2.12.3), it
follows from P = Q+Rt, where Q ∈ Λε

A/k, that Q = Evε(P ). So the decomposition
(2.12.1) holds, and Evε is the projection on the first factor. Obviously, therefore
Evε is the identity of Λε

A/k and A〈t〉t is the kernel of Evε.
Finally, since Λε = Γε, the equation (2.12.2) for Q ∈ Λε and R ∈ A〈t〉 follows

from (2.10.4) with P := Q and S := 1.

2.13. Definition. Consider the graded k-subalgebra Λε
A/k ofA〈t〉 defined in Propo-

sition (2.12). It is ∆ε
t -invariant, and so ∆ε

t defines, by restriction, an ε-derivation
in Λε

A/k. The induced ε-derivation will be denoted dε
t .

Clearly, the component of degree 0 in Λε
A/k is equal to A. The component of

degree 1 is the kernel of the map ∂ε
1 . The latter map is simply the multiplication

map A〈t〉1 → A. So the component of degree 1 is the submodule IA/k considered
in (2.1).

The map Evε induces, by (2.12.1), an isomorphism of graded A-modules with
k-linear endomorphisms,

(ΛA/k, dt) ∼−→ (Λε
A/k, d

ε
t ).(2.13.1)

The inverse map is the composition Λε
A/k → A〈t〉 → ΛA/k. Thus any Leibniz

differential is of the form Q(dt)(1) with a uniquely determined polynomial Q ∈
Λε

A/k. In degree 0, the map is the identity of A. In degree 1, the map is the
identification of IA/k and Λ1

A/k.
Since Λε

A/k is a graded k-algebra over A, the isomorphism (2.13.1) induces a
structure on ΛA/k as a graded k-algebra over A. The product of Leibniz differentials
ω, π with respect to the induced structure will be denoted ω.π. Note that the
product depends on the given ε ∈ k. It will be called the ε-product in ΛA/k.

Since dε
t is an ε-derivation of Λε

A/k, it follows that the endomorphism dt is an
ε-derivation with respect to the ε-product in ΛA/k. In particular, we have the
equation dt(aπ) = dta.π + adtπ. It follows from (2.4.2) that the ε-product ρ.π for
ρ ∈ Λ1

A/k is equal to the product considered in (2.4), and hence independent of ε.
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Again, since dt is an ε-derivation with respect to the ε-product, we obtain from
(1.9), for P ∈ A〈t〉 and ω, π ∈ ΛA/k, the equations

P (dt)(ω.π) =
∞∑

i=0

∂ε
i P (dt)(εi

grω).di
tπ ,(2.13.2)

P (dt)(ω).π =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (dt)(εi

grω.d
i
tπ).(2.13.3)

Note that (2.13.3) characterizes the ε-product. Indeed, any Leibniz differential is
of the form P (dt)(1), and from (2.13.3) we obtain the equation

P (dt)(1).π =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (dt)(di

tπ).(2.13.4)

Note that (2.13.4) for Q ∈ Λε
A/k specializes to the equation

Q(dt)(1).π = Q(dt)(π).(2.13.5)

With the ε-product, the algebra ΛA/k is a k-algebra over A, and in particular an
A-A-module. Left multiplication by elements of A is the multiplication given by the
structure on ΛA/k as a left A-module. In general, right multiplication by elements
of A depends on ε. For instance, since dt is an ε-derivation, we have that

d2
ta.b = dt(dta.b)− εdta.dtb.

The products dta.b and dta.dtb are independent of ε, and it is easy to give conditions
under which dta.dtb 6= 0 (cf. (3.14)). The structure on ΛA/k as a right A-module
via the ε-product is given by (2.13.4). For instance, with P := t2a and π := b we
have that (t+ h)2 = t2 + (1 + ε)th+ h2, and it follows that

d 2
t a.b = d 2

t (ab)− (1 + ε)dt(adtb) + εad 2
t b.

The A-module Λ2
A/k is generated as a left A-module by all differentials of the form

dt(a dtb). With respect to the ε-product, we have that dt(a dtb) = dta.dtb + ad2
t b.

Hence Λ2
A/k is generated by the differentials of the following two forms:

d2
ta, dta.dtb .

Similarly, Λ3
A/k is generated as a left A-module by the differentials of the four forms:

d3
ta, d2

ta.dtb, dta.d
2
t b, dta.dtb.dtc .

2.14. Remark. The algebra ΛA/k with the ε-product and the ε-derivation dt has
the following universal property:

Given a graded k-algebra Γ over A and an ε-derivation D of Γ. Then there is a
unique homomorphism of k-algebras over A with k-linear endomorphisms,

(ΛA/k, dt) → (Γ, D).(2.14.1)

Indeed, by (2.8), there is a unique homomorphism (2.14.1) of A-modules with k-
linear endomorphisms such that the unity 1 of ΛA/k is mapped to the unity 1 of Γ.
It is the map induced by P 7→ P (D)(1). Hence, under the isomorphism (2.13.1), it
is the map E : Λε

A/k → Γ defined by E(Q) = Q(D)(1). Thus it suffices to prove
that E is a homomorphism with respect to the multiplications in the algebras. Let
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Q and R be polynomials in Λε
A/k. Since Evε(R) = R, we have that R = R(dε

t )(1).
Hence, by (2.12.2), we have that

QR = Q(dε
t )(R) = Q(dε

t )R(dε
t )(1).

Therefore, since E is a homomorphism of A-modules with endomorphisms, it follows
that

E(QR) = Q(D)R(D)(1) = Q(D)(E(R)).

By (2.12), we have that ∂ε
iQ = 0 for i > 0. Hence, from (2.9.1), applied with

Q := P and x := E(R), it follows that

Q(D)(E(R)) = Q(D)(1)E(R) = E(Q)E(R).

Hence E(QR) = E(Q)E(R), and the assertion has been proved.

2.15. Note. By Proposition (2.12), the polynomials Q of the subalgebra Λε
A/k are

characterized by the equations ∂ε
iQ = 0 for i > 0. If ε = 0, then, by (1.12), we have

that ∂ε
i = (∂ε

1)
i. Hence, for ε = 0, the subalgebra Λε

A/k is the kernel of the map
∂ε
1 . In fact, for ε = 0, it is easily seen that the subalgebra Λε

A/k of A〈t〉 is equal to
A ⊕ A〈t〉IA/k. Hence, for ε = 0, right multiplication by elements of A is given by
the canonical structure of ΛA/k as a right A-module defined in (2.2).

If ε = 1 and k contains the field of rational numbers, then, again by (1.12), we
have that Λε

A/k is the kernel of ∂ε
1 .

3. Kähler differentials

The A-module of Kähler differentials is the maximal quotient of the module of
Leibniz differentials having the property that the endomorphism dt induces a dif-
ferential operator of order at most 1 on the quotient. This property the Kähler
differentials share with the higher order differentials obtained from the most inter-
esting examples. More precisely, the module of Kähler differentials is the quotient
ΩA/k = ΛA/k/A, where A is the smallest dt-invariant A-submodule of ΛA/k con-
taining the elements

dt(baπ)− bdt(aπ)− adt(bπ) + abdt(π),

for all a, b in A and π in ΛA/k. The Kähler differentials form a graded A-module
and the k-linear endomorphism dt induces a k-linear endomorphism d on ΩA/k.
Denote the n’th graded piece of ΩA/k by Ωn

A/k. We prove that, for every n ≥ 1, we
have an exact sequence

0 → Ω1
A/k ⊗A Ωn

A/k
i−→ Ωn+1

A/k

r−→ Ωn
A/k → 0

of A-A-linear maps that is split by right A-linear maps.
For every element ε of k we show that A is a two sided ideal in ΛA/k with respect

to the multiplication induced by Λε
A/k. Hence ΩA/k inherits the multiplicative

structure of Λε
A/k and d becomes an ε-derivation with respect to this structure. We

denote by Ωε
A/k the Kähler differentials with the structure inherited from Λε

A/k and
show that (Ωε

A/k, d) is universal for graded k-algebras over A with an ε-derivation
D satisfying D(b1)a = aD(b1), for all a and b in A.

When the ring A is commutative, the first graded piece of the Kähler differentials
is the A-module Ω1

A/k of first order Kähler differentials of the k-algebra A. We
show that, when the first order Kähler differentials form a finitely generated free
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A-module, the graded pieces of the Kähler differentials are free A-modules, and we
describe explicitly bases for these modules.

We also define the Kähler differentials of anA-module and show how a connection
on the module gives rise to a map on the Kähler differentials of the module with
properties similar to a derivation.

3.1. Lemma. Let R be a subset of Λ1
A/k. Denote by A(R) the subset of ΛA/k

consisting of all sums of Leibniz differentials of the following form:

P (dt)(ρ.π) for P ∈ A〈t〉, ρ ∈ R, π ∈ ΛA/k.(3.1.1)

Then A(R) is a homogeneous dt-invariant A-A-submodule of ΛA/k. The component
of degree 0 of A(R) vanishes and the component of degree 1 is the A-A-submodule
of Λ1

A/k generated by R. Finally, for any ε, we have that A(R) is an ideal with
respect to the ε-product in ΛA/k.

Proof. We have that A(R) is a right A-submodule because the map dt is right A-
linear in positive degree and the product ρ.π is right A-linear. The remaining parts
of the first assertion are obvious.

Since the elements of R are of degree 1, the component of degree 0 in A(R)
contains only 0. Similarly, all elements of degree 1 of A(R) are sums of the form
(3.1.1) with P and π of degree 0. Hence the component of degree 1 is the A-A-
submodule generated by R.

To prove the final assertion, we have to prove, for any element (3.1.1) and any
ω ∈ ΛA/k, that the following two ε-products belong to A(R):

ω.P (dt)(ρ.π), P (dt)(ρ.π).ω .

For the first product, write ω = Q(dt)(1) with a polynomial Q ∈ Λε
A/k. Then it

follows from (2.13.5), that

ω.P (dt)(ρ.π) = Q(dt)P (dt)(ρ.π).

Hence the first product is of the form (3.1.1).
Consider the second product. Since ρ is of degree 1, we have by (2.13.3) that

P (dt)(ρ.π).ω =
∞∑

i=0

(−1)iεi(i−1)/2εi∂ε
i P (dt)(ρ.εi

grπ.d
i
tω).

Hence the second product is a sum of terms of the form (3.1.1). Thus both products
belong to A(R), and the proof of the lemma is complete.

3.2. Definition. Let R be the subset of Λ1
A/k formed by all elements of the fol-

lowing form:

ρ = (dtb)a− a(dtb) for a, b ∈ A.(3.2.1)

Let A := A(R) be the A-A-submodule of ΛA/k defined (3.1). Denote by ΩA/k the
quotient of ΛA/k modulo A. Since A is a homogeneous A-A-submodule, the quotient
ΩA/k is a graded A-A-module. Since A(R) is dt-invariant, the endomorphism dt

induces a k-linear endomorphism of degree 1 of the quotient

d : ΩA/k → ΩA/k.

In fact, the endomorphism d is right A-linear in positive degrees since dt is right
A-linear in positive degrees.
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The elements of ΩA/k will be called (free) Kähler differentials. When it is nec-
essary to indicate the dependence on the given k-algebra A, we will write dA/k for
d.

Since A0 = 0, the quotient map defines an isomorphism of A = Λ0
A/k onto the

Kähler differentials of degree 0, and we will always identify Ω0
A/k and A. In partic-

ular, the unit 1 of A will be considered as an element of ΩA/k. The endomorphism
d of ΩA/k is induced by the endomorphism dt of ΛA/k, and dt is induced by left
multiplication by t in A〈t〉. Hence, under the composition A〈t〉 → ΛA/k → ΩA/k,
the polynomial P is mapped to P (d)(1). In particular, every Kähler differential is
of the form P (d)(1) for a suitable polynomial P .

Consider the component Ω1
A/k of degree 1. It is the quotient of Λ1

A/k modulo
A1. Since dt : A → Λ1

A/k is a module derivation, it follows that d : A → Ω1
A/k is

a module derivation, that is,

d(ab) = (da)b+ a(db).

Note that, by the choice of R, we have in Ω1
A/k the equation, for a, b ∈ A,

(db)a = a(db).

In particular, when A is commutative, it follows that the left structure and the
right structure of Ω1

A/k as an A-module coincide.

3.3. Definition. As observed in (2.1), the A-A-module Λ1
A/k can be identified with

the kernel IA/k of the multiplication map A ⊗k A → A. Under the identification
we have that dtb = 1⊗k b− b⊗k 1, and

(dtb)a− a(dtb) = 1⊗k ba− b⊗k a− a⊗k b+ ab⊗k 1.(3.3.1)

Hence A1 ⊆ IA/k can be identified with the A-A-submodule generated by all ele-
ments of the form (3.3.1). Let P 1

A/k be the A-A-module defined as the quotient

P 1
A/k := (A⊗k A)/A1.(3.3.2)

Then there is an exact sequence of A-A-linear maps

0 → Ω1
A/k

i1−→ P 1
A/k

r1−→ A→ 0,(3.3.3)

where i1 is the inclusion and r1 is the surjection induced by the multiplication
map A ⊗k A → A. Moreover, r1 is split by the left A-linear map represented by
a 7→ a⊗k 1 and by the right A-linear map represented by a 7→ 1⊗k a.

For any A-module M , the tensor product P 1
A/k ⊗A M is an A-module and a

quotient of A ⊗k A ⊗A M = A ⊗k M . Define P 1
A/k(M) := P 1

A/k ⊗A M , and let
d1

M : M → P 1
A/k(M) be the k-linear map represented by x 7→ 1⊗k x. Then, since

the map P 1
A/k → A has a right A-linear section, we obtain from (3.3.3) an exact

sequence of A-modules

0 → Ω1
A/k ⊗A M

i1M−−→ P 1
A/k(M)

r1
M−−→M → 0.(3.3.4)

Clearly, the composition r1Md1
M is the identity map of M . Moreover, for a ∈ A and

x ∈M , we have that 1⊗k 1⊗A ax− a⊗k 1⊗A x = dta⊗A x. It follows that

d1
M (ax)− ad1

M (x) = i1M (da⊗A x).(3.3.5)

The A-module P 1
A/k(M) is called the module of first order principal parts.



1320 DAN LAKSOV AND ANDERS THORUP

View the tensor product A ⊗k A as the k-algebra Ae := A ⊗k A
op. The multi-

plication in the algebra Ae will be denoted by a dot. It is given by the equation
(a⊗ b)·(x⊗y) := ax⊗yb. Thus A-A-submodules of A⊗kA correspond to left ideals
of the algebra Ae. In particular, IA/k is the left ideal generated by the elements
(3.3.1). Right multiplication by a in the A-A-module A ⊗k A corresponds to left
multiplication by 1⊗k a in the algebra Ae. Hence, for the element (3.3.1) we have
the equation

(dtb)a− a(dtb) = (1⊗k a)·dtb− (a⊗k 1)·dtb = dta·dtb.

It follows that A1 is the left ideal of Ae generated by all products dta·dtb.
If A is commutative, then Ae is the commutative algebra A ⊗k A and IA/k is

an ideal. Moreover, A1 is the square I 2
A/k. Hence, when A is commutative, the

A-module Ω1
A/k is the usual module IA/k/I

2
A/k of Kähler differentials of degree 1,

and P 1
A/k(M) is the usual module of first order principal parts.

3.4. Lemma. Let ϕ : M → M ′ be a k-linear map of A-modules. Then the fol-
lowing four conditions are equivalent:

(i) For all b ∈ A, the map ϕbM − bM ′ϕ is an A-linear map M →M ′.
(ii) For all a, b ∈ A and x ∈M , we have the equation

ϕ(bax)− bϕ(ax) = aϕ(bx)− abϕ(x).(3.4.1)

(iii) There exists an A-linear map u : P 1
A/k(M) →M ′ such that ϕ = ud1

M .
(iv) There exists an A-linear map, Ω1

A/k⊗AM →M ′, denoted ρ⊗Ax 7→ ρ.x, such
that, for all a ∈ A and x ∈M , we have that

ϕ(ax) = da.x+ aϕ(x).(3.4.2)

Proof. Clearly, (i) and (ii) are equivalent.
Assume (ii). Consider the A-linear extension A⊗kM →M ′ defined by a⊗k x 7→

aϕ(x). It follows from the condition in (ii) that the extension vanishes on the
submodule defining the quotient P 1

A/k(M). Hence the extension induces an A-
linear map u : P 1

A/k(M) →M ′. Clearly, ϕ = ud1
M . Hence (iii) holds.

Assume (iii). Define ρ.x := uiM (ρ⊗A x). Then it follows from (3.3.5) that (iv)
holds.

Assume (iv). Then the left side of (3.4.1) is equal to db.ax and the right side is
equal to a(db.x). Therefore, since (db)a = a(db), it follows that (ii) holds.

Hence the equivalence of the four conditions have been shown.

3.5. Definition. A k-linear map ϕ : M →M ′ of A-modules satisfying the equiv-
alent conditions of Lemma (3.4) is said to be a differential operator of order at
most 1 (for the k-algebra A), cf. [9, 16.8, p. 39]. It follows from the lemma, for
an A-module M , that the map d1

M : M → P 1
A/k(M) is the universal differential

operator of order at most 1 defined on M .

3.6. Definition. The k-linear map d : ΩA/k → ΩA/k is a differential operator of
order at most 1, that is, for a, b ∈ A and ω ∈ ΩA/k, we have the equation

d(baω)− bd(aω)− ad(bω) + abd(ω) = 0.(3.6.1)
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Indeed, ω is the image of a Leibniz differential π. So the expression on the left side
of (3.6.1) is the image of the following expression in ΛA/k:

dt(baπ)− bdt(aπ)− adt(bπ) + abdt(π).

By (2.4.2), the latter expression is equal to

dtb.aπ − adtb.π =
(
dt(b)a− adt(b)

)
.π.

It follows that the expression belongs to A. Thus (3.6.1) holds.
Therefore, by Lemma (3.4), there is an induced A-linear product,

i : Ω1
A/k ⊗A ΩA/k → ΩA/k,(3.6.2)

denoted ρ ⊗A ω 7→ ρ.ω. As the tensor product is over A, we have that (ρa).ω =
ρ.(aω). Clearly, the map i is homogeneous of degree 1. In degree 0, it is the identity
of Ω1

A/k. Moreover, since the map d : ΩA/k → ΩA/k is right A-linear, it follows
easily that i is right A-linear in all degrees. By (3.4.2) we have that

da.ω = d(aω)− adω .(3.6.3)

3.7. Lemma. Let w : N → N ′ be a k-linear map of right A-modules. Then, in
the notation of Lemma (2.5), the right A-linear map wt : N⊗AΛA/k → N ′⊗AΛA/k

induces a right A-linear map of the quotients

w̄ : N ⊗A ΩA/k → N ′ ⊗A ΩA/k,(3.7.1)

if and only if, for all x ∈ N and a, b ∈ A, we have the equation in N ′

w(x)ba− w(xb)a − w(xa)b + w(xab) = 0.(3.7.2)

Moreover, if (3.7.2) holds, then the induced map w̄ is homogeneous of degree −1,
and equations parallel to (2.5.2) and (2.5.3) hold for w̄.

Proof. For n ≥ 0, let wn : N ⊗A Λn+1
A/k → N ′ ⊗A Λn

A/k be the component of degree
n of the map wt of (2.5). Let ρ := (dtb)a − a(dtb) with a, b ∈ A. Then the left
side of (3.7.2) is the value w0(x⊗A ρ). Since w0 is right A-linear, it follows that w0

induces a right A-linear map w̄0 : N ⊗A Ω1
A/k → N ′ if and only if (3.7.2) holds.

Assume that equation (3.7.2) holds, and consider wn for n ≥ 1. Denote by
N ′ ⊗ A the image of N ′ ⊗A A in N ′ ⊗A ΛA/k. To prove that wn induces a map
on the quotients, we have to prove, for an element ω = P (dt)(ρ.π) in An+1, that
the value wn(x⊗A ω) belongs to the submodule N ′ ⊗An. Clearly, we may assume
that P is homogeneous. Assume first that P is of positive degree. Then, since the
tensor product is over A, we may assume that P = tQ. Hence, by (2.5.2),

wn(x⊗A ω) = wn

(
x⊗A dtQ(dt)(ρ.π)

)
= w(x) ⊗A Q(dt)(ρ.π),

and so wn(x⊗A ω) belongs to N ′ ⊗ A. Assume next that P is of degree 0, that is,
P is an element c of A. Then ω = cρ.π. It follows from (2.5.3) that

wn(x⊗A cρ.π) = w0(xc⊗A ρ)⊗A π.

As noted in the beginning of the proof, it follows from (3.7.2) that w0(xc⊗ ρ) = 0.
Hence wn(x⊗A ω) = 0. In particular, wn(x⊗A ω) belongs to N ′ ⊗ A.

Thus the lemma has been proved.
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3.8. Definition. Obviously, the condition (3.7.2) holds when w is the identity map
of A. Hence it follows from Lemma (3.7) that the map rt of (2.6) induces a right
A-linear map of degree −1 on the quotients. It will be denoted

r : ΩA/k → ΩA/k.

The induced map r is A-A-linear, because r is A-A-linear.
Take as k-linear map w in (3.7) the map −d : A → Ω1

A/k to obtain a right
A-linear map wt : ΛA/k → Ω1

A/k ⊗A ΛA/k of degree −1. The condition (3.7.2)
holds, because d : A → Ω1

A/k is a module derivation and (db)a = a(db). Hence it
follows from Lemma (3.7) that the right A-linear map wt induces a right A-linear
map of degree −1 on the quotients. It will be denoted

s : ΩA/k → Ω1
A/k ⊗A ΩA/k.

Clearly, the maps r and s and the map i of (3.6) are induced on the quotients
by the maps rt, st and it of (2.6) and (2.4). As a consequence, when n ≥ 1, we
obtain from (2.6) the following equations, for a ∈ A, ρ ∈ Ω1

A/k and ω ∈ Ωn
A/k:

r(adω) = aω, r(ρ.ω) = 0.

s(adω) = −da⊗A ω, s(ρ.ω) = ρ⊗A ω.

3.9. Proposition. Assume that n ≥ 1. Then the following sequence of A-A-linear
maps is exact:

0 −−−−→ Ω1
A/k ⊗A Ωn

A/k

i−−−−→ Ωn+1
A/k

r−−−−→ Ωn
A/k −−−−→ 0,

and split by the right A-linear maps d and s.

Proof. The proof is identical to the proof of Proposition (2.7)

3.10. Definition. By Lemma (3.1), the homogeneous A-A-submodule A of ΛA/k

defining ΩA/k is, for any ε, an ideal with respect to the ε-product. Therefore, when
ΛA/k is considered as a graded k-algebra over A via the ε-product, there is a unique
product in ΩA/k such that the canonical map

ΛA/k → ΩA/k

is a homomorphism of k-algebras over A. The product in ΩA/k is called the ε-
product. The endomorphism d of ΩA/k is an ε-derivation with respect to the ε-
product. When ΩA/k is considered as a graded k-algebra over A via the ε-product,
it will be denoted Ωε

A/k.

3.11. Remark. Let M be an A-module and let ϕ be a k-linear endomorphism of
M . Let u be an element in the kernel of ϕ. Consider the map of A-modules with
k-linear endomorphisms of (2.8)

E : (ΛA/k, dt) → (M,ϕ).(3.11.1)

Then the map E induces a map from the quotient

(ΩA/k, d) → (M,ϕ),(3.11.2)

if and only if the restriction of ϕ to Λ(M,ϕ, u) is a differential operator of order at
most 1, that is, for all a, b ∈ A and all x ∈ Λ(M,ϕ, u), the following equation holds:

ϕ(bax) − bϕ(ax)− aϕ(bx) + abϕ(x) = 0.(3.11.3)
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Indeed, since E is a map of A-modules with endomorphisms, it vanishes on the
A-submodule A defining ΩA/k if and only if it vanishes on all Leibniz differentials
of the form ρ.π where ρ = (dtb)a − a(dtb). By definition of the product ρ.π, we
have that

ρ.π = dt(baπ)− bdt(aπ)− adt(bπ) + abdtπ.

Hence, with x = E(π), the left hand side of (3.11.3) is the value E(ρ.π). Since the
map E : ΛA/k → Λ(M,ϕ, u) is surjective, it follows that E vanishes on A, if and
only if (3.11.3) holds.

With respect to the ε-product, the algebra Ωε
A/k has the following universal

property:
Given a graded k-algebra Γ over A and an ε-derivation D of Γ. Assume for

all a, b ∈ A that D(b1)a = aD(b1). Then there is a unique homomorphism of
k-algebras over A with k-linear endomorphisms,

(Ωε
A/k, d) → (Γ, D).(3.11.4)

Indeed, by (2.14), there is a unique homomorphism of k-algebras over A with k-
linear endomorphisms

(ΛA/k, dt) → (Γ, D).(3.11.5)

Since D is an ε-derivation, we have, for all a, b ∈ A and x ∈ Γ, that

D(bax)− bD(ax)− aD(bx) + abD(x) = D(b1)ax− aD(b1)x = 0.

In particular, the equation (3.11.3) with ϕ := D holds. Hence (3.11.5) descends to
the map (3.11.4), and since (3.11.5) is a map of k-algebras over A, so is (3.11.4).

3.12. Proposition. Let {x1, . . . , xm} be a subset of A such that the differentials
dxj form a left A-basis for Ω1

A/k. Then Ωn
A/k is a free left A-module with a basis

of m(m + 1)n−1 elements. More precisely, let X1 be the subset {dx1, . . . , dxm} of
Ω1

A/k and, inductively, let Xn+1 be the subset of Ωn+1
A/k consisting of elements of any

of the following two forms:

dξ or dxj . ξ for ξ ∈ Xn, j = 1, . . . ,m.

Then the set Xn is a left A-basis for Ωn
A/k.

Proof. By hypothesis, the set X1 is a left A-basis for Ω1
A/k. Since a(dx) = (dx)a,

the set X1 is also a right A-basis for Ω1
A/k. Hence, by induction on n, the assertion

follows from the exact sequence of Proposition (3.9).

3.13. Corollary. Assume that A is commutative. Let {x1, . . . , xm} be a subset
of A such that the differentials dxj form an A-basis of Ω1

A/k. Then the set of all
ε-products,

π = dn1xj1 . . . d
nlxjl

,(3.13.1)

where each ni > 0 and n1 + · · ·+ nl = n, form a left A-basis of Ωn
A/k.

Proof. Let Ω′ be the A-submodule of ΩA/k generated by all products (3.13.1). Since
d is an ε-derivation of Ωε

A/k, it follows for a product π of the form (3.13.1) that dπ
is a k-linear combination of similar products. Moreover, for f ∈ A we have that
df is an A-linear combination of the dxj . Hence d(fπ) = df.π + fdπ belongs to
Ω′. Thus the A-submodule Ω′ is d-invariant. In addition, it contains 1, which is
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the empty product (3.13.1). Hence Ω′ contains all Kähler differentials P (d)(1) for
P ∈ A〈t〉. Thus Ω′ = ΩA/k.

The number of products (3.13.1) of degree n is m(m+1)n−1 when n ≥ 1. Indeed,
in the product (3.13.1) write dnixji = d · · ·d(dxji ) to see that the products (3.13.1)
of degree n correspond bijectively to “formal” strings δ1 · · · δn where each symbol
δi is either equal to d or equal to a differential dxj and the last symbol δn is not
equal to d. Clearly, the number of such formal strings is equal to (m + 1)n−1m.
Therefore, since the number of products it equal to the rank of the free A-module
Ωn

A/k, it follows that the products form an A-basis.

3.14. Note. Assume the setup of the corollary. The endomorphism d of ΩA/k is
determined in the basis since d is an ε-derivation and df , for f ∈ A, has an ex-
pansion as an A-linear combination of the differentials dxj . The coefficients in the
expansion may be called the partial derivatives of f , denoted f ′xj

. Note also that
the ε-multiplication is determined in terms of the basis, since dxj .f = fdxj and
inductively, for n ≥ 1,

dn+1xj .f = d(dnxj .f)− εndnxj .df .

By induction on n, it follows that dnxj .f in the A-basis of products (3.13.1) has an
expansion where the coefficients are k-linear combinations of iterations of partial
derivatives of f .

For instance, for n = 2 we obtain the equation

d2xj .f = d(dxj .f)− εdxj .df

= d(fdxj)− εdxj .df = fd2xj +
m∑

i=1

f ′xi
dxi.dxj − ε

m∑
i=1

f ′xi
dxj .dxi .

In particular, for f := xi it follows that

d2xj .xi = xid
2xj + dxi.dxj − εdxj .dxi .

Hence, if m ≥ 2, the structure on Ω2
A/k as a right A-module given by the ε-product

is different from the structure as a left module.

3.15. Note. Let M be an A-module. Then, since ΩA/k is a graded A-A-module, the
tensor product

ΩA/k(M) := ΩA/k ⊗A M

is a graded A-module. In addition, since the map d in positive degrees and the
maps i, r, and s are right A-linear, there are induced maps for n ≥ 1:

dM : Ωn
A/k(M) → Ωn+1

A/k (M), sM : Ωn+1
A/k (M) → Ω1

A/k ⊗A Ωn
A/k(M),

rM : Ωn+1
A/k (M) → Ωn

A/k(M), iM : Ω1
A/k ⊗A Ωn

A/k(M) → Ωn+1
A/k (M),

Moreover, from (3.9) we obtain, for n ≥ 1, the exact sequence of A-linear maps

0 → Ω1
A/k ⊗A Ωn

A/k(M) iM−−→ Ωn+1
A/k (M) rM−−→ Ωn

A/k(M) → 0,

which is split by the k-linear maps dM and sM .

3.16. Note. For a right A-module N , let ΩA/k[N ] be the graded k-module defined
by

ΩA/k[N ] := N ⊗A ΩA/k.
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When the exact sequence of (3.9) for n ≥ 1 is tensored from the left with N , we
obtain the exact sequence of k-linear maps,

Ω1
A/k[N ]⊗A Ωn

A/k
iN−→ Ωn+1

A/k [N ] rN−−→ Ωn
A/k[N ] → 0,

where iN := 1N ⊗A i and rN = 1N ⊗A r. The map iN is called the product, and
we write ξ.ω := iN(ξ ⊗A ω).

A connection in N is a k-linear map ∇ : N → N ⊗A Ω1
A/k such that, for x ∈ N

and a ∈ A,

∇(xa) = ∇(x)a + x⊗A da.

A connection ∇ on N extends uniquely to a k-linear endomorphism, homogeneous
of degree 1,

∇ : ΩA/k[N ] → ΩA/k[N ],(3.16.1)

such that, for x ∈ N and ω ∈ ΩA/k,

∇(x⊗A ω) = ∇(x).ω + x⊗A dω.(3.16.2)

Indeed, to define the extended map ∇, it suffices to note that, by the property of
a connection, we have that

∇(xa).ω + xa⊗A dω = ∇(x).aω + x⊗A d(aω).

For a given connection ∇ of N , there is a k-linear homomorphism, homogeneous
of degree −1,

s∇ : N ⊗A ΩA/k → N ⊗A Ω1
A/k ⊗A ΩA/k,(3.16.3)

obtained from Lemma (3.7) by taking as w the map −∇ : N → N ⊗A Ω1
A/k.

Indeed, we have that

−∇(x)ba+∇(xb)a+∇(xa)b −∇(xab) = (x⊗A db)a− xa⊗A db = 0,

and consequently the necessary equation (3.7.2) holds.
The two equations asserted at the end of (3.7) are the following, for x ∈ N ,

ρ ∈ Ω1
A/k and ω ∈ Ωn

A/k:

s∇(x ⊗A dω) = −∇(x) ⊗A ω for n ≥ 1,

s∇(x⊗ ρ.ω) = x⊗A ρ⊗A ω.

It follows, for n ≥ 1, that the following sequence of k-linear maps is exact:

0 → Ω1
A/k[N ]⊗A Ωn

A/k
iN−→ Ωn+1

A/k [N ] rN−−→ Ωn
A/k[N ] → 0,

and split by the k-linear maps ∇ and s∇.
Finally, for the given ε, we have that ΩA/k is a graded k-algebra Ωε

A/k with
respect to the ε-product. Hence ΩA/k[N ] = N ⊗A Ωε

A/k is a graded right module
Ωε

A/k[N ] over the graded k-algebra Ωε
A/k. The following equation, for ξ ∈ Ωε

A/k[N ]
and ω ∈ Ωε

A/k, follows easily from the definitions:

∇(ξω) = ∇(ξ)ω + εgr(ξ)dω.
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4. Actions of differentials on modules

In this section we show how the theory of Leibniz and Kähler differentials is used
to study higher order differentials in applications. In a typical situation we have
an A-module C together with a k-linear endomorphism ϕ of C and an element u
such that ϕ(u) = 0. The higher order differentials appear as the elements of the
smallest A-submodule Γ of C that contains u and is invariant under ϕ.

Fix an element ε of k. In the above situation we obtain a homomorphism Λε
A/k →

Endk(C) of k-algebras over A, which sends a polynomial P (t) to the endomorphism
P (ϕ) of C. Denote by Λε(ϕ) the image of this map. The map Endk(C) → C, which
sends an endomorphism ψ to ψ(u), induces a surjection Λε(ϕ) → Γ of A-modules.
The main result of this section gives criteria for the surjection Λε(ϕ) → Γ to be
an isomorphism and, when the criteria are fulfilled, gives an explicit formula for
the product Γ ⊗k C → C, induced by the natural product Λε(ϕ) ⊗k C → C. In
particular, when the criteria are fulfilled, we have that the module Γ of higher
order differentials inherits a structure as a k-algebra from the sub-algebra Λε(ϕ) of
Endk(C), and we have a surjection Λε

A/k → Γ of k-algebras over A. Moreover, then
under the product Γ⊗k C → C we have that C is a Γ-module.

4.1. Remark. Let C be an A-module and let ϕ be a k-linear endomorphism of C.
Then the map P 7→ P (ϕ) is a homomorphism of k-algebras over A,

Evϕ : A〈t〉 → Endk(C).(4.1.1)

Accordingly, C has a structure as a module over A〈t〉, extending its structure as an
A-module. The corresponding A-linear action,

A〈t〉 ⊗k C → C,(4.1.2)

is given by the formula P.x = P (ϕ)(x). The pair (∆ε
t , ϕ) is an ε-derivation for the

product (4.1.2). Indeed, since ∆ε
tP = tP − (εgrP )t, the equation

ϕ(P.x) = (∆ε
tP ).x + (εgrP ).ϕ(x)

follows from the identity

ϕP (ϕ) = ϕP (ϕ)− (εgrP )(ϕ)ϕ+ (εgrP )(ϕ)ϕ.

Restriction of the homomorphism (4.1.1) to the subalgebra Λε
A/k of A〈t〉 defines

a homomorphism of k-algebras over A,

Λε
A/k → Endk(C).(4.1.3)

Denote by Λε(ϕ) the image of the homomorphism (4.1.3). Via the homomorphism
(4.1.3), we have that C is a module over Λε

A/k and is a faithful module over Λε(ϕ).
The corresponding A-linear product

Λε
A/k ⊗k C → C(4.1.4)

is given by the formula Q.x := Q(ϕ)(x) for Q ∈ Λε
A/k and x ∈ C. Since (∆ε

t , ϕ) is
an ε-derivation for the product (4.1.2), it follows that (dε

t , ϕ) is an ε-derivation for
the product (4.1.4).

4.2. Lemma. The homomorphism Λε
A/k → Endk(C) of (4.1.3) descends to a ho-

momorphism of k-algebras over A from the quotient

Ωε
A/k → Endk(C),(4.2.1)
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if and only if the endomorphism ϕ of C is a differential operator of order at most
1.

Proof. The map (4.1.3) is the restriction of Evϕ to the subalgebra Λε
A/k of A〈t〉.

Under the isomorphism Λε
A/k → ΛA/k of (2.13) we have that Ωε

A/k is the quotient
of Λε

A/k modulo the ideal Aε consisting of sums of polynomials of the form

P (∆ε
t )(ρQ),(4.2.2)

where P ∈ A〈t〉, Q ∈ Λε
A/k, and ρ = (∆tb)a − a(∆tb) for a, b ∈ A. The ideal Aε

is homogeneous. So, if B is the ideal generated by all homogeneous polynomials
in the kernel of Evϕ, it follows that the homomorphism Λε

A/k → Endk(C) factors
through the quotient, if and only if B contains all polynomials of the form (4.2.2).

Assume first that B contains all polynomials (4.2.2). Then, in particular, ρ ∈ B
and thus Evϕ(ρ) = 0. Since ρ = (∆tb)a − a(∆tb), it follows that Evϕ(∆tb)aC =
aC Evϕ(∆tb). Hence the map Evϕ(∆tb) is A-linear for all b ∈ A. As Evϕ(∆tb) =
ϕbC − bCϕ, it follows that ϕ is a differential operator of order at most 1.

Assume conversely that ϕ is a differential operator of order at most 1. Then, by
the above calculation, any polynomial of the form ρ = (∆tb)a−a(∆tb) is contained
in the kernel of Evϕ, and hence ρ ∈ B. The ideal B is homogeneous, and therefore
∆ε

t -invariant. Therefore, since ρ ∈ B, it follows that every element (4.2.2) belongs
to B.

Hence the equivalence has been proved.

4.3. Definition. Let C be an A-module and let ϕ be a k-linear endomorphism of
C. Via the isomorphism ΛA/k

∼−→Λε
A/k of (2.13), the product (4.1.4) defines an

action of ΛA/k on C

ΛA/k ⊗k C → C,(4.3.1)

denoted π⊗kx 7→ π.x. It is called the ε-action of ΛA/k on C. Note that the product
π.x depends on ε. As the map (4.1.3) is a map of k-algebras over A, it follows that
the map (4.3.1) is A-linear and that the tensor product over k in the source can
be replaced by the tensor product over A. In other words, for a ∈ A, we have the
equations a(π.x) = (aπ.x) and (π.a).x = π.(ax). In addition, since (dε

t , ϕ) is an
ε-derivation for the product (4.1.4), it follows that (dt, ϕ) is an ε-derivation for the
ε-product, that is, for π ∈ ΛA/k and x ∈ C, we have the equation

ϕ(π.x) = (dtπ).x + εgr(π).x .(4.3.2)

For ε = 0, we have that the right ε-multiplication by elements of A is the multipli-
cation given by the structure of ΛA/k as an A-A-module. Hence we may view the
map (4.3.1) as an A-linear map

ΛA/k ⊗A C → C.(4.3.3)

Moreover, if ε = 0, then the second term on the right side of (4.3.2) vanishes when
π has no components of degree 0. Hence, for n ≥ 1, there is a commutative diagram

Λn
A/k ⊗A C

��

dt,C
// Λn+1

A/k ⊗A C

��

C
ϕ

// C

(4.3.4)

where the vertical maps are the ε-products for ε = 0.



1328 DAN LAKSOV AND ANDERS THORUP

Assume that ϕ is a differential operator of order at most 1. Then it follows from
Lemma (4.2) that the ε-action of ΛA/k on C descends to an ε-action of ΩA/k on C.
Clearly, the properties described above for the action of ΛA/k descend to analogous
properties of the action of ΩA/k.

4.4. Proposition. In the setup of (4.1), assume that C is a graded A-module, and
assume either that ϕ is homogeneous of degree 1, or assume that ε = 1 and that ϕ
is homogeneous of degree 0. Let u be an element of degree 0 in the kernel of ϕ, and
let Γ = Λ(C,ϕ, u) be the submodule of C defined in (2.8). Then the following three
conditions are equivalent:

(i) The evaluation map Endk(C) → C given by λ 7→ λ(u) induces an isomor-
phism E : Λε(ϕ) ∼−→Γ.

(ii) If Q is a polynomial in Λε
A/k such that Q(ϕ)(u) = 0, then Q(ϕ) = 0.

(iii) There exists an A-linear product Γ⊗k C → C for which u is a left unit and ϕ
is an ε-derivation, i.e., ϕ(γ.x) = ϕ(γ).x + (εgrγ).ϕ(x) for γ ∈ Γ and x ∈ C.

Assume that the three conditions hold. Then the following assertions hold:
(1) The product in (iii) is unique and given by the formula

P (ϕ)(u).x =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (ϕ)ϕi(x).(4.4.1)

(2) The A-submodule Γ of C is stable under the product. Moreover, with the induced
product, the A-module Γ is a k-algebra over A with a 7→ au as structure map, and
C is a faithful Γ-module.

Proof. Let B be the image of the map (4.1.1). Then B is a k-subalgebra over A
of Endk(C). Assume first that ϕ is homogeneous of degree 1. If P is a polynomial
of degree p, the image P (ϕ) is homogeneous of degree p. Hence the image B has
a natural structure of a graded k-algebra over A such that the map A〈t〉 → B is
a surjection of graded k-algebras over A. Let ∆ε

ϕ be the interior ε-derivation of B
determined by ϕ. Then, clearly, the map P 7→ P (ϕ) is a surjection of k-algebras
over A with endomorphisms

(A〈t〉,∆ε
t ) → (B,∆ε

ϕ).(4.4.2)

If ϕ is of degree 0, then all endomorphisms of B are of degree 0. However, then
ε = 1 and ∆ε

ϕ is the usual commutator, so we still have the surjection (4.4.2).
The elements of Λε

A/k are polynomials of the form P (∆ε
t )(1), and under (4.4.2)

the polynomial P (∆ε
t )(1) is mapped to the endomorphism P (∆ε

ϕ)(1C). It fol-
lows that the k-subalgebra Λε(ϕ) of B consists of the endomorphisms of the form
P (∆ε

ϕ)(1C). In particular, Λε(ϕ) is invariant under ∆ε
ϕ. Denote by dε

ϕ the induced
ε-derivation of Λε(ϕ). Clearly, the pair (dε, ϕ) is an ε-derivation for the product
Λε(ϕ)⊗k C → C.

Since ϕ(u) = 0, it follows that evaluation λ 7→ λ(u) is a map (B,∆ε
ϕ) → (C,ϕ).

Hence, under evaluation, P (∆ε
ϕ)(1C) is mapped to P (ϕ)(u). Therefore, the evalu-

ation map is a surjection of A-modules with k-linear endomorphisms

E : (Λε(ϕ), dε
ϕ) → (Γ, ϕ).(4.4.3)

Clearly, the condition (ii) is that the homomorphism E is injective. Therefore,
the conditions (i) and (ii) are equivalent.
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Assume that the conditions (i) and (ii) hold. Then an A-linear product as in
(iii) is defined using the structure of C as a Λε(ϕ)-module and the isomorphism E.
The element u is a unit for the product, because u = E(1C) is the image of the unit
Λε(ϕ). It follows from (4.4.3) that the endomorphism ϕ of Γ under the isomorphism
E corresponds to the endomorphism dϕ of Λε(ϕ). Therefore, since (dε, ϕ) is an ε-
derivation, it follows that ϕ is a derivation for the product Γ⊗k C → C.

Conversely, assume that there is given a product with the properties in (iii). It
follows from the second equation of Corollary (1.9) that the equation (4.4.1) holds.
In particular, for Q ∈ Λε

A/k we have the equation

Q(ϕ)(u).x = Q(ϕ)(x) .(4.4.4)

It follows from the latter equation that the composition

Λε(ϕ) E−→ Γ → Endk(C),

where the second map is the representation determined by the product Γ⊗kC → C,
is equal to the inclusion of Λε(ϕ) in Endk(C). In particular, the homomorphism E
is injective, that is, condition (ii) holds.

Thus the three conditions are equivalent. To prove the remaining assertions,
assume that the three conditions hold. The equation (4.4.1) was shown to be a
consequence of the properties of the product. Clearly, the equation implies that
the product is unique. Moreover, the equation (4.4.1) implies the equation (4.4.4)
for Q ∈ Λε

A/k. Since E is surjective, any element x of Γ is of the form R(ϕ)(u) for
a polynomial R of Λε

A/k. It follows from (4.4.4) that

Q(ϕ)(u).R(ϕ)(u) = Q(ϕ)R(ϕ)(u).

Therefore, the A-module Γ is stable under the product and the map E is a ho-
momorphism also with respect to the product. Since Λε(ϕ) is a k-algebra over A
and C is a Λε(ϕ)-module, it follows that Γ is a k-algebra over A and that C is a
Γ-module. Thus the remaining assertions of the proposition have been proved.

4.5. Note. Let ρ := (∆tb)a− a(∆tb) with a, b ∈ A. As noted in the proof of (4.2),
we have that ρ(ϕ) = ϕba− bϕa− aϕb + abϕ. In particular, if u ∈ C is an element
in the kernel of ϕ, then we have the equation

ρ(ϕ)(u) = ϕ(bau)− bϕ(au)− aϕ(bu).

Assume that A is commutative. Then, clearly, we have that ρ(ϕ)(u) = 0 for all
a, b ∈ A, if and only if the map a 7→ ϕ(au) is a module derivation A → C. In
particular, in the setup of (4.4), if the condition (ii) holds and a 7→ ϕ(au) is a
module derivation, then ϕ is a differential operator of order at most 1.

5. Derivation systems

The natural framework for the theory of higher order differentials is derivation
systems. Such systems consist of a graded A-module C such that the graded piece
C0 of degree 0 is isomorphic to A, together with a differential operator d on C of
order at most 1 such that d(1) = 0. The derivation systems give rise to triples
(C,ϕ, u) of the form considered in the previous section, with ϕ := d and u := 1.
In applications all such triples come from derivation systems. The higher order
differentials of the derivation system are the elements of the smallest d-invariant
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A-submodule Ω(C) of C which contains 1 ∈ A = C0. We have that Ω(C) is a
graded A module.

Since d is a differential operator of order at most 1, we obtain by Lemma (3.4)
an A-linear map Ω1

A/k ⊗A C → C, denoted ρ ⊗A F 7→ ρ.F , such that df.F =
d(fF ) − fdF , for all f ∈ A and F ∈ C. Moreover, since in addition d(1) = 0,
we have that d : A → C1 is an A-module derivation and we obtain a surjective
A-linear map Ω1

A/k → Ω1(C). In all applications, the map Ω1
A/k ⊗A C → C factors

over the quotient map Ω1
A/k ⊗A C → Ω1(C) ⊗A C. When the latter condition is

satisfied, we call the derivation system (C, d) a Kähler system.
The main part of this section is devoted to the examples that appear most

frequently in applications, and to illustrate how our setup is designed to incorporate,
in a natural way, the main applications. In particular, we introduce the system of
higher order differentials for C∞-manifolds constructed by P.-A. Meyer, and our
non-commutative generalization of Iitaka’s higher order differentials for smooth
schemes. Both systems are Kähler systems.

5.1. Setup. Assume that A is a commutative k-algebra. In the sequel we will con-
sider systems (C, d) consisting of a graded A-module C whose component of degree
0 is equal to A and a k-linear endomorphism d of degree 1 of C such that the unity
1 of A is in the kernel of d. The system will be called a derivation system for
the k-algebra A, if d is a differential operator of order at most 1. To distinguish
the endomorphism d of C from the endomorphism of the module ΩA/k of Kähler
differentials, we write dA/k for the latter.

Fix a derivation system (C, d). The homogeneous components of the map d may
be viewed as a sequence of differential operators of order at most 1:

A = C0
d−→ C1

d−→ C2
d−→ · · · .

Clearly, since 1 is in the kernel of d, the component d : A → C1 is a module
derivation. Denote by Ω(C) the smallest d-invariant A-submodule of C containing
the unity 1. In the notation of (2.8) we have that Ω(C) = Λ(C, d, 1) is the image
of the map A〈t〉 → C given by P 7→ P (d)(1). Clearly, Ω(C) is a homogeneous
A-submodule of C. Its elements of degree n will be called n-forms. The 0-forms
are the elements of A = C0 and the 1-forms are A-linear combinations of elements
of the form da for a ∈ A.

Since the unity 1 is in the kernel of d, the map P 7→ P (d)(1) induces by (2.8) a
map of graded A-modules with k-linear endomorphisms

(ΛA/k, dt) → (C, d).(5.1.1)

The image of π ∈ ΛA/k will be denoted by π̄.
Since d is a differential operator of order at most 1, there is, by Lemma (3.4), an

A-linear product Ω1
A/k ⊗A C → C, denoted ρ⊗A x 7→ ρ.x, such that, for all f ∈ A

and F ∈ C, we have that

d(fF ) = (dA/kf).F + fdF .(5.1.2)

The k-linear map of degree −1 obtained as in Lemma (2.5) by taking as w the
k-linear map −d : A→ Ω1(C) will be denoted

sC,t : ΛA/k → Ω1(C) ⊗A ΛA/k.(5.1.3)

Obviously, the map sC,t is the composition of the k-linear map st of (2.6) and the
surjective A-linear map Λ1

A/k ⊗A ΛA/k → Ω1(C)⊗A ΛA/k induced by the canonical
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map (5.1.1). In particular, for f ∈ A, ρ ∈ Λ1
A/k, and π ∈ Λn

A/k, we obtain from
(2.6.2) the formulas

sC,t(fdtπ) = −df ⊗A π, sC,t(ρ.π) = ρ̄⊗A π.(5.1.4)

When ΛA/k is identified with the subalgebra Λε
A/k of A〈t〉 as in (2.13.1), we write

sε
C,t : Λε

A/k → Ω1(C)⊗A Λε
A/k(5.1.5)

for the resulting map.
Since d is a differential operator of order at most 1, it follows from (3.11) that

the map (5.1.1) induces a homomorphism from the quotient

(ΩA/k, dA/k) → (C, d),(5.1.7)

and Ω(C) is the image of the induced map. Equivalently, there is a commutative
diagram with A-linear vertical maps,

A
dA/k

// Ω1
A/k

��

dA/k
// Ω2

A/k

��

// · · ·

C0
d

// C1
d

// C2
// · · · .

5.2. Definition. A derivation system (C, d) as in (5.1) will be called a Kähler
system is there exists an A-linear product Ω1(C)⊗AC → C, denoted ρ⊗AF 7→ ρ.F ,
such that, for f ∈ A and F ∈ C, the following equation holds:

df.F = d(fF )− fdF .(5.2.1)

Clearly, the product is completely determined by the equation (5.2.1). Equivalently,
the system (C, d) is a Kähler system if the product Ω1

A/k ⊗A C → C determined
by (5.1.2) factors over the quotient Ω1(C) ⊗A C. In particular, if the canonical
surjection Ω1

A/k → Ω1(C) of (5.1.7) is an isomorphism, then the system is a Kähler
system.

Note that if a system (C, d) as in (5.1) is given such that there exists a product
satisfying the equation (5.2.1), then d is a differential operator of order at most 1.

If (C, d) is a Kähler system, then, for ρ ∈ Λ1
A/k and π ∈ ΛA/k, we have the

following equation:

ρ.π = ρ̄.π̄.(5.2.2)

Indeed, to verify the equation, we may assume that ρ = dtf for f ∈ A. Then, by
(2.4.2), we have that dtf.π = dt(fπ)− fdtπ. It follows that

dtf.π = d(fπ̄)− fdπ̄ = df.π̄ = dtf.π̄ .

5.3. Example. Let d : A → M be a module derivation. Then, clearly, there is
a derivation system (C, d) with C0 := A, C1 := M and Cn := 0 for n > 1. The
system is a Kähler system with the product Ω1(C) ⊗A Cn → Cn+1 defined as the
inclusion of Ω1(C) into C1 for n = 0 and as the zero map for n > 0.

5.4. Example. Assume that C is a graded k-algebra over A with C0 = A. Let
D be an ε-derivation of degree 1 of C. Assume for all f ∈ A that the element Df
in C1 commutes with the elements of A. Then (C,D) is a Kähler system. Indeed,
since D is an ε-derivation and the elements of A are of degree 0, we have that
D(fx)− fD(x) = D(f)x. Hence the endomorphism D is a differential operator of
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degree at most 1, and the product of (5.2) is given by the product in the algebra
C.

5.5. Example. Clearly, the free Kähler differentials form a derivation system
(C, d) = (ΩA/k, dA/k). Obviously, Ω1(C) = Ω1

A/k, and hence the system is a Kähler
system. Moreover, as noted at the end of (5.1), the system of free Kähler differen-
tials is the universal derivation system for A.

An alternative construction of the universal derivation system is given as follows:
Let d : C0 → C1 be the map dA/k : A → Ω1

A/k. Inductively, for n ≥ 1, let Cn+1

be the A-module P 1
A/k(Cn) of first order principal parts of Cn, and let d = d1

Cn
:

Cn → Cn+1 be the universal differential operator of order at most 1 defined on Cn.
Then, clearly, the system (C, d) is a universal derivation system. It follows that the
system obtained by the alternative construction is isomorphic to the system of free
Kähler differentials. In particular, there is, for n ≥ 1, an A-linear isomorphism

Ωn+1
A/k

∼−→
n︷ ︸︸ ︷

P 1
A/k · · ·P 1

A/k(Ω1
A/k).

5.6. Remark. Several important derivation systems are obtained as follows:
We are given a sequence of maps of commutative k-algebras

A = C0
ι−→ C1

ι−→ C2
ι−→ · · · .

View each Cn+1 as a Cn-module via the map ι. In addition, assume that we have
k-linear maps d : Cn → Cn+1 which are module derivations from the k-algebra Cn

to the Cn-module Cn+1.
The structure on Cn as an A-module is given by the composition ιn : A→ Cn,

that is, by fF := (ιnf)F for f ∈ A and F ∈ Cn. Since each map d : Cn → Cn+1

is a module derivation, we have that

d(FG) = (dF )(ιG) + (ιF )(dG).

As a consequence, for f ∈ A and F ∈ Cn, we have that

d(fF )− fdF = (dιnf)(ιF ) .

In particular, it follows that each map d : Cn → Cn+1 is a differential operator
of order at most 1 for A. Hence the system (C, d) is a derivation system, and the
product Ω1

A/k ⊗A C → C is determined by the equation

(dA/kf).F = (dιnf)(ιF ),(5.6.1)

for a ∈ A and F ∈ Cn. Moreover, the system is a Kähler system if and only if, for
each n ≥ 1, there exists an A-linear map in : Ω1(C) → Cn+1 such that, for f ∈ A,
we have that

in(df) = dιnf.(5.6.2)

Indeed, if the product of (5.2) exists, then in may be defined by in(ρ) = ρ.1n where
1n is the unity of Cn. Conversely, if the maps in exist, then the product may be
defined by ρ.F = in(ρ)ιF .

For instance, there is a derivation system (CA/k, d) defined as follows: Let C0 :=
A and, inductively, let Cn+1 = SymCn

Ω1
Cn/k be the symmetric algebra of the Cn-

module Ω1
Cn/k and let d : Cn → Cn+1 be the composition of the universal derivation

dCn/k : Cn → Ω1
Cn/k and the inclusion of Ω1

Cn/k into Cn+1 = SymCn
Ω1

Cn/k. The
system is a Kähler system, because Ω1

A/k = Ω1(C).
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This example is the non-commutative version of Iitaka’s construction referred to
in the introduction.

5.7. Example (Iitaka). Consider the following construction: Given commutative
k-algebras A = C0 and C1 and maps ι, d : C0 → C1, where ι is a map of k-algebras
and d is a module derivation from C0 to the C0-module C1. Form the symmetric
algebra S := SymC1

Ω1
C1/k, and the maps ι̃, d̃ : C1 → S, where ι̃ is the inclusion of

algebras C1 → S and d̃ is the universal derivation dC1/k : C1 → S. Finally, let C2

be the k-algebra obtained as the quotient of S modulo the ideal generated by all
differences ι̃d(x) − d̃ι(x) for x ∈ C0. Define new maps ι, d : C1 → C2 as the maps
obtained by composing ι̃, d̃ with the quotient map S → C2.

Clearly, the k-algebra C2 and the new maps ι, d : C1 → C2 have the following
universal property: Given commutative k-algebras C ′0, C′1, C′2 and maps ι′, d′ :
C ′0 → C′1 and ι′, d′ : C′1 → C′2 such that the maps ι′ are maps of k-algebras and
the maps d′ are module derivations. Let ψ0 : C0 → C ′0 and ψ1 : C1 → C ′1 be
maps of k-algebras such that ψ1ι = ι′ψ0 and ψ1d = d′ψ0. Assume that d′ι′ = ι′d′.
Then there is a unique map of k-algebras ψ2 : C2 → C′2 such that ψ2ι = ι′ψ1 and
ψ2d = d′ψ1.

The construction is iterated as follows: Assume that ι, d : Cn−1 → Cn are
defined, where ι is a map of k-algebras and d is a module derivation into the Cn−1-
module Cn. Apply the construction with C0 := Cn−1 and C1 := Cn to obtain a
k-algebra Cn+1 and maps ι, d : Cn → Cn+1.

The system obtained by the iterated construction is a Kähler system. Indeed,
for n ≥ 1, let Qn denote the Cn−1-submodule of Cn generated by elements dx for
x ∈ Cn−1. In particular, then Q1 = Ω1(C). It follows from the construction that
we have the equation ιd = dι of composite maps Cn−1 → Cn+1. In particular,
the Cn-linear map ι : Cn → Cn+1 induces a Cn−1-linear map of submodules
i : Qn → Qn+1. Clearly, the following diagram is commutative:

Cn−1
ι−−−−→ Cn

d

y yd

Qn
i−−−−→ Qn+1.

It follows that if in : Ω1(C) → Cn+1 is the map defined by n compositions of the
maps i followed by the inclusion of Qn+1 into Cn+1, then in(df) = dιnf . Therefore,
as noted in (5.6), the system are a Kähler system.

The derivation system (CIit, d), related to the works of Iitaka [10], [11], [12], [13]
and Johnson [14], [15], is the system obtained when C0 = A, C1 := SymA Ω1

A/k

and ι, d : A → C1 are, respectively, the inclusion of algebras and the universal
derivation dA/k. In particular, the system of Iitaka is a Kähler system. Moreover,
by the universal property of the simple construction of the first paragraph, we
obtain the universal property of the system (CIit, d): Given a derivation system
(C, d) with the additional structure of (5.6). Assume that dι = ιd, that is, the
system is a prolongation sequence in the sense of Johnson [15]. Then any map
ψ0 : A → C0 of k-algebras extends uniquely to a family ψ = {ψn} of maps of
k-algebras ψn : CIit

n → Cn such that ψd = dψ and ψι = ιψ.
Let ΩIit

A/k be the k-algebra obtained as the direct limit of the k-algebras CIit
n with

respect to the maps ι. Then ΩIit
A/k is a commutative A-algebra. Moreover, since
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dι = ιd, the derivations d induce a derivation d of ΩIit
A/k. Let B be a commutative

A-algebra, and let D be a k-linear derivation of B. By the universal property of the
system (CIit, d), applied to the system (C, d) where Cn := B, d := D and the maps
ι are the identity of B, there is a unique map of k-algebras with k-linear derivations

(ΩIit
A/k, d) → (B,D).

Consider the A-module ΩA/k with the ε-product of (3.10) for ε = 1. Then
ΩA/k is a k-algebra over A, and dA/k is a derivation of the algebra. Let Ωsym

A/k

be the quotient algebra obtained by dividing the algebra ΩA/k by its commutator
ideal. Then Ωsym

A/k is a commutative A-algebra and it has a derivation d induced by
dA/k. By the universal property (3.11) of (ΩA/k, dA/k), applied when Γ := B is a
commutative k-algebra and D is a derivation, it follows that (Ωsym

A/k, d) has the same
universal property as (ΩIit

A/k, d). Hence there is a canonical isomorphism of Ωsym
A/k

and ΩIit
A/k. The algebra Ωsym

A/k and related algebras will be studied in more detail in
Section 7.

5.8. Before we introduce the next example, we give some properties of the module
of first order Kähler differentials of a symmetric algebra. The setup will be used in
Example (5.9), and is analogous to the setup in Example (5.10) on differentiable
manifolds.

Let Q be an A-module. Form the symmetric algebra S := SymAQ and the
universal derivation dS/k : S → Ω1

S/k. Then, as is well known, there is a canonical
isomorphism Ω1

S/A = Q⊗A S of S-modules and a commutative diagram

A

dA/k

��

// S

dS/k

��

dS/A

$$
II

II
II

II
II

Ω1
A/k ⊗A S

iS
// Ω1

S/k

rS
// Q⊗A S // 0,

(5.8.1)

where the bottom row is the usual exact sequence of S-linear maps induced from
the composition k → A→ S. In fact, since S is a graded algebra, the modules Ω1

S/k

and Ω1
S/A are graded S-modules, and the maps of the diagram are homogeneous,

when the factor Q in the tensor product is given degree 1.
Denote by Ω1,1

S/k the component of degree 1 of Ω1
S/k. Then the degree-1 part of

the diagram (5.8.1) is a commutative diagram

Q

d1
S/k

��

1Q

  
AA

AA
AA

AA
A

Ω1
A/k ⊗A Q

i1S
// Ω1,1

S/k

r1
S

// Q // 0,

(5.8.2)

where the row is an exact sequence of A-linear maps.
It is a consequence of the following lemma that the map i1S is always injective.

Lemma. The map i1S of (5.8.2) is always injective. In fact, there is an A-linear
isomorphism Ω1,1

S/k = P 1
A/k(Q) under which the row in (5.8.2) is isomorphic to the

short exact sequence of (3.3.4). Moreover, the following conditions are equivalent:
(i) The homomorphism i1S in (5.8.2) has an A-linear left-inverse.
(ii) There exists a k-linear connection ∇ : Q→ Ω1

A/k ⊗A Q.
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(iii) The homomorphism iS in (5.8.1) has a homogeneous S-linear left-inverse.
(iv) The homomorphism iS in (5.8.1) has an S-linear left-inverse.

Proof. To prove the first part of the lemma, view Ω1
S/k as the quotient of S ⊗k S

modulo the left S-submodule generated by all tensors P ⊗k Q+Q⊗k P − 1⊗k PQ
for P,Q ∈ S. The part of degree 1 of S ⊗k S is then the direct sum

(A⊗k Q)⊕ (Q ⊗k A),

and Ω1,1
S/k is the quotient of the direct sum modulo the A-submodule generated by

all tensors

qa⊗k b+ qb⊗k a− q ⊗k ab, a⊗k q + q ⊗k a− 1⊗k aq,(*)

for q ∈ Q, a, b ∈ A. Under this identification, the k-linear map d1
S/k : Q → Ω1,1

S/k

maps the element q of Q to the class represented by the tensor 1⊗k q.
By the construction of (3.3), there is a similar description of P 1

A/k(Q) as the
quotient of A⊗k Q modulo the A-submodule generated by all tensors

1⊗k baq − b⊗k aq − a⊗k bq + ab⊗k q,(**)

for q ∈ Q, a, b ∈ A. The map d1
Q : Q → P 1

A/k(Q) maps the element q of Q to the
class represented by 1⊗k q.

Let u : A⊗k Q→ (A⊗k Q)⊕ (Q⊗k A) be the A-linear inclusion of A⊗k Q into
the first summand of the direct sum, and let v : (A ⊗k Q)⊕ (Q ⊗k A) → A ⊗k Q
be the k-linear map defined by

v(a⊗k q) := a⊗k q, v(q ⊗k a) := 1⊗k aq − a⊗k q.

Under u, the element (**) is mapped into the A-submodule generated by elements
of the second type in (*). Under v, the element of the first type in (*) is mapped
to the element (**) and the element of the second type in (*) is mapped to zero.
Therefore, the maps u and v induce maps of the quotients. It is easily verified that
the A-linear map induced by u is the inverse of the map induced by v. Moreover,
under the isomorphism, the maps i1Q and r1Q of (3.3.4) correspond, respectively, to
the maps i1S and r1S of (5.8.2). Hence the first part of the lemma has been proved.

Consider the four conditions. Clearly, (iii) implies (iv). To see that (iv) implies
(i), compose an S-linear retraction for iS with the A-linear projection on the degree
1-part. To see that (i) implies (ii), let w be an A-linear retraction for i1S , define
∇ := wd1

S/k and check that ∇ is a connection.
It remains to prove that (ii) implies (iii). For convenience, set N := Ω1

A/k ⊗A S.
To define an S-linear map Ω1

S/k → N , we have to define a k-linear derivation
D : S → N . The derivation is defined as follows: Consider the k-algebra S ⊕ N ,
where N is viewed as an ideal of square zero. The map a 7→ a + (dA/ka ⊗A 1) is
easily seen to be a map of k-algebras

A→ S ⊕N.

Moreover, the map q 7→ q +∇(q) is an A-linear map Q→ S ⊕N . The latter map
extends to a homomorphism of A-algebras

S = SymAQ→ S ⊕N.

Clearly, the extended homomorphism has the form P 7→ P +D(P ), where D : S →
N is a k-linear derivation. Moreover, for a ∈ A we have that D(a) = dA/ka⊗A 1.
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Therefore, the derivationD induces an S-linear retraction for the map iS. Moreover,
since D is homogeneous, the retraction is homogeneous. Thus (iii) holds.

Thus the equivalence of the four conditions has been proved.

Note that the equivalent conditions of the lemma hold when the A-module Q is
induced from a k-module V . Indeed, if Q = A⊗k V , then Ω1

A/k⊗AQ = Ω1
A/k⊗k V ,

and the map dA/k ⊗k 1V is a connection. In particular, the equivalent conditions
hold when the A-module Q is free. Moreover, if the A-modules Q and Ω1

A/k are
free, then it follows from the split exact sequence in (5.8.1) that the S-module Ω1

S/k

is free.

5.9. Example (Affine analogue of the Semple bundle). Consider the following
construction: Let κ : Ω1

A/k → Q be a given A-linear map. Form the symmet-
ric algebra Ã := SymAQ. Let ι : A → Ã be the inclusion of algebras, and let
d : A → Ã be the composition of κdA/k and the inclusion of Q into Ã. Finally,
let κ̃ : Ω1

Ã/k
→ Q̃ be the Ã-linear map obtained as the push forward of the map

κ ⊗A 1 : Ω1
A/k ⊗A Ã → Q ⊗A Ã along the map iÃ of (5.8.1). The push forward

preserves the cokernel. Hence, from the exact sequence (5.8.1) we obtain a com-
mutative diagram of Ã-modules with exact rows:

Ω1
A ⊗A Ã

κ⊗A1

��

iÃ
// Ω1

Ã/k

κ̃

��

rÃ
// Q⊗A Ã // 0,

Q⊗A Ã
i

// Q̃
r

// Q⊗A Ã
// 0.

(5.9.1)

Moreover, as noted at the end of (5.8), if the A-module Q is free, then the Ã-linear
map i in (5.9.1) is split injective and, consequently, the Ã-module Q̃ is free.

A derivation system (CA/k,κ, d) is obtained from the construction as follows: Set
C0 := A, Q1 := Q and let κ : C0 → Q1 be the given A-linear map. Inductively,
assume that the k-algebra Cn−1 and the Cn−1-linear map κ : ΩCn−1/k → Qn are
defined. Apply the construction with A := Cn−1 and Q := Qn to obtain a k-algebra
Cn := C̃n−1 and maps ι, d : Cn−1 → Cn and a Cn-linear map Ω1

Cn/k → Qn where
Qn+1 := Q̃n.

It follows from the construction that Qn+1 ⊆ Cn+1 and that the image of the
map d : Cn → Cn+1 is contained in Qn+1. Moreover, there is a commutative
diagram of Cn-linear maps,

Cn−1

d

��

ι
// Cn

d

��

Qn

d

xxqq
qq
qq
qq
qq
q

��

Qn ⊗Cn−1 Cn
i

// Qn+1
r

// Qn ⊗Cn−1 Cn // 0.

(5.9.2)

The bottom row is exact, and split exact if Q is a free A-module.
It follows that the system is a Kähler system, since compositions of the maps i

of (5.9.2) may be used as the A-linear maps in of (5.6).
In the case when Q is a quotient of Ω1

A/k and κ is the quotient map, the con-
struction of the module Q̃ is the affine analogue of the Semple bundle used to study
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higher tangencies of varieties by Collino [7], Colley–Kennedy [5], [6], and Arrondo–
Sols–Speiser [24]. In this case, we write (CA/k,Q, d) for the derivation system. Note
in particular that the construction, for Q := Ω1

A/k, yields the non-commutative
version of Iitaka’s differentials mentioned at the end of (5.6).

The affine analogue of the construction given by Demailly [8] is obtained from
the composite map Ω1

A ⊗A Ã → Ã of κ ⊗A 1 with the natural map Q ⊗A Ã → Ã.
We obtain a diagram analogous to (5.9.1), which defines Q̃:

Ω1
A ⊗A Ã

��

// Ω1
Ã/k

��

// Ω1
Ã/A

// 0

B̃ // Q̃ // Ω1
Ã/A

// 0

with exact rows, and where B̃ is the image of Q⊗A Ã→ Ã. The bottom sequence
is analogous to the sequence (4.2) of Demailly [8]. If we let X̃ = Proj(SymA(Q)),
we obtain a surjective map Q ⊗OX OX̃ → OX(1) and the bottom line gives the
exact sequence

0 → OX(1) → Q̃→ Ω1
X̃/X

→ 0,

which is the dual of the sequence of Demailly.

5.10. Example (Meyer). Let X be an m-dimensional C∞-manifold. Let A :=
C∞(X) be the k-algebra of global k-valued functions, where k = R or k = C, and
let Ω1(X) be the A-module of global 1-forms.

Let TX be the tangent bundle over X , and let Ã := C∞(TX). Then there
are an inclusion of algebras ι : A → Ã induced by the projection TX → X , and
an inclusion of A-modules Ω1(X) → C∞(TX). In particular, the differential may
be viewed as a k-linear module derivation d : A → Ã. In addition, the projection
TX → X induces an A-linear map i : Ω1(X) → Ω1(TX) and the following diagram
is commutative:

A
ι−−−−→ Ã

d

y yd

Ω1(X) i−−−−→ Ω1(TX).

(5.10.1)

In addition, on TX there is a canonical tangent vector field Ξ, defined at a point
(x, ξ) of TX as the directional derivative along the line from (x, 0) to (x, ξ). Hence,
evaluation of 1-forms of TX on the field Ξ defines a canonical map Ã-linear map

r : Ω1(TX) → Ã.

Moreover, if ω ∈ Ω1(X), then rdω = ω.
In local coordinates, say if X is an open subset of Rm with coordinate functions

xj , we have that the 2m functions ιxj and dxj are coordinate functions on TX .
The A-module Ω1(X) is free with basis dxj , and the Ã-module Ω1(TX) is free
with basis dιxj and ddxj . Under the map i, the differential dxj is mapped to dιxj .
Under the map r, the differential ddxj is mapped to dxj and dιxj is mapped to 0.

The derivation system of Meyer [22] is defined as follows: Let C0 := A and,
inductively, let Cn := C∞(T nX) be the k-algebra of C∞-functions on the iterated
tangent space T nX . Then Cn+1 = C̃n and we have obtained a derivation system
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(CX , d) with the additional structure of (5.6). Note that Ωn+1(C) ⊆ Ω1(T nX). If
X is paracompact, then Ω1(C) = Ω1(X).

The system is a Kähler system, since compositions of the maps i of (5.10.1) may
be used as the A-linear maps in of (5.6).

6. Kähler bases

We say that a Kähler system (C, d) has a Kähler basis if there are elements
x1, . . . , xm of A = C0 such that dx1, . . . , dxm is an A-basis for Ω1(C), and such that
the subset Xn of Cn, for n = 1, 2, . . . , defined inductively by X1 = {dx1, . . . , dxm}
and

Xn+1 = {dξ | ξ ∈ Xn} ∪ {dxj .ξ | j = 1, . . . ,m, ξ ∈ Xn},
form an A-basis for the n’th graded piece Ωn(C) of Ω(C).

We show for a Kähler system with a Kähler basis that for each integer n ≥ 1
there is an exact sequence of A-A-modules

0 → Ω1(C)⊗A Ωn(C) → Ωn+1(C) → Ωn(C) → 0,

which is split by right A-linear maps.
The main result of this section, and indeed the article, is that a Kähler system

with a Kähler basis satisfies the criteria of the main result of Section 4. In particular
we obtain, for any ε in k, that Ω(C) is a k-algebra over A and C is a natural Ω(C)-
module. We also obtain an explicit formula for the action of Ω(C) on C.

It is an immediate consequence of our results that both the system of higher
order differentials for C∞-manifolds constructed by P.-A. Meyer, and our non-
commutative generalization of Iitaka’s higher order differentials for smooth schemes
give rise to Kähler systems with Kähler bases. In particular, the higher order
differentials of both these systems have multiplicative structures.

In a final note we indicate how the theory can be globalized.

6.1. Setup. Let (C, d) be a Kähler system. For a given subset X = {x1, . . . , xm} of
A, define a sequence Xn of subsets of Cn for n = 1, 2, . . . as follows: The set X1

consists of the 1-forms dxj and, inductively, the set Xn+1 consists of the elements
of one of the following two forms:

ξ0 := dξ, ξj := dxj .ξ for ξ ∈ Xn.(6.1.1)

By (5.2.1) we have that ξj = d(xjξ) − xjdξ. In particular, it follows by induction
that Xn is a subset of Ωn(C). Moreover, if the elements dxj generate Ω1(C) as
an A-module, then the elements of Xn generate Ωn(C) as an A-module. Indeed,
assume that the elements dxj generate Ω1(C). The elements of Ωn+1(C) are A-
linear combinations of elements of the form dω for ω ∈ Ωn(C). So, if the elements
ξ of Xn generate Ωn(C), then the elements of Ωn+1(C) are A-linear combinations
of elements of the form

d(fξ) = df.ξ + fdξ .(6.1.2)

Since df is an A-linear combination of the dxj , an element of the form (6.1.2) is an
A-linear combination of elements of the form (6.1.1). Therefore, by induction, the
elements of Xn+1 generate Ωn+1(C).

6.2. Lemma. Assume in the setup of (6.1) that the elements dxj form an A-basis
of Ω1(C). Then the following three conditions are equivalent:
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(i) For all n ≥ 1, if ω0, ω1, . . . , ωm are elements of Ωn(C) such that

dω0 +
m∑

j=1

dxj .ωj = 0,(6.2.1)

then ω0 = ω1 = · · · = ωm = 0.
(ii) For all n ≥ 1, the elements of Xn are linearly independent over A.
(iii) For all n ≥ 1, there are two k-linear maps, r : Ωn+1(C) → Ωn(C) and

s : Ωn+1(C) → Ω1(C) ⊗A Ωn(C), such that, for f ∈ A and ω ∈ Ωn(C),

r(fdω) = fω, s(fdω) = −df ⊗A ω.(6.2.2)

Proof. We will give a cyclic proof of the equivalence. Assume first (i). The elements
of X1 are linearly independent by hypothesis. Proceed by induction and consider
a linear relation among the elements of Xn+1. By the inductive definition of Xn+1,
the relation is of the form∑

i

gidξi +
m∑

j=1

∑
i

fijdxj .ξi = 0,

where the ξi are different elements of Xn and gi and fij belong to A. Since dg.ξ =
d(gξ)− gdξ, the relation may be written as follows:

d(
∑

i

giξi)−
∑

i

dgi.ξi +
m∑

j=1

dxj .
∑

i

fijξi = 0.(6.2.3)

Since dg, for any g ∈ A, is an A-linear combination of the dxj , it follows that
the middle sum is a sum of terms of the form dxj .ωj. Hence it follows from (i)
and (6.2.3) that

∑
giξi = 0. Hence, since the ξi are linearly independent by the

induction hypothesis, we have that gi = 0 for all i. So the first two sums in (6.2.3)
vanish. Hence it follows from (i) and (6.2.3) that

∑
i fijξi = 0 for j = 1, . . . ,m.

Again, since the ξi are independent, it follows that fij = 0 for all i and j. Hence
(ii) holds.

Assume next (ii). Since the dxj generate Ω1(C), it follows, as noted on (6.1),
that the elements of Xn generate Ωn(C). So, since (ii) is assumed, the elements
of Xn+1 form an A-basis of Ωn+1(C). Therefore, there are well defined maps r :
Ωn+1(C) → Ωn(C) and s : Ωn+1(C) → Ω1(C) ⊗A Ωn(C) determined additively,
for ξ ∈ Xn and f ∈ A, by the equations

r(fdξ) = ξ, r(fdxj .ξ) = 0,(6.2.4)

s(fdξ) = −df ⊗A ξ, s(fdxj .ξ) = fdxj ⊗A ξ.(6.2.5)

In the equations (6.2.2), the element ω is an A-linear combination of elements ξ
in Xn. So, to verify (6.2.2), we may assume that ω = gξ with g ∈ A and ξ ∈ Xn.
Then fdω = fdg.ξ + fgdξ. The element dg is an A-linear combination of the dxj .
Hence, from the equations (6.2.4) it follows that

r(fdω) = r(fdg.ξ) + r(fgdξ) = fgξ = fω.

From the last equation in (6.2.5) it follows by additivity that s(fdg.ξ) = fdg⊗A ξ.
Consequently, from the first equation in (6.2.5), it follows that

s(fdω) = fdg ⊗A ξ − d(fg)⊗A ξ = −gdf ⊗A ξ = −df ⊗A gξ = −df ⊗A ω.

Therefore, the two equations of (6.2.2) have been verified. Hence (iii) holds.
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Assume finally (iii). Since d(fω) = df.ω+fdω, it follows easily from (6.2.2) that
r(df.ω) = 0 and s(df.ω) = df ⊗A ω for f ∈ A and ω ∈ Ωn(C). Hence, when we
apply r to the relation (6.2.1) we obtain the equation ω0 = 0 and when we apply s
we obtain the equation

∑
j dxj ⊗A ωj = 0 in Ω1(C)⊗A Ωn(C). Since the dxj form

an A-basis for Ω1(C), it follows that ω1 = · · · = ωm = 0. Hence (i) holds.
Thus the lemma has been proved.

6.3. Definition. A subset X = {x1, . . . , xm} of A such that the 1-forms dxj form
an A-basis for Ω1(C) and such that the equivalent conditions of Lemma (6.2) hold
will be called a Kähler basis for the Kähler system (C, d).

For instance, for the system (ΩA/k, dA/k) of free Kähler differentials of Example
(5.5), the maps r := rA/k and s := sA/k have the properties of (6.2)(iii). Thus any
subset {x1, . . . , xm} of A such that the differentials dxj form an A-basis for Ω1

A/k

is a Kähler basis for (ΩA/k, dA/k), as we also observed in (3.12).

6.4. Note. Clearly, for a given Kähler system (C, d), there is at most one pair of
maps r and s with the properties in (6.2.2). Assume that r = rC and s = sC exist.
Denote by iC : Ω1(C) ⊗A Ωn(C) → Ωn+1(C) the A-linear map induced by the
multiplication of (5.2). Then there is a commutative diagram of A-linear maps,

0 −−−−→ Ω1
A/k ⊗A Ωn

A/k

iA/k−−−−→ Ωn+1
A/k

rA/k−−−−→ Ωn
A/k −−−−→ 0y y y

0 −−−−→ Ω1(C)⊗A Ωn(C) iC−−−−→ Ωn+1(C) rC−−−−→ Ωn(C) −−−−→ 0,

where the vertical maps are the surjections induced by the maps (6.1.7). Indeed,
the first square of the diagram commutes because of (5.2.2), and the second square
commutes because the maps are A-linear and rCd = 1 and rA/kdA/k = 1.

The top row of the diagram is split exact by (3.9). The bottom row is exact,
and split by the k-linear maps sC and d. To prove the latter assertion, note that,
for ρ ∈ Ω1(C) and π ∈ Ωn(C), we have the equations

r(ρ.π) = 0, s(ρ.π) = ρ⊗A π.(6.4.1)

Indeed, in (6.4.1) we may assume that ρ = adb. Then ρ.π = ad(bπ)− abdπ. Hence
it follows from the two equations of (6.2.2) that r(ρ.π) = abπ − abπ = 0 and
s(ρ.π) = −da⊗A bπ + d(ab)⊗A π = adb⊗A π = ρ⊗A π. Now, given the equations
(6.2.2) and (4.4.1) the exactness property is proved exactly as in the proof of (2.7).

Note, in particular, that if Ω1
A/k = Ω1(C), then if follows from the properties of

the diagram that Ωn
A/k = Ωn(C) for all n.

6.5. Lemma. Assume that (C, d) is a Kähler system. Let X = {x1, . . . , xm} be
a subset of A such that the 1-forms dxj form an A-basis for Ω1(C). For any
polynomial Q in Λε,n+1

A/k , define polynomials Qj in Λε,n
A/k for j = 1, . . . ,m by the

following expansion in Ω1(C)⊗A Λε,n
A/k:

sε
C,t(Q) =

m∑
j=1

dxj ⊗A Qj ,
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where sε
C,t is the map of (6.1.5). In addition, let Q0 := rε

tQ where rε
t is the map

of (2.6). Then, for any element F ∈ C, we have the equation

Q(d)(F ) = dQ0(d)(F ) − εnQ0(d)(dF ) +
m∑

j=1

dxj .Qj(d)(F ).(6.5.1)

Proof. Set H := Λ1
A/k ⊗A Λε,n

A/k. The A-linear map iεt : H → Λε,n+1
A/k of (2.4.1) is

induced by the multiplication in the algebra Λε
A/k and it maps H isomorphically

onto its image. So we may view H as an A-submodule of Λε,n+1
A/k . If n = 0, then

H = Λ1
A/k. If n > 0, then, by Proposition (2.7), the A-submodule H has the k-

submodule dε
t

(
Λε,n

A/k

)
as complement. Therefore, by additivity, it suffices to prove

(6.5.1) separately for the case when Q belongs to H and for the case when n > 0
and Q is of the form dε

tR for R ∈ Λε,n
A/k.

Consider the first case. It follows from the second equation of (6.1.4) that the
map sε

C,t is A-linear on the submodule H . Moreover, if Q belongs H , then, again
by Proposition (2.7), we have that Q0 = 0. It follows that the two sides of (6.5.1)
are A-linear as functions of Q in H . Hence, to prove the formula in the first case,
we may assume that Q = (∆tf)R for f ∈ A and R ∈ Λε,n

A/k. Let df =
∑m

j=1 fjdxj

be the expansion of df . Since Q = (∆tf)R = tfR − ftR, we obtain by (5.2.1) the
following expression for the left side of (6.5.1):

d
(
fR(d)(F )

)− fdR(d)(F ) = df.R(d)(F ) =
m∑

j=1

fjdxj .R(d)(F ).(6.5.2)

Since Q = (∆tf)R, it follows from the second equation of (6.1.4) that sε
C,t(Q) =

df ⊗A R. Hence Qj = fjR for j = 1, . . . ,m. Moreover, Q0 = 0. Hence we have the
following expression for the right side of (6.5.1):

m∑
j=1

dxj .fjR(d)(F ).(6.5.3)

Clearly, the two expressions (6.5.2) and (6.5.3) are equal. Thus (6.5.1) has been
proved in the first case.

Consider the second case. Then Q = dε
tR where R is of degree n and n ≥ 1.

It follows from the first equation of (6.1.4) that sε
C,t(Q) = 0. Hence Qj = 0 for

j = 1, . . . ,m and the sum in (6.5.1) vanishes. Moreover, since n ≥ 1, we have that
Q0 = rε

td
ε
tR = R. Hence Q = dε

tQ0 = tQ0 − εnQ0t, and so (6.5.1) holds.
Thus Equation (6.5.1) has been proved in both cases.

6.6. Lemma. Assume that the Kähler system (C, d) has a Kähler basis. Then,
with ϕ := d and u := 1, the equivalent conditions of Proposition (4.4) are satisfied.

Proof. Let X be a Kähler basis for the system. We verify the condition (ii) of (4.4),
that is, if Q is a polynomial in Λε

A/k such that Q(d)(1) = 0, then Q(d) = 0. Since
the endomorphism d is homogeneous of degree 1, it suffices to verify the condition
for homogeneous polynomials Q.

We prove, by induction on n, that if Q ∈ Λε,n
A/k and Q(d)(1) = 0, then Q(d) = 0.

If n = 0, then Q is an element f of A, and Q(d) left multiplication by f . Hence,
if Q(d)(1) = 0, it follows that f = 0 and hence that Q(d) = 0.
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In general, assume that Q ∈ Λε,n+1
A/k where n ≥ 0. Then, by Lemma (6.5), there

are polynomials Q0 and Qj in Λε,n
A/k such that, for all F ∈ C, the following equation

holds:

Q(d)(F ) = dQ0(d)(F ) − εnQ0(d)(dF ) +
m∑

j=1

dxj .Qj(d)(F ).(6.6.1)

For F = 1 ∈ C0, the equation reduces to the following:

Q(d)(1) = dQ0(d)(1) +
m∑

j=1

dxj .Qj(d)(1).(6.6.2)

Assume that Q(d)(1) = 0. Then, by Condition (6.2)(i) applied with ω := Q0(d)(1)
and ωj := Qj(d)(1), it follows from (6.6.2) that Q0(d)(1) = Q1(d)(1) = · · · =
Qm(d)(1) = 0. By the induction hypothesis, the latter equations imply that
Q0(d) = Q1(d) = · · · = Qm(d) = 0. It follows that the right side of (6.6.1) is
equal to 0 for any F ∈ C. Hence Q(d) = 0.

Thus the condition (ii) of Proposition (4.4) is satisfied.

6.7. Theorem. Assume that the Kähler system (C, d) has a Kähler basis. Then
the following assertions hold:

(1) For every n ≥ 1, there are an A-linear map r : Ωn+1(C) → Ωn(C) and
a k-linear map s : Ωn+1(C) → Ω1(C) ⊗A Ωn(C), determined, for f ∈ A and
ω ∈ Ωn(C), by the equations

r(fdω) = fω, s(fdω) = −df ⊗A ω.(6.7.1)

Moreover, the following sequence of A-linear maps is exact:

0 → Ω1(C)⊗A Ωn(C) i−→ Ωn+1(C) r−→ Ωn(C) → 0,

and split by the k-linear maps d and s. Finally, the diagram of (6.4) is commutative.
(2) For any ε ∈ k, there is a unique A-linear product,

Ω(C)⊗k C → C,

denoted ω⊗F 7→ ω.F , such that 1 ∈ A is a left unit and such that the endomorphism
d is an ε-derivation with respect to the product, that is, such that

d(ω.F ) = (dω).F + (εgrω).dF

for ω ∈ Ω(C) and F ∈ C. The product is given, for P ∈ A〈t〉 and F ∈ C, by the
formula

P (d)(1).F =
∞∑

i=0

(−1)iεi(i−1)/2∂ε
i P (d)diF.(6.7.2)

The A-submodule Ω(C) of C is stable under the product and, with the induced
product, Ω(C) is a graded k-algebra over A and C is a graded Ω(C)-module.

Moreover, the canonical map ΩA/k → Ω(C) of (6.1.7) is a surjection of graded
k-algebras over A,

Ωε
A/k → Ω(C),

and it is an isomorphism when the surjection Ω1
A/k → Ω1(C) is an isomorphism.

Finally, the product in degree 1, that is, ρ.F for ρ ∈ Ω1(C) and F ∈ C, is equal
to the product of (5.2).
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Proof. (1) The existence of the maps r and s is the condition (iii) of (6.2). Hence
the existence follows from the existence of a Kähler basis. As noted in (6.4), the
remaining properties in (1) are consequences of (6.7.1).

(2) The existence of the product with the required property, the formula (6.7.2)
and the fact that Ω(C) is a k-algebra over A and C an Ω(C)-module follow from
Proposition (4.4). In addition, since the map Λε

A/k → Ω(C) is a map of k-algebras
over A and since, as we saw in (6.1), it factors over the quotient Ωε

A/k, it induces a
map of algebras from the quotient. As noted in (6.4), the map is an isomorphism
if it is an isomorphism in degree 1.

To prove the final assertion, it suffices to prove that the equation d(fF ) =
df.F + fdF holds for both products. It holds for the product in (6.1) by definition,
and it holds for the product defined by (6.7.2), since d is an ε-derivation and f is
of degree 0.

Thus all the assertions of the theorem have been proved.

6.8. Note. Assume that X is a given Kähler basis for the derivation system (C, d).
Since the elements of Xn form an A-basis for Ωn(C), the ε-product ω.F , for ω ∈
Ωn(C) and F ∈ Cp, is completely determined by the products ξ.F for ξ ∈ Xn. The
latter products are determined inductively as follows:

First, for n = 1 and any f ∈ A, we have that

df.F = d(fF )− fdF .

In particular, the latter equation determines the products dxj .F .
Inductively, the elements of Xn+1 are the elements ξ0 = dξ and ξj := dxj .ξ for

ξ ∈ Xn. Clearly,

ξ0.F = dξ.F = d(ξ.F ) − ξ.dF ,

where the terms on the right side are determined inductively. Similarly,

ξj .F = dxj .ξ.F = d(xjξ.F )− xjd(ξ.F )

is determined inductively. This is the method used by Meyer [22] to define the
multiplication of higher order differentials on manifolds. The task of showing that
the multiplication is well defined and associative is formidable.

Note that the number of elements in the basis Xn is equal to (m+1)n−1m. It fol-
lows, exactly as in the proof of (3.13), that the set of all ε-products dn1xj1 . . . d

nlxjl
,

for n1 + · · · + nl = n and each ni > 0, form an A-basis for Ωn(C). Moreover, in
the latter basis, the endomorphism d and the ε-multiplication are determined as in
(3.14).

6.9. Example. Consider the Kähler system (CA/k,Q, d) of Example (5.9), defined
by a quotient Ω1

A/k → Q. Thus, for x ∈ A, the differential dx is the image of dA/kx

in Q. Assume that Q is a free A-module with a basis formed by differentials dxj for
some subset X = {x1, . . . , xm} of A. Then the assertions (1) and (2) of Theorem
(6.7) hold.

Indeed, it suffices to prove that X is a Kähler basis for the system. We verify
the condition (i) of (6.2).

In the notation of (5.9), it follows by induction on n from the split exact sequence
in the diagram (5.9.2) that Qn+1 is a free Cn-module and that the elements indxj =
dιnxj of Qn form a subset of a Cn-basis. To verify the condition (i), consider a
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relation (6.2.1). Since dxj .F = (dιnxj)(ιF ) by (5.6.1), the relation may be written
as follows:

dω0 +
m∑

j=1

(ιωj)dιnxj = 0.(6.9.1)

Apply the map r of (5.9.2). The map r is Cn-linear and ri = 0. Since dιn = ind,
it follows that the sum in (6.9.1) is mapped to 0. Moreover rdω = ω for ω ∈ Qn.
Thus it follows from (6.9.1) that ω0 = 0. Hence the sum in (6.9.1) vanishes. As
the dιnxj form a subset of a Cn-basis, it follows that ω1 = · · · = ωm = 0. Thus the
condition (i) has been verified.

Note in particular that if Ω1
A/k is a free A-module with a basis of the form dxj ,

then the two assertions (1) and (2) of Theorem (6.7) hold for the non-commutative
version of Iitaka’s differentials.

6.10. Example. Consider similarly the system (CX , d) of Meyer of Example (5.10)
defined from an m-dimensional C∞-manifold X . Assume that X is an open subset
of Rm. Then the assertions (1) and (2) of Theorem (6.7) hold.

Indeed, it suffices to prove that set X = {x1, . . . , xm} of coordinate functions
is a Kähler basis for the system. The proof is identical to the proof given for the
system in (6.9), using the maps i and r of (5.10).

6.11. Note. For f ∈ A, π ∈ Ωp(C) and F ∈ C, we have the formula fdπ.F =
d(fπF )− εpfπ.dF . Using this formula, it is easy to deduce from the two equations
of (6.7.1) the following formulas:

r(ω.F ) = r(ω).F − εpr(r(ω).dF ), s(ω.F ) = s(ω).F − εps(r(ω).dF ),

for ω ∈ Ωp+1(C) and F ∈ Ω(C). The iterated version of the formula for r was
given, for manifolds and for ε = 1, by Meyer [22, p. 261].

6.12. Globalization. Clearly, the constructions of this section are functorial in
the following sense: Given a homomorphism k → k′ of commutative rings and a
commutative k′-algebra A′. View A′ as a k-algebra and let ϕ : A → A′ be a
homomorphism of k-algebras. Then there are induced homomorphisms

(ΛA/k, dA/k, rA/k, sA/k) → (ΛA′/k′ , dA′/k′ , r
′
A′/k′ , sA′/k′),

and similar homomorphisms of free Kähler differentials. It follows that the con-
structions globalize as follows: Fix a topological space X . Let k be a presheaf of
commutative rings on X . In addition, let A be a sheaf of k-algebras on X . By the
functoriality, the assignments, for open subsets U of X , of

ΛA(U)/k(U) and ΩA(U)/k(U)

are presheaves on X . Denote by

ΛA/k and ΩA/k

the associated sheaves. Clearly, the sheaves are sheaves of A-modules, and the
maps d, r, s, i induce maps of sheaves.

For instance, on a differentiable manifold X , we obtain from the system of Meyer
a Kähler system of sheaves CX with CX,n := pn∗C∞T nX (where pn : T nX → X is
the projection) and for every n a subsheaf Ωn

X ⊆ CX,n. From Theorem (6.7) we
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obtain, for every ε ∈ k, a C∞X -linear map of sheaves,

Ωp
X ⊗ CX,n → CX,n+p,

satisfying the assertions of (6.7) on sections.
Assume that a map of schemes p : X → S is given. Then, from the algebra

A := OX as a sheaf of p−1OS-algebras, we obtain quasi coherent OX -modules Λn
X/S

and Ωn
X/S .

If Q is a given quasi-coherent quotient of Ω1
X/S , we obtain, from the system

Example (5.9), a Kähler system (CX/S,Q, d). If Q is locally free, then the system
has locally a Kähler basis. It follows that the product defined in Theorem (6.7)
exists globally.

In particular, if S = Spec k and X = SpecA are affine, and Q = Q̃ with Q a
locally free A-module, then the two assertions of Theorem (6.7) hold.

If X is smooth over S, we may take Q = Ω1
X/S to obtain a Kähler system

(CX/S , d) of quasi-coherent OX -modules and locally free submodules Ωn
X/S ⊆ Cn

X/S .
Moreover, for every global section ε on S, we have that ΩX/S is a graded (non-
commutative)OX -algebra, and CX/S is a module over ΩX/S and d is an ε-derivation.

7. Symmetric and alternating differentials

In this section we assume that ε2 = 1. We show that the k-linear endomorphism
of Λε

A/k of degree −1 described by

δε
t (ant · · · ta0) =

n−1∑
i=1

iεn−i−1ant · · · tai+1ait · · · ta0

is an ε-derivation on Λε
A/k, and that it induces an ε-derivation δt on the Kähler dif-

ferentials Ωε
A/k. We show that the left ideal of Λε

A/k generated by the ε-commutators
[P,Q]ε := PQ−εdeg P deg QQP , when P and Q are homogeneous, is a two sided ideal
Cε. The quotient of Λε

A/k by Cε is the algebra Ωε -sym
A/k of ε-symmetric differentials.

The ε-derivations dε
t and δε

t of Λε
A/k induce ε-derivations on Ωε -sym

A/k . When ε = 1,
we obtain the algebra Ωsym

A/k of symmetric differentials and for ε = −1 we obtain
the algebra Ωskew

A/k of skew symmetric differentials. The algebra obtained from Ωskew
A/k

by division by the ideal generated by all squares of elements of odd degree is the
algebra Ωalt

A/k of alternating differentials. All these algebras are graded and dε
t and

δε
t induce ε-derivations of degree 1 and −1 respectively.

When the A-module Ω1
A/k of first order Kähler differentials has a basis con-

sisting of differentials dx1, . . . , dxm, for some elements x1, . . . , xm of A, we show
that the algebra of symmetric differentials is the polynomial ring over A in the
infinitely many variables dnxi, for i = 1, . . . ,m and n = 1, 2, . . . , and the algebra
of alternating differentials is the alternating algebra freely generated by the same
differentials.

7.1. Setup. Assume in this section that A is a commutative k-algebra and that
ε2 = 1. When ε = −1, an ε-derivation is called a skew derivation and an ε-
commutator is called a skew commutator.
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7.2. Assume for a moment that ε is arbitrary. By (1.7), the endomorphism ∂ε
1 is a

right ε-derivation of A〈t〉, that is, ∂ε
1(PQ) = P∂ε

1Q + (∂ε
1P )εgrQ. It is determined

in degree n by the formula

∂ε
1(ant · · · ta0) =

n−1∑
i=0

εiant · · · tai+1ait · · · ta0.(7.2.1)

It follows from (2.12) that ∂ε
1 vanishes on the subalgebra Λε

A/k of A〈t〉. Denote, for
a fixed but arbitrary ε, by P 7→ P ′ the k-linear endomorphism of A〈t〉 determined
in degree n by the formula

(ant · · · ta0)′ =
n−1∑
i=1

iεi−1ant · · · tai+1ait · · · ta0.(7.2.2)

Clearly, the endomorphism P 7→ P ′ is homogeneous of degree −1, and left and
right A-linear. More generally, we have, for P ∈ A〈t〉 and Q ∈ A〈t〉q, the equation

(PQ)′ = PQ′ + εqP ′Q+ qεq−1(∂ε
1P )Q.(7.2.3)

Indeed, it is easy to deduce (7.2.3) from (7.2.1) and (7.2.2). Alternatively, the
polynomial P ′ is obtained by applying formally the operator (d/dε) to ∂ε

1P , and so
(7.2.3) follows from the equation ∂ε

1(PQ) = P∂ε
1Q+ εq(∂ε

1P )Q.
Clearly, ∂ε

1t = 1 and t′ = 0. Hence from (7.2.3) we obtain the equations

(tQ)′ = tQ′ + qεq−1Q, (Qt)′ = εQ′t+ (∂ε
1Q)t .(7.2.4)

If Q ∈ Λε, q
A/k, then ∂ε

1Q = 0, and so (7.2.4) implies that

(∆ε
tQ)′ = εq−1qQ+ tQ′ − εqεQ′t.(7.2.5)

7.3. Definition. Assume again, as in (7.1), that ε2 = 1. Let δε
t : A〈t〉 → A〈t〉 be

the k-linear endomorphism of degree −1 determined in degree n by the formula

δε
t (ant · · · ta0) =

n−1∑
i=1

iεn−i−1ant · · · tai+1ait · · · ta0.(7.3.1)

Clearly, the endomorphism δε
t is A-A-linear. In the notation of (7.2), we have that

δε
t (P ) = (εgrP )′. Hence, for Q ∈ Λε, q

A/k, it follows from (7.2.5) that

δε
t (∆

ε
tQ) = qQ+ ε∆ε

t (δ
ε
tQ).(7.3.2)

The subalgebra Λε
A/k of A〈t〉 is the smallest ∆ε

t -invariant A-submodule containing
1. Therefore, by induction on the degree q, it follows from (7.3.2) that Λε

A/k is
stable under the map δε

t . Hence δε
t may be viewed as endomorphism of Λε

A/k, and,
for P ∈ Λε

A/k and Q ∈ Λε, q
A/k, we have the equation

δε
t d

ε
tQ = qQ+ εdε

tδ
ε
tQ.(7.3.3)

Moreover, from (7.2.3) we obtain, for P,Q ∈ Λε
A/k, the equation

δε
t (PQ) = (δε

tP )Q+ (εgrP )δε
tQ.(7.3.4)

Thus δε
t is an ε-derivation of Λε

A/k. Since δε
t is A-linear, it vanishes on A = Λ0

A/k.
In addition, from (7.3.3) it follows that δε

t vanishes on Λ1
A/k. Finally, for f ∈ A, we
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have the equation

δε
t (d

ε
t )

nf =
(
n

2

)
ε

(dε
t )

n−1f.(7.3.5)

Indeed, from (1.11.6) it follows easily that
(
n+1

2

)
ε
− ε

(
n
2

)
ε

= (ε2n − 1)/(ε2 − 1). In
particular, since ε2 = 1, we have the equation

(
n+1

2

)
ε

= ε
(
n
2

)
ε

+ n. By using the
latter equation and (7.3.3), the equation (7.3.5) follows by induction on n.

7.4. Lemma. The ε-derivation δε
t of Λε

A/k induces an ε-derivation δε of the algebra
of Kähler differentials Ωε

A/k.

Proof. Recall from (3.2) that the algebra of Kähler differentials is the quotient of
Λε

A/k modulo the ideal Aε consisting of sums of polynomials of the form

W = P (dε
t )(ρQ)(7.4.1)

where P ∈ A〈t〉, Q ∈ Λε
A/k, and ρ = (∆tb)a−a(∆tb) for a, b ∈ A. It suffices to prove

that the ideal Aε is invariant under δε
t . So consider the value of δε

t on a polynomial
(7.4.1). Clearly, we may assume that P is homogeneous, and by A-linearity we may
assume either that P = 1 or that P = tR for some polynomial R ∈ A〈t〉. In the
first case we have, since δε

t is an ε-derivation and vanishes on Λ1
A/k, that

δε
tW = δε

t (ρQ) = ερδε
tQ,

which clearly is of the form (7.4.1). In the second case we have that

δε
tW = δε

t d
ε
tR(dε

t )(ρQ).

So, using (7.3.3) and induction on the degree of P , it follows that δε
tW belongs to

Aε.

7.5. Proposition. Let (C, d) be a Kähler system with a Kähler basis. Then the
endomorphism δε of ΩA/k induces an endomorphism δε of Ω(C), that is, there is a
canonical A-linear map δε : Ω(C) → Ω(C), homogeneous of degree −1, such that
the following diagrams are commutative:

Ωn+1
A/k

δε−−−−→ Ωn
A/ky y

Ωn+1(C) δε−−−−→ Ωn(C),

(7.5.1)

where the vertical maps are the surjections of (5.1.7). Moreover, the induced endo-
morphism δε is an ε-derivation of Ω(C).

Proof. The vertical maps are surjective. Hence the endomorphism δε of Ω(C) is
uniquely determined by the commutativity of the diagram.

To define δε, let X = {x1, . . . , xm} be a Kähler basis for (C, d). The maps
δε : Ωn+1(C) → Ωn(C) are defined inductively. For n = 0, let δε := 0. For n ≥ 1,
let δε be the A-linear map given, inductively, on the basis Xn+1 of Ωn+1(C), by the
equations

δε(dξ) = nξ + εdδεξ, δε(dxj .ξ) = εdxj .δ
εξ for ξ ∈ Xn.(7.5.2)

First, for f ∈ A and ω ∈ Ωn(C), we have the equation

δε(df.ω) = εdf.δεω .(7.5.3)
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Indeed, the equation holds trivially if n = 0. In general, the map δε is A-linear,
and the product is A-bilinear and df commutes with the elements of A. Therefore,
to prove (7.5.3) for n ≥ 1, we may assume that df = dxj and that ω = ξ belongs
to Xn. Then (7.5.3) follows from the second equation in (7.5.2).

Next, for ω ∈ Ωn(C) we have the equation

δεdω = nω + εdδεω.(7.5.4)

Indeed, (7.5.4) holds trivially when n = 0. If n ≥ 1, we may, by additivity, assume
that ω = fξ for f ∈ A and ξ ∈ Xn. Then, by (7.5.3) and first equation of (7.5.2),
we have the equations for the left side of (7.5.4),

δεdω = δε(df.ξ) + δε(fdξ) = εdf.δεξ + f(nξ + εdδεξ),

and, clearly, we have the equations for the right side,

nω + εdδεω = nfξ + εdδε(fξ) = nfξ + εd(fδεξ) = nfξ + εdf.δεξ + εfdδεξ.

Hence the two sides of Equation (7.5.4) are equal.
Consider the diagram (7.5.1). The commutativity is proved by induction on n.

It holds trivially for n = 0. Assume that n ≥ 1. The two maps δε are A-linear
and the two vertical maps, denoted π 7→ π, are A-linear. Moreover, dA/kπ = dπ.
Hence, to prove that the diagram is commutative, it suffices to prove, for π ∈ Ωn

A/k,
that

δεdπ = δεdA/kπ .(7.5.5)

Apply Equation (7.5.4) to the left side and the analogous equation, deduced from
(7.3.3) for the endomorphism δε of ΩA/k, to the right side. It follows from the
induction hypothesis that the two sides are equal.

Hence the diagram (7.5.1) is commutative. Since the map π 7→ π is a surjective
map Ωε

A/k → Ω(C) of k-algebras over A and δε is an ε-derivation of Ωε
A/k, it follows

that the induced map δε is an ε-derivation of Ω(C).

7.6. Definition. Let P,Q be elements of a graded k-algebra Γ over A. Assume
that P is homogeneous of degree p. Recall from (1.5) that the ε-commutator [P,Q]ε
is defined by the equation

[P,Q]ε = PQ− (εp
grQ)P.

It follows easily that

[P,QR]ε = [P,Q]εR+ (εp
grQ)[P,R]ε.(7.6.1)

In addition, since ε2 = 1, it follows for any ε-derivation D of Γ of degree ±1 that

D[P,Q]ε = [DP,Q]ε + [εgrP,DQ]ε.(7.6.2)

It follows from (7.6.1) that the left ideal of Γ generated by the ε-commutators
is a two sided ideal of Γ. It is called the ε-commutator ideal. It is obviously
a homogeneous ideal. It follows from (7.6.2) that the ε-commutator ideal is D-
invariant.

Denote by Cε the ε-commutator ideal of the k-algebra Ωε
A/k and let Ωε-sym

A/k :=
Ωε

A/k/Cε be the quotient algebra. Then Ωε-sym
A/k is a graded ε-commutative algebra

over A. Clearly, the algebra could equally have been obtained by dividing Λε
A/k

by its ε-commutator ideal. The elements of the algebra are called ε-symmetric
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differentials. It follows from the considerations above that the ε-derivations d =
dA/k and δε of Ωε

A/k induce ε-derivations of Ωε-sym
A/k .

When ε = 1, the algebra is denoted Ωsym
A/k, and its elements are called symmetric

differentials. Clearly, the algebra is commutative. The induced derivations are
denoted dsym and δsym, or simply d and δ.

When ε = −1, the algebra is denoted Ωskew
A/k , and its elements are called skew

symmetric differentials. Clearly, the algebra is skew commutative. The induced
derivations are denoted dskew and δskew, or simply d and δ. The algebra obtained
from Ωskew

A/k by dividing by the ideal generated by all squares of elements of odd
degree is denoted Ωalt

A/k. Clearly, the latter ideal is the left ideal generated by the
squares of elements of odd degree. Moreover, if π is an element of odd degree in
Ωskew

A/k , then

d(π2) = dπ.π − π.dπ = [dπ, π]−1 = 0,

and, similarly, δ(π2) = 0. It follows that the ideal in Ωskew
A/k generated by the

squares of elements of odd degree is invariant under d and δ. Hence d and δ induce
derivations in Ωalt

A/k.
Consider a derivation system (C, d). It follows from Lemma (4.2) that C is a

module over Ωε
A/k. Hence the quotient Cε-sym := C/CεC is a module over Ωε-sym

A/k .
By (4.3), the endomorphism d of C is an ε-derivation with respect to the action
of Ωε

A/k on C. As noted above, the commutator ideal Cε is invariant under the
endomorphism dA/k of ΩA/k. It follows that the endomorphism d of C induces an
endomorphism d of the quotient Cε-sym.

Similarly, the quotient Ωε-sym(C) := Ω(C)/CεΩ(C) is a module over Ωε-sym
A/k , and

there is an induced endomorphism d of Ωε-sym(C).
Clearly, if Ω(C) has a structure as a k-algebra such that the canonical surjection

of (5.1.7) is a surjection of algebras Ωε
A/k → Ω(C), then Ωε-sym(C) is obtained from

Ω(C) by division by the ε-commutator ideal of Ω(C).
Finally, for ε = −1, the Ωalt

A/k-modules Calt and Ωalt(C) are defined similarly.

7.7. Proposition. Assume that {x1, . . . , xm} is Kähler basis for a Kähler system
(C, d). Then the algebra Ωsym(C) is the commutative A-algebra freely generated by
the infinitely many differentials dnxj for n = 1, 2, . . . and j = 1, . . . ,m. Similarly,
the algebra Ωalt(C) is the alternating A-algebra freely generated by the differentials
dnxj.

Proof. By Theorem (6.7), for ε = 1, we have that Ω(C) is a k-algebra over A. The
algebra Ωsym(C) is obtained by dividing the algebra Ω(C) by its commutator ideal
C. Similarly, the algebra Ωalt is obtained, for ε = −1, by dividing the algebra Ω(C)
by the ideal C generated by all skew commutators and all squares of elements of
odd degree.

As noted in (6.8), the set of all ε-products

π = dn1xj1 . . . d
nlxjl

,(7.7.1)

where each ni > 0, is a left A-basis of Ωε
A/k. Therefore, to prove the first assertion

of the proposition, it suffices to prove, for ε = 1, that the ideal C is generated as a
left A-module by all elements of the form

π1[dnxi, d
pxj ]επ2,(7.7.2)
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where π1 and π2 are products of the form (7.7.1). Similarly, to prove the second
assertion of the proposition, it suffices to prove, for ε = −1, that the ideal C is
generated as a left A-module by all elements of the following forms:

π1[dnxi, d
pxj ]επ2, π1(dnxi)2π2,(7.7.3)

where n is odd in the second expression.
Consider first Ωsym(C). Fix ε = 1, and omit ε in the notation. Let D be the

A-submodule of Ω(C) generated by the elements (7.7.2). We have to prove that
D = C. Obviously, D ⊆ C.

To prove the opposite inclusion, we have to prove that any commutator belongs
to D. First, since the products (7.7.1) generate Ω(C) as a left A-module, it follows
that D is the left ideal of Ω(C) generated by all elements

[dnxi, d
pxj ]π,(7.7.4)

where π is a product of the form (7.7.1). Clearly, D is stable under multiplication
from the right by a product π of the form (7.7.1). Moreover, D is d-invariant.
Indeed, for any product (7.7.4) we have, by (7.6.2), that

d([dnxi, d
pxj ]π) = [dn+1xi, d

pxj ]π + [dnxi, d
p+1xj ]π + [dnxi, d

pxj ]dπ,

and clearly, dπ is a sum of products of the form (7.7.1).
Any commutator is a sum of commutators of the form [f1π1, , f2π2] for f1, f2 ∈ A

and products π1, π2 of the form (7.7.1). Thus it suffices to prove that [f1π1, f2π2]
belongs to D.

Since f1f2 = f2f1, it follows that

[f1π1, f2π2] = f1π1f2π2 − f2π2f1π1 = f1[π1, f2]π2 − f2[π2, f1]π1 + f1f2[π1, π2].

Therefore, it suffices to prove that every commutator of the form [π, f ] or the form
[π1, π2] belongs to D. In the commutator [π1, π2] = π1π2 − π2π1, we have that
π1π2 is a product of factors dnx and π2π1 is the product of the same factors in a
different order. Since any permutation can be obtained by successive interchange
of neighbors, it follows that [π1, π2] is a sum of commutators of the form (7.7.2).
Hence [π1, π2] belongs to D.

Hence is suffices to prove that every commutator [π, f ] belongs to D. The proof
is by induction on the degree p of π. For p = 0 or p = 1, the commutator is equal
to 0, and so the assertion holds. Assume that p ≥ 2.

If π is decomposable as a product π1π2, that is, when l in (7.7.1) is at least 2,
then, by (7.6.1),

[π, f ] = π1[π2, f ] + [π1, f ]π2.

By induction, the two commutators on the right belong to D. Since D is a left
ideal and stable under multiplication from the right by products π, it follows that
the right side belongs to D. Hence [π, f ] belongs to D.

Finally, assume that π = dpxk Then, by (7.6.2),

[π, f ] = [dpxk, f ] = d[dp−1xk, f ]− [dp−1xk, df ].

Since D is d-invariant, it follows by induction that the first term on the right belongs
to D. For the second term use an expansion df =

∑m
j=1 gjdxj . Then the second
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term is a sum of commutators of the form [dp−1xk, gdxj ] and it suffices to prove
that [dp−1xk, gdxj ] belongs to D. However, by (7.6.1),

[dp−1xk, gdxj ] = [dp−1xk, g]dxj + g[dp−1xk, dxj ].

On the right, the first commutator belongs to D by induction and, clearly, the
second commutator is of the form (7.7.2). So, since D is a left A-module and stable
under multiplication from the right by dxj , it follows that [dp−1xk, gdxj ] belongs
to D.

Hence we have proved that any commutator belongs to D, and the proof of the
first assertion of the proposition is complete.

The proof of the second assertion is analogous.

7.8. Note. Assume the conditions of (7.7). By Proposition (7.5), there is an induced
ε-derivation δε of Ω(C). For ε = 1, the algebra Ωsym(C) is obtained by division
of Ω(C) with the commutator. Since the commutator ideal is invariant under any
derivation, it follows that δε induces a derivation of degree −1 in Ωsym(C).

Similarly, for ε = −1, there are induced skew derivations δε of degree −1 in
Ωskew(C) and Ωalt(C).

The endomorphisms d and δε are derivations of the algebra Ωsym
A/k and skew

derivations of the algebra Ωalt
A/k. Note that the endomorphisms are determined on

the basis given in (7.6) as follows: For the endomorphism d, we have that df is an
A-linear combination of the dxj , and d(dnxj) = dn+1xj . For the endomorphism δε,
we have that δf = 0 and the value δ(dnxj) is determined by (7.3.5).

7.9. Proposition. The (left) ideal N of Ωalt
A/k generated by elements d2(ω) for

all ω in Ωalt
A/k is homogeneous and d-invariant. Moreover, if d̄ denotes the skew

derivation induced by d in the quotient Ωalt
A/k/N, then the quotient is generated as

an A-module by all products d̄f1 · · · d̄fn for f1, . . . , fn ∈ A and n = 0, 1, . . . . In fact,
the quotient Ωalt

A/k/N is canonically isomorphic to the exterior algebra
∧

Ω1
A/k.

Proof. The algebra Ωalt
A/k is alternating, so the left ideal N is an ideal. Moreover,

the ideal is d-invariant, since

d(πd2ω) = dπd2ω + (εgrπ)d2(dω).

It follows that the quotient Ωalt
A/k/N is a graded alternating algebra and that there

is an induced skew derivation d̄ of the quotient. The elements of degree n + 1 of
the quotient are A-linear combinations of elements of the form d̄π, where π is of
degree n. Since d̄2 = 0, it follows that

d̄(f d̄f1 · · · d̄fn) = d̄f d̄f1 · · · d̄fn.

So, by induction on n, the products d̄f1 · · · d̄fn generate the degree-n part of
Ωalt

A/k/N.
The exterior algebra

∧
Ω1

A/k is alternating. It is well known that the module

derivation d : A → Ω1
A/k extends to a skew derivation d̃ of the exterior algebra.

Moreover, d̃2 = 0. It follows that there is a canonical homomorphism of algebras
over A with k-linear endomorphisms,

(Ωalt
A/k/N, d̄) → (

∧
Ω1

A/k, d̃).(7.9.1)
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On the other side, since Ωalt
A/k/N is alternating and equal to Ω1

A/k in degree 1, there
is a canonical homomorphism of algebras∧

Ω1
A/k → Ωalt

A/k/N.(7.9.2)

Clearly, it follows from the analysis in the first part of the proof that (7.9.1) is an
isomorphism with (7.9.2) as inverse.

7.10. Example. The constructions given in this section apply to the system of
Meyer considered in the examples (5.10) and (6.10). Moreover, the constructions
apply to the Semple systems considered in examples (5.9) and (6.9) when the quo-
tient Q has an A-basis of the form dxj . In particular, when Ω1

A/k has a basis of
the form dxj , the constructions apply to the non-commutative version of Iitaka’s
differentials. Moreover, as noted in (5.7), for the system considered by Iitaka, we
have that ΩIit

A/k = Ωsym
A/k.
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